Khoa C6ng Nghé Théng Tin — Bai Hoc Khoa Hoc Ty Nhién

CHUONG 5

LUONG TRONG MANG
(NETWORK FLOWS)

1. GIGI THIEU

Khip noi trong ddi séng hang ngay cda ching ta hién dién cic loai
mang (network) khdc nhau. Cdc mang ludi dién va ning lugng mang lai 4nh
sdng va cdc phuong tién giai tri cho ching ta. Mang dién thoai cho chiing ta
kha niing lién lac véi nhau di dang & noi nao trén thé gidi. Hé thong dudng
qudc 16, dudng sit va dudng hang khong cho phép chiing ta vudt qua nhitng
khodng cich dia ly khdc nhau dé thyc hién cong tic ctia minh hay di du lich,
gidi trf sau nhitng ngay lam viéc ning né. Mang Iu6i sin xuat va phan phdi
san pham cung cip cho chiing ta thyc phdm va cdc nhu y&u phim thudng
ngly. VA cudi cling, mang ludi mdy tinh nhu mang dit vé mdy bay, mang
ngin hang, nhit 12 internet da thay ddi vé& chit phuong thifc trao ddi thong
tin, cdch thuc hién cdc thudng vu va cd ddi song hing ngay clia chiing ta.

Trong tit ci cdc lanh vyc dé cip & trén, va trong rit nhiéu lanh vuc
khéc nita, chiing ta mudn chuyén mot thuc thé nao d6 (dong dién, san phim,
con ngudi hay xe c¢d hodc cic thong diép, ...) tir mot diém d&€n maot vi tri khic
trong mdt mang ludi tuong ¢ng, va ta mudn thuc hién cong viéc nay sao cho
hiéu qua nhi't c6 thé.

Ludng trong mang 12 mdt 16p cdc bai todn lién quan dén nhiéu lanh
vuc khdc nhau nhu todn tng dung, tin hoc, cong nghé, quin 1y, quan tri, ...
Bai todn ludng trong mang c6 lich st phat trién khd 1du ddi ké tir khi nhitng
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cong trinh diu tién lién quan dé&n lanh vuc ndy dugc cong bd bdi Gustav
Kirchhof va cdc nha tién phong khdc. Ho 13 nhitng ngudi dau tién phan tich
mot cich c6 hé thdng vé dong dién. Ho di sit dung mang (network hay dd
thi) nhu nhitng phudng tién hitu ich bi€u dién nhiéu hé thong vat ly khac
nhau.

Ngoai ra, ching ta cling s& xem xét dén mdt s6 van dé khong hoin
toan thudc vé 16p cac bai todn luong trén mang nhung cé nhi€u lién quan.

2. BAI TOAN LUONG TRONG MANG

Tru6c tién, ching ta cing nhau xem xét mot s6 md hinh ludng trong
mang. Sau d6 & cdc phan sau, chiing ta sé cling nhau xem xét mot vai Gng
dung ctia ludng trong mang.

2.1. Bai todn ludng véi chi phi cuc ti€u (Minimum cost flow
problem)

Mo hinh ludng véi chi phi cuc ti€u (goi tit 1a ludng cuc tiu) 1a mo
hinh cd s8 clia tit cdc bai todn ludng trong mang. Bai todn c6 thé phat biéu
nhu sau: Ta muén xdc dinh chi phi thdp nhdt cho mdt chuyén vdn chuyén
hang (shipment) theo yéu cdu tix noi cung cdp dén chd ddt hang. Mo hinh nay
c6 mot sd ng dung gin giii nhu: phan phdi sdn phadm tir cdc chi nhdnh sin
xuit dé&n cdc kho chita hoic tir kho chita d&€n cdc nha bdn 1&; ludng luin
chuyén cdc nguyén vit liéu qua cdc t6 hgp mdy trong mot day chuyén sin
xuat; ludng di chuyén ciia cdc 6 to trong mot mang lu6i giao thong dd thi;
dudng di ctia cdc cudc goi trong mang dién thoai ...

Mo hinh todn hoc clia bai toan ludng cyc ti€u nhu sau:

Cho G=(N, A) 12 mot dd thi (mang) c6 huéng dinh nghia bdi tip hdp N
gdm n niit va tAp hgp A gdm m cung. Mdi cung (i,j) € A dudc gdn mdt gid
tri ¢;; goi 1a chi phi (cost) clia cung (i,j). N6 cho bi€t chi phi cia mot ludng
don vi chuyén t3i qua cung (i,j). Ta gid thi€t chi phi ctia ludng thay ddi mot
cdch tuyén tinh theo kich thu6c clia né. Ta cling gdn cho mdi cung (i,j) hai
gid tri u; va 1 goi 12 kha ning thong qua cla cung (i,j). Gid tri u; va I 1an
lugt cho biét khdi lugng ludng ti da va toi thi€u c6 thé (phdi) chuyén tai
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qua cung. M&i mot nit i € N dugc gdn mot gid tri b(i) bi€u dién kh3 ning
cung/ciu clia nit. N&u b(i) > 0, nit i goi 14 niit cung (nit ngudn); néu b(i) <
0, nit i goi 12 nit cu (nit dich); va néu b(i) = 0, nit i goi 12 nit trung
chuyén. C4c 4n s6 cAn xdc dinh trong bai todn ludng cuc ti€u 1a gid tri ludng
tai cdc cung (ta ky hiéu 12 x;). Bai todn ludng cyc ti€u 1a mot bai todn t3i uu
dudgc md hinh nhu sau:
Cuc ti€u héa gid tri ) ¢;X;
(i,))eA

