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Vector ngau nhién

Dinh nghia 1

Mot bo c6 thit tu (X1,...,X,) cla n bién ngau nhién
X1,...,X, dugc goi 14 mot vector ngau nhién n chiéu.

Dinh nghia 2

s
Q7
‘

Fxl ,,,,, Xn ¢ Rn — [0,1]

(1, yxn) +— PXi1<z1,...,Xn <zp)=Plwe: X1(w) <z1,...,X0n(4

dugc goi 13 ham phan phdi dong thdi ctia vector ngdu nhién
(Xlw . -7Xn)'
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Vector ngau nhién roi rac - Vi du

Vidu 3

Tung ngau nhién 3 dong xu 1, 2, 3. Goi X 1a s6 mat ngita
xuat hién & hai dong xu 1, 2; Y 1 s6 mat ngtta xuat hién &
c& ba dong xu.

Lap bang phan phdi xac suat (dong thoi) cta (X,Y).

Giai.
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Vector ngau nhién rdi rac

Bay gid, ta xét truong hop vector ngau nhién hai chiéu roi
rac ¢6 hitu han gia tri. Dé biéu dién cac gid tri f(z;,y;) =
P(X=2,Y=y;) Vi=1,...,mvaj=1,...,n, ngudi ta
thudng viét dudi dang bang phan phdi xac suat nhu sau:

Y 2 N
< " ” Y Tong dong
z1 flzi,y1) | - flx1,y5) | -+ f(x1,yn) f(z1,0)
x; flxisyr) | - | flmiyg) | o0 | f(ziiyn) f(zi, o)
Tm f(zmyyl) f(xmvyj) f(xmvyn) f(:Em,O)
Tong cot || fle,v) | -+ | flow) | - | floum) 1

Vector ngau nhién roi rac - Phan phéi da thiic

Duéi day 1a mot vi du vé vector ngdu nhién rdi rac nhiéu
chiéu.

Vi du 4 (Phan phdi da thiic)

Gia sit n phép thit gidbng nhau va doc lap duge thuce hien,
mdi phép thit c6 thé xay ra mot trong r két qua, véi xac
Suat tuong ung pi1,p2, ..., Pr, y 11 Pi = 1. Néu ta dat X; 1a
s6 phép thit trong n phép thit xay ra két qua 7, thi

n! n1 . N2 Ny
- nl!HQ! cee nr!pl ey
(1)
v6i > .7_; n; = n. Phan phoi dong thoi ¢6 ham xéc suat dong
thai duge xac dinh nhu phuong trinh (1) duge goi 1a phan
phoi da thic. Chi ¥ rang khi r = 2, phan phdi da thitc suy
gidm vé phan phoi nhj thitc.

P(X1 =n1,X2 =7’L2,...,XT =n7«)

https://fb.com/tailieudientucntt
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Vector ngau nhién roi rac - Phan phéi da thiic

vec.To M Chiing minh (1)
NHIEN ~ A N Z A 2 z Z 2. ~ & 2 A
S Mot day bat ky cac ket qua ctia n phép thit doc lap co ket
B ud ¢ xudt hien n; 1an v6ii = 1,2,...,7 sé ¢ x4c sult xuht
hien 1a p*pg? ... pPr. Hon nita, ¢6 n!/(n1lng!...n,!) day két
qua nhu vay (c6 n!/(ni!ng!...n,!) hoan vi khac nhau cta n

két qua trong d6 ni két qua gidng nhau, ny két qua giong
nhau,. .., n, két qua gidong nhau). Do d6, ta c6 phuong trinh

Nhan xét 5

—
—
~—

Tong ctia mot tap bat ky cac X; sé c6 phan phdi nhi thic.
Tic la, néu N C {1,2,...,7}, thi ),y X; 1a bién ngau
nhién nhi thitc véi cac tham s6 n va p = >,y pi- Dieu nay
la do Y, v Xi 1 sO phép thit c6 két quéa thuoc tap N, va
modi phép thit doc lap c6 két qua nhu vay véi xac suat

Tn <,1| ZiEN Di-

Moment

Vector ngau nhién roi rac - Phan phéi da thiic

VEC_TO ”
N Vi du 6 (Phan phoi da thu
Nguyén Van Gia sit mot con xic sac can déi duge tung 9 lan. Xac suat
mat 1 xuat hién ba lan, mat 2 vaA 3 mdi mat xuat hién hai
lan, mat 4 va 5 moéi mat mot 1an, va mat 6 khong xuat hien
VT NN RR

1& bao nhiéu?

Giad.

Ham sinh
Moment

Vector ngau nhién lién tuc

Outline
VEC_TO
NGAU
NHIEN
Nguyén Van
Thin VT NN LT
VT NN LT

Ham sinh CuuDuongThanCong.com

Vﬁg g:%o Dinh nghia 7
NHIEN ~ ) — .
e Vector ngau nhién (Xy,...,X,) dugc goi la lién tuc tuyét
i ddi néu ton tai ham fx, . x, khong am thoa mot trong hai
diéu kién sau
(i) P[(X1,...,Xpn) € B] =
VT NN LT .. le ,,,,, X (x17---7xn)d$1...dxn VB €
B
B(R™)
(i) V6i moi s6 thuc a1, ..., an,
ay an
P, X"(al""’a"):/ fxqrox, (@1, .. 2n) da, ... dx

Ham fx, . x, dudc goi la ham mat do xéac suat clia vector
ngau nhién (Xi,...,X,)

Ham sinh https://fb.comy/tailieudientucntt
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Outline

