Chuong 1. MA TRAN VA HE PHUONG
TRINH TUYEN TINH

Phan I. Huéng dan sit dung Maple

Dé thuc hién tinh toan céc van dé lien quan dén dai s6 tuyén tinh, MAPLE cung cap hai goi
lenh linalg v& LinearAlgebra. Trong phan nay ching t6i trinh bay géi linalg. Doc gia c6 thé tham
khao thém géi lenh LinearAlgebra. M&i géi lenh chita nhiéu ham, dé goi géi |1&nh nao d6 ta sit
dung > with(géi lénh)

> with(linalg);

BlockDiagonal, GramSchmidt, JordanBlock, LUdecomp, QRdecomp, Wronskian, addcol,
addrow,. .. ... , transpose, vandermonde, vecpotent, vectdim, vector, wronskian

Nhu vay, géi 1énh linalg chita cac ham BlockDiagonal, GramSchmidt,. .., wronskian.

1.1 Ma tran

Dé khéi tao mot ma tran ta si dung cdc ham sau:

e randmatrix(m, n): Tao ra ma tran cAp m x n vdi cac phan tit 1a s6 nguyén duge lay ngau
nhién tit —99 dén 99.

e matrix(m, n, list of elements): Tao ra mot ma tran cAp m x n vdi list_of elements 14 danh
sdch cac phan tit, c6 dang [aig, ..., a1n, 321, - - - amn)-

e matrix(m, n, list_of rows): Tao ra mot ma tran cAp m x n vdi list_of rows la danh sach
cac dong, ¢6 dang [[a11, ..., a1n]s -+ [@m1y - -+ amn)]-

e matrix(list _of rows): Tao ra mot ma tran véi list of rows la danh séch cac dong, c6 dang
[[a11, -5 a1n)s -+ 5 [@m1s - - - 5 Qmn) |-

e matrix(m, n, element): Tao ra mot ma tran cAp m X n v6i cac phan tit déu bang element.
e array(identity, 1..n, 1..n): Tao ra ma tran don vi cap n.

e diag(list of elements): Tao ra ma tran dudng chéo trong do list of elements la cac phan
ti trén dudng chéo, c6 dang a1, a, ..., anm.

> with(linalg):
> randmatrix(2, 3); #K&t qua ngiu nhién

4 29 98
—-23 10 —-61




> matrix(2, 3, [[2, 3, 4], [3, 4, 4]]);

> matrix(2, 3, [5, 4, 6, 3, 4, 5]);

5 4 6
[3 4 5]
> matrix([[2, 3, 4], [3, 4, 4], [4, 5, 3]]);
2

3
4

Tt = W
IS

> matrix(3, 2, 0);

> diag(1, -2);
1 0
0 -2
> I3:=array(identity, 1 .. 3, 1 .. 3): print(13);
1 00

010
0 01

> 13:=diag(1, 1, 1); #Co thé tao ma tran don vi cip 3 bing cich nay

1 00
010
0 01

1.2 Cac phép toan trén ma tran

Cho A, B,C, ... la cic ma tran. Khi dé

e A[i, j]: Phan ti 6 dong i va cot j clia ma tran A.
e evalm(A): In ra ma tran A.
e equal(A, B): Kiém tra hai ma tran A va B ¢6 bing nhau hay khong?.

e transpose(A): Tim ma tran chuyén vi clia ma tran A.



e scalarmul(A, expr) hay evalm(expr*A): Nhan ma tran A véi biéu thiic expr.

e matadd(A, B, C,...) hay evalm(A+B-+C+...): Tinh tong ma tran A+ B+ C+ .. ..

e multiply(A, B, C,...) hay evalm(A.B.C....): Tinh tich ma tran ABC.. ..
e evalm(A'k): Tinh lay thira k clia ma tran A.

e inverse(A) hay evalm(A*(-1)): Tim ma tran nghich déo ctia A (néu co).

> A := matrix(2, 3, [1, 2, 1, -2, 3, 5]);

1 2 1

A=
-2 3 5
1 2 1
-2 3 5

> transpose(A); #Chuyén vi ma tran A

> A[2, 3];

> evalm(A);

1 -2
2 3
1 5

> evalm(3*A);  #Tinh 3A. Luu y * |3 diu sao
36 3
—6 9 15
> B := matrix(2, 3, [1, -2, 1, 4, 3, 1]);
1 -2 1
4 31
> equal(A, B); #Kiém tra A = B khong?

false

> evalm(3*A - 2*B); #Tinh 3A —2B

1 10 1
—-14 3 13




> C:= matrix(3, 3, [1, 1,-1, 1, 2, 1, -2, -1, 3]);

1 1 -1
C .= 1 2 1
-2 -1 3

> evalm(B.C);  #Tinh AC. Luu y . 13 dau chim
-3 —4 0
5 9 2
47 53 —26

—28 -8 53
—-133 —-134 99

> evalm(C'4); #Tinh C*

> inverse(C); #Tinh C!