Vi cdc rang budc:

DXy — D%, =b(i),VieN,
{iiieal  {idii)eAt

ly < x; <uy, Vi, j)e A

trong 6, "' b(i)=0.
Dudi dang ma trin, ta c6 thé biéu dién bai todn ludng cuc ti€u nhu sau:
Cuc ti€u héa ex
Véi cac rang budc:
Xx=Db
I<x<u

Trong cdch bi€u dién nay, X 12 mot ma tran nxm, goi 12 ma trdn lién
thudc niit-cung (node-arc incidence matrix) clia bai toan ludng cuc ti€u. Mdi
cot Ny (fng véi cung (i,))) c6 gid tri +1 tai dong i va —1 tai cdt j. Cic phin
t khdc cta cot déu biing 0.

Ta goi rang budc (1.b) 12 rang budc vé cin bing vat chit (mass
balance contraint). Téng ddu tién trong rang budc nay cho biét tdng gia tri
ludng di ra tir mdt nit va téng thit 2 cho biét tdng gid tri ludng di vao nit d6.
Rang budc vé cin bing vat chit bit budc hidu clia tdng ludng vao va ra clia
mdt nit phii bing khd ning cung/ciu clia né. Cdc gid tri ludng con phdi
thda man chin trén u;; va chin dudi I cia cung. Trong da s Gng dung, gia
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tri ctia 1 thudng 1a 0. Vi vay, n€u ta khong nhic t6i gid tri I; trong mot Gng
dung nao d6 thi ta phai hi€u riing chiing c6 gid tri ngim dinh 12 0.

Trong da s6 trudng hgp, vi 1y do don gidn, ta s& gid thi€t cdc gid tri
trong bai todn ludng cuc tidu 1a cdc s6 nguyén. Gia thi€t nay sé khong lam
mat tinh tdng quit clia bai todn. Sau diy 12 mot s trudng hgp dic biét cia
bai todn ludng cuc ti€u:

2.2. Bai toan tim dudng di ngin nhat

Bai todn nay chiing ta di kh3o st k§ trong phan trudc clia quyén sich
nay. 0] day chiing ta s& phat bi€u né nhu mot trudng hgp dic biét cla bai
to4n ludng trén mang.

Bai todn dudng di ngin nhat c6 1& 12 bai todn d& nhit trong cdc bai
to4n ludng trong mang. P3i v6i bai todn nay, chiing ta mong mudn tim dugc
mot dudng di v6i chi phi thAp nhit tir mot nit ngudn s téi nit dich t, gid st
ring moi cung (i,j)€A c6 chi phi tuong ng 1a ¢;. N€u ta dat b(s) = 1, b(t)=-1
va b(i) = 0 v6i moi niit i con lai, 13i gidi ctia bai todn tim dudng di ngin nhat
tir s d&n t chinh 13 15i gidi ctia bai todn ludng cuc tiéu khi ta gii 1 don vi
ludng tir s d&€n t (s& di theo ddnn). N&u ta dit b(s) = n-1 va b(i) = 0 véi moi
niit i con lai, ta s& nhan dugc md hinh ludng cuc ti€u clia bai todn tim dudng
di ngdn nhd't tir s d&n ti't cd cdc dinh con lai.

2.3. Bai todn ludng cuc dai (maximum flow problem)

Bai todn ludng cuc dai tim mot phuong 4n phit hop d€ giti 1 ludng c6é
gid tri 16n nhat c6 thé tir nit ngudn s dén niit dich t. N&u kha ning thdng qua
cuc dai cda cung (ij) 12 uj, bai todn ludng cuc dai c¢6 thé bi€u dién nhu
trudng hgp riéng clia bai todn ludng cyc ti€u néu ta dit b(i) =0 Vi € N, Cij =
0 V(i,j) € A, va thém vao mang cung (t,8) v6i c=-1 va u,= oo.