VEC_TO VEC_TO
NGAU NGAU
NHIEN NHIEN
Nguyén Van Nhan xét 8 Nguyén Van
m Moi ham f (z,y) khong am va thoa PP lé, sut DL ciia cac BNN.
o o0
f(z,y)dzdy = 1 déu la ham mat do xac suat
VT NN LT —69 J—c9
clia mot vector ngau nhién (X,Y’) nao do. o g
A < X ~ 2 . N N . N . clia cac
m Neéu ta biet Fixy va Fxy kha vi thi ham mat do xéac N
suat
frr @) = o ()
X,y \L,Y) = x,y
’ Oxdy
Ham sinh Ham sinh
Moment Moment

Phan phdi le Phan phdi le

v;:géTUo Neéu biet duge phan phoi xac suat ctia mot vector ngefxu e Dinh nghia 10
NHIEN 6 3 ~ 4 3 ] 51 e A S a NHIEN ~ . . ..
, nh%en thl\ ta ciing xac/dmh dugce /p.ha\n phgl (Eua cac ble/I.l ngau , Trudng hgp vector ngiu nhién lien tuc tuyet déi.
AEREREE  nhién thanh phan. Cac phan phoi nay goi 1a phan phdi le. Nguyén Van

Thin Thin Cho vector ngau nhién (X,Y) ¢6 ham mat do x4c suat dong
thoi fxy (z,y). Him mat do xac suat 1é va ham phan phdi

lé cia X va Y duge xac dinh nhu sau:

Dinh nghia 9

Trudng hop vector ngadu nhién roi rac.

Gid stt vector ngdu nhien (X,Y) c6 ham mat do xac suét >
PP ¢, su N - & s ~ N £, 1x o N PP 18, su fX ({E) = fX,Y (.’E, y) dy
DL ciia chc dong thoi fxy («,y) thi ham mat do xac suat le ciia X va 'Y DL ciia chc oo
BNN. BNN.

la

fr (y) = /_Z fxy (z,y) de
Fx (z) = /_ﬂ; /_C: fxy (u,v) dvdu
Fy (y) = /_: /_C: fxy (u,v) dudv

fx(@) =) fxy(@,y)=> P(X =Y =y)

K@) =D fxy(@y) =) P(X=1zY=y)

Ham sinh CuubuongThanCong.com Ham sinh https://fb.com/tailieudientucntt
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Phan phéi lé - Vi du

Su doc lap

VEC_TO
NGAU
NHIEN
Nguyén Van
T'hin .
Vidu 11
Cho vector ngau nhién (X,Y) c¢6 ham mat do x4c suat dong
thoi
PP 1¢, su

e~ @) néuz,y >0

0 néu khac

DL ctia cac

AR fxy (z,y) = {

Tim ham mat do 1é va phan phdi lé ctia X va Y.

Ham sinh
Moment

Su doc lap

VEC_TO
NGAU
NHIEN
Nguyén Van Dinh nghia 12
11n
Céac bién ngau nhién Xi,..., X,, dudc dinh nghia trén ciing
khong gian xac suat (Q,F, P) duge goi la doc lap néu
X P(X,€By,...,Xn €B) =P (X, €B;)...P(Xn € By) VBi,...,B, € B(R)
PP le, su
DL ctia cac
BNN.

Dinh nghia 13

Ho céc bién ngau nhien (X;);c; duge goi 1a doc 1ap néu véi
moi ho con hitu han (X;);cscr 1 doc lap.

Ham sinh
Moment

Chiing minh Dinh i 14

VEC_TO
NGAU
NHIEN

AN Cho (X1,...,X,,) la vector ngau nhién lién tuc. Khi do,

I'hin

Dinh li 14

X1,..., X, doc lap néu va chi néu

fX17_..7Xn(:C1, .. ,.’L‘n) = le (.’El) e an(,Tn) V.’L'l, ey p € R
PP lg, su
DL cta cac ” N

Cho (X1,...,X,) la mot vector ngau nhién lién tuc. Khi do,
X1,...,X, doc lap néu va chi néu ton tai cic ham g1, ..., gn
sao cho

fxi o x, (@1, .. zn) = q1(x1) ... gn(xn) Vzi,...,25 €R

Ham sinh CuuDuongThanCong.com

VEC_TO (=) Vi Xy,..., X, doc lap nén ham phan phéi dong thai

NHIEN cta X1,..., X, c6 thé duge viét dusi dang
uyén Van
LB FXl:---,Xn(xh R ,Clj'n) = P(X1 <z,... ,Xn < :L‘n)

P(X1<zp)---P(X,, <z)
Fx, (1) - Fx, (zn)

N iy dao ham rieng theo tat ca cac bién a1, ..., z,, ta duge
BNN. ham mat do dong thoi
Pty sza) = G )
X1, X0 (21, .. = ——(x1,...
e e Oxy...0z, "
OFy, OFx,

= ) )

Mo

= fxi(z1) - fx,(xn)

Ham sinh https://fb.comy/tailieudientucntt
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Nguyén Van
['hin

PP 1g, su
DL cta cac
BNN.

Ham sinh

Chitng minh Dinh 1i 14 (tt)

(<) V6i moi By, ..., B, € B(R),
P(X1€Bl,...,Xn€Bn) = / le ,,,,, Xn (:El,..., )dxnda:]
-/ - / Fx0(@1) o fx (@a)dan -1
B Bn
= P(X1€B1)---P(X, € By)
Vay Xi,...,X, doc lap.

