Chuong 3. KHONG GIAN VECTO
Phan I. Huéng dan sit dung Maple

3.1 Vecto

Dé khéi tao mot vecto ta sit dung cdc ham sau

e vector(list of elements): trong d6 list of elements 1a danh sdch cdc phan tit c6 dang

(X1, X2, « s Xn]-
e vector(n, element): Tao ra vecto n chiéu véi cac phan tii ¢6 gia tri 1a element.

e randvector(n): Tao ngau nhién mot vecto n chiéu véi cdc thanh phan c6 gia tri nguyén thuoc
(~99,99].

Ngoai ra,

e V[i]: X4c dinh thanh phan tht i clia vecto v.

> u := vector([1, 2, -1, 2]);
12 —12]

> v := vector(4, 2);
2229

> randvector(5); #
(-7 22 —55 —94 87]

> u[3];

-1

3.2 Cac phép toan trén vecto

Cho u, v 1a hai vecto va ¢ la s6. Khi do:

e u+v: Cong hai vecto u va v.

e c*v: Nhan c vé6i vecto v.

Luu y: Dé in ra gia tri clia vecto v ta ding lénh evalm(v).

> u := vector([1, 2, -1, 2]);

12 —12]
> v := vector([2, 3, 1, -2]);

231 —2
> evalm(3*u);

36 —3 6]




> evalm(3*u-2v);
[~10 —5 10]

3.3 Mot sbé bai toan lién quan téi tap hop cac vecto

Vi du 1. Xét xem u = (—3,1,4) c6 1a td hgp tuyén tinh ciia cic vectd u; = (1,2,1),uy =
(—1,-1,1),us = (—2,1,1) hay khong? Néu cé hay biéu dién u theo u;, uy va us.

Phuong phép. Lap ma tran A = (u{ ug uj ) 1a ma tran gom cac cot 1a cac vecto uy, ug, us.

Sau d6 gidi phuong trinh ma tran AX = u' dé c6 két luan.

> ul := vector([1, 2, 1]): u2 := vector([-1, -1, 1]): u3 := vector([-2, 1, 1]):
> A := matrix([ul, u2, u3]): A := transpose(A);

1 -1 -2

A=12 -1 1

1 1 1

> u := vector([-3, 1, 4]);
wi=[-3 1 4]

> linsolve(A, u);

12 1]

Dua vao két qua tréen, ta thay u 1a t6 hop tuyén tinh ciia wy, ue VA us v u = uy + 2us + us.

Vi du 2. Trong khong gian R* cho cac vecto
up = (1,2,1,3); uy=1(2,3,2,-2); uz = (5,8,5,—1).

Tim diéu kien dé vecto u = (a, b, ¢, d) 1a mot t6 hgp tuyén tinh ctia uy, us, us.

Phuong phap. Lap ma tran mé rong A = (u] ug u' |u'). Sau d6 dua A vé dang bac thang.
Dua vao ma tran nay dé tim diéu kién cho hé phuong trinh tuong tng c6 nghiem. Khi dé, diéu
kien nay chinh 1a két qua.

> ul := vector([1, 2, 1, 3]): u2 := vector([2, 3, 2, -2]):
u3 := vector([5, 8, 5, -1]): u := vector([a, b, c, d]):
> A := matrix([ul, u2, u3, u]): A := transpose(A);

1 2 5 a
2 3 8 b
1 2 5 ¢
3 -2 -1 d




> A := pivot(A, 1, 1);
2 5) a

1

0 -1 -2 —2a+b

0 0 0 —a+c

0 -8 —16 —3a+d
> A := pivot(A, 2, 2);

1 0 1 —3a+20b
0 -1 -2 —2a+b
0 0 0 —a+c

0 0 0 13a—8b+d

Dua vao két qua, ta thay diéu kien dé w 1a td hop tuyén ctia uq, us,us 1a —a + ¢ = 0 va
13a — 8b+d = 0.

Vi du 3. Xét xem cac vecto sau 1a doc lap tuyén tinh hay phu thuoc tuyén tinh?
a) up = (0,1,1), us = (1,2,1) va uz = (1,5, 3);

b) u = (0,3,3,6), up = (2,2,0,2) va ug = (—3,0,3,3).