LJi gidi ctia bai todn ludng cuc ti€u s& cho ta gid tri cuc dai clia ludng
trén cung (t,s); nhung vi ludng bat k¥ trén cung (t,s) s& chuyén ngudc tir niit s
dé&n nit t thdng qua cdc cung thudc A (bdi vi b(i) = 0). Vi vay, 15i gidi clia
bai todn ludng cuc ti€u s& chinh 1a gid tri ludng cuc dai trén mang gdc ban
dau.
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Ludng cuc dai s& 1a mot trong nhitng bai todn trung tim cla chuong

N

nay.
2.4. Bai toan phan cong (assignment problem)

Trong bai todn phin codng, ta c6 2 tip hdp cung kich thudéc N; va N,
(nghia 1a |N,| = [N,
ning phan cong, va chi phi phan cong ¢; ¥ng véi mdi phan th (i,j) € A.

), mot tap hop cdc cip A < NxN, bi€u dién cic kha

Trong bai todn phan cong, ta can ghép cip mdi phin tk i trong N; v6i mot
phan ti¥ j trong N, mot cach duy nhat (song dnh) sao cho tdng chi phi phan
cong 1a thdp nhdt. C4c bai todn phan cong thudng gip trong thuc & rat
nhiéu. Ching han nhu bai todn phan cong ngudi tham gia cdc dy 4n, phan
cong cong viéc thuc hién trén cdc mdy, ... Bai todn phin cong chinh la bai
toan ludng cuc ti€u trong mang (dd thi) 2 phia G=(N;UN,, A) v6i b(i) = 1 Vi
e N;, b)) =1VieNyvau;=1V(,j € A.

2.5. Bai todn van tdi (transportation problem)

Bai todn van ti 1a trudng hdp riéng clia bai todn ludng cuc ti€u véi
cédc ddc tinh nhu sau: tdp nit N dudc chia lam 2 tdp con N, va N, sao cho (1)
mdi nit trong N; 12 niit cung, (2) mdi niit trong N, 14 nit cau va (3) véi moi
cung (i,j) € A, i € N; va j € N,. Trong bai todn nay, thudng l; = 0. Vi du
kinh di€n vé& bai todn mang van tdi chinh 13 bai todn phan phdi hang tir cic
kho chita d&€n khdch hang. Trong vi du nay, N, bi€u dién tap cdc kho chita,
N, biéu dién tip cdc khach hing va mdi cung (i,j) € A bi€u dién mdt kénh
phan phdi tir kho i d&€n khach hang j.

2.6. Bai toan luu thong (circulation problem)

Bai todn luu thong 13 bai todn ludng cuc ti€u ma trong d6 mang chi
chira cdc nit trung gian (nghia 1a b(i) = 0 Vi € N). Trong bai todn nay, ta
mudn tim mot ludng tuwong thich théa man chin dudi I va chin trén u; cla
gid tri ludng x;; trén moi cung (i,j). Do trong mang khong c6 niit cung ciing
nht niit ciu nén ta khdng thém vao ciing nhu khong 1dy gi ra khdi ludng,
toan bd ludng sé& luan chuyén trong mang. Muc tiéu clia bai todn 13 im mot
ludng tuong thich véi chi phi tdi thi€u. Bai todn thiét k& cdc tuyé&n bay ciia
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mot hang hang khong 12 mot vi du clia bai todn luu théng. Trong vi du nay,
moi mdy bay clia hing lvu thong trong mot mang 1ui cdc thanh phd. Mbi
cung (i,j) c6 gid tri ludng chin dudi I = 1 n€u hang hang khong cin cung
cAp tuyé&n bay tir thanh phd i d€n thanh phd j. Lic d6, hing cin diéu phdi it
nhit 1 mdy bay cho tuy&n dudng nay.

2.7. Bai toan ludng tdng quat (generalized flow problem)

Trong bai todn ludng cuc ti€u, cdc cung bio toan gi tri ludng. Nghia
12, gid tri ludng di vao mot cung bing gid tri ludng di ra tir cung d6. Trong
bai todn ludng tdng quat, mdt cung cé thé 1am gidm hoic ting gid tri ludng
v6i mot hé s& nhét dinh. N&u gid tri ludng vao cung (i, j) 1a x;; thi ludng ra tir
cung ndy s& c6 gid tri wx;;. Néu 0 < ;< 1 thi cung (i, j) lam mat mat ludng,
con néu 1 < ; < oo thi cung (i, j) s& sinh thém ludng. Bai todn ludng tdng
quét gip trong nhiéu tng dung thuc t€ khic nhau. Ching han nhu (1) bai
todn truyén tai ning lugng dién, trong d6 ning lugng dién s& bi hao tdn trén
dudng truyén, (2) mang cung cip nuéc véi viéc hao t8n nudc do su rd i, (3)
bai todn van chuyén hang héa c6 sy hao hut (rau, qud, nuéc d4, ..) va (4)
van dé luan chuyén va dau tu tién mit trong d6 mdi cung ng v6i khd ning
ddu tu va hé sd ; bi€u dién sy ting gid hodc gidm gid cla gid tri ddu w.