Chitng minh Bo dé 15 (tt)

Ham mat do 1é ctia cac X; 1a
+oo +oo
fXI(xz) = / / le’ .’El,...,xn)dﬂ?l...d$i71d$i+1
+oo +oo
= / / 1(x1) - gn(zp)dey .. dei—1dxiqq .. dx
= Ci—1Ci41 - Cn)gz(:rz)
1
= agz(l’z)
Do do,
Ixiox, (@) = gi(z1) .o gnlon)
1 1
= agl (1) ... ;.@n(mn)
= le(xl)-”an(xn) Vxl,...,anR
Vay, theo dinh 1 14, X4, ..., X,, doc lap.

CuuDuongThanCong.com

dz,,

Chitng minh Bo dé 15

VEC_TO
NGAU
NHIEN
BN (=) Chon g; = fx, véimoii=1,...,n. («) Dat
Thin ¢ = fj;o gi(z;)dz; v6i moi i = 1,...,n. Céc ¢; ¢6 tinh chat
+00 +oo
cl...c, = </ gl(:rl)dx1> (/ gn(:vn)dzrn)
—00 —00
PP 1é_. su “+oo “+o00
D s o = / e / g1(x1) ... gn(zp)dzy .. 2y,
—0Q —0o0
“+o00 “+00
= / le7 ,Xn(:I,’l, ,xn)dxl In
—0oQ — 0o
=1
Ham sinh
Moment

Veciy [l Dinh 11 16
NHIEN B . ~
B Neu Xy,..., X, la cdc bien ngau nhién doc lap va gi, ..., gn
Fhia la cdc ham do dugc thy g1(X1),...,gn(Xy) la cdc bién ngau
nhién doc lap.
SN \/Gi moi By,..., B, € B(R),
BNN.
P(gl(Xl) S B17 o 7gn(X’n) S Bn)
= P(X1€B},...,X,€B)) véiBj,...,B, nao d6 € B(R
= P(X;€B))...P(X,€B)
= P(g ( ) € Bl) P(gn(Xn) S Bn)

Ham sinh

Su doc lap

https://fb.com/tailieudientucntt
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VEC_TO
NGAU
NHIEN

Nguyén Van
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PP lg, su
DL cta cac
BNN.

Ham sinh

Su doc lap

Vidu 17
Hay kiém tra su doc lap ctia X; va X néu

(a)

4129 0<.’L‘1<1,0<J}2<1,

0 néu khac

Ix1,x0 (21, 22) = {

T1+x2 0<z1<1,0<29 <1,

0 néu khac

le,XQ (xla .TQ) — {

Chitng minh.

P(X1+ X2 <1z)
/ fx1.x, (t, w)dtdu

t+u<z

/ Fs (8 f s (w)didu

t+u<z

/_:o /_:“ Fxi (8) fx, (w)dtdu
+

|
&
I

/ - Ix,(u)Fi(x — u)du

7_:000
Fi(x — u)dF(u)

—o0

CuuDuongThanCong.com

Tong hai bién ngau nhién

VEC_TO
NGAU
NHIEN
Nguyén Van
Thin
Dinh 1i 18
Cho X1, Xs la hai bién ngau nhién déc lap cé ham phan phoi
lan lugt la Fy va Fy. Khi dé, ham phan phdi cia tong
PP 16, s X1+ Xo dugc xdac dinh bdi
gII\JIchlii cac oo
F(z) = / Fi(e — w)dF(u) (2)
— o

Ham sinh
Moment

Tong hai bién ngau nhién

Vlfgé%o Hé qua 19
NHIEN . .2 ~ .

, Cho X1, X3 la hai bien ngau nhién doc lap cé6 ham mat do
Nguyén Van N . 2 2

Thin lan lugt la f1 va fo. Khi do, ham mat do cia tong X1 + Xo

duoc zac dinh bdi
—+o00
f@= [ - whwde 3)

PP 13, su =€9
DL cta cac
BNN.

Chiing minh.
Lay dao ham theo z hai vé ctia (2), ta dugc
, “+o00 dF1 —+o00
flz) = F(z) = o @) fo(w)du = fi(z—u) fo(u)d

oo dx _

O

<

Ham sinh https://fb.comy/tailieudientucntt
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PP 1¢, su
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Nguyén Van
I'hin

Ham cta
VT NN

Ham sinh

Tong hai bién ngau nhién

Vi du 20

Cho 2 bién ngau nhién X7, X5 doc lap nhau va c6 cing phan
phdi déu trén khoang [0, 1]. Tim ham mat do xac sut cla
Y =X+ Xo7

Ham cua vecto ngau nhién

Dinh 1i 21

Gia st g la 1 anh za khd nghich zdc dinh trén 1 tap md cia R™ chia
gid tri cla vecto ngau nhién (X1, Xo, ..., Xy). Trong dé,

(X1, X2, ..., Xn) la vecto ngdu nhién lién tuc tuyét doi cé ham mat do
dong thoi fx, x,....x, . Gid st h = g~* la dnh za khd vi lién tuc vdi
Jacobian # 0. Khi dé vecto ngdu nhién

(Y1,Y2,...,Y) = g (X1, X2,...,Xn) ¢6 ham mat do dong thoi la:
i YooY W1,Y25 - 3Un) = X1, X0,....Xn (R (1,92, - Yn)) |[det VA (y1,92, ...,
Trong do,
o Gm g:U — R
0y1 Oyn
Vh(yl Y2 Y ): . . ( 171:27"'71'71,) — (yl’yQa'“ayn)
Oz O,
o dgn R:R® — U

(y1,92,--»Yn) +— (21,22,...,%n)