-7 2 =3
5 —1 2
-3 1 -1

1.3 Cac phép bién doi so cip trén ma tran

Cho A 1a ma tran. Khi dé cac phép bién déi so cap trén A dude thuc hien bdi cac ham sau:
e swaprow(A, i, j): Hoan vi hai dong i va j (d; <> d;).
e swapcol(A, i, j): Hoan vi hai c¢ot i va j (¢; <> ¢;).
e mulrow(A, i, @): Nhan dong i véi o (d; — ad;).
e mulcol(A, i, @): Nhan cot i véi o (¢; = acy).
e addrow(A, J, i, «): Thay dong i b6i dong i cong cho « lan dong j (d; — d; + ad;).

e addcol(A, J, i, @): Thay cot i bdi cot i cong cho « lan ot j (¢; = ¢; + ac;).

> A := matrix(3, 4, [1, 2,4, 3, 2,4,0, 1, 3, 1, 5, 2]);

1 2 4 3
A=12 401
31 5 2

> swaprow(A, 1, 2); #Hoan vi dong 1 va dong 2

2 401
1 2 4 3
31 5 2




> mulrow(A, 2, 4) #Nhan dong 2 véi 5

1 2 4 3
8§ 16 0 4
3 1 5 2

> addrow(A, 2, 1, 3) #dong 1 = dong 1+3*dong 2

7 14 46
2 401
3 1 5 2

1.4 Dang bac thang cia ma tran

Cho A 1&4 ma tran. Khi dé

e pivot(A, i, j): Néu phan tit 4;;# 0 thi s& dua cdc phan tit khéc trén cot j ve 0 bang phép
bién ddi so cap trén dong loai 3. Ngugc lai, béo 16i.

e gausselim(A): Tim mot dang bac thang ctia ma tran A.
e gaussjord(A): Tim dang bac thang riat ngon clia ma tran A.

e rank(A): Tim hang clia ma tran A.

> A := matrix(3, 4, [1,1, 2,3, 1, 2,8, 1, 3, 2, 3, 5]);
11 2

A=1|1 2 8

323

ot = W

> pivot(A, 2, 1);
0 -1 -6 2

1 2 8
0 —4 -21 2

—_

> gausselim(A); #Dang bac thang
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> gaussjord(A); #Dang bac thang rit gon
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> rank(A); #Tinh hang ma tran

1.5 Giai phuong trinh ma tran AX=B

Cho A, B 1a cac ma tran va X 1a bién ma tran. Khi do6
e linsolve(A, B): Giai phuong trinh ma tran AX = B.

Vi du 1. Giai phuong trinh ma tran

(o))

> A := matrix(2, 3, [1, 2, -1, -2, -3, 1]);
1 2 -1
A=
-2 =3 1]
> B:= matrix(2, 2, [1, -2, -1, 1])
1 —2]
B =
-1 1
> linsolve(A, B);
_tll 1 - t21
_tll _t21
-1+ _tll 3+ _t21

—t 1—s
Tt két qua tinh toan trén, ta két luan X = t s véi t, s tu do.

—14+t 3+s

1.6 Giai hé phuong trinh tuyén tinh

e solve(eqns, vars): Giai h¢ phuong trinh eqns véi cac bién vars. Trong d6 eqns c6 dang {eqnl,
eqn2, ... }; vars ¢6 dang {varl, var2, ...}.

e linsolve(A, b): Giai he phuong trinh AX = b, v6i A 1a ma tran hé s6, b 1a vecto cac he s6
tu do.

Vi du 2. Giai hé phuong trinh

xr — Yy — 2z = =3
r + y + 2z = 4
2c — y + =z = 1

Cach 1.



> solve({x-y-2*z = -3, x+y+z =4, 2*x-y+z =1}, {x, y, z});

Cach 2.