2.8. Bai toan cap ghép (matching problem)

Bai todn cip ghép tuy khong thudc md hinh bai todn ludng trén mang
nhung né 12 mdt mo hinh cdc bai todn rit quan trong trén mang. Tuy vé miit
todn hoc bai todn cip ghép c6 md hinh rat khidc so véi md hinh ludng trén
mang nhung bai todn ndy c6 nhitng mdi lién hé mat thi€t véi mot s6 bai
to4n ludng trén mang.

Mot bd cip ghép trén dd thi G=(N, A) 1a mdt tip hop cdc cung vdi
thudc tinh sau: mdi nit k& véi t6i da mot cung trong tip hgp. Nhu vay, trong
mot bd cip ghép, mdi niit dugc ghép cip v6i t6i da mot nit khdc. Bai todn
cip ghép s& tim mot bo cip ghép theo mdt tiéu chudn t6i wu nao d6. Bai
toan cip ghép trén dd thi hai phia tim mot bo cip ghép tir hai tip hgp niit.
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3. MOT SO UNG DUNG CUA BAI TOAN LUONG CUC TIRFU

C6 thé néi, mang xudt hién khip ndi. C6 nhitng bai todn, nhin vao ta
thdy ngay su hién dién clla mang, nhung cling c6 nhitng bai todn ma mang
bi che khua't bdi phat bi€u ctia n6. P& ting dung dudc cic k&t qua nghién citu
vé ludng trong mang, ta cAn thi€t 14p dugc mang tuong Gng trong cdc bai
todn nay. Ung dung kinh dién clia bai todn ludng trong mang 13 nghién citu
va bai todn van tdi. Trong bai todn ndy, nha cung cip vdi cdc thong tin vé
hang tdn kho tai cdc kho chita ctia minh phai van chuyén hang héa tir cic
kho nay dén cdc dai ly ban 18 clia minh nim & nhitng vi tri dia 1y rat khdc
nhau. Mdi dai ly déu c6 nhitng yéu ciu cu thé vé cdc loai hang héa tiy theo
doi héi cla cdc khiach hang cia minh. Va duong nhién, nha cung cAp mudn
t6i thi€u héa chi phi van chuyén.

Béang duéi day sé liét ké mdt s6 md hinh mang thudng gip:

Ung dung Niit Cung Ludng

Loi néi, dir

Céc hé thong
truyén tin

Mady dién thoai, may
tinh, vé& tinh, cdc tram
truyén tin, ...

Day cap, cap
quang, kénh lién
k&t vo tuyén,...

liéu, tin hiéu
video,...

Cdc hé thong | Tram bom, hd chda, |Ong din Nudc, ga, diu,
cAp nu6c, chat |ho, ...

14ng,...

Mach IC Cic cdng, thanh ghi, |DAay din Dong dién

cdcbd vixa ly, ..

Céc hé thong co | Cdc khép ndi Can, thanh ndi, 10 | Stic néng, ning

khi X0, con lic, ... lugng, ...

Mang giao Giao 19, sin bay, nha |Con dudng, tuyén |Hang khdch,

thong ga, ... bay, dudng ray xe |hang hda, xe
Ita, ... co, ...

CuuDuongThanCong.com

3.1. Ung dung 1: Chuyén nha
Mot chd nha c6 mot s& cin nha mudn cho thué. Mdi cin nha c6 nhitng

dic diém riéng. Vi du, mdt cin nha c6 thé c6 hay khong garage, c6 mot sd
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lugng phong ngd, phong tim va c6 gid cho thué khdc nhau. Cdc tham s nay
s€ gilp ching ta nhom céc cin nha thanh nhitng loai khac nhau dugc danh
s0 1,2, .., n.

Sau mot thdi gian, mot s6 khach thué sé& trd lai cin nha dang thué va
chuyén d&n & chd mdi phi hgp v6i nhu cau cia minh hon. Nhu vay, doi héi
clia khach thué thay ddi theo thdi gian. Chd nha duong nhién mudn chuyén
nhitng ngudi khdch thué dén cin nha mdi phit hgp v6i nhu ciu va kha ning
méi clia ho. C6 thé xay ra trudng hgp xoay vong khi a chuyén dén nha b, b
chuyén dé&n nha c, ..., d chuyén d&€n nha a. Bai todn dit ra 1a tim xem liéu c6
mot chu trinh nhu vay tdn tai hay khong.

Dé€ gidi bai todn nay nhu 1a mot bai todn trén mang, trudc tién ta tao
mot dd thi G trong d6 tip hop céc niit bi€u dién cdc loai nha khac nhau. Ta
thém mot cung (i,j) vao d6 thi khi mot ngudi dang sdng trong cin nha thudc
loai i mu6n chuyén sang cin nha loai j. Mdt chu trinh trong G biéu di&n chu
trinh thay ddi nha thda man doi hdi clia tit cd nhitng ngudi dang song tai
nhitng cidn nha tham gia vao chu trinh. Lap di 1ap lai phuong phdp nay ta cé
thé thda man doi hdi clia ngdy cang nhiéu khdch hang hon.

