Magnetism

® How do solids react to an external field?

® What is the cause of spontaneous magnetic ordering?
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Magnetic properties
at the end of this lecture you should understand....

Macroscopic description of magnetism
Magnetic moments in atoms

Weak magnetism In solids

Magnetic ordering
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Macroscopic description of magnetism

In vacuum
\E _ ,H{]H/

to = 4r10” "Vs/Am = 4710 "T*m°J

magnetiC iInduction magnetic field

in general we have Gauss’ law for magnetostatics

fﬂd}l:ﬂ divB =0


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Macroscopic description of magnetism

magnetic induction In vacuum magnetic field
“SB- .l'i{]H/
po = 4710” " Vs/Am = 4710 "T*m*J !
in matter magnetization

7~

B =puH+M) =B+ paM

we interpret B, as the “external field”

magnetic
susceptibility\ \ magnetic dipole
poM = XBy M= = moment

V
potential energy of one dipole in the external field:

ey

L ll] y B U
—

CuuDuongThanCong.com
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Units

T- Tﬂm:'].]—l

\ \ A

= I—-t'[JIiH T M} = Bq + poM

® Both, Band B are measured in Tesla (T)

® 1 Tis a strong field. The magnetic field of the earth is only
in the order of 10~ T.
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object In homogeneous magnetic field

potential energy of one dipole in the external field:

U =—u- Bg
so for a macroscopic object that iIs magnetized by the field
N
Y=y U=—-VMB, = —VX®RB2
oM = xm B R R

Note quite because now M depends on the field so

Bu BD
U=-V MdB), = -V / Am plgBl = —V 2% B2
0 0o Mo 2140
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Diamagnetism
ppM = x By
x <0

U = ~VMB, = v Xml p2
2140

® Diamagnetism: negative susceptibility, the magnetization
opposes the external field, the potential energy Is lowered
when moving the magnetized bodies to a lower field
strength. A diamagnet opposes both poles of a magnet.
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Paramagnetism
ppM = x By
x > 0

U=-VMBg = —V‘X‘“‘Bg
2140

® Paramagnetism: positive susceptibility, the magnetization is
parallel to the external field, the potential energy Is lowered
when moving the magnetized bodies to a higher field
strength. A paramagnet Is attracted to either pole of an

external magnet.

(L
CuuDuongThanCong.com https://fb.com/tailieudientucntt
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for fixed external field

U=-VMBy = —V2i2 R
HO

but If the field Is turned on from zero
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® Classical physics does not give

diamagnetism or paramagnetism!

F=—--evXxDB
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The vector potential

scalar potential for static electric field

E(r) = —gradg(r)
scalar potential for B-field?

B(I') 5= —grad)\(r) j= LewlB - 6%

10 ot

No! One can choose

B(r) = curlA(r)

divB = div curlA =0
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The vector potential

particle in electromagnetic field

change the momentum (operator)

P—p—qA

change the potential

U— U+ q¢
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Quantum Mechanical Description

1

constant B field (in z-direction) B, = (0, 0, By)

1 chosen such that

A = —51‘ X BU By(r) = curlA(r)

\

2,

2m

€

1 rx B\’
(p+€<i?= (P—E U) = Hy;,

2m
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Quantum Mechanical Description

2
Hyp, = 2’;3 (p+eA) = 2;8 (P —e- X2B0>
/ 1 2 e’ 2
Hy. = om. (p +eBg - (r X p) 1 4(r><Bg) )
because a-(bxc)=-—-c-(bxa)

use that B only in z direction

Hliin = Hyin + H' = | - B[](r X p)z \

QmE
paramagnetic diamagnetic

y term term
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Quantum Mechanical Description

use that B only in z direction

p €

om. BU(I‘XP)z
e - %

paramagnetic diamagnetic
term term

Hliin = Hyin + H' =

Spin is not contained in Schrddinger equation
but could be added as

eh
2,

GeMMg By = gemsup By

15
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Quantum Mechanical Description

B = Huot H' = P 4 © Bofrxp) + - B2(2? + %)
. = in — I T > I
Kin : om. = 2m, " b 8m, ° Ty
2 2
B = B
s BO(W1(@® + 7))
magnetic moment
OFE’ e?
. . B 2 42
=5 =~ i B + 7))
2 2 2 2 2 2 2 2
r, =T +yY + =2 $—|—y=§fr‘{I
very rough estimate for an atom with Z electrons

2
A 25
T‘ﬂ 0

H =
CuuDuongThanCong.com
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Proper situation in atoms

® Which magnetic moments are already there? They will lead
to paramagnetism.

® Does an external field induce a magnetic moment? This will
lead to diamagnetism.
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Magnetic moments In atoms

orbital angular momentum ~_|Bo
magnetic moment L

eh

2m,
component in field direction

p = L =—-ppL

1.2
emh .
L — — —MUB .
z om. z _ y
magnetic moment due to electron spin n *:._ e
;- - - _
H— _gE.UJBS b N, *
component in field direction o "

Hs — —gdelllslUB e
18 S gyromagnetic ratio 4z =6 x 107%eVT
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Magnetic moments In atoms
for many electron atoms and a given sub-shell (n,l)

5 = z T,
L= Z T

SO no magnetic moment for closed shells

Non-closed shells have the total angular momentum #./J(J + 1)

and 2J+1 possiblilities of a magnetic moment in field direction

M= —gimlin.
Landé splitting factor
(1) find J
(2) find the Landé splitting factor g

19
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Magnetic moments In atoms
for many electron atoms and a given sub-shell (n,l)

5 = Z T,
L= Z T

for non-closed shells follow Hund’s rules

(1) The electrons should occupy the orbitals such that
the maximum possible value of the total spin S is
realized.

20
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Example: Mn?#*

“J —— ~N

3 0 ® example Mn?* with 5

— ,>§& d electrons, all in

| | different m; orbitals
(no overlap, smallest
repulsion)

® The total spin S has
-~ ¥ a major influence on
o M T, the total energy.
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Magnetic moments In atoms
for many electron atoms and a given sub-shell (n,l)

5 = Z T,
L= Z T

for non-closed shells follow Hund’s rules

(2) The electrons should occupy the orbitals such that
the maximum of L consistent with S Is realized.

22
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Magnetic moments In atoms
for many electron atoms and a given sub-shell (n,l)

5 = Zm,,.
L= Zm,g

for non-closed shells follow Hund’s rules

(3) The total angular momentum J iIs calculated

® If the sub-shell is less than half-full J=L-S
® If the sub-shell is more than half full J=L+S
® |If the sub-shell is half full, L=0 and J=S

23
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Example: Cr3*

5 = ZmH
L= Zm,g

Cr3* has three electrons in the 3d sub-shell.
The first of Hund'’s rules requires S=3/2.

The possible m; values for the 3d shell are -2,-1,0,1,2.
Hund’s second rule requires to choose the largest possible
value of L, I.e. to choose m; =0,1,2, so L=3.

Since the sub-band is less than half filled, J=L-S=3-3/2=3/2.
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Magnetic moments In atoms
the moment in field direction is
H;= —gmilin.

with m; = -J,-J+1,...J-1,J

and the Landé splitting factor

3J(J+ 1)+ 8(S+1)— L(L+1)
I = 2J(J + 1)
the highest possible moment in field
direction Is

py = gupd

25

e, L,
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Summary atomic magnetism

Non-filled shells can lead to a permanent magnetic moment
described by the total angular momentum J and the Landé
factor. This magnetic moment gives rise to paramagnetism.

An external field also gives rise to a diamagnetic response
by “inducing a current” in all atomic shells. This gives rise to
diamagnetic moment which is always present.

We have an estimate for the size of both types of magnetic
moments.
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Weak magnetism in solids

Atomic diamagnetic contribution Is always there.

The paramagnetic behaviour of non-filled shells is
often not present in solid (example: ionic solids)

The paramagnet behaviour of non-filled shells can be
retained If these are inner shells (f- electrons).

Additional contribution are expected to arise from
itinerant electrons in metals.
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Diamagnetism from the atoms

Z e’

bm, “

M= EEH

N

_ M JI'_EﬂENEETE
Am = F9p 6Vm, ¢

And this is always quite small, 10~ or so.
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(Landau) diamagnetism of free electrons
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Curie paramagnetism

Treat the localized d and f
electrons as If they were atomic
magnets. g

This leads to a paramagnetic

solid. The paramagnetism is
caused by the alignment of

existing dipoles to the external O
field.

The system consists of
distinguishable dipoles with
known energy levels.

Boltzmann statistics can be
applied and the effect Is
temperature-dependent.

30
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Curie paramagnetism

energy levels

—gupm by
. . Al
partition function 2
4
J qé1
7 — E r e~ 9pBmyBo/kpT 0
|
L
mj=—dJ Z
mean moment in field direction 3,
"o

J
1
Ho =7 > gppmgedtrmiBo/keT
m

g=—J

31
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Curie paramagnetism: limiting cases

gupBy > kT

all moments aligned with field

N
M= — J
Vﬂﬁﬂ

(independent of field strength)

—k
-

=
o

o o
-

gupBy < kgT

magnetization M ((NAV)Jgug)
=
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Curie paramagnetism: limiting cases

® The highest possible
magnetization Is big.

® But for room temperature,
we are In the other
regime: the susceptibility
is quite small (103 - 102
Or So).

magnetization M ((NV)Jgug)
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Curie paramagnetism: limitations

® The Curie constant C is predicted correctly for
the f transition metals (exercise).

® For the d transition metals, the agreement is
poor. One often observes a C as if J=S
(quenching of orbital angular momentum)

® The reason is that the d electrons act as
valence electrons / interact strongly with the
neighbours and can not be treated like purely
atomic levels.

34
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Paull paramagnetism

® Pauli paramagnetism is associated with the spin of the free
electrons.

® Naively, one might expect that all the electrons align their
magnetic moment with the external field. This would give

rise to strong paramagnetism.

® This is not observed, a puzzling fact for a long time (along
with the electrons’ heat capacity). You can guess where this

IS leading....

35
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Paull paramagnetism

(twice) the coloured area:

NHE[] — NJ,TBH - H{EF}#EBD

Fi-aln ':I|:| |I|-|lq;_- \

I.".'.. - -H.-" 1 B
P ) '__:. "a ‘ M = NHE[] - NlTBu:]' B

:; s = l9(1’-*7FM2 By

- ____||=II:I B
'II'Irr—u- -'.:- -

.

L 3 1
Erargy Xm = 77 Hog(Er)pp

which Is again quite small

37
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Aligning all the moments

paramagnetism of
localized ions

gupBy > kT

Pauli paramagnetism

pwpBy > Ef
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Magnetic response of solids (without Curie pm)

® All solids show very weak diamagnetism, like the atoms.

® Free electron metals show the weak Pauli paramagnetism
and Landau diamagnetism.

® The resulting X is in the order of 10-°to 10-°.

a ‘qualitative equation’ for the total susceptibility is

1 1/ me\” NugZe®
m — <, E ] — —

| \

aramagnetic part diamagnetic part diamagnetic part
P J P of conduction J P

of conduction electrons of atoms
electrons

39
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More fun with diamagnetic levitation

movies

. source: High Field Magnet Laboratory, University of Nijmegen
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Magnetic ordering

® So far: magnetic response of the solid as a function of

applied field (diamagnetic / paramagnetic). Quite weak for
most solids at room temperature.

® Now: spontaneous magnetic ordering without any applied
field.
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ferromagnetic

=0
Fe, Co, NI...