> A:=matrix(3, 3, [2,-1,1, 1,1, 1, 1, -1, -2]);

2 —1 1
A=1|1 1 1
1 -1 =2
> b := vector(3, [1, 4, -3]);
b:=[14 —3]
> linsolve(A, b);
12 1]
Vi du 3. Giai hé phuong trinh
r + y — 2z = 4
2 + 3y + 3z = 3
S + Ty + 4z = 10

> A := matrix(3, 3,[1, 1, -2, 2, 3, 3, 5, 7, 4]);

1 1 -2
A=12 3 3
5 7 4
> b := vector(3, [4, 3, 10]);
(43 10)

> linsolve(A, b);
949 t, —=5-7_¢t, _t]

r = 9+9¢
Vay nghiem ctahé la { y = —5— Tt véit la an tu do.
z =t

> Bai tap thuc hanh
Luu y: Khong st dung cdc ham trong goéi lénh linalg va LinearAlgebra.
Xem ma tran nhu 1a méang hai chidu, hay viét chuong trinh dé:
Bai 1. Tinh tich hai ma tran
e Tén ham: Tich
e Input: Hai ma tran A va B

e Ouput: Ma tran tich ctia A v& B néu tinh dugc, false néu khong tinh dugc



> A:=[[1, 2, 3], [2. 1. 2]]: B:=[[2, 1]. [1, 3], [2. 3]I:
> Tich(A, B);

[[10,16], [9, 11]]

Bai 2. Tim dang bac thang (bac thang riat gon) ctia mot ma tran.

e Tén ham: BacThang, BacThangRG
e Input: Ma tran A

e Ouput: Dang bac thang, bac thang rat gon ctia A

> A:=[[-1, 2,4,3,-1],[2,-1,1,0, 1), [4,0, 8, 4, 1], [3, 1, 9, 5, 0]]:
> BacThang(A);

[-1,2,4,3,-1],[0,3,9,6,—1],]0,0,0,0,—1/3], [0,0,0,0, 0]]

> BacThangRG(A);

[[1,0,2,1,0],0,1,3,2,0],[0,0,0,0, 1], [0,0,0,0, 0]]

Bai 3. Tim ma tran nghich ddo clia mot ma tran (néu c6).

e Tén ham: NghichDao
e Input: Ma tran A

e Ouput: Ma tran nghich ddo néu A kha nghich, false néu A khong kha nghich.

> A:=[[1, 2, 3], [2. 3. 2], [4. 5, 1]]:

> NghichDao(A);
[[7, —13, 5], [—6, 11, —4], [2, -3, 1]]

> B:=[[3, 4, 2], [4, 3, 3], [2, 5, 1]]:
> NghichDao(B);

false




Phan I1. Bai tap

2 1 -1 -4 11
- (21 ),
a) Tinh 3A £ 2B. b) Tim ma tran X sao cho 2A + 3B —4X = 0.
1.2 Tinh cac tich sau:
1 2 3 1 -1 1 O
a) | 21 -1 1 01 2
-1 1 2 2 1 1 =2
1 -1 1 3 1
b) (é 1 _;) 11 -1 ][ -1 2
2 0 =3 4 =3
1.3 Tinh ATA va AAT véi
1 2 3 1 2 3
aJA_<321>’ by A= 2 0 |. ¢) A= -1
3 1 9

1.4 Tinh AB — BA trong cac truong hgp sau:

1 2 2 =3
sas(L3) (3 0)
0
0 .
1

1
., B=1|o0
0

S = W

1 5
b) A= | 2 3
3 1

N = O

1.5 Cho A = diag(2,3,1,4) va B = diag(1,—1,3,2). Tinh

a) A+ B. b) 2A — 3B. c) AB. d) A3.
1.6 Tim hai ma tran A, B khac ma tran khong sao cho AB la ma tran khong.

21

1.7 Cho A = (6 3

). Tim B,C € M,(R) sao cho B # C ma AB = AC.

1.8 Tim tat ca cadc ma tran giao hoan véi A = (; i) )

1.9 Cho A = diag(ay, as, ..., a,). Chiing minh réng, véi moi k € N ta c¢6

A¥ = diag(a¥ ak, ..., a").

ey Uy

1.10 Tim A*, k € N trong céc truong hop sau:
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cosf@ —sinf

1.11 Cho A = (sin@ cos

). Bing quy nap toan hoc, chiing minh rang

sin nb cosnb

An — (cos nf —sin n@) Vn€eN.