Ung dung nay doi hdi mot phuong phap xdc dinh chu trinh trong mang
néu né tdn tai. Mot phudng phip dude nhiéu ngudi biét 12 Topo Sort. Néi
chung, c6 nhiéu cich di chuyé&n khach thué bdi vi @6 thi G c¢6 thé chita nhidu
chu trinh kh4c nhau. Trong trudng hgp nay chii nha mong mudn tim mot chu
trinh chifa cang it cung cang tot bdi vi cang it sy di chuyén thi cang d& quin
ly khi thay ddi. Ta c6 thé gidi quy&t vin dé nay bing cdch gidi bai todn tim
dudng di ngidn nhat.

3.2. Ung dung 2: Su phdn logi nhiing soi thép

Trong nhitng dy 4n xdy dung khdc nhau, mot cong ty xay dung can
nhitng sgi thép c6 ciu tric clia mit cit gidng nhau nhung c6 chiéu dai khac
nhau. Vi mdi i = 1..n cho D;>0 bi€u di&n yéu ciu sd lugng sdi thép c6 chiéu
dai L; va gid st ring L;<L,<..<L,. Cong ty c6 thé ddp ng nhitng yéu cau
biing cdch luu trit va cung cap ding D; s¢i thép c6 chiéu dai L, Vi. Tuy
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nhién, c6 thé khong kinh t&€ néu 14y ding s6 lugng tdt cd cdc sgi thép c6
chiéu dai dugc yéu ciu vi ton nhiéu chi phi &€ luu trit va quan ly tit ca cic
loai sgi thép véi chiéu dai khdc nhau. Trong trudng hop néu cong ty can mot
s0i thép c6 chidu dai L; ma khong cé trong kho, cong ty c6 thé cit mot sgi
thép dai hon thanh chiéu dai can 1dy. Viéc cit cdc sdi thép thudng phdt sinh
ra cdc doan thira dugc coi 12 ph€ liéu. Goi K; 1a chi phi d€ 6 chic quan 1y
cdc sdi thép c6 chidu dai L; va C; 1a gid cla sdi thép nay. Cong ty mudn xédc
dinh cu thé s6 lugng clia tirng loai sdi thép d€ dap tng yéu ciu clia du 4n
v6i chi phi t8i thi€u. Chi phi bao gdm chi phi quén 1y sdi thép va hao hut do
céc doan phé liéu.

Ta c6 thé phat bi€u bai toin nay nhu bai todn tim dudng di ngdn nhat
nhu sau. Ta xay dung mot dd thi c6 huéng g6m (n+1) nit ddnh s6 tir 0 — n.
MBJi niit trong dd thi tuong ng vé6i cic loai s¢i thép c6 chiéu dai khdc nhau.
Niit 0 tuong ng vdi sgi thép c6 chiéu dai 0 (zero) va niit n tudng ng vé6i sdi
thép dai nhit. Vi mdi niit i, ta dung cdc cung ndi i v6i moi ndt j = i+1, i+2,
-, M. Cung (i,j) cho bi€t ring ta s& luu trit cdc sgi thép véi chiéu dai L; trong
kho va diing né d€ ddp wng yéu cau clia dy 4n vé céc sdi thép loai c6 chiéu
dai Liyy, Liso, ..., L. Chi phi (trong) ¢;; clia cung (i,j) 1a

i
c; =K, + > D,
k=i+1

Chi phi cla cung (i,j) gdm 2 phan: (1) chi phi ¢d dinh K; clia viéc luu
trit thép loai chi€u dai L;, va (2) chi phi sit dung sdi thép loai L; dé ddp tng
nhu cdu vé sdi thép loai Liyy, Lisa, .., Lj. MOt dudng di tir niit 0 d&€n nit n cho
bi€t mot phuong thitc ddp tng yéu ciu clia du 4n. Pudng di ngin nhat tir 0
dén n cho biét phuong 4n véi chi phi tdi thi€u cin tim.

3.3. Ung dung 3: Bai todn lich thi ddu

Xem xét mot gidi thi ddu giita n ddi thé thao. Gid st riing, hai doi bat
ky thi ddu v6i nhau ding ¢ trin va cdc tran didu khong hoa (ludn phan dinh
thing thua). Mot ngudi néi ring, sau khi hoan tat gidi, doi i thing ding o
trin (1 <i<n). Ta cin ki€m ching xem li€u bo $O 0Ly, 0, vy Oy ooy Oy €O kDA
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ning bi€u dién k&t qua thi ddu clia mdt gidi nhu vay khong ?