Phuong phap. Lap ma tran A gom cac dong hoiic cac cot 1a cac vecto uq, us, uz. Sau d6 tinh
hang ctia A va so sanh vé6i s6 vecto dé c6 két luan.

> ul := vector([0, 1, 1]): u2 := vector([1, 2, 1]): u3 := vector([1, 5, 3]):
> A := matrix([ul, u2, u3]);
011

1 21
15 3

> rank(A);
3

> ul := vector([0, 3, 3, 6]): u2 := vector([2, 2, 0, 2]): u3 := vector([-3, 0, 3, 3]):
> B := matrix([ul, u2, u3]);

0 3 3 6
2 20 2
-3 0 3 3
> rank(B);
2

Duta vao két qua trén, ta so sanh s6 vecto va hang clia ma tran ta duge

- Céac vecto (0,1,1),(1,2,1) va (1,5,3) doc lap tuyén.

- Cac vecto (0,3,3,6), (2,2,0,2) va (—3,0,3,3) phu thudc tuyén tinh.



3.4 (a4 s6 cua khong gian con
Sau day 14 mot s6 ham lién quan t6i co s6 ciia khong gian vecto con ctia R™

e basis(S): Tim mot co sd ctia khong gian sinh bdi cac vecto cia tap hop S. Két qua tra vé
la tap con cua S.

e basis(A, 'rowspace’): Tim mot co s6 clia khong gian sinh béi céc vecto dong ctia ma tran
A. Két qua trd vé 1a danh sach con ctia danh sich cac vecto dong clia ma tran A.

e basis(A, 'colspace’): Tim mot c¢o sé ciia khong gian sinh béi céc vecto cot clia ma tran A.
Két qua tra ve la danh séch con ciia danh sach céc vecto cot clia ma tran A.

e rowspan(A): Tim mot co sd clia khong gian sinh bdi cadc dong clia ma tran A. Két qua tra
ve 1a danh sach cac vecto khac khong ctia mot dang bac thang ctia A.

e rowspace(A): Tim mot co s6 clia khong gian sinh bdi cac dong ctia ma tran A. Két qua tra
ve 1a danh sach cac vecto khac khong ctia dang bac thang rut gon ctia A.

e nullspace(A): Tim mot co s§ clia khong gian nghiém ctia hé phuong trinh tuyén tinh
AX =0.

e sumbasis(S), S5,...): Tim mot co s§ clia khong gian tong clia cac khong gian sinh béi cac

e intbasis(Sy, S5,...): Tim mot co s§ clia khong gian giao clia cac khong gian sinh bdi cac
tap hop S, S5, ...

Vi du 4. Trong khong gian vecto R* xét cac vecto sau day:
up = (1,2,0,1), us = (2,1,3,1), uz = (7,8,9,5), ug = (1,2, 1,0),
Us = (2, —1, 0, 1), U — (—1, 1, 1, 1), Uy = (1, 1, 1, 1)

Dat U = (uy,ug,u3), W = (uy,us, ugs,u7). Hay tim mot co sé cho moéi khong gian con
U W, U+WvaUnNW.

Cach 1. Co sé duge tim 1a tap con cua tap sinh.

> ul := vector([1, 2, 0, 1]): u2 := vector([2, 1, 3, 1]): u3 := vector([8, 7, 9, 5]):
u4 := vector([0, 3, -3, 1]): ub := vector([2, -1, 0, 1]): ub := vector([6, 0, -3, 4]):
u7 := vector([1, 1, 1, 1]):

> B1 := basis([ul, u2, u3]);

[ul, u2]
> B2 := basis([u4, u5, ub, u7]);
[ud, ub, uT]
> sumbasis(B1, B2);
[ul, u2, ub, u7|

Tt két qua tinh toan, ta co:

e Khong gian U ¢6 co s6 {uy, us}.

e Khong gian W ¢6 co s6 {uy, us, ur}.



e Khong gian tong U + W c6 co 86 {uy, uy, us, ur}.

Céach 2.