Magnetic ordering

antiferromagnetic

AvAvAivhy
vAVAY AV A
AvAvAvAY
vAVAY AV A
AvAvAvAy
M=0
NiO....

ferrimagnetic

AvAiAv Ay
FAY AL AV A
AvAyAi Ay
FAVAYAYA
Av Ay A Ay

Mz0
Magnetite...
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Magnetic ordering: a common misconception

® The magnetic ordering IS NOT caused by the direct magnetic
Interaction between magnetic moments. This Is much too
weak (exercise).

44
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Example: Mn?#*

® Origin: Coulomb
repulsion and Pauli
exclusion principle

® example Mn?* with 5
d electrons, all in
different m orbitals
(no overlap, smallest
repulsion)

® The total spin S has
a major influence on
the total energy.
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The Hydrogen Molecule:
basic “ordering” and the exchange interaction

RIVE 2 1 RVE e 1
m  dmwey |R, — 1y 2m  Admey |Rg — s
solution solution
EA ¢A(rl) EB Q&'B(I‘g)

6B (r)|*

Rp

46
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The Hydrogen Molecule

R =|R; — Ry

%

HII'(rh I‘g) — EII'(rh I‘g)

R2V? RPVE € 1 1 1 1 \
H=-—2-—F24—{- . | - = }
2m 2m 4’H'E.|j |RJ4_—I‘1| |RB —Tg|w |R.A—Tg| |RB —I‘1|

47
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RIVE g2 1 RVE et 1

Ha= 2m  dmwey |R, — 1y He = 2m  Admey |Rg — s
ground state solution ground state solution
B4 da(ry) Ep dp(r2)
close but no
Interaction
R 4 Rg
H=Has+ Hp

W(ry,ry) = Pa(r1)dp(ra)
E=Fs+ Eg =2E

HY(ry,ry) = (Hat+HB)oa(r1)op(r:) = fﬁﬂ(rzlfﬂcﬁa(1‘1)+¢A(1‘1)EB¢B(1‘2) = (Ea+EB)¥(r1,r)
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|dentical Particles
I'l I'o

R A Rp

probability for finding electron of atom A at r1 and
electron of atom B at r»

Piy = |¥(ry,r3)|%dridry = | 4(r1)]?|¢B(r2)|*dridry

49
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|dentical Particles

probability for finding electron of atom A at r1 and
electron of atom B at r»

Piy = |¥(ry,r3)|%dridry = | 4(r1)]?|¢B(r2)|*dridry

probability for finding electron of atom B at r; and
electron of atom A at r2

Py, = |¥(rg,r1)|%dradry = |pa(r2)|?|¢p(r1)|*dradr;

but these are not the same!

50
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ldentical Particles

I"1| " | I'o

II II
lll III

o

probability for finding electron of atom A at r1 and
electron of atom B at r»

Piy = |¥(ry,r3)|%dridry = | 4(r1)]?|¢B(r2)|*dridry

probability for finding electron of atom B at r; and
electron of atom A at r2

Py, = |¥(rg,r1)|%dradry = |pa(r2)|?|¢p(r1)|*dradr;

but these are not the same!

51
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ldentical Particles

but we must have

P12 = Poq
U(rq,ra)|* = [¥(re,rq)|°

so that

lI’(I‘l, I‘g) — ’H,lI’(I‘g, I‘1)

1
U — € ?
and we have to get the same upon another exchange

|
]
CuuDuongThanCong.com https://fb.com/tailieudientucntt

52


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

|dentical Particles

two possible solutions

symmetric (u=1)

]' v F ¥
W(ry,r) = ﬁ{{ﬁ'd[rl]{i}ﬁhrﬂ} - palralppir))
anti-symmetric (u=-1)

U(r), 1) = jﬁ{ﬁﬁfﬂrl)nﬁmﬁrz] 64(r) s (r 1))

53
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ldentical Particles
Empirical rules for two Fermions

The symmetric solution Is chosen
when the spins are anti-parallel

1

U(ry,ra) = ﬁ‘:*}l’ﬂ (r1)ép(r) + dalrz)os(r)) ]

The anti-symmetric solution Is
chosen when the spins are parallel

1

U(r,,ry) = v@‘:'@l’ﬂ{rl]qﬁﬂtrﬂ] — @a(r2)05(r)) 1

54
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The Hydrogen Molecule: Heitler and London

%

RAVER Ve eﬂ{ 1 1 +l+ 1 1 1 }
Ra—ri| |[Rp—13] R |ri—r3] |[Ra—r13 |[Rp—ry

H = om  2m 4meq

Start by using the atomic wave functions

1

W(ry,ry) = ﬁ(ﬁi’ﬂ(ﬁ)fﬁ'ﬁ(rz) + ¢a(re)dp(r1))

with + for spins antiparallel (singlet), S=0, ms=0

and - for spins parallel (triplet), S=1, ms=-1,0,1
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The Hydrogen Molecule: Heitler and London

H —

RAVER Ve eﬂ{ 1 1 +l+ 1 1 1 }
2m 2m 4?1'-'5[] |RJ.1_—I‘1| |RE—I'Q| R |I'1—I'E| |RJ4_—I'Q| |RB—I‘1|

as trial wave function

1

W(ry,ry) = ﬁ(ﬁi’ﬂ(ﬁ)fﬁ'ﬁ(rz) + ¢a(re)dp(r1))

calculate

B flI!*(rlrQ)HlI!(rlrg)drldrg
f@*(rlrg)@(rlrg)drldrg

E

56
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The Hydrogen Molecule: Heitler and London

solutions
ARy = SR - X(®
. — S(R)
E =2E, + AE Wit
C(R) + X(R)
Abr = 1+ S(R)

S = [ 64(r1)¢b(r2)ga(ro)én(ra)drudr,,  OVENIap integral
C = / b (1) 8% (02) U a(r1)b(r2)drrdrs, Coulomb integral
X = /qbfil(r1)t;i*f”a(rz)Ucﬁa(rz)ti?B(rl)drldrz, exchange integral

[ EE {1 | 1 1 1 }
dmeg \ K | ‘1'1—1'2‘ ‘RA—I'EL ‘Rﬂ_rl‘ |
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The Hydrogen Molecule: Heitler and London

ﬂ E=2Fky+ AFE
with
== = Coulomby intagral C
- = = g¥change imaegmal X C(R) B X(R)
= 1 = ‘&ETT _ . S(R)
5
§ W2
A
- - .
o
E ]
1 |I S = ft;i’fq(1‘1)';I%(rz)cﬁﬂ(rg)gbﬂ(rl)drldrg N C(R) + X (R)
Tl =
, ©° fﬂ(rl)%(r?)U‘v’bﬂ(l‘l)‘ﬁ'ﬂ(l‘z)drldrz 1+ S(R)
Y2
-2
SN ..

intaratomic delards (Ag)
58
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The Hydrogen Molecule: Heitler and London

FE=2Fy+ AFE

C(R) — X(R)

Abp=—1" S(R)

anti-bonding

C(R) + X(R)
1+ S(R)

with S(R)=0

bonding

E=0QE+C)+X

! ! ! !
! = C i
IMCETRMIMIC dIFIansa (&)

59
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The Hydrogen Molecule: Heitler and London

a “magnetic view’:
(+ for singlet, - for triplet)

E=2E+CxX

X positive ... I = 1!

X negative

60

bonding

anti-bonding

-_.-1 -;:-..T\_\\\--

I
c

I
= d
Irceratamic distanca (&)

<= = Cpulomb: infegral C
= = gxchanda imegmal X
overiap inbegral &

-—__

Z

R

. .;.‘_._._.?..-—-. —

|
3

|
4

«nbarabarmie detanca (ag)

=
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positive exchange?

antl-symmetric

T )@p(r;) f.ﬁ'ﬂ'frﬂ}l?'_rf{rl:'}

"I”:I‘lul'z} ‘f«—{ﬂ"ﬁ{{

® In an anti-symmetric spacial wave function, the particles
are NEVER at the same place. This reduces the Coulomb

repulsion.

® This is also true for many electrons.
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...but not the whole story

® We also have to consider kinetic energy.

® For instance, a gas of free electrons does not
spontaneously magnetise.
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Helisenberg model
Hamiltonian for two spins inspired by Heltler-London

H = —QXSI 'Sg

We want the energy difference between singlet and triplet state
to be 2X, like in the H> molecule. Is this the case here?

S=5;+S, = 0 or 1 (singlet, triplet)
expectation values ;g2 o, 1,1 3
S = (8} =5 +1) =
(8*) =1(1+1) =2 (triplet)
<S2> _ 0(0 L ) — 0 (Slnglet)
use S? =87+ 85 +2S; - S;
1 . .
(S1-81) = = (triplet) (S, 8;) = —° (singlet)

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Helisenberg model
Hamiltonian for two spins inspired by Heltler-London

H = —QXSI 'Sg

For the entire solid with external field

H=-) ) XiSi'S;+geupBo- Zs

1#]
Sum only over the (identical) nearest nelghbours

H=-X) » Si-Sun+gepsBo-) S;

Mean field approximation

H=) S;- (— > X(S)+ geﬂBBo) Z Si - (~1anX (S) + gennBo)
64 () nn
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Helisenberg model

Mean field approximation

H=5)S;- (— Y X(S)+ gEuBBo) = i (—nunX(S) + gensBo)

The magnetization Is
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Helisenberg model

Ny XV
HZQEB Si'BW‘FB BW M
g Z ( U) gelU’BN
This is like the spins in an “external field” Bw + B
Assume Bo=0 and use the expression from the Curie
mannetlsm for J=1/2
— Bo/kpT
e = Z ) gupmgedhEmIBolke
mj=—.J
for the entire solid |
with
pupN e —e ™ T = ge|ms|upBw /ksT
M(T) = = M(0) tanh
(T) V e % +e” (0) tanh(z) ge|ms| = 1

— tanh M(T) O¢
M (0) M) T
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Helsenberg model

M(T) Oc . Moy X
— tanh _ _nn
an (M(O) 7 ) with @, = 2k

Curie temperature

— 17 .

T

~ .

= .

= i

-

o

B | *Fe

E 1 8Co

8 | aNi

E D_" | | | | I
0 1

Temperature T (Og)
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Temperature dependence of permanent
magnets: high temperature

® Above the Curie temperature the magnetic moments are
still there but the solid behaves like a paramagnet
according to the Curie-Weiss law.

(.
1-8, ™~ Curie

temperature

X
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Ferromagnetic elements

\ [ce] ee malprfsm

and many alloys are also ferromagnetic
Mostly alignment of spin magnetic moments

E2|F|C| 5| E|F
EEIEIEEIEIES
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Band model of ferromagnetism
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Ferromagnetic domains

A,
i
A
A,
i
a4
a4
i
A,
a4
i

e i
- -

® Suggested by Pierre Weiss (1907)
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Domain boundaries / Bloch walls

® Imaging domains: Bitter method, magneto-optical effects
» and magnetic scanning probe technigues
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Spin-polarized STM
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Macroscopic ferromagnetic samples

\\%g ;j}/}*‘/ high energy

. - INn external

7 ?‘“\ field

. no external

N — A field

bl -

[ —2 <3 field-induced

7 . movement of
N domain walls
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Hysteresis curve

saturation
magnetisation

remanent
Mg magnetization ™ 8
Y/ e
coercive

fleld

o o o o o e o e Em e Em E—

magnetization M
-

note that here

oM # xmBo

B, 0

75 external field E,:,
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