Chuong 3. D6 thi phing va Bai todn T6 mau.

CHUONG 4.

PO THI PHANG & BAI TOAN
TO MAU.

4.1. DINH NGHIA VE PO THI PHANG.

Po thi phing 12 mot do thi c6 thé biéu dién trén mot mit phing (hay trén hinh
cau) sao cho hai cung (hay hai canh) khong cit nhau.

Ghi chd. Hai canh c6 chung mot dinh dudgc goi 1a khong cit nhau.
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Cét nhau Khong cit nhau .

Thi du. P6 thi G, 12 do thi phing vd G, , G; 1a cdc biéu dién phing cia G;.
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bo thi G, Biéu dién G,, G3 cuaG;.
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Chuong 3. D6 thi phing va Bai todn T6 mau.

Cho G 1la do thi phing. Mot miit (FACE) cda G 1a mdt mién, gii han bdi cic
canh, khong c6 dinh 14n canh & bén trong. Trong cdc mit nay ludén ludn c6 mot
va chi m6t mit vo han. Puong bién (CONTOUR) cia mot mit r 1a chu trinh
hgp thanh tr cdc canh bién cia r. Hai mat r va s dugc goi la KE
(ADJACENTES) néu dudng bién cda ching c6 chung it nhdt mot canh. Hai mit
khong c6 chung mot dinh nao thi s& khong ké.

THI DU.

<> Mot ban do dia du 12 mot do thi phing (véi dieu kién 1a khong c6 ddo).
Do thi ndy dic biét mdi dinh ¢6 bidc > 3. Mit h la mit vo han, nhitng
mgtconlai a,b,c,d, e, f, g la nhitng mat hitu han.

FIG. 4.1. PO THI PHANG.

®

> Bai toan ba lang va ba nha mdy. Ta c6 3 lang a, b, ¢, ma ta mudn
dit dudng ndi véi 3 nha mdy : mot nha mdy cung cap nuc d, mot nha
mdy cung cAp ga e, mdt nha mdy cung cip dién f. Vande ditrala,ta
c6 thé dit trén mot mit phing sao cho cic dudng din khdng giao nhau
ngoai cdc dinh cyc bién ? P6 thi bi€u dién 3 lang va 3 nha mdy cho phép
dinh nghia mot 16p céc do thi khong phing.

a b C
@) @) @)
[ ] [ | [ |
d € f

FIG 4.2. PO THI KHONG PHANG LOAI 1 : K3 .
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Chuong 3. D6 thi phing va Bai todn T6 mau.

4.2. CONG THUC EULER, HE QUA & THIiDU.

4.2..1. CONG THUC EULER.
Cho mot do thi phiang lién thong c6 n dinh, m canh va f mit, tacé
n-m + f =2
Chitng minh. Truy ching trén s6 canh :

¢ m=1.Tacé n=2dinhva f=1 mit. Taco6 n—-m+f =2-1+1 =2
Viy cong thitc EULER dtng cho trudng hgp m = 1.

% Gi4 st cong thiic EULER ding cho trudng hgp do thi Gi.; ¢6 m; — 1 canh.
Ta s& chiing minh cong thiic EULER ciing diing cho trudng hgp do thi c6 m;
canh.

Goi canh u = (x,y) 12 canh vé& thém vao G, dé c6 G;.
Hién nhién 12 c¢6 it nhAt mot dinh thudc Gi.; va u=(x,y) thudc mdt mit K
cia Gij. Gidst x € Gji.C6 2 trudng hgp xay ra :

1. y e K. Dodé tacé: X
fi = fi—l + 1.
nj= 1nj
m; = mj.g +1
Ta co : y
n -m; + fi =n - (mi,l + 1) + (fi—l + 1)
=n - mg + fiy = 2

Viay cong thitc EULER dudng.

2. y ¢ K. Tacod:
fi = fi, .
nj= ng; +1
m; = mj.g +1
Taco:
n -m; + fi = (Ili + 1) - (mi_l +1) + fi—l
= n - mj; + fi»l = 2
Viy cong thiic EULER dtng.

Vay cong thitc EULER ding v6i moi m.
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Chuong 3. D6 thi phing va Bai todn T6 mau.

4.2.2. Hé qua.

Trong mot d6 thi don gidn phing, lién thong bat ky ¢6 n dinh, m canh (m > 2)
va fmit. Khi 4y, ta ¢6 :

32 < m < 3n-6. (1)

Chitng minh.

Mbi miit bi bao it nhat 3 canh, mdi canh thudc 2 miit.

Ba canh xdc dinh t8i da 2 mit. Vay s6 mit tdi da 1a 2m/3.

Tacé f< 2m/3. Dung cong thitc EULER suy ra bat ding thic (1).

4.2.3. Heé qua.

Trong tit c4 cdc do thi phing don gidn, c6 it nhat mot dinh ¢ bac < 5.

Chitng minh.
Gi4 st moi dinh c¢6 bic > 6. Khi 4y 2m > 6n = m > 3n > 3n— 6. Miu thuin.

4.2.4. THIDU.
Dung cong thiic EULER, ta sé& chitng minh 1a tit cd do thi day dd 5 dinh Ks 1a
khong phing.

G S

FIG 4.3. PO THI KHONG PHANG LOAI 2 : Ks.
Chitng minh.
Tacésodinh n=5, S6canh m= n(n-1)/2 =10.
Né&u Ks phéng, 4p dung hé qui 3.2.2 tacé:
10=m £3n-6 =3x5-6 =09.
Mau thuin. Viy Ks khong phing.
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Chuong 3. D6 thi phing va Bai todn T6 mau.

Nhan xét.

< DO thi nhitng lang va nhitng nha mdy (Loai 1: Ks3) va do thi day dd 5
dinh (loai 2 :Ks) cho phép dinh nghia tit c4 nhitng do thi ma khong phing.

X3 Ks, K3,3 Cfll’lg la d\é thl Cféu

% DO thi Ks khong phing véi sd dinh nhd nhat, do thi Kz 1a do thi khong phing
c6 s& canh nhd nhat, va cd hai 1 do thi khong phing don gidn nhat.

43. BAT PANG THUC CANH- PINH.
4.3.1. THI DU.
Ta xét bai todn xdc dinh xem do thi G cho tru6c c¢6 phing khong ?

o
2

*

THI DU 1. Cho do thi K, Ky phing.

< THIDU 2. Cho db thi G sau:

a b c d
O @) @) @)
| |
h g f €
G phing vi ta c6 thé vé& lai nhu sau :
g b f
N
a o°
O
h d e
< THIDU 3. Do thi sau diy khong phing.
a b c
O Q Q
| | |
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Chuong 3. D6 thi phing va Bai todn T6 mau.
1 2 3

4.3.2. BAT PANG THUC CANH - PINH.

Cho G 1a mdt do thi phﬁng lién thong ¢6 n dinh, m canh va dudng bién cla
cdc mitcé s6canh g>3. Khidy, tacé:

m < (n-2) g/ (g-2).
Chiing minh.

Gid st ma trin ké canh- mit c6 dang :

fi fa . f; fr
mj
my
A = .
my mjj
ms
trong do6 :
m;= 1 néu my la canh bién cia f;,
0 ngudgc lai.

Xét hang thtt 1, ta c6 :

2 m; < 2 (vi m;lacanhbién cia nhiéu nhat 2 mit)
Suy ra Z 2 m;j < 2m (1)
Xét cot thit j,tacd:

> m; > g (vi mit f; c6itnhdt g canh bién)

Suy ra 22 m; =>gf 2)

Theo cong thitc EULER, ta c6 :
n-m + f =2 3)

Theo (2),(1),tacé:

gf = g2 + m - n) < 2m
(2 + m - n) < 2m/g
= m(1-2/g) <n-2
= m <(n-2) g/(g-2)
BDT da chitng minh xong.
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Chuong 3. D6 thi phing va Bai todn T6 mau.

<  THIDU.

Nhd Bat ding thic trén, ta sé chiing minh dudc ring do thi 3 lang va 3 nha mdy
K33, xem hinh FIG. 4.2. khong phing.

That vay, nhan xét ring moi chu trinh trong K33 c6 s6 canh it nhat 1a 4. Vay
néu Kj; phing moi mit phdi c6 sd canh it nhit 1a 4.

Theo Bt ding thic trén, ta c6: 9 = m < (6-2) 4/(4-2) = 8. Mau thuin.

Vay K33 khong phéng.

44. PHEP PONG DANG.

4.4.1. PINH NGHIA.

Hai d6 thi dugc goi 1a dong dang vdi nhau néu do thi nay c6 dugc bing
c4ch bién d6i do thi kia theo cdch thém dinh bac 2 hoic bd di dinh bac 2.

THIDU. a —b — a c b — a

— b

Thém Bét
Pinh ¢ biac2 vao ab Pinh ¢ bic 2 khdi acb.

PE.

O

44.2. B

Gid sit H 1a do thi con ctia G. Khi 4y :
< N&u G phing thi H phing.
< N&u H khong phéng thi G ciing khdng phing.

PE.

O

443. B

Moi d6 thi 13 phing néu dong dang ciia né 1a phéng.

4.5. DPINHLY KURATOWSKI.

b6 thi G Ia phing néu va chi n€u G khong chita mot do thi con dong cau véi
Ks cling nhu vé6i K 5,
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Chuong 3. D6 thi phing va Bai todn T6 mau.

4.6. BAITOAN TO MAU PO THI.

4.6.1. PINH NGHIA.
Phép t6 mau mot do thi 12 phép gdn mau cho céc dinh clia do thi sao cho hai dinh
ké nhau c¢6 mau khdc nhau.
Mot cédch hinh thitc ¢6 thé dinh nghia phép t6 mau nhu sau :
Phép td maula motdnhxa y: X — N saochoV (x,y) € X, yXx)# 7 (y).

THI DU.

n .

FIG 4.4.
S6 mau (phan biét) it nhit cin thi€t d€ t6 mau cdc dinh clia d6 thi G  dugc
goi1a Sctd (CHROMATIQUE) va ky hidula v (G).

Motdothi G v(G)<k duge goila k-sic té.
Chén trén clia sic td dugc chobdi d + 1 v6i d bic 16n nhat cida dinh.

y(G) < d+1
4.6.2. CAC UNG DUNG.

XEP LICH THL

Gia st ta khdo sdt viéc thi van ddp ctia mot ky thi. C6 nhitng rang budc sau :
* Mot thay , mot ldc chi c6 thé hdi thi mot em.

. MOt thi sinh thi véi mot thay vao mot thdi gian di dinh trudc.

®
L4

Su phan bd thi sinh thi véi thdy nao da dugc an dinh trudc. (Thay P; thi sinh
Ej) .

THI DU. (P}, E)), (P1, Ey), (P1, E3), (P2, Ey), (P2, Ey),
BAN PO PIA DU.

Mot bai todn hét sic 1y thd 13 t6 mau cdc ban dd sao cho hai viing khdc nhau
khéng cung mot mau.

0,
°
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4.6.3.

4.6.4.

4.6.5.

Chuong 3. D6 thi phing va Bai todn T6 mau.

THUAT TOAN TO MAU.
DULIEU : Pbthi G=(X, U).

KET QUA : Motphépto mau y:X — N.

BEGIN.
Cho 1 = Xj, X2, ...X, 12 mot phép ddnh s6 thit ty cdc dinh cla G.
Cho C ={1,2,..,k} tap cic mau.

FOR i=1 To n Do
¥(x;) =Min{k € C:V dinh y ké x,, y(y) #k}

END.

PINH LY.
Néu G c6 chita mot do thi con déng hinh vé6i K, thi vy (G) >m.

CHUNG MINH. Hién nhién.

PINH LY 5 MAU (KEMPE-HEAWOOD).

Moi do thi phdng déu c6 5-sic to.
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Chuong 3. D6 thi phing va Bai todn T6 mau.

4.6.6. BAI TOAN 4 MAU.

< GIA THIET BAI TOAN 4 MAU.
Trén mot ban do bat ky, ta néi né dudc td mau néu mdi mién clia bin do dugc to
mdt mau x4c dinh sao cho 2 mién ké nhau (chung mdt phian bién) phdi dudc td
bing hai mau khdc nhau. VAn dé dit ra 13 cin ding ti thi€u bao nhiéu mau dé
t0 dugc mot ban do bat ky. Van dé nay dugc dit ra tr nim 1852 do gido su De
Morgan dit ra : « Moi bdn do déu c6 thé td biing 4 mau sao cho hai nuéc nim ké
nhau phéi dugc t6 bing hai mau khdc nhau ». Sau d6 c6 rat nhiéu c6 ging clia
cdc nha todn hoc dé gidi bai todn nay nhung déu khong di d&€n két qua cudi cling.
Cho dén nim 1976, mot nhém cédc nha todn hoc (K. Appel, W. Haken, J.Koch)
da xay dung mot 15i gidi dua trén két qua do mdy tinh IBM cung cip da khing
dinh dugc gia thi€t 4 mau 1a ding.

¢ LIEN QUAN GIUA BAI TOAN 4 MAU & SAC TO PO THI PHANG.

Cho mot d6 thi phiing G lién thong, khdng c6 dinh co 1ap. Ta x4y dung mot do

thi d6i ngiu clda né goila G* nhu sau :

= Mobidinh x cda G* tuong Gng ding v6i mot mit s cia G.

= Mgdicanh u cta G* ndi 2 dinh cta G* tudng dng véi 2 ving k& nhau
va cit canh chung cta hai ving dé.

G* dugc xdy dung nhu trén 1a mot do thi phdng, va ciing khdng c6 dinh co 1ap.

Chi y : Boingiucia G* 1a G.

< HE QUA.
Trong tit ci cdc ban do dia dw, c6 it nhat mot mit c6 dudng bién cé sO
canh < 5.
Chitng minh.
Chuyén bén do dia du thanh do thi d6i ngiu. Gid thiét trd thanh « c6 it nhat mot
dinh c6 bic 5 < ». 4p dung Hé qué 4.2.3. suy ra két ludn ctia hé qua trén.

< PINHLY 4 MAU.
Moi d6 thi phing c6 sictd 7 (G) < 4.
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