)|

CuuDuongThanCong.com

Outline

VEC_TO

NGAU

NHIEN
Nguyén Van

Thin
Ham cia VT NN

Ham cta
VT NN

Ham sinh
Moment

Ham ctia vecto ngau nhién

VEC_TO
NGAU
NHIEN

Vi du 22

e Cho X,Y la cac bién ngdu nhién doc lap, ciing phan phdi,
BT X ~ U (0,1). Tim ham mat do déng thoi clia
U, V) = (X, XY)

1 € (0,1
\ fx (z) = Loy
Ham cta O €T ¢ (0’ 1)

VT NN

Vi X,Y doc lap, cing phan phéi nén
Ixy (z,y) = fx (z) fy (y)

1 (z,y) €(0,1) x

0 (z,y) ¢(0,1) x

https://fb.com/tailieudientucntt
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VEC_TO
NGAU
NHIEN
Nguyén Van
. g:(0,1) x (0,1) — R®
:z:,y) — (ua ’U) = (xaxy)
va
h:R"\ {0} xR — R"
v
Ham cua ('LL, 'U) — (u’ _)
VT NN U
Khi do,
1 0 1
Vh(uv)=( v 1 VA |dech(u,v)|:‘—‘
w2 u Y

Ham sinh
Moment

Ham ctia vecto ngau nhién

Phan phéi chuan nhiéu chieu

Waekye® Phan phoi chudn mot chidu c6 hai tham 6 1a p va 0. Trong
NEIEN phién ban nhiéu chiéu, p 1la mot vector va o2 dugce thay
bang mot ma tran 3. Goi

Nguyén Van

Thin

Z1
z=|:
Z,

vOi Z1,...,Z ~ N(0,1) la doc lap. Ham mat do cia Z 1a

Ham cta
VT NN

k 1 L& ,
flz) = Hf(zj)zwexp —52%‘
Jj=1 j=1

1 1,
W@I’p —52 Z 0.

CuuDuongThanCong.com

Ham sinh

VEC.TO M Giai (tt)

NGAU
Ap dung dinh 1 21,

NHIEN

Nguyén Vian
T'hin

o () = i (oD 5] = e () 7

Vay
1
Ham cua T 0<U<170<2<1
VT NN fU,V (U7 U) = ‘u‘ . (%
0 néu khac
1
- O<ov<u<l1
= u
0 néu khac

Ham sinh
Moment

Ham ctia vecto ngau nhién

Phan phdi chuan nhiéu chicu

VEC_TO
NGAU
NHIEN
e Ham mat do cua Z 1a
I'hin
1 1<,
fz) = Hf(zj) = Wexp _izzj
j=1 7=1
1 1
© G
Ham cua

VTR Ta n6i rang Z c¢6 phan phéi chudn tdc nhiéu chiéu, va viét
Z ~ N(0,1I) v6i 0 1a mot vector khong k chiéu va I la ma
tran don vi k X k.

https://fb.com/tailieudientucntt
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Ham cua vecto ngau nhién

Phan phdi chuan nhiéu chieu

Ham cua vecto ngau nhién

Phan phdi chuan nhiéu chieu

VEC_TO
NGAU .
INTEHESIN Dat X = XY2Z + p, v6i p 13 mot vector k chidu,
Nguyén Van Y = 2V/2%1/2 13 mot ma tran déi xung, xac dinh duong.
Bay gio ta sé tim ham mat do dong thoi fx(z;u,X) cla X.
Dt
hx) = 27 — p)
Khi do,
th]] cla Z = h’(X)7
VT NN Vh(m) — 271/2’
det(Vh(z)) = det(S7?) =det(2)"Y? = |o|7 V2.
Ap dung Dinh ly (21), ta dugc
Ti\vinh
Moment

VEC_TO
NGAU
NHIEN

Nguyén Van
T'hin

Ham cua
VT NN

Ham sinh
Moment

Ap dung Dinh ly (21), ta dugc

fz(h(x))|det(Vh(z))]
= f2(S7VP(x - )72

1 1 )
EE ST S R )

Ta n6i rang X c6 phan phdi chuan nhiéu chiéu, v viét
X ~ N(u,%). Khi g =0 va X =T thi ta dugc phan phdi
chuan tic nhiéu chiéu.

Ky vong ctia ham theo vector ngau nhién

Outline
VEC_TO
NGAU
NHIEN
Nguyén Van
'hin
KV, moment, sy TQ
m K3 vong
m Moment
m Su tuong quan
KV,
moment, sy
TQ

Ham sinh CuuDuongThanCong.com

VEC_TO
NGAU
NHIEN

Nguyén Van
['hin

Ham sinh

Dinh 1i 23

Néu (X1, Xa,...,X,) la vector ngau nhién roi rac,
g:R" — R la mot ham do duoc thi

E (g (Xl, X2, e ,Xn))

- Z 9(%1,%2, - -, %n) fx1,Xp,... X0 (T1,%2,- - -, Tn)
(:Ul,...,zn)ER”

= Z g(x17x27""xn)P(X1:x17X2:x27”'7XTL

(z1,...,xn)ER™

theo nghia néu mot trong hai vé ton tai thi vé kia ciing ton
tai va bang nhau.

https://fb.com/tailieudientucntt



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Ky vong ctia ham theo vector ngau nhién

Moment

VEC_TO
NGAU
NHIEN

Dinh 1i 24

Nguyén Van
o Néu (X1, Xa,...,X,) la vector ngau nhién lien tuc vdi ham
mat do dong thoi fxi,..x, vag:R" — R la mot ham do
duoc thi

E (g (Xl,XQ, 0oo ,Xn))

= /g(xl,mg,...,xn)fX17X27_,_,Xn (x1,22,...,2,) dxy ... dxy,
Rn

theo nghia néu vé nay ton tai thi vé kia ciing ton tai va bing
nhau.

Ham sinh
Moment

Moment dong thoi, moment trung tam dong thoi

VEC_TO
NGAU
NHIEN

Nguyén Van
Thin

Ham sinh
Moment

Dinh nghia 25

Moment cap k clia bién ngéu nhien X la gia tri o, = E (X*)
(k khong nhat thiét nguyén) néu ky vong bén phai ton tai.
Dac biét, a; chinh 1a ki vong ctia X va thudng duge ki higu
la m hoac u

Dinh nghia 26
Cho bién ngau nhién X c6 ki vong, m, hitu han. Khi d6,
moment trung tam cap k (k > 0) clia X la

Br=E (X —m)*

néu ky vong phia bén phai ton tai.
Dac biét, 82 chinh la phuong sai cia X va thuong duge ki
hi¢u 1a o2.

Hiép phuong sai

VEC_TO
NGAU
NHIEN

Nguyén Van

Dinh nghia 27

Moment dong thsi ctia X7, X 1a dai lugng

I'hin

a=E (X{Xé“) j k>0
Moment trung tam dong thoi 1a

Bjx =E [(X1 — EX1) (X3 — EX5)*

Ham sinh CuuDuongThanCong.com

VEC_TO
NGAU
NHIEN

Nguyén Van
I'hin

Ham sinh

Dac biét

Bi11 = E[(X1 — EX}) (X2 — EX))]
=F [X1X2 - X1 F (XQ) — XoF (Xl) +E (Xl) E (XQ)]
= E(X1X5) — E(X1) E (Xy)

dugc goi 1a hiep phuong sai clia hai bién ngau nhién X7, X»
va ki hiéu la Cov (Xl, XQ)

https://fb.com/tailieudientucntt
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VEC_TO
NGAU
NHIEN

Nguyén Van
T'hin

Ham sinh
Moment

VEC_TO
NGAU
NHIEN

Nguyén Van
I'hin

Ham sinh

Hiép phuong sai

Ménh dé 28 (Mot s6 tinh chét clia hiép phuong sai)

(i) Néu X va'Y doc lap thi Cov(X,Y) = 0.
(ii)) Cov(X,Y) = Cov (Y, X)
(iii) Cov (X, X) = Var (X)
(iv) Cov (aX +bY,Z) = aCov (X, Z) + bCouv(Y, Z) vdi a, b
la cdc hdng so.

Chtng minh.

Stt dung dinh nghia hiép phuong sai. 0]

Su tuong quan

Dinh 1i 30

Néu X,Y la cic bién ngau nhién cé cdc moment cap 2 thi
ton tai BE(XY) va
(i) (BE(XY))? < B(X?)E(Y?).
(ii) Ddng thic (E(XY))? = E(X?)E(Y?) zdy ra néu va
chi néu 3t € R sao cho P(tX +Y =0) =1 hodc
P(X +tY =0)=1.

CuuDuongThanCong.com

Su tuong quan

VECTO M BG dé 29

NHIEN Lz x . » .3
D Cho bién ngau nhién X khong am théa EX = 0. Khi do,
I\;Hlllll\“\‘m P(X _ 0) _

Ta chi can ching minh rang P(X > 0) = 0. That vay, do
(X >0) =, {(X >1/n). Theo tinh lien tuc clia xac suat,

n—oo

P(X >0)= <U X>1/n)— lim P(X > 1/n)

Mat khac,

o0

0§P(X21/n)=/

xfx(z)dr < /00 zfx(x)dr =EX =0
1/n 0

Do dé6, P(X > 0) = 0.

Ham sinh
Moment

VEC_TO Chiing minh
NGAU
NHIEN

4, o8 1
N — (i) Tu bat dang thitc Cauchy - Schwartz zy < i(m2 +y?) ta suy ra,
I'hin

néu X,Y 13 cac bién ngdu nhién 13i rac,

szyjle,Y(xi,yj) < %ZZ($?+yf)fX,Y(fEi,yj)

1 1
= 5E(X2 ) = 5(E(X2) + E(Y?))
Vay néu ton tai E(X?), E(Y?) thi ton tai E(XY).
Khi X,Y lién tuc viéc chitng minh tuong tu, chi thay cac dau
tdng bang cac dau tich phan.
V6i moi t € R ta xét tam thic bac 2 theo t¢:

0<EX+Y) =BE(X*) +2tE(XY)+ E(Y?) WteR

tic 1a, A’ = (E(XY))? — BE(X?)E(Y?) <0, va do d6
(B(XY))? < B(X*)E(Y?).

https://fb.com/tailieudientucntt

Ham sinh
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Su tuong quan

VEC_TO . e G
NGAU Dinh nghia 31

NHIEN Chiing minh (tt)

Nguyén Vian

Thin

He s6 tuong quan gitta hai bién ngau nhien X va Y dudc xac
dinh béi cong thic

(i) (<«=) Hién nhién. Vi khi d6 ton tai ¢ sao cho tam thiic
bac 2 bang khong. Do dé, A’ = 0 titc 1a ta c6 dang thitc
XAy ra.

(=) Khi (BE(XY))? = E(X?)E(Y?) suy ra A’ = 0, nén
tam thic bac 2 theo ¢ c6 nghiém kép ty va lic do
E(toX +Y)?=0. Vi (tcX +Y)? > 0 nén theo bd dé 29 Menh dé 32
thi P(toX +Y = 0) = 1.