Ta dinh nghia mot d6 thi c6 huéng G = (N, A) vé6i tap dinh N = {1,2, ...,
n} bi€u dién cho n ddi va tip cung A = {(i,j) € NxN :i < j}. Nhu vay, mdi
nit i duge ndi v6i cde ndt i+1, i+2, ..., n. Goi x;; 12 s6 14n doi i thing ddi j (i <
j). Nhu vay, s6 1an doi i thing cdc doi i+1, i+2, .., n la Z{j:(i pen % - Ngoai
ra, sO 1an doi i thing doi j (i>j) s€ 1a c-x;;. TU ddy ta c6, s& 1an doi i thing

cac doi 1, 2, .., i-11a (1—i)C—z{ . Téng s6 trin thing cda doi i

ea)
phai bing téng cdc trin thing cdc d6i 1, 2, .., n. T nhan xét nay ta cé
phuong trinh:

Z{j:(i,j)eA} X; _Z{j:(j,i)eA}in =a; —(1-i)c  véimoiie N. 5.1
Hon nifa, cdc gid tri x;; con phdi thda man rang budc:
0<x;<c véimoi (i, j) € A (5.2)

Nhitng phan tich trén cho ta thdy ring, cdc gid tri o; chi c6 thé 1a két
qua thi dau cta gidi khi cdc rang budc (5.1), (5.2) c6 it nha't mot 13i gidi x
thda. Pit b(i) = o4-(i-1)c. Luu ¥ ring ta c6 dfmg thdc sau:

ien & = ZieN (i-)c= &2_1)

nhu vay ta c¢6 thé dé dang suy ra:

20 =0

Véi cach phat bi€u nay, bai todn tim mot nghiém twong thich véi hé
dang (5.1) & (5.2) dugc goi 1 bai todn ludng twong thich vi c6 thé gidi
biing cdch gidi mot bai todn ludng cuc dai (xin xem & phan cudi chuong).

3.4. Ung dung 4: Bai todn lam tron sé’trén ma trgn

Bai todn ndy lién quan d&€n vAn dé l1am tron gia tri cda cdc phin ti,
téng gid tri cic phan i trén dong, tong gid tri cdc phan tif trén cot clia mot
ma tran. Ta ¢c6 mot ma trin kich thuSc pxq cdc s6 thyc D = (dij) véi cac gid
tri tdng dong, tng cdt 14n lugt 1a o; va B;. Ta c6 thé 1am tron mot s§ thyc bt
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k¥ a thanh s§ nguyén 16n nhat nhd hon hay biing né La (phdn nguyén), hoic
thanh s6 nguyén nhd nhat 16n hon hay biing n6 [a | (s6 trin), va viéc quyét
dinh 1am tron 1&én hay xudng hoan toan phu thudc vao quyét dinh clia ching
ta. Bai todn 1am tron ma trin ddi hdi ching ta phai 1am tron cdc phan ti cda
ma trdn va cdc gid tri tdng dong, tdng cdt sao cho tdng cdc phan t¥ trén mdi
dong ciing nhu mdi cdt clia ma trin di dugc 1am tron bing véi gid tri lam
tron clia cdc tdng dong, tdng cdt tuong Gng. Phép lam tron nhu vay ta goi la
phép lam tron ma trin.

Ta s& chi ra cdch gidi bai todn nay bing cich dua vé viéc gidi mot bai
toan ludng c¢6 chin dugi (ludng trén cung v6i kha ning thong qua tdi thiéu
16n hon khong). Va trong phin sau, cdc ban c6 thé thdy ring, bai todn ludng
¢6 chin duéi s& duge gidi bing hai bai toan ludng cuc dai binh thudng.

P& minh hoa cho phuong phdp gidi, ta xét vi du trong hinh 5.1 dudi

day:
Téng dong
3.1 6.8 7.3 17.2
9.6 24 0.7 12.7
3.6 1.2 6.5 11.3

Téng cot: 16.3 10.4 14.5

Hinh 5.1 - Bai todn 1am tron ma trin

Hinh 5.2 biéu di&n mang ludng cuc dai tuong Gng vdi bai todn trén.
Mang nay chifa cdc nut i tuong tng v6i cdc dong va cidc nit j’ tuong Ung véi
cdc cot. Cung (i, j’) trong mang tudng &ng véi mdi phan t d;; clia ma trn va
cdc cung (s, i) tuong tng véi cac tdng dong con cic cung (j°, t) tudng Wng vdi
cic tdng cot. Khi ning thong qua t6i thi€u va t6i da clia cung (i,j’) tuong
tng 1a | d; | va[d;]. D& dang nhan thdy sy twong dng 1-1 gitta 15i gidi chia
bai todn va mot ludng tuong thich cia mang trong hinh 5.2. Nhu vy, ta c6
thé tim 15i gidi clia bai toan 1am tron ma trin biing cdch gidi bai todn ludng
cuc dai trén mang tudng Ung.