> A := matrix([ul, u2, u3]); #Lap ma tran A tirul, u2, u3

1 201
21 31
8 7.9 5

> Bl:=rowspan(A);
{0 =33 —1],[1201]}

> B := matrix([u4, u5, ub, u7]): B2:=rowspan(B);
{00150, (06 —62,[2 —101]}
> AB := matrix([ul, u2, u3, u4, ub, ub, u7]): rowspan(AB);
{0 =33 —1),[0005,[0015 —2],[120 1]}

> intbasis(B1, B2);
{06 —62]}

Tt két qua tinh toan, ta co:

e Khong gian U ¢6 co s6 {(0, —3, 3, —1), (1, 2,0, 1)}.

e Khong gian U ¢6 co s6 {(0, 0, 15, 0), (0, 6, —6, 2), (2, =1, 0, 1)}.

e Khong gian tong U + W ¢6 cos6 {(0, =3, 3, —1), (0, 0, 0, 5), (0, 0, 15, —2), (1, 2, 0, 1)}.
e Khong gian giao U N W ¢6 co s6 {(O, 6, —6,2)}.

Vi du 5. Tim s6 chiéu va mot co s6 clia khong gian nghiém ctia hé phuong trinh tuyén tinh sau

207 — 4dx9 + brs + 3zy = 0
3r1 — 6xe + 4dz3 + 214 0;
4r; — 8x9 + 1723 + 1lxy = 0.

> A := matrix(3, 4, [2, -4, 5, 3, 3, -6, 4, 2, 4, -8, 17, 11));

2 -4 5 3
3 -6 4 2
4 -8 17 11

> nullspace(A);
{[2 10 0],[%2 01 %7”

Vay khong gian nghiém c6 s6 chiéu 1a 2, va c6 co sé:

{(2,1,0,0), (— %,0,1,—%)}.

5




3.5 Toa do va ma tran chuyén co sd

Bai toan. Cho V 1a khong gian con ctia R, B := ( uy, ug, ..., Uy ) 1& co 86 duge sdp cia V' va
we V. Tim [u]s.
Giai. Toa do ctia u trong B chinh 1a nghiém ctia hé phuong trinh (u{ ug ...u,, | u'). Trong
Maple, dé tim [u]s ta l1an lugt thyc hién cac lénh sau:

> B := matrix([ul, u2,..., un]);

> B := transpose(B);

> linsolve(B, u);

Ngoai ra, néu B = ( u1, U, ..., Up ) va B = ( vy, vg, ..., vy, ) 12 hai co 86 ctia V' thi viec
tim ma tran chuyén co sé (B — B') duge thyc hién thong qua viec tinh [v1]s, [va]s, - - -, [Vim]5-

Vidu 6. Trong R, chou; = (1,1,—1,0), us = (=2,3,4,1), uz = (—1,4,3,2),v; = (1,1,—1, —1),
ve = (2,7,0,3) vivg = (2,7,0,2). Dat A = ( uy,ug,u3) va B = (v1,v2,03).

a) Kiém tra A va B 1a hai co s8 ctia mot khong gian vecto W.

)
b) Tim [u]g néu biét [u]4 = | 1
4
¢) Tinh (B — B').
> ul := vector([1, 1, -1, 0]): u2 := vector([-2, 3, 4, 1]): u3 := vector([-1, 4, 3, 2]):
vl := vector([1, 1, -1, -1]): v2 := vector([2, 7, 0, 3]): v3 := vector([2, 7, 0, 2]):
> A:=matrix([ul, u2, u3]);
11 —-120
-2 3 41
-1 4 3 2
> rank(A);
3
> B := matrix([vl, v2, v3]):
> equal(gaussjord(A), gaussjord(B));
true

Tu két qua trén ta duge r(A) = 3 nén A doc 1ap tuyén tinh, va do d6 A 1a co sé cia W. Ma
tran A va ma tran B c¢6 cung dang bac thang rat gon nén A va B tuong duong dong. Do dé
khong gian sinh bdi A trung véi khong gian sinh béi B. Hay A va B 1a hai co s6 cia mot khong
gian vectd.

> A := transpose(A);
1 -2 -1
1 3 4
-1 4 3
0 1 2




> B := transpose(B);

1 2 2

277

100

0 3 2
> uA := vector([5, 1, 4]);

51 4]

> u := evalm(A.uA) #Luu y . 13 ddu chidm cau

[~124 11 9]
> uB := linsolve(B, u);
[~11 — 12 17]
—11
Tu két qué tinh toan trén ta co: [ulg = | —12
17

> v1A := linsolve(A, v1): #Tinh cac toa do v; theo co sé A
v2A := linsolve(A, v2):
v3A := linsolve(A, v3):

> P := matrix([v1A, v2A, v3A]): P := transpose(P);

2 2 3
1 -1 0
—1 2 1
Tt két qua tinh toan trén ta co:
2 2 3
P=(B—-8B)= 1 -1 0
—1 2 1

N ° -~ N
> Bai tap thuc hanh
Luu y: Khong st dung cac ham trong géi 1énh linalg va LinearAlgebra.
Xem vecto nhu 14 mang mot chiéu va ma tran nhu 1a mang hai chiéu, hay viét chuong trinh dé:
Bai 1. Kiém tra cac vecto uq, ua, . . . U, c6 doc 1lap hay phu thuoc tuyén tinh khong?
e Tén ham: IsDLTT

e Input: Danh sach cac vecto

e Ouput: true néu doc lap tuyén tinh, false néu khong.

> w=[2,1,3]: wvi=[1, 3, 3]: w:=[4, 3 1]
IsDLTT([u, v, w]);

true




>w=[1,01,1]: wv=[2,1,0,1]: w:=[4,1, 2, 3]:
IsDLTT([u, v, w]);

false
Bai 2. Kiém tra vecto u c6 1a to hop tuyén tinh cac vecto uq,us, ..., u, khong? Néu co, hay
dua ra mot dang biéu dién.
e Tén ham: THTT
e Input: Vecto u va danh sach cac vecto S = [uy, ug, . .., Up]
e Ouput: Mot biéu dién [a;, g, . .., ] néu u 1a t6 hop tuyén tinh clia S, false néu khong.

> w:=[-5, 5, -6]: ul:=[1, 2, 3]: u2:=[2, -1, 3]:
THTT(u, [ul, u2]);

1, -3 #K&t qua c6 thé khac
Bai 3. Tim mot co s6 ctia khong gian con sinh béi tap cac vecto S = {uy, ug, ..., uy} v6i co s6
la tap con cua S
e Tén ham: TimCoSo
e Input: Danh sich céc vecto S = [ug, ug, . .., Up|

e Ouput: Mot co s6 B ctia (S) v6i B C S

> ul:=[1, -1, 2, 1]  u2:=[2, 3,1, 1]: u3:=[5, 5, 4, 3]:

TimCoSo([ul, u2, u3));
[1,-1,2,1], [2,3,1,1]]

Bai 4. Kiém tra khong gian con sinh bdi tap cac vecto {uy, us, . .., Uy} ¢6 trimg véi khong gian
con sinh béi cac vecto {vy, vy, ..., v;} khong?

e Tén ham: KGSBTrungNhau
e Input: Hai danh séch vecto S = {uy,ug, ..., up} va T = {v1,ve, ..., 0}

e Ouput: true néu (S) = (T), false néu khong.

> ul:=[1, -1, 2, 1]: uw2:=[2, 3, 1, 1]: u3:=[5, 5, 4, 3]:
ud:=[1, 4, -1, 0]: ub:=[0, -5, 3, 1]: u6:=[5, 10, 1, 2]:
u7:=[3, 2, 3, 1]:

> KGSBTrungNhau([ul, u2, u3], [u4, u5, ub]);

true

> KGSBTrungNhau([ul, u2, u3], [u4, u5, u7]);

false




Bai 5. Tim mot co sd ciia khong gian giao ctia hai khong gian con 1an lugt sinh boi {uy, us,

va {vy,v9, ..., 0}

e Tén ham: CoSoGiao

e Input: Hai danh séch vecto S = {uy,ug, ..., up} va T = {v1,v9, ..., 0}

e Ouput: Co s6 ctia khong gian giao (S) N (7).

ey U

>ul:=[1,2,0,1]: wv2:=[2,1,3,1]: u3:

ud :=1J0,3,-3,1): ub:=1[2,-1,0,1): ub:
u7 :=1[1, 1, 1, 1]

> CoSoGiao([ul, u2, u3], [u4, ub, ub, u7]);

#K&t qua c6 thé khac

[0,6,—6, 2]
Bai 6. Tim ma tran chuyén cd s6 tit ¢d 86 (uy, Us, . .., Uy, ) VAO ¢ 86 (v1, v, ..., U} ).
e Tén ham: MaTranChuyenCoSo
e Input: Hai danh séch vecto S = {uy,ug, ..., up} va T = {v1,v9, ..., 0}

e Ouput: Ma tran chuyén co sé S — T.

[1,1,-1,0]: v2:=[-2, 3, 4,1]:u3 :=[-1, 4, 3, 2]:

> ul =
=[1,1,-1,-1:v2:=]2,7,0,3]: v3:=12,7,0, 2]:

vl :
> MaTranChuyenCoSo([ul, u2, u3], [v1, v2, v3]);

12,2,3],[1,~1,0],[~1,2,1]]




Phan I1. Bai tap

3.1 Trong céc cau sau, xét xem vecto u ¢ 1a t6 hgp tuyén tinh ciia cac vecto uq, us, us hay
khong? Hay tim dang bicu dién tuyén tinh ctia né (néu c6)?

1,3,2), up = (1,1,1), up = (1,0,1), us = (0,1,1).

) (

b) u=(1,4,-3), u; = (2,1,1), ug = (1,-1,1), ug = (1,1, =2).
) (4, 1,2), Uy = (1,2,3), Uy = (2, 1,2), u3 = (1,—-1,-1).
) (

3.2 Trong céac cau sau, xét xem vects u co la t6 hop tuyén tinh clia cac vecto uy, us, us hay
khong? Hay tim dang biéu dién tuyén tinh ctia né (néu c6)?

a) u=(10,6,5,3), u; = (1,1,—1,0), us = (3,1,2,1), uz = (2,1,3,1).
b) u=(1,1,1,0), u; = (1,1,0,1), up = (1,0,1,1), us = (0,1, 1, 1).

C) U= (1737 77 2)7 Uy = (1a27 17 _2)7 Uy = (375a ]-7 _6)7 Uz = (17 17 _37 _4)

3.3 Trong cic cau sau, hiy tim mdi lién hé gitta a, b, ¢, d dé vecto u = (a, b, ¢, d) 1a t6 hop tuyén
tinh ctia cac vecto uy, uq, us.

a) UL = (1,2, 1, 1),u2 = (1, 1,2, 1),U3 = (1, 1, 1,2).
b) Uy = (1, 1, 1,0),u2 = (1, 1,0, 1),u3 = (1,0, 1, 1).
C) uy = (1a —2,0,3),U2 = (273a0a —1),U3 = (27 _1727 1)
3.4 Xét xem cac vecto sau la doc 1ap tuyén tinh hay phu thudc tuyén tinh?

a) up = (1,1,0), us = (1,1,1), ug = (0,1, —1);

_17 17 1)7 Uy = (1727 1)a Uz = (17573)a

) (
) (

¢) ur=(1,1,1,1), up = (1,2,1,~1), ug = (0,1, -2,2).
) ur = (1,2,3,—4), up = (3,5,1,1), us = (1,1, -5,9).
) (

3.5 Xét xem cac da thic sau 1a doc lap tuyén tinh hay phu thuoc tuyén tinh?

a) fi=1+2t—5t2, fo = —4—t+6t2, f3 =06+ 3t — 4t%;

)
b) fi=1=2t, fo=1—1t+ fs=1—"7t+ 106}
¢) i=1—2t+3 fo=1+t+42 f3=2+5¢+ 9t
)

d) fi=1+2t—3t2 =23, fo =2+5t — 8t — 13, f3 =1+ 4t — 71> + 513,
3.6 Xét xem cac ma tran sau la doc lap tuyén tinh hay phu thuoc tuyén tinh?

10
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3.7 Cho V 1a mot khong gian vecto va u,v,w € V. Chiing minh rang, {u,v,w} doc lap tuyén
tinh khi va chi khi {u + v, v +w,w + u} doc 1ap tuyén tinh.

w

3.8 Trong cic tap hgp W sau day thi tap hgp nao 1a khong gian con clia khong gian R3?

a) W = {(x1, 29, x3)|z1 > 0}. b) W = {(x1, xe, x3)|z1 + 222 = 323}.
c) W ={(x1,x2,z3)|x1 + 329 = 1}. d) W = {(z1, x2, x3)|x1 = 29 = 23}.
e) W = {(z1, w9, x3)|2% = 2273} f) W = {(z1, 79, 3)|7172 = 0}.

3.9 Tap hop nao sao day la khong gian con ctia khong gian M,,(R) cdc ma tran vuong cap n?

a) Tap cidc ma tran duong chéo cap n.
b) Tap cac ma tran A € M,(R) sao cho detA = 0.

d

)
)
c) Tap cac ma tran A € M, (R) sao cho detA = 1.
) Tap céac ma tran A € M, (R) sao cho A kha nghich.
)

(R)
(R)
(R)
e) Tap cdc ma tran A € M, (R) sao cho AT = A.

3.10 Tap hop nao sao day la khong gian con cua khong gian R[¢]?

a) Tap cac da thic f(t [t] sao cho f(—t) = f(t).

t
b) Tap céc da thic f(t [t] sao cho f(—t) = —f(¢t).
[t] sao cho f(0) = f(1) + f(2).
t

d [t] sao cho (f(t))* = f(t).

) (t) eR
) (t) eR
c) Tap céc da thic f(t) € R
) Tap céc da thic f(t) € R
3.11 Cho W, W 1a hai khong gian con ctia khong gian vecto V. Chiing minh réang W, U Wy

la khong gian con ctia V' khi va chi khi Wy C W5 hodac Wy C Wh.
3.12 Chting minh rang:

a) S ={(1, —1),(—2, 3)} la mot tap sinh ciia R?.
b) & ={(1, 1),(1, 2),(2, —1)} la mot tap sinh ciia R?.
c) S={(1,1,1), (1,1,0), (0,1,1)} 12 mot tap sinh ctia R3.

11



3.13 Chitng minh rang tap hop cac da thic f; = 1+ 2t — Tt2, fo =3+t + 12, f3 = 7+ 2t + 4t?
1 mot tap sinh cia khong gian Ry [t].

3.14 Kiém tra tap hgp nao sau day la co s ciia R3?

a) B={u; = (2,1,1),us = (1,2,1),u3 = (1,1,2)}.
b) B ={uy = (1,1,0),us = (1,0,1),us = (0,1,1)}.
¢) B={uy=(1,1,0),us = (1,1,1),u3 = (0,1, —1)}.
d) B={u = (-1,1,1),us = (1,2,1),u3 = (1,5,3)}.

3.15 Chitng minh rang tap hop {1, ¢ —1, (¢t — 1), ..., (t — 1)"} 1a co s6 clia R, [t].
3.16 Kiém tra tap hop {1+1¢, t + 2,2+ ¢35, ... t" 1+ 1"} c6 1a co 86 ctia R, [t] hay khong?
3.17 Cho W la khong gian sinh béi cac vecto uy = (1,0,1,0), up = (1,—1,0,1), uz =

(1,2,1,—1). Kiém tra tap hop S = {uy, us, uz} c6 1a co sé ctia W hay khong? Hay xac dinh
dimW'.

3.18 Cho § = {u; =(1,1,2), up = (1,2,5), us = (5,3,4)} va W = (S).

a) Ching minh & = {u;, us, uz} khong la co s6 cia W.

b) Tim mot co s B clia W sao cho B C S va xac dinh dimW'.
3.19 Cho & = {u; = (1,1,2), up = (1,2,5)} C R3.

a) Ching minh S doc lap tuyén tinh.

b) Cho u = (a, b, ¢) € R3. Hay tim diéu kién clia a, b, ¢ sao cho SU {u} 1a co s6 clia R3,
3.20 Tim co s6 cho khong gian sinh béi cac vecto sau:

1,2,3), us = (2,3,4), us = (3,4, 5).

) (

b) u = (1,1,0), us = (1,0,1), uz = (0,1,1).
) (1,2,3,1), up = (1,2,1,-2), uz = (1,3,2,1), ug = (2,1,3, —7).
) (

w = (1,1,-1,2), up = (1,—=1,-2,1), us = (1,3,2,1); us = (2,1,2, —1).
3.21 Tim co sé cho khong gian sinh béi cac da thic sau:

a) fi=1+2t—5t% fo=—4—t+6t% f3 =06+ 3t — 4t%

b) fi=1—=2t fo=1—t+1t> f3=1—Tt+10t%

¢) fi=1—=2t+32 fo =1+t+44t2, f3 =2+ 5t + 9%
)

d) fi=1+2t—3t2 =23 fo =2+ 5t — 8t — 13, f3 =1+ 4t — 71> + 53,
3.22 Tim co sé cho khong gian sinh bdi cac ma tran sau:
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(o) =) 4= ()
(e R P

(o) 2) =)
das (a8 )Gl

3.23 Tim co sd va chiéu cho khong gian nghiém ctia cac hé phuong trinh tuyén tinh sau:

1 + x2 + 223 — x4 = O0;
a) Ty + 2372 + 3133 + Ty = 0;
Ty + 3ZL'2 + 4.%‘3 + 3274 = 0.
T + i) + I3 + Ty = O;
b) ry + 21’2 + 31‘3 + Ty = O;
r1 + 3z + 3x3 + 2z4 = 0
21‘1 + To + 3173 + Ty = 0.
21‘1 — 4.’13'2 + 5$3 + 333’4 = 0;
c) 1 — 2x9 — x3 — x4 = O
rT — 2I2 + 6.773 + 41’4 = 0.
Ty + X9 — X3 — x4 + x5 + T = 0,
d) ry, — Ty — X3 + x4 + x5 + x6 = 0
r1 + X9 + X3 — Xy — Tz + Tg = 0

3.24 Trong R* cho cac vecto
Uy = (]-7 17 17 ]-)7 Ug = (]-a _]-a ]-7 _]-)7 Uz = (1737 1a3>7
v =(1,2,0,2), vs = (1,2,1,2), v3 = (3,1,3,1).

Dat U = (uq, ug, ug) va W = (vy, v, v3). Hay tim mot co sé cho méi khong gian con U, W, U+W
va UNW.

3.25 Trong R* cho cac vecto
u=(1,1,0,—-1), v = (1,0,0,—1) va w = (1,0, —1, 0).
bat U = (u,v,w) va
W = {(.%1,1'2,.1'3,1’4) | X1+ To — XT3 + 2.’E4 = O}
a) Chiing t6 rang W 1a mot khong gian con ctia R*.

b) Tim mot co s cho méi khong gian con U, W, U + W va U NW.

3.26 Trong R* cho cac vecto u; = (1,2,0,1), up = (1,1,1,0), v; = (1,0,1,0), vy = (1,3,0,1)
va U = (uy,ug), W = (vy,vg). Tinh dim(U + W) va dim(U N'W).

3.27 Trong khong gian R?, tim toa do clia vecto u = (3,1,4) theo co s6 B = {u; = (1,1,1),
Ug = (0, 1, 1), Uz = (O, O, 1)}
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3.28 Trong khong gian Ry[t], cho cac da thic
) =14t =12 fot) =t + 1% f5(t) = 3+ 4t — 12

a) Chtng minh tap hop B = {f1, f2, f3} & co s6 cia Rylt].

b) Cho f(t) =3+t — 2t*. Hay tim toa do ctia f theo co sé B.

3.29 Trong khong gian M,(R), cho cac ma tran

11 0 —1 1 -1 10
()= ) a6 o) 4= (00)

a) Ching minh tap hop B={A;, As, A3, A4} 1a co s6 clia My(R).

21

b) ChoA:(l ]

). Hay tim toa do cua A theo co sé B.

3.30 Trong khong gian R3, cho cac vecto
w = (2,1, —1),us = (2, —1,2),us = (1,1, —1).

a) Chitng minh tap hop B = {uy, us, u3} 1a co sé ciia R3.
b) Tim [u]g, biét rang u = (1,3, —2).

2
¢) Tim v € R3, biét réng [v]g = [ —3
4

3.31 Trong khong gian R3, cho cac vecto u; = (1,0, —1), us = (1,2, —2), uz = (0, —3,2) va dat
B = {U,l,UQ,u;;}.

a) Chting minh B 1a co s ctia R3.

b) Tim toa do cia cac vecto 1 = (1,0,0), e = (0,1,0) va €3 = (0,0, 1) theo co s6 B.

3.32 Trong khong gian R3, cho cac vecto u; = (1,2,2), us = (1,-1,1), uz = (—=1,2,—1),
uy = (1,1,2), uy = (1,-2,1) uf = (2,1,4).

a) Chiung minh céc tap hop B = {uy, ug, uz} va B’ = {u}, uh, us} 1a cac co s6 cta R3.

b) Tim [u]s biét rang u = (1,2, 3).

2
c) Tim v € R? biét rang [v]z= | 3
—1
1
d) Tim [w]|p biét rang [w|z = | =3
2

e) Xac dinh ma tran chuyen co s6 (B — B') va (B’ — B).
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3.33 Trong khong gian Ry[t], cho cac da thic fi(t) = 1+t + 12, fo(t) = 2+ 2t + 2, f3(t) =
243t + 2 g1(t) =14 2t, go(t) = ¢, g3(t) = 1 + 2.

a) Ching minh B = {f1, fa, f3} va B’ = {g1, 92, g3} 1& cac co s6 ctia Ry[t].

b) Xéc dinh ma tran chuyén co s6 (B — B') va (B’ — B).
3.34 Cho W la khong gian sinh bdéi cac vecto u; = (1,0,1,1), us = (1,1,0,1), uz = (1,1, 1,0).

a) Chtng minh tap hop B = {uq, ug, us} 1a co s6 cia W.

b) Cho u = (a,b,c,d) € R Tim médi lién he gita a,b,c,d dé v € W. Véi diéu kien do6, hay
xac dinh [u]g theo a,b, ¢, d.

c) bat B'={u;=(0,1,2,-3),u,=(2,0,1,3),u; = (0,1,—2,1)}. Chiing minh B’ 1a co s ctua
W va xac dinh (B — B').

3.35 Cho W la khong gian con ctia R* sinh béi cac vecto u; = (1,1,1,2), uy = (1,2,1,—1) va
us = (2,3,1,1).
a) Ching t6 rang B = {u1,uz, uz} 1a co s6 cia W.

b) Cho u = (a,b,c,d) € R*. Tim diéu kién ctia a,b, c,d dé w € W. V6i diéu kien d6, hay tim
[u]g theo a,b,c,d.

c) Cho u) = (1,1,—-1,2), uh = (2,4,1,-2), uy = (1,0,0,5). Chitng t6 rang B’ = {u}, ub, ujy}

la co s6 ctia W vA xac dinh ma tran chuyén co sé tit B sang B’ va tit B’ sang B.

3.36 Trong khong gian R*, cho cac vecto uy = (1,0,1, 1), us = (1,1,—1,2), uz = (1,2, -2, 2)
va W = <{U1, U,Q,Ug}>.
a) Chimg t6 rang B = {uy, us, uz} 1a co s6 ctia W.

b) Cho u = (a,b,c,d) € R*. Tim diéu kién ctia a,b, c,d dé u € W. V6i diéu kien d6, hay tim
[u]g theo a,b, ¢, d.

¢) Cho uj = (2,1,0,1), uh = (2,3,-3,4), uj = (3,3,—-2,3). Chiing t6 rang B’ = {u}, u}, uj}
1 co 8¢ ctia W va xac dinh ma tran chuyén co sé tit B sang B’ va tit B’ sang B.

1 2
d) Tim [U,]B va [’U]B/ blét [U]B/: —2 va [U]B: -3
3 1

3.37 Cho B = {uy, uy, u3} 1a co 56 clia khong gian R? ¢6 ma tran chuyén co sd tit B sang cd s3

1 -2 0
chinh tic cia R3 1a P = 2 -3 =2
—1 2 1

a) Tim toa do [u]g theo co s6 B cta vecto u = (2,1, —1).

b) Xac dinh cac vecto uy, ug, ug ctia co s6 B.
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3.38 Trong khong gian R? cho cac vecto u; = (3,2,3), us = (2,1, —5), ug = (=3, —1,15). Dt

U = Uy — Uz — Us,
Vg = —2U1 + 5U2 + SU3,
V3 = Uy — 2U2 — Uus.

a) Ching minh B = {uy,uz,uz} va B’ = {v1,v2,v3} 1a hai co s6 ctia R?.

b) Tim ma tran chuyén co sd tit B’ sang B.
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