Khi bat dau tit 0 < E(X +tY)?, ta c6 néu
(E(XY))? = E(X%)E(Y?) thi 3t; € R dé
P(X + 1Y =0) = 1.

Cov(X,Y)
r(X,Y) =
( ) VVar(X)Var(Y)

() (X, V) < 1.

(ii) 7(X,Y) =1 khi va chi khi ¢6 a > 0(a € R) sao cho
Y — EY = a(X — EX) hau khap noi.

(iii) r(X,Y) = —1 khi va chi khi c6 b < 0(b € R) sao cho
Y — EY =b(X — EX) hau khdp noi.

(iv) Néu X va'Y doc lgp thi r(X,Y) = 0.

Ham sinh Ham sinh
Moment Moment

NHIEN NHIEN
Nguyén Van (1) Ap dung dinh 1i 30 (1)7 ta dLIdC Nguyén Van P
Thin Cov(X,Y)* = E[(X - EX)(Y - EY)]* < Thin Nhan xét 33
E(X — EX)’E(Y — EY)? = Var(X)Var(Y) tic la, 2 <z o o . 2 nz
|Cov(X,Y)| < y/Var(X)Var(Y) va ta c6 dpcm. Hfi SO tl.l’GI.lAg quail la S'OA do II:U_’C do phu th}lQC tliyen tlr\lh )
(i) (=) Gia s&t r(X,Y) = 1, thi (X, Y)? = 1. Theo dinh If 30(ii) thi gitta hai bién ngau nhién. Néu |r(X, Y)\ cang gan 1 thi miic
ton tai a sao cho Y — EY = a(X — EX) (hau khip noi). Vi do phu thudc gitta ching cang chat. Néu r(X,Y) > 0, X va
7(X,Y) =1 nen , Y ¢6 lien hé thuan chiéu ; néu r(X,Y) <0, X va Y ¢6 lien
U= CjOU(X’ Y) = B[(X - EX)(a(X — EX))] = aE[(X — EX)"]. he nguge chiéu; 7(X,Y) cang gan 0 thi sy phu thuoc cang
Do d6 a > 0. Z 2 2 Lz e T N -
(<) Néu Y — EY = a(X — EX) v6i a > 0. Khi d6, r(X,Y)? = 1. 16ng 1éo. Neu hai bien doc lap thi r(X,Y) = 0. Tuy nhiéen
Mit khac, Cov(X,Y) = E[(X — EX)a(X — EX)] = aVar(X) > 0 diéu ngugc lai khong ding (chang han, X ~ N(0,1) va
nén 7(X,Y) > 0. Do d6, r(X,Y) = 1. Y:X2_1)_
(iii) Tuwong tu (ii)
(iv) Néu X va Y doc lap thi BE(XY) = EXEY. Do dé,
S OTiT Qe Cov(X,Y) =0 va ta c6 dpcm. Suleieliss
O

CuuDuongThanCong.com Ham sinh https://fb.com/tailieudientucntt
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VEC_TO
NGAU
NHIEN

Nguyén Van
T'hin

PP va KV
c6 DK

Ham sinh
Moment

Outline

PP va KV c¢6 DK
m PP c6 DK
m KV c6 DK

Phan phéi c6 dicu kién

Ham sinh
Moment

Phan phdi c6 dieu kién

Dinh nghia 34

Cho X,Y la hai bién ngiu nhién roi rac, ham xéac suat c6
diéu kién ctia Y khi biét X nhan gia tri z, ky hiéu

fyix (y|x), duge xéac dinh bdi:

. fX,Y (xay) P
frix (Wlz) = (@) fx () >0

Dinh nghia 35

Cho X,Y la hai bién ngdu nhién lién tuc v6i ham mat do
dong thoi fxy (x,y), ham mat do xac suat c¢6 dieu kien cla
Y khi biét X nhan gid tri 2, ky hiéu fy|x (y|z), duge xéac
dinh béi:

Ixy (z,y)
fx (z)

frix (ylz) = , néu fx (z) >0 _

Phan phéi c6 dieu kién - Vi du

VEC_TO
NGAU
NHIEN

Nguyén Van
I'hin

Ham sinh

Tt dinh nghia trén ta suy ra:

m Néu X,Y la bién ngiu nhién rdi rac thi:

P(Ye€B|X=z)=) P(Y=y|X=x)

yeEB

= frix ()

yeB

m Néu X,Y la bién ngiu nhién lién tuc thi:

P(Y eBlX=z)= | frix (ylz)dy
/

Trong mot s truong hop ta khong chi rd fyx nhung cho
biét phan phdi c6 dieu kién ctia v khi biét X = z.

CuuDuongThanCong.com

VEC_TO
NGAU
NHIEN

Nguyén Van
I'hin

Ham sinh

Cho X, Y la hai bién ngiu nhién c6 ham mat do dong thai:

zr+y 0<z<1,0<y<1
0 naoi khéc

Ixy (z,y) = {

Tim P(X < 1/4]Y =1/3)

https://fb.com/tailieudientucntt
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Ham sinh
Moment

Phan phéi c6 dieu kien - Vi du

Ky vong c6 diéu kién - Vi du

Ky vong c6 diéu kien

Dinh nghia 38

Cho hai bién ngau nhien X,Y. K¥ vong c6 diéu kién ctia Y
khi biét X nhan gid tri z, ky hieu E(Y|X = ), 1a

> Yilfyix (yilw)
ffooo yfy|x (ylz) dy néu X,Y lien tuc

néu X,Y rdi rac

E(Ylex):{

Nhan xét 39

Ky vong c6 diéu kien ctia Y d6i véi X ky hieu E (Y]X) la
mot bién ngau nhien c6 gia tri 1a F (Y |X = z) trén tap
(X =)

> 9 (z,vi) fyx (vilz)
[2.9(@,y) fyix (ylz)dy néu X,Y lien tuc

néu X,Y rdi rac

E(Q(X7Y)|X=w)={

Ham sinh
Moment

Ky vong c6 dieu kien

VEC_TO
NGAU
NHIEN

Nguyén Van

I'hin

Vi du 40

Cho X ~U(0,1),Y|X =2 ~U(z,1). Tinh
E(Y|X = 2), B (Y|X)

Giai.

CuuDuongThanCong.com

VEC_TO
NGAU
NHIEN

Nguyén Van

I'hin

Dinh i 41

Cho X,Y la cdc bién ngau nhién sao cho E(X),E (Y) ton
tai. Khi do,

(i) E(X) = E[E(X|Y)]

(ii) Elg(X,Y)] = E[E(9(X,Y)|X)] = E[E(9(X,Y)[Y)]
(i) E[YE(X[Y)] = E(XY)

(iv) E[XE(X|Y)] = E{[E(X|Y)]*}

Ham sinh https://fb.comy/tailieudientucntt
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VEC_TO VEC_TO
Seito Chiing minh NEIEN
NHIEEN — Chiing minh (tt)
A\.‘,Wl&“ Van Ta chitng minh cho truong hop X, Y lién tuc. Truong hop X, Y roi [\L”M“ Van
rac chi can thay cac dau tich phan bang tong. (i) Vi vai tro ctia X va Y 1a nhu nhau nén ta chi can ching
(i) minh dau bang dau tién.
o0 +oo
E[E(X]Y)] = E(X]Y =) fy(y)dy E[E(g(X,Y)|X)] = E(g(X,Y)|X = z)fx(z)dz
7_;3000 ) —+ oo “+oo
B / / zfxy (zly) fv (y)dzdy - / / 9@, 9)frix (ylo) fx ()dydz
— 00 — 00 —+o00 “+oo
/+°° /+°° ey () dzdy = / / 9(z, y) fx v (2, y)dzdy
= X, Y <Ly —oo J—oo
~o0 oo — Blg(X,Y)]
= EX
Ham sinh Ham sinh
Moment Moment

VEC TO VEC TO
NGAU NGAU
NHIEN o i [ NHIEN p :
Ching minh(tt) Chiing minh (tt)
Nguyén Van Nguyén Van

I'hin I'hin

(iii) (iv)

+00 +oo +o0
E[VE(X|Y)] = / yE(X|Y = y) fr (v)dy BXEXY) = [ [ B =)y (@ pdedy

iooo teo - +OO:I: = a 7
_ / / zyFxiy (aly) fr (v)dody / ) / " GB(XIY = ) (al) i ()
— 00 —0oQ “+ oo

+oo
oo ptoo E(X|Y = 1) fr ) [/ ol | O
= / / zy fxy(x,y)dxdy —oo —oo

[ By =0 iy = BUBKINP)

= E(XY)

CuuDuongThanCong.com https://fb.comy/tailieudientucntt
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Phuong sai ¢6 diéu kién

Phuong sai ¢6 dieu kién

VEC_TO
NGAU
NHIEN

vouven vor I Dinh nghia 42
Thin P N . N g P X o 2 £
Néu E (X|Y) ton tai thi phuong sai ¢6 dieu kién ctia bién
ngau nhién X déi véi Y dudc xac dinh baéi

Var (X|Y) = E [(X _E(X[Y))? yY}

Dinh 1i 43

Var (X) = E[Var(X|Y)] + Var[E(X|Y)]

Ham sinh
Moment

Outline

VEC_TO
NGAU
NHIEN

Nguyén Van
T'hin

Ham sinh
Moment

Chiing minh

E[Var(X|Y)] = E{E[(X-E(X|Y))’Y]}
= E[(X-EX|Y))]
= E[X?-2XE(X|Y)+ (BE(X|Y))?]
= E(X*)-2E[XE(X|Y)]+E{[E(X|Y)]*}
= E(X*)-E{[EXIV)}
= E(X?) - [EX))? - (E{[EX|V))} - {E[E(XY)]}?)
= Var(X)—Var(E(X|Y))

Ham sinh Moment

VEC_TO
NGAU
NHIEN

Nguyén Van

I'hin

Ham sinh Moment

CuuDuongThanCong.com

VEC_TO
NGAU
NHIEN

Nguyén Van

I'hin

Dinh nghia 44

Ham sinh moment ctia bién ngau nhién X, ki hieu Mx(t), la
Mx(t) = E(e¥)

néu ki vong bén phai ton tai v6i moi ¢ thuoc mot lan can
nao dé chia 0. Tic 13, ton tai h > 0 sao cho véi moi ¢ thudc
(—h,h), E(e!X) ton tai. Néu ki vong khong ton tai trong mot
lan can cia 0, ta néi rang ham sinh moment khong ton tai.

https://fb.com/tailieudientucntt
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VEC_TO
NGAU
NHIEN

Nguyén Van
T'hin

VEC_TO
NGAU
NHIEN

Nguyén Van
I'hin

Ham sinh Moment

Dinh nghia 45

Ham sinh moment ciia vector ngdu nhién X = (Xq,...,X,),
ki hieu Mx (t), I

Mx(t) = E (e<t*>) = E (ehtXatFtnXn)

néu ki vong bén phéai ton tai v6i moi t = (t1,...,t,) thuoc
mot 1an can ndo dé ctia 0. Néu ki vong khong ton tai trong
mot lan can ciia 0, ta néi rang ham sinh moment khong ton
tai.

Giéi.
(a) Mx(t)=E (') =e"P(X =0)+e'P(X =1) =
etp +4q.
(b)
My (t) = E () =Y e*P(X =k) =) _e*Chpbq™*
k=0 k=0
=Y Ci(en) " = (ep+q)"
k=0
(c)
I IR zke—A LR (eta)F

k
e—/\eet/\ _ e)\(et—l)

CuuDuongThanCong.com

Ham sinh Moment - Vi du

VEC_TO
NGAU
NHIEN

Nguyén Vian

T'hin Vi dll 46

Chting minh ring

(a) Néu X ~ B(1,p) thi Mx(t) = elp+q.
(b) Néu X ~ B(n,p) thi Mx(t) = (e'p+q)"
(¢) Néu X ~ P()) thi Mx(t) = =)
)

( bt ¢
(d) Néu X ~ U(a,b) thi Mx(t) =

e’ —e?
(b—a)t
2

(e) Néu X ~ N(0,1) thi Mx(t) =e=

N Cii (1)
NN (1)

Nguyén Van

hin ~+o00 1 b bt _ _at
Mx(t) = / e f(x)dx = / eftdr =S
a a

https://fb.com/tailieudientucntt
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Ham sinh Moment

VEC_TO
NGAU
NHIEN

Nguyén Van
Thin . .
b Dinh 1i 47

N

Néu X c6 ham sinh moment Mx(t), thi

E(X™) = M (0)

trong do,
d’rL
T od

Ham sinh Moment - Vi du

Ham sinh Moment

VEC_TO Chitng minh
NGAU

NHIEN

Nguyén Van
Thin d d °
— M~ (t — el tx
SMx() = & /_of fx(@)de
= /_oo (%em> fx(z)dx
— [ @ e
= E(XeX).
Do doé,
d tX
= x(t) . = B(Xe'Y)|,_, = EX
Tuong tu,
ar _ n _tX _ n
Mx(®)  = B )|, = B&X™)

VEC_TO
NGAU
NHIEN

Nguyén Van
I'hin

Vi du 48

Tim E (X™) v6i n € N. Biét riang
() X~ (a,b)
(b) X ~N(0.1)

CuuDuongThanCong.com

VEC_TO Giai.
NGAU
NHIEN (a)

Nguyén Van
I'hin
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VEC_TO
NGAU
NHIEN

Nguyén Vian

T'hin

Ham sinh Moment

Ham sinh Moment

";;33 ;;fjo Meénh dé 49
NHIEN
e e (i) NéuY = aX +b the My (t) = e" Mx (at)
Thin (ii) Néu X1,..., X, la cic bién ngau nhién doc lap va

S=X1+- -+ X th

n

Mg (t) = Mx, (t) ... Mx, (t) = ][ Mx, (t)
=1

Chitng minh.

(i) My (t)=E <ety) =F <e(ax+b)t> — e E (e“tx> = e’ Mx (at)
(ii)

Ms(t)=F (et(xl+m+x")) =F (etxl ..AetX")

- E (etXl)‘..E (etX"> = Mx, (t)... Mx, ()

Ham sinh Moment - Vi du

VEC_TO
NGAU
NHIEN

Nguyén Van

I'hin

Dinh 1i 50

Cho X,Y la cdc bién ngau nhién sao cho moi moment déu
ton tai.
(i) Néu X va'Y c6 gid bi chan (nghia la, hai tap
{z: fx(z) >0} va{y: fy(y) >0} bi chan), thi
Fx(u) = Fy(u) vdi moi u néu va chi néu
E(X") = E(Y") vdi moi s6 nguyén r =0,1,2,....
(ii) Néu cdc ham sinh moment ton tai va Mx (t) = My (t)
vdi moi t thudc mot lan can nao do ciua 0, thi
Fx(u) = Fy(u) vdi moi u.

CuuDuongThanCong.com

VEC_TO
NGAU
NHIEN

Vi du 51

S Cho X; ~ P()\;),i=1,n vd X; la cac bién ngau nhien doc
I'hin P
lap. Pat Y = Xj + -+ + X,,. Tim phan phoi cia Y.

Giai.

https://fb.com/tailieudientucntt
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Ham sinh Moment - Vi du Ham sinh Moment

?géf Vi du 52 \S:I%Zg‘f Dinh 1i 53
Cho X, N Ia hai bién ngau nhién théa o NV < o
Nguyén Van X|(N = 1) ~ B (n,p), N ~ P (A). Tim phan phéi ciia X Nauyén Van Gia st {Xn,n =1,2,...} la mot day cdc bién ngau nhién, cé
e W : : ham sinh moment la Mx, (t). Hon nia, gid si rang
Giéi.

li_)m Mx, (t) = Mx(t), wvdi moit trong mot lan can cia 0,
n—,oo
va Mx(t) la ham sinh moment. Khi dé, ton tai duy nhat
ham phan phoi Fx c¢6 cac moment duge xdc dinh bdi Mx (t)
va, vdi moi x sao cho Fx(x) lién tuc, ta co

lim Fx, (z) = Fx(x).

n—oo
tic la, su hoi tu, vdi |t| < h, clia ham sinh moment dan dén
su hoi tu ctia ham phan phoi.
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