Gi4o trinh Ly thuyét d6 thi - Chwong 5: Ludng trong mang 11

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Khoa C6ng Nghé Théng Tin — Bai Hoc Khoa Hoc Ty Nhién

@ dy, up @

Hinh 5.2 - Mang cho badi todn Iam tron ma trén

Bai todn 1am tron ma trin nay xuét hién trong mot s§ Gng dung thuc
t€. Vi du, Uy ban diéu tra dan s6 c6 thé st dung cdc thong tin diéu tra dugc
dé 1ap thanh hang triéu bang ding trong cdc muc dich khdc nhau. Theo luat
dinh, ﬁy ban c6 nghia vu bdo mat cdc ngudn cung cAp thdng tin va khdng
dudc cong bd cdc thong tin mang tinh riéng tu cda bt ky cd nhin no.
Chiing ta c6 thé che diu cdc thong tin nhu sau. Ta s& lam tron cdc s6 liéu
trong bang, ké cic cic tdng dong, tdng cot thinh mot bdi s6 clia hiing s6
nguyén duong k dinh trudc nao d6 tuong ty nhu bai todn 1am tron ma trin &
trén. Chi khéc 13, thay vi lam tron thanh cdc bdi s§ ctia 1 thi bdy gid ta 1am
tron thanh boi s6 cia mot hiing s6 k > 1. N&u biét gid tri clia k, ta c6 thé gidi
quyét bai todn bing cdch xidy dung mang tuong ¢ng gidng nhu di 1am,
nhung bay gid, kha ning thong qua t&i thi€u va t8i da clia cung (i,j’) tuong
tng 12 boi s 16n nhd't nhd hon hay bing d;; va bdi s6 nhd nhdt 16n hon hay
bing dj;.

3.5. Ung dung 5: phan bé tinh todn trén may tinh ¢ hai bd vi xi& 1y

Ung dung nay xem xét sy phan bd viéc thuc hién cic module khéc
nhau ctia mdt chuong trinh trén mdy tinh c6 2 bd vi xi 1y sao cho tdng chi
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phi thyc hién chuong trinh 12 t6i thi€u. Chi phi thuc hién s& bao gdm chi phi
tinh todn trén cdc module va chi phi truyén thong giita cdc module. Chi phi
thuc hién mot module trén 2 bd vi x{t 1y s& khac nhau bdi bd nhé di kém, toc
do tinh todn, khd ning xt& 1y s& hoc, ... Gid sit o; va B; ky hiéu chi phi tinh
todn ctia module i 1an lugt trén bo vi xi¥ 1y 1 va 2. Khi 2 module i, j dugc
thuc hién trén 2 bd vi x 1y khdc nhau ta s& ton thém chi phi truyén thong
gilta 2 module c¢;. Nhiém vu ciia ching ta la chon lya ndi thyc hién cdc
module sao cho tdng chi phi 12 t5i thidu.

1 2 3 4
i 1 2 3 4 1 0 5 0 0
o 6 5 10 4 (cyp) =2 5 0 6 2
Bi 4 10 3 8 3 0 6 0 1
410 2 1 0

(a) (b)

Hinh 5.3 D liéu cho mé hinh tinh todn phan bd trén 2 bd vi x& 1y

Ta sé& bi€u dién bai todn nay nhu 12 bai todn 1at cit nhd nhat trén mang
v huéng nhu sau. Ta dinh nghia nit ngudn s tuong &ng vdi bd vi xtt 1y 1, nit
dich t tuong ¢ng véi bo vi x{r 1y 2 v mdi module s& c6 mdt niit tuong Gng
trong mang. V&i mdi nit i khdc s va t, ta n6i cung (s,i) v6i khd ning thong
qua 13 B; va cung (i,t) véi khd ning thong qua 13 o;. Cudi cling, néu module i
c6 giao ti€p véi module j, ta thém cung (i,j) v6i khd ning thong qua 1a c;.
Hinh 5.3 va hinh 5.4 cho ta mdt vi du vé bai todn trén. Hinh 5.3 cho biét dir
liéu cda bai todn va hinh 5.4 minh hoa mang tuong Gng.
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Véi cich biéu dién nay, ta ¢6 sy tuong ng 1-1 giita mot 14t cit s-t va
mdt cach phan cong viéc thuc hién cdc module trén 2 bd vi x 1y. Gia tri cia
14t cit chinh 12 chi phi clia cdch phdn cong tuong tng (xem hinh vé 5.4).

4. PHAN RA LUONG
Khi phét bi€u bai todn ludng trén mang, ta c6 thé sit dung 2 hung ti€p

can tuong duong: (1) ta c6 thé dinh nghia ludng thdng qua gid tri ludng trén
cdc cung (arc flow) clia mang (nhu dé cap trong phan II) hoic (2) ta c6 thé

@ Cdc Module chuong trinh ©)

Hinh 5.8inM&W8g tlab co& himdtidhtddmg phan bé

dinh nghia ludng thong qua gid tri ludng trén cdc dudng di va chu trinh (path
and circle flow). Vi du, ludng trén mang trong hinh 5.5a dinh nghia theo
huéng ti€p can (1) glti 7 don vi ludng tir niit 1 d&€n nit 6. Ludng trén mang
trong hinh 5.5b dinh nghia theo huéng ti€p cin (2) tuong tng v6i ludng trong
hinh 5.5a. Trong 5.5b, ta gtti 4 don vi ludng doc theo dudng di 1-2-4-6, 2 don
vi ludng doc theo dudng di 1-3-5-6, va 2 don vi ludng doc theo chu trinh 2-4-
5-2. Mic du trong hau hét gido trinh nay, chiing ta st dung dang ludng trén
cung, nhung trong mot sd trudng hdp, ta s& cin biéu dién dang dudng di va
chu trinh cda ludng hoic cic két qui ndy sinh tir huéng ti€p can nay. Trong
phin nay, ching ta s& xem xét mot sd moi lién hé giita 2 huéng ti€p cin
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N

nay.

Trong phin nay, mot ludng trén cung chiing ta hi€u 12 mot vectd x =
{x; } thda cdc rang budc sau :

>x— Yx;=—e(i) VieN (5.3a)
U eA) i eA]
0 < x;; <y v6i moi (i, j) € A (5.3b)

trong dé Z::1e(i) =0. Chd y riing trong md hinh nay chi s cung va cau b(i)
clia nit i chinh 12 —e(i); chiing ta xem e(i) nhu 12 lugng mat cin d6i clia nit
i. Ching ta chon mot mo hinh khac thay th€ bdi vi mot s6 thuat gidi ludng
cuc dai va cyc ti€u dugc md ta trong sich niy dua ra cic 15i gidi thda cac
rang budc clia ludng nhung khong nhi't thi€t thda cdc rang budc vé cung va
cAu. Gid tri e(i) 1a hiéu cdc gid tri ludng vao va ludng ra tai nit i. N&u gid tri
clia ludng vao 16n hon gid tri cda ludng ra tai nit i thi e(i) > 0 va ching ta
néi ring nit i 13 nit thira. Ngudc lai, n€u gid tri clia ludng vao nhd hon gid
tri cia ludng ra thi e(i) < 0 va chiing ta néi riing nit i 13 nit thiéu. N&u gia tri
ludng vao va gi4 tri ludng ra biing nhau thi ta goi niit i 1a nit cdn bdng. Chi
y ring, n€u e = -b thi ludng x 13 mot ludng twong thich ciia bai todn ludng
cuc tiéu.

Trong phuong phap bi€u dién ludng khong qua gid tri ludng trén cung,
cdc bi€n cd s§ 1a cdc gid tri ludng x; trén cung (i, j) € A. Bi€u dién ludng
thong qua dudng di va chu trinh bit diu v6i mot danh sich tit cd cic dudng
di ¢6 huéng p giita hai cip nit bAt ky va tat cd cdc chu trinh ¢6 huéng w clia
mang. Goi P 1a tdp hgp tit cd cdc dudng di va W 1a tdp hgp tat cd céc chu
trinh. C4c bi€n co sd trong bi€u dién ludng thong qua dudng di va chu trinh
12 : f(p) - gid tri ludng trén dudng di p, f(w) - gid tri ludng trén chu trinh w;
chiing ta dinh nghia cdc bi€n nay cho mdi dudng di c6 huéng p trong P va
mdi chu trinh ¢6 huéng w trong W.

Chi ¥ ring véi mdi tap ludng trén dudng di va chu trinh dinh nghia
mot cich duy nhdt cdc gia tri ludng trén cung mot cach ty nhién : gia tri
ludng x;; trén cung (i, j) bing véi dng cda cdc gid tri ludng f(p) va f(w) cia
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tAt cd cdc dudng di p va cdc chu trinh w ¢6 chifa cung nay. Ching ta hinh
thitc héa nhan xét trén bing cdch dinh nghia mot s ky hiéu méi: §;(p) = 1
néu cung (i, j) € p, va ngugc lai s& bang 0. Tuong ty nhu vy, §;(w) = 1 néu
cung (i, j) € W, va biing 0 trong trudng hop ngugc lai. Khi dé,
Xj = 2, 8;(P)F(P)+ D8 (w) f(w)
peP wew

Do d6, mdi ludng trén dudng di va chu trinh x4dc dinh duy nhat cdc gid
tri ludng trén cung. Ching ta c6 thé quay ngugc qui trinh nay dudc khong?
Nghia 1a, chiing ta c6 thé phan rd bat ky mot ludng trén cung nao thanh
ludng trén dudng di va chu trinh khong? Cédc dinh 1y sau sé dua ra gidi ddp
cho cdu héi nay.

Pinh Iy 5.1: (Pinh 1y vé su phin ri ludng)

Moi ludng trén dudng di va chu trinh dugc bi€u dién duy nhat bing cdc
gi tri ludng khdng Am trén cung. Ngudc lai, mdi ludng khong Am trén cung
x ¢6 thé dugc bidu dién nhu 12 mot ludng dudng di va chu trinh (khdng duy
nhat) v6i hai tