Thermal properties

at the end of this lecture yow shouwld

Lattice vibrations: harmonic oscillator, infinite and finite
chains of atoms

The first Brillouin zone

Heat capacity of the lattice: Einstein and Debye models
Thermal conductivity

Thermal expansion

Allotropic phase transitions

Melting
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Thermal vibration of the atoms

® What is the frequency
and amplitude of the
atomic vibrations?

® Consider the strongly
simplified case of only
one oscillator.

® What is the spring F__ .
constant?
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A simple harmonic oscillator

equation of motion

d-z
Mrdtﬂ = —yiL,

solution

z(t) = Acos(wt + 9)

angular frequency of the harmonic vibration

e
W =4/
M

® Strong force constants and light masses give rise to high
frequencies.
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Estimate of vibrational amplitudes

Classical treatment using the equipartition theorem.

1 1
E = ~Mv® + Z~z°
2 2

This must be equal to keT. When the kinetic energy Is zero

1
;i{:ﬁm{ = kgl

2

(EA-ET) 12
Lmax =
y

and this Is usually only a few percent of the interatomic spacing.
5 CuuDuongThanCong.com https:/fb.com/tailieudientucntt
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More sophisticated models
(but still all in 1D)

® An infinite chain with one atom per unit cell
® An infinite chain with two atoms per unit cell
® A finite chain of atoms

what are the allowed vibrational frequencies (7
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The infinite one-dimensional chain
egu. distance a

-E|.+|_-|r|'|..lr|.1 E|.+L-|n_|_"|'|..lr'|
- = . -
S exexe GGGG@BW
egu. of motion d2u,,
atom n M dt2 NE, ’T(u” o uﬂ—lj + ’T(uﬂ-l-l — un)
d*u,,
M dtg — 7[2“*?1 T rL':ﬂ_—_l _ un—l—_l]
posm/orvl on chain
ansatz U (t) = ue!E-wt)

_ _ _ _ wave\n‘ilmber
Inserting this gives

_MWQHBz(kan—wt) _ _,}(uet(kan—wt) [2 o 8—1ka o ezka] _ _2,_}/(1 — COS ka)uet(kan—mt)
7 https://fb.com/tailieudientucntt
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— Muw?yetlkan—wt) — —27v(1 — cos ka)uei(k“'”_“t)

—Mw? = —2v(1 — cos ka) (works for any amplitude u)

this can only be solved when

. o Yo’ Y
using that cosa = 00325 — 811125 = 1 — 28in®—

In general we have that w depends on k.
w(k) is called the dispersion relation
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solution Un(t) = 1 ot (kan—wt)

. . . / k
dispersion relation w(k) =2 ;[‘ sin ;‘

k =2nla
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phase velocity and group velocity

general 1D wave Az, t) = Agetlkz—w(k)t)

or here even A(z,t) = Agcos(kx — w(k)t)

in general we have that w depends on k.
w(k) is called the dispersion relation

we define

W

the phase velocity Up — E
. Oow

the group velocity Vg = =
Ok

the two are the same for  w(k) = ck

10
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examples of dispersion relations

vibrations in a 1D chain

w(k) =24/ — \8111—\ o |

a quantum mechanical particle =

h2k?
B(k) = hw(k) = =
hk?
wlk) =5~ 3
ow(k) hk p

11
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12

examples of dispersion relations

light In vaccum

VA = C
27w-— = 3
\ 1’1 :
w(k) — kc K

In vacuum the dispersion relation of light is linear.
Light travels with ¢ independent of the frequency.

light In matter

w(k) = kc(w)
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linear dispersion (acoustic phonons, photons)
",

- one partial wave v, = Tz

QuickTime™ and a
Video decompressor
are needed to see this picture

amplitude

distance

13
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linear dispersion (acoustic phonons, photons)
",

- one partial wave v, = Tz

amplitude

distance

[/ partial waves

H-

>

)

; QuickTime ™
Video decompres

('_5 eeded to see this pi

=

| -

©

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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linear dispersion (acoustic phonons, photons)
",

- one partial wave v, = Tz

QuickTime™ and a
Video decompressor
are needed to see this picture.

amplitude

distance

sum of partial waves (package) 7 partial waves

_ Ow
- Ok

Vg

QuickTime™ and a
Video decompressor
are needed to see this picture.

QuickTime™ and a
Video decompressor
are needed to see this picture.

amplitude
partial wave #

15 distance distance


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

linear dispersion (acoustic phonons, photons)
- one partial wave v, = d

k
3 A =
3 QuickTime™ and a
i Video decoerr?ssor
— E are needed to see this picture.
M
k
distance
® phase and group sum of partial waves (package)
velocities are the
same o
S
® the wave packet = St s
does not change S
when travelling

1 6 d I Sta nhi//feb_com/tailieudiemucml
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sine-like dispersion

S

sum of partial waves (package)

amplitude

17

Vg

QuickTime™ and a
Video decompressor
are needed to see this picture.

distance

_ Ow
- Ok

W

one partial wave v, = Tz

QuickTime™ and a
Video decompressor
are needed to see this picture.

amplitude

distance

[/ partial waves

QuickTime™ and a
Video decompressor
are needed to see this picture.

partial wave #

https://fb.com/tailieudientucntt
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sine-like dispersion
",

one partial wave v, = Tz

3 ~~_

QuickTime™ and a
Video decompressor
are needed to see this picture.

amplitude

distance

sum of partial waves (package) 7 partial waves

_ Ow
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Vg

QuickTime™ and a
Video decompressor
are needed to see this picture.

QuickTime™ and a
Video decompressor
are needed to see this picture.

amplitude
partial wave #

18 distance distance
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sine-like dispersion

N

sum of partial waves (package)

amplitude

19

Vg

QuickTime™ and a
Video decompressor
are needed to see this picture.

distance

_ Ow
- Ok

W

one partial wave v, = Tz

)
©
-]
dd
i QuickTime™ and a
c e ot 0 e this e
M
distance
[/ partial waves
+H
>
© oKTime ™
; \ﬁolQ eL;Cclfezr;Em neasnsdora
C_U are needed to see this picture.
=
M
o
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k? dispersion

1 one partial wave v, = Tz

QuickTime™ and a
Video decompressor
are needed to see this picture.

amplitude

distance

sum of partial waves (package) 7 partial waves

_ Ow
- Ok

Vg

QuickTime™ and a
Video decompressor
are needed to see this picture.

QuickTime™ and a
Video decompressor
are needed to see this picture.

amplitude
partial wave #

20 distance distance
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solution

dispersion relation

sound
wave

21

un(t) = ue

w(k) =2

l\ sin

M

standing
wave

k=2nrnlL

i(kan—

wt)

ka

2
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-
-

k =2nh

® The dispersion relation is periodic and the periodicity is one
reciprocal lattice vector!

22
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® Changing k by one reciprocal lattice vector gives exactly the
same movement of the atoms.

23
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24

k=2nln
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The first Brillouin zone

'I::I !

21
a

0
first Brilloin zone

k =2nr/a

The first Brillouin zone Is the region of reciprocal space
which Is closer to one reciprocal lattice point than to any
other (Wigner-Seitz cell in reciprocal space).

25
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The first Brillouin zone

150
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The first Brillouin zone

By
e
] vv)v |
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real
space

The first Brillouin zone

reciprocal
space
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Two atoms per unit cell

b/2+Up-Vp.1 b/24vp-Up

= Al

-l
Y o N —— I
@JI..IMUI_II_IM."---'--I-..: I-..- .: -.lI I'..- LI '..I i

M4 Mo

equations of motion

d’u,, d*v,
u — —*‘}R[QHH — Up—1 — ﬂn] ME 1‘1

M;

— _’T[an — Up — Hn—i—l]

dt? dt?
ansatz
Hn(t) _ uei(kbn—wt) ’Un(t) _ Uei(kbn—wt)
two linear equations, two unknowns
—w?Miu = yu(1 + e ") — 2vyu — w*Mov = yu(e** + 1) — 2yv

(system of homogeneous linear equations)

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Two atoms per unit cell

—w*Miu = yu(1 + e ") — 2yu — w*Mov = yu(e** + 1) — 2yv

(27 — w?M))u —y(1 + e ¥y =0
—v(e*® + Du+ (27 — w?*My)v =0

this has only a (non-trivial) solution when

o . 2y — w? M, —y(e™*" +1) — 0
coeftricient matrix =y _f}/(]- _I_ etkb) 2,.}/ - w2M2

two solutions for every value of k

—

; 11 1 1\* 4 kb
W = | - | SIn® —
K My M, ! M, M, M M, y)

1/2

anCong.com
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Two atoms per unit cell

_WW

first Brilloin zona

k = 2m/fA

optical branch

acoustic branch
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Why “optical branch™?

T | | typical vibrational frequency ~ 10'% Hz
T~ | typical vibrational energy ~ 10 meV
i | light:
i i ' 27C
: | A= — ~ 104 m
| "
0 'r 27T
2r S . 2n k= —~ 6x10*m*
IFEHu; ;I;;LGF‘E! A
27T
— & 6x101° m
b
light E-field the same over very long
distance
Bl e Bl o Bl el e ol e el


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

A long chain of finite, but macroscopic length

What are the boundary conditions?
What do we do about the ends of the chain?

length |, fix the end atoms.

|
< >

L T

This gives only standing waves.

33
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Periodic boundary conditions
Max Born and Theodore von Karman (1912)

chain with N atoms:
UN+n(t) = un(t)

N

A finite chain with no end!
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Periodic boundary conditions
Max Born and Theodore von Karman (1912)

X (¥ ¥ ¥
® We want to get rid of the ® |® |* |-
surface restrictions, i.e. we LI ¥ o¥ o/¥ o ¥
want a solid which is finite in ® [® |* |°
size but has no surfaces (!). ¥ o o o ¥
® If we move by one crystal —Q
size L, we have to get the Wra"\

same. on ‘ /ﬂ

uw(z,y,z) =ule+ L,y,z) =u(xz,y+ L,z) =u(x,y,z+ L)

The surface was invented by the devil - Wolfgang Paull

35
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36

Periodic boundary conditions
Max Born and Theodore von Karman (1912)

chain with N atoms:
UN+n(t) = un(t)

wave must be the same when going N sites further

Eﬂc an __ Ezku{f‘u‘ +7 )

cikNa _ 1
This restricts the possible k values

kNa = 2mm
27

k= —
aNm

So there are N possible different vibrations (m=0....N-1)
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Finite chain with 10 unit cells and
one atom per unit cell

J 1
| \ |
A $lh
/ | \ / \
[ \ _ | \
/ | * / | \
| ] l ] ' W
B 27T a ] | $ | ,n |
k= —m ] \ / | f
CEN “1 |'J : I'l |II ! I'| I.IIl
\ ( | ' .
f I *'. :P | *' |
- I|' I I'. I|I | I|II I|'
/ ! vl | \ I."
II, I |lI Il : .I Iu
E"‘I—I—|—I"I""I|—|—I—I—I_‘_I—I—I—|—l—l—l—|—l_;—
28 2= | 2 27 | 2n 2
a 30a *oa 0 4 0al 8 0a ﬂn
| first Brilloin zone !
kK =2m'A

® N atoms give N so-called normal modes of vibration.
» . For long but finite chains, the points are very dense.
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counting normal modes.....

boundary conditions k= —

o
e

# k-points

chain with 1 atom / unit cell and 4 S0
. N X1 )modes 5
N unit cells N

# eigenvalues per k-point

_a——

(since we have N degrees of freedom) ...

g
- I i
L PR g -
)

-
|

i a"':-'ﬂ r"i"t
#/k-'points /’/ E \"‘1\// \\_
>hain with 2 atom / unit cell and EEE
. N X@ Jnodes
N unit cells

# eigenvalues per k-point
(since we have 2xN degrees of freedom)

38
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Quantised vibrations

® We have the vibrational frequencies and can treat the solid
as guantum mechanical oscillators of these frequencies.

® We shall call these quantized oscillations “phonons”.
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* [T

One harmonic osclillator: quantum model

The energy levels are quantized

40

iImage source: wikimedia, author AllenMcC.
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long chain: quantum model

Ey(k) = (.a " %)ﬁ,w(k)

»

.I".

+ haa(k)

andsoon_ - ‘
up to |/
$ 2T ,;'
i |

« | 4

energy (arb. units)

NNa

2r 2r ,.2n  ,2n Y S S
°Na  °Na  “*Na kBRI A

firat Brilloin zona

—_—

|

|

I

I

I

|

II

vlpo

I |

|

|

I

|

|

k= 2mr/A

® The excitations of these oscillators are called phonons.
® The dispersion is often called a phonon dispersion curve.
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Phonons <-> Photons

® Strong analogy: both bosonic excitations

® Both described by guantum mechanical harmonic
oscillators

® Wave-particle duality
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sine-like dispersion

S

sum of partial waves (package)

amplitude

43

Vg

QuickTime™ and a
Video decompressor
are needed to see this picture.

distance

_ Ow
- Ok

W

one partial wave v, = Tz

QuickTime™ and a
Video decompressor
are needed to see this picture.

amplitude

distance

[/ partial waves

QuickTime™ and a
Video decompressor
are needed to see this picture.

partial wave #

https://fb.com/tailieudientucntt
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Excitation of optical vibrations: particle picture

i - annihilation of photon
Crossing paint L .
e e creation of phonon
w = ck
5 light dispersion {gualitatively) TwWo Conditions:
) Kii ght — k;phﬂﬂﬂﬂ
0, | / mﬁght — m—’phﬂﬂ.ﬂﬂ.
-2m 0 27
b b

K=2m/A

light E-fileld the same over very long

distance
S @ @ B @ BB B @ o @@y

44
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Three dimensional solids

2T
1D —
k {INH
cubic crystal with lattice spacing a and macroscopic

side length L and N unit cells in each direction:

L =aN
29T N, 2T N, 2T N2
3D k = (‘Ig:r:n kyn 'Iﬂ;::] — m(ﬂmn ﬂ“y:uﬂz) — ( 7! z I )

many indices (for example in the equations of motion)

+2 - NI
JFl“fr;I'mf | Lm_ﬂ_,l' [I}nm'j-rm:jj =0

3 X (#atoms / unit cell) x (unit cells) solutions
l.e. 3 X (#atoms / unit cell) solutions for every k-point in the BZ

45
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real
space

The first Brillouin zone

reciprocal
space
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Phonons in 1D

: |
WWﬂ optical branch

: |

' |

/:\/\/ acoustic branch
05 I :

Phonons in 3D

w; (k)
7

branch

3D wave
Jvector

w; (k)
/

branch
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Phonons in 3D crystals: Aluminium

® Results from inelastic x-ray scattering / neutron scattering.
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Phonons in 3D crystals: Aluminium

49
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Phonons in 3D crystals: diamond

K= K=

® Results from inelastic x-ray scattering / neutron scattering.
® Acoustic and optical branches present.

50
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Estimate Y from Young's modulus

harmonic oscillator — f)fm

fyma

€
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Estimate Y from Young's modulus

7=Ya|

example with numbers:

Y=500x10° Nm-2
a=1019m

y=50 Nm-

and look again at the classical result for the amplitude (at 300 K)

2% T\ 12
Tmax = ( B ) ~ 1.3 x 107 m
/\){

52
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Estimate w from Young's modulus

_ |
YTV M v = Yag
diamond lead remember
mass 12 u 207 u
Y 050*10° Nm-2 15102 Nm-=2
13 12
w calc 8*10 Hz 4*10 Hz
14 ]-_3 ZT(!aD 4r/a,
wexp [0to2*10 Hz|[{Oto1*10 Hz

® reasonable agreement

® most important, again: light elements and strong forces give
high frequencies.

53
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Heat capacity of the lattice
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General Theories

Thermodynamics
Cy —0 for T 0

no numerical value

at finite T
Classical Statistical
Mechanics
oF
Chv = — = 3K
v \er )/,

Dulong-Petit law, numerical value
Independent of T
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Heat capacity: classical statistical mechanics

so for a one classical dimensional harmonic oscillator we have

1 1
E = “mu? + Z~p?
9 "e T T

so the mean energy Is k_T. For a three-dimensional oscillator
we have 3 kBT. For one Ttole of ions we get

< BE>=F =3N kg1l =3RT

and so

56
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o7

Comparison of the Dulong-Petit law to

experlment )

77 K (JK ) 273 K (JK )
classical value 24.9 24.9
copper 12.5 24.3
aluminium 9.1 23.8
gold 19.1 25.2
lead 23.6 26.7
Iron 8.1 24.8
sodium 20.4 27.6
silicon 5.8 21.8

values for one mole of substance

also for metals.

® At high temperatures the Dulong-Petit law works quite well,
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Molar Heat Capacity, C (J K-1)

Heat capacity of diamond

—
=

-
—

0.01

3

10 ° **°% 400 *° 1000
Temperature, T (K)
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The Einstein model for the heat capacity

The solid’s vibrations are represented by independent oscillators

E,. = (ﬂ+ ;)hmE

the mean energy for all the 3 Na oscillators in one mole is

(E) = 3N, ((n) + ;) hws

and using the Bose-Einstein distribution

B 1
<ﬂ;> IR EﬁwEkaT _ 1

1 1
(E) :3NA(EhmE/kBT_1 | )h’wE

59
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The Einstein model for the heat capacity

B ANE)\ ., [(hwg\® eMws/ksT
O_gNA( oT )v _3R(’fBT) (eMwe/ksT —1)2

10—

® correct Dulong-Petit value for

. - K.
high temperatures :
_ '% =09 - = gagarman
® Zzero heat capacity at zero T . — Einsleir made
temperature :
® The Einstein frequency / : 7 o hw g
temperature Is an adjustable L5 — E= ko

parameter.

b
=]

4 B B b 1a 15 20 25

60
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The Einstein model: low-temperature heat capacity

1w =
= .-
® but low temperature S
behaviour of the experiment g - - experimant
not correctly reproduced. T3 g o3 —— Eirstein mogel
behaviour in experiment, ﬁ 10+ 3
exponential behaviour here g ui
ERTRE
107 E
107" [y T ] T ERLL
1 0,1 1
AE hwomh2  ehwe/ksT log [T 7
Cv=|=—=] =3R[— e
A kpT ) (efws/ksT _ 1)2

hI:-L-rﬂ hwe kT
_ SR(—L’) ©

hwp \
— 9P E\ o—hwe/ksT for very low T
61 kT J o1 —
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Why does the Einstein model work at high T?

62

Why does it fail at low T?

® At high T the small spacing between the
energy levels Is Irrelevant.

® At sufficiently low temperature, the
energy level separation Is much bigger
than kBT.

Eventually all the oscillators are “frozen”
INn the ground state. Increasing T a little
does not change this, I.e. it does not
change the energy.
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The Debye model for the heat capacity

® General idea: use a better,
more realistic description of
the crystal vibrations,
especially for those with 0
low energies.

: )/
f'%mrn zone
/ < = 2/

® These are the acoustic, 0 = sk
very long wavelength 1
vibrational models of the E
crystal. E — }holk)
- - and so on
® The energy separation 5 — =2 PR
] - —_— T —]— N
between the levels is ® =0 Na

VERY small for low k. 128 of% afF 4R k
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® Now we have many oscillators with different values of w for
different values of k.

Ey(k) = (

1
[+ =

= hlo(k) )

)t
/

w = Ik

energy (arb. units)

e
ho(k
——thofk) and so on
— =2 up to
—_— =1 N2
1=0 Ma
-
21 2m 21 2n

1 MNa ENE ENa 4Na K
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mean energy for one oscillator (E) = .ﬁm
ehw/ksT _ 1

mean energy for three dimensional (E) _{ 3\2 hw;
solid (sum over all phonons) \ et ghwi/kBT _ 1
(/

two transverse, one longitudinal wave,all with 1 = 1k

Problems:
1. What iIs g[w}
2. Whatis

(w) = N (w) strategy:
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Vibrational density of states g(w)

o=

each state characterised by

29T N 2T N, 2T N2T
k = "I;:E-‘! K !l kz — T aphfbpy iy Ty ] — - : g -
total number of 4 total number of 4 L\k\ 3
gy N = = I
states for a N = —mn*” states for a T
maximum n 3 . maximum |k| 3 27{_
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total number of

3
states for a N — Z_l,i,r (L‘k‘)
maximum |K]| 3 T
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mean energy for one oscillator (B) = fiw
ehw/ksT _ 1

tentative mean energy for \ hw' ,
three dimensional solid (E) :\Ef ot kg _ ld““

two transversal, one longitudinal wave,all with 1 = 1k

{E}:3£% gWhw

o /kpT _ 1

Problems:
1. What iIs g(m)
2. Whatis

68
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What is the upper integration limit?

W
3N = 3/ g(w)dw
0

Debye angular
frequency

LW

B = hwp ke Debye temperature

(no more vibrational modes than three times atoms in crystal)

dN w?V
g(w)dw = Edu = o33 dw
i _po2dY s _
Wp = " v hwp = kpOp
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The Debye model for the heat capacity

SO that

o [ glw)hw
{E}—dfﬁ Eﬁu’ﬂﬂﬂ’i'—ldm

Wir . .2 . Ly 3
By =3 f AV e 3Vh f o
il

substitute z =hw/kgT Zp = hwp/kpT

HLUD — kB@D
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The Debye model for the heat capacity

high temperature, z = fw/ks7 small

(E) = 3NkgT

aF
B e for one mole
ov=(5%), ov=sn|

71
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The Debye model for the heat capacity

substitute rp = hwp/kT

low temperature, g = hw/ksT large

aF
— [ 2= for one mole
o= (52), a="(E)

72
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Comparison Debye model - experiment

A

Dulong-Petit Value

—
-

i
L1 IIIIII|

0.01

Molar Heat Capacity, C (J K1)
-

3

©®,=1880K

v

dooeaase Ul e e dseT T

Temperature, T (K)
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Why does the Debye model work better at low
T than the Einstein model?

Einstein Debye

A w = ke

'FE:,,-'?T ]’l-i_-l.'i'T ]’leTj

k;{kﬁﬁk51kx};{ L ] L L

hog

n=1 n=2 n=3

® The Debye model gives a better representation for the very
low energy vibrations.

® At low temperatures, these vibrations matter most.
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Debye temperatures of the elements
(in K)

=
J

L sl1s | P
1:8 00 ooy ohAr a3

m ) J |k . Ga e | &= 5w | =) Hi
G' 302l a0 380 B30 1D pEA0 RLh N D s | 25T 020 2R3 | o T3
o S )Y | & R R0 | Te Ji jR e jag |G =1 & J X
e AT IEBD ERT 270 R GO0 B0 278 225 | 200 0eE |00 =0 1 pns f1ed

ag |*10| dzfesa a0 fapa pan fsoo jeaofeeapiss | 72 | 72 |05t o

B kst Trepen Bl
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Comparison of the Dulong-Petit law to
experiment

4

-1 -1

77K ((JK ) 273 K (JK )
classical value 24.9 24.9
copper 12.5 24.3
aluminium 9.1 23.8
gold 19.1 25.2
lead 23.6 26.7
Iron 8.1 24.8
sodium 20.4 27.6
silicon 5.8 21.8

values of one mole of substance

® At high temperatures the Dulong-Petit law works quite well.

® At low temperatures, it does not. But we already know from
s basic principles that it wouldn't.
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g(w) (arb. units)

77

Limits of the Debye model

experiment

Debye model

w (1013 1)
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Thermal conduction

In equilibrium

heating @
ot
| &7 |
Ax
thermal conductivity x = L dQ Az
A ot AT
1 0@ AT

— K—

A Ot Az

heat bath T
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How to measure the
conductivity / resistivity

U

jId
T ET AU

Sample dimension

1
Qm
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Thermal conduction

In equilibrium

heating heat bath T

AT

current density /H_% = 1/field
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Thermal conduction (at room temperature)

K= Kp + Ke

Not only the electrons are
Important.

A few Insulators are also
found to be good thermal
conductors.

The range of electrical
conductivity of materials Is
much bigger than the range
of thermal conductivity (24
vs 5 orders of magnitude)

4

K (Wm-lK-l)
diamond 2000
copper 400
gold 310
aluminium 230
silicon 160
sodium 140
glass 1.0
polystyrene 0.02
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Thermal conduction by phonons

propagaticns af phangns
L

feal souroe

genaraticn of Lathca wibrations
generation of phomons

mean free path

/ of phonons

——c)aﬂ

heat capacity

phonon(le sound)
Speed
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Thermal conduction by phonons

Ky = %cﬂ}upvp

at any temperature the mean free path is limited by

® scattering from defects or impurities
® scattering from the sample boundaries

/

1 _
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Thermal conduction by phonons

Ky = %cﬂ}upvp

at high temperature the mean free path is limited by

® scattering from other phonons (but this is strictly
spoken an anharmonic effect).
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Thermal conduction by phonons
1

fﬂ;,::: Eiilu;h?ﬂgpl 10000

® the mean free
path decreases
at high T

® the heat capacity
decreases at low
T

® thereis a
maximum In the
conductivity at b

100 1000
about 10% of 6 '
D ternparature, T [K)

1000

100

thaamal conduchvity « (W m-1K=1)
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Thermal expansion
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Thermal expansion

volume expansion

o LfV
VT vl\er),

linear expansion

10
T Lo dT

8

L = Loy(1 + aAT)

1
(¥ — r—lﬂi".llf

J

=5 -1

a(10 K )
Lead 2.9
Aluminium 2.4
Brass 1.9
Copper 1.7
Steel 1.1
Glass 0.9
diamond 0.12
Invar 0.09

(at room temperature)

® ais temperature-dependent and vanishes at T=0.
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Thermal expansion: examples

not so smart design better design

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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lnvar

® Invar is a 63% NiFe alloy with the
lowest coefficient of thermal expansion
of all metallic compounds.

® Commonly used in thermostats,
thermal switches, precision
Instruments...

® Nobel prize to Charles-Edouard
Guillaume, 1920.
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| attice vibratons

- 4
= .
oy
- = repulsive
2 = 0
= = atiractive —
! rapulsive L
£ 0- | = oan =
ﬁ resudiling —— - &
potsntigl—" =
L3 _ & -
3 | =
ﬁ 4 = 1 'l d
3 ’ = | / —gradg(r)
Eltrecinve
| 'I| ve part r ! — T | | | l | I I
o 1 4 6 o0 1 4 &
intaratomic distancs / equilibrium distanca a interaiomic distance r (equilibrium cistance)

R, 1‘%\ ) id%(a)(}m

$(z) :Q( Vi:r; dx? — ¢ 6 dzd
/ l \ T\\“ first

energy -0 harmonlc potential anharmonic
offset linear force. term 00
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Thermal expansion on the atomic scale

(classical)
1 Tz
AN
|
g =
; =
%‘ﬂ' .- SRR .

1
INEEFATOMeS Gestance r [egquilibrium destanca )
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Thermal expansion on the atomic scale
(classical)

A Tz L

e ity Y
S iL-10

n\

e alomig pedental o lak. units)

INEEFATOMeS Gestance r [egquilibrium destanca )
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Thermal expansion on an atomic scale

The bottom line: for the harmonic solid, there is no thermal
expansion. Thermal expansion is caused by anharmonicity.

For a guantum treatment, we get the same qualitative
result.

The shallower the interatomic potential, the more
anharmonic effects are expected.
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Allotropic phase transitions
® phase transition from one solid phase to another solid
phase.

® transitions involving latent heat (first order phase
transitions) with a singularity in the heat capacity.

® ultimate reason: minimum in the free energy (for constant
T,V,N) and more practically the Gibbs free energy (for
constant T,P,N).

F=U-TS dF = —SdT — PdV + udN

G=U+PV-TS dG=-5dT+VdP + pudN

94
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Allotropic phase transitions

Gibbs free energy G (arb. units)

-
-
l:lq T NSRS

temperature T
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Allotropic phase transitions: example |

912 °C

® In the fcc phase, a small amount of carbon atoms can be
put into the interstitial positions (C radius is 61% of Fe

radius)

® in the bcc phase this is not possible. The re-distribution of C
while cooling affects the strength of the steel (influenced by

cooling rate)
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Allotropic phase transitions: example Il

13.2 °C

—

T

® The transition temperature can be lower for none-pure
samples.

® The transition is auto-catalytic.
® Problems for organ pipes in nordic countries (tin pest).
® ...and polar expeditions.

® The problem can be avoided by alloying Sb, Bi or Pb into Sn.

9 7 CuuDuongThanCong.com
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Allotropic phase transitions

gy G (arb. units)

98
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Gibbs free enemyy G (arb. units)

temperature T
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Melting temperature and cohesive energy

= Mo
v
= Ti
Ee?ﬁl
- n Ag Mg
2 1000 — g h Al
i Te
5§ i e, Phb
oS P, 58 Sn
g Ma 5
E 3 LA ke
H
- ¢ ’ cl
£ X
= Kr
i
E ml:': AF
?-
£
E_-
.1-
A
HE 1 1 1 T IIII 1 1 L 1| 1 IIII | 1 T 1
=2 = -EIEE'."EEI:III =2 K l'-EE-'."H!I_l = K 2 5 T

cohesive anergy per alom (V)
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Lindemann criterion (F. Lindemann, 1911)

The crystal melts when the vibrational amplitude
reaches some fraction of the interatomic spacing
(e.g. 5% or so).

‘ ey 172
. _ (2ksT _ Tmax?
Lmax = T =
Y 2kB
T (0.05a)2~ _ (0.05a)%w?M with . _ |7
" 2"%5 Z.II:B M

(0.05a)20%kz M

Zﬁﬂ with h&): kB@D

T‘if'.rl —
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Lindemann criterion (F. Lindemann, 1911)

(0.05a)20% ks M

Im 2h°
:| " Ta Wi
: v T n ™
3 Mn Be
T ypan. La  py -ﬁ" Ge
—_ Mg Sb
@ ? Te z
E ; . Phg T Cd
ol : Sy In =
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E. 1 Cs ke Ga
g s
& *a
- r
100—

E . Ar

i

e

:I_

He rrl T T T T TFTT T i T Trrrr ¥ e rrrrrr
10 1060 1000

eslimated mefling temperaiure [K]
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