1.12 Cho A, B € M,(R) sao cho AB # BA. Chiing minh rang:
a) (A+ B)?# A+ 2AB + B2 b) A2 - B? #£ (A+ B)(A - B).
1.13 Tim mot ma tran A sao cho A # 0 nhung A% = 0.

1.14 Hay xéc dinh f(A) trong céc trudng hgp sau:

2) A:(i :;);f(x):2x3+3x2+5. b) A

Il
VR

11 1
01 |;f(x)=42>-3z+4 d) A= 3
10 1

1.15 Cho A, B € M,(R).

a) Gid st A% = A?Y = [,,. Chitng minh ring A = I,,.
b) Gia stt A2B3 = A3B" = A®B* = [,,. Chiing minh ring A = B = I,,.

c) Gid st ABA = BAB = A*B" = [,,. Chiing minh réng A = B = I,,.

1.16 Mot ma tran A € M, (R) dugc goi la liy dang néu A% = A.

2 -2 —4
a) Kiemtra E= [ -1 3 4| la ma tran lily dang.
1 -2 -3

b) Chiing minh rang, néu A, B € M, (R) sao cho AB = A va BA = B thi A va B la cac ma
tran liy ding.

10



c¢) Chitng minh ring, néu A, B € M,(R) sao cho A va B cung lily dang thi A+ B lily ding

khi va chi khi AB = BA = 0.

1.17 X&c dinh hang clia cac ma tran sau bang cach dua ma tran vé dang bac thang:

113 1 2
a) | 2 1 4 by | 2 4
125 3 6
1236 1 2
)| 2316 d) | 2 4
3126 3 6
1 3 -2 -1 3
2 5 -2 1 ~1
°) 1 1 6 13 0 3
—2 —6 8 10 4

O O W

N W

W

[N

1

9
-2
)

4

8

2
0
2
3
4

1

LW W = N

1

1.18 Tim va bién luan hang ciia cadc ma tran sau theo tham s6 m € R:

1 1 -3 m 1
a) | 2 1 m b) 1 m
1 m 3 1 1
1 1 3 3 m 0
1 m 3 1 1 m
D112 -1 2 DN I
2 3 2 4 0 O
1.19 Tim dang bac thang rit gon ctia cac ma tran sau:
1 1 3 1 2
a) [ 014 b) [ 0 2
0 0O 0 0
1 3 —2 -1 1 2
2 5 —2 1 1 2
°) 1 1 6 13 DN
-2 —6 8 10 21
1.20 Tim nghich ddo clia cdc ma tran sau (néu co):
3 5 1 2 sin 6
a) (2 3)' b)(Q 4>' ) (COSH
1.21 Tim nghich d4o ctia cac ma tran sau (néu co):
1 0 2 1 -2
a) 2 -1 3 b) | 2 -3
4 1 8 1 1
4 3 3 1 3
o -1 o -1 1 5
—4 —4 -3 3 13

11

DN = W O =~ W

—cosf
sin 0

UL O W~

3@0)—‘

1

)

1

-7

—6

-1
3
-1
4

), 0 € R.



1.22 Tim nghich d4o ctia cdc ma tran sau (néu co):

0 01 1 0 01 2
0 010 0 1 1 4
a) g 2110 {1 2100
1 101 0 01 3
1 1 1 1 1 -3 -2 2
1 1 -1 -1 9 7 4 —4
91 1 1 1| Dl 7 3 3 -9
1 -1 -1 1 1 -3 -2 3

1.23 Cho A = diag(ay, as, ..., a,). Chiing minh rang A kha nghich khi va chi khi aias...a, # 0.
Trong truong hop A kha nghich, hay tim A~1.

1.24 Cho A, B € M,(R). Chiing minh réng, néu AB kha nghich thi A va B cung kha nghich.

1.25 Cho A, B € M,(R). Chitng minh réng, néu AB = A + B thi A va B giao hoan nhau,
nghia la AB = BA.

1.26 Giai cac phuong trinh ma tran
1 2 -1 3
(2= ( ) 0 (
2 3 1 -2 1
C)X(—1 —1):(2 0) d)(z

1 2 =3 1 -3 0 13 -8 —12 1 2 3
3 2 4)lx=[10 27 px|12 7 12)|=(45¢6
2 1 0 0 78 6 —4 -5 789
3 10 1 1 1 0 0 1
g) -1 -1 2 | X1 1 -1 | = 11 0
1 11 1 -1 -1 01 -1
5 —6 9
127 ChoA=| 2 -2 3 vaj_?:(‘ll " _g)
-3 3 =5
a) Chiimg minh A kha nghich va tim A~
b) Tim ma tran X thoa man diéu kien XA = B.
1 1 0
128Chod= (2 Y)Y B 22 21 2 Jwe=( L} 1 2)
5 —3 3 9 3 -2 01

a) Ching minh A va B kha nghich va tim nghich déo ctia ching.

b) Tim ma tran X théa man diéu kien AXB = C.

12



1 2

1.29 Cho A =

3 7

1 4

0
-1
-1

va B =

-3 2
2 -1
o —2

a) Ching minh A kha nghich va tim A~L.

b) Tinh B? va tim ma tran X théa man AXA = B? — 21;.

2
-2
1

1.30 Cho A =

-1
-1

—1
2
1 -1

va B =

3
—4
2

a) Ching minh A kha nghich va tim A~L.

b) Tim ma tran X thoa A2XA = ABA.

1.31 Giai cac hé phuong trinh sau:

or — 3y +

a) 2y —
2 — 3y +

oYy —

2z
5z
4z

5z
z +
Tz

L;
2;
8.
ot
3t

t
ot

1.32 Giai cac hé phuong trinh sau:

{fﬁ + 4dxy —
a)

2!E1

b)

3T +

c)

31’2
T2

2{23'2

3[E3
T3

+ 6!['3

41‘3

51’3
T3

_|_
_I_

+ 2x4
41134

2ZE4
Xy
Xy

614
8274
Ly

1.33 Giai cac hé phuong trinh sau:

21’1
3$1
51’1

a)

+

+ 4+

T2
2ZE2
4ZL‘2

QZEQ
5172
8%2

ZIQ
51’2
12372

+ +

7!133

L

- -+

1

’

-2

—_

43(34
Ly
6[L‘4

% W o O

51’5

31}5

2£L'5
3%’5
533'5

13

-1
-1

-2

N =

ARSI

—2
5
-3
2 + 4y — 2z =
oy + oz =
3z =
x 2y + 3z —
2y — 2z +
Z p—
Ty 209 + 3
2I1 To + 41‘3
3ZL‘1 21’2 + 2]73
QZL’l 5ZL’2 + 31’3
3x1 Tres + 2x3
5371 10372 — 532'3
T 209 4+ 3x3
2.731 To — 2[E3
31‘1 -+ 21’2 — T3
2111 31‘2 + 2$3

~ o~ o~
|
SHEeO

4t

17;
14.

+ 2x4
+ 4dx4
+ 7.%'4

3(1]4
21’4
L4



1.34 Giai cac hé phuong trinh tuyén tinh thuan nhat sau:

r, + 2[172 + x3 = 07
a) 2371 + 51’2 — X3 = O;
3ZE1 - 2.732 — X3 = 0.
T — Xy + 2x3 — 314
o) r1 4+ 4y — x3 — 214
r1 — 4dxy 4+ 3x3 — 214
rT — 81’2 + 5ZE3 — 21’4
1.35 Cho hé phuong trinh
Ty +
1 +
21‘1 +

X2
mio
T2

Xéc dinh gia tri ctia tham s6 m € R sao cho:

a) heé c6 mot nghiem duy nhat;

b) hé vo nghiém;

¢) hé c¢6 vo s6 nghiem.

1.36 Giai va bién luan cac hé phuong trinh sau theo céc tham sé m:

T +  xy —  x3 = 1;
a) 21 + 3x2 + max3 = 3
Ty 4+ mxe + 3x3 = 2.

xr, + Ty — 2.’13'3 +

b) 2r; + 3x9 + 313 —

5.771 + 7132 + 41‘3 +

0; Ty — 2x9 — x3 +

0; d) 25171 — 333'2 + rs +

0; r1 + a9 + 8rz —

0, 3[1)1 — 51’2 +
— 3x3 = —1;
+ 31’3 = 2;
+ mxs3 = m+ 1.

mxy + To + z3

b) T+ mxy + @3

ry + T2 + mxs3

1.37 Giai va bién luan cac hé phuong trinh sau theo cac tham sé m:

Ty — 229 4+  x3 + 214
a) ry + Ty — T3 + Ty
r1 4+ Txy — drs — 14
T + 2wy —  3x3 +
b) 207 + 4dxy —  Txs +
5¢1 + 10xy — 17xz3 —+
31’1 + 6I2 — 10I3 +

41’4
95134
231’4
mxy

m;

2m + 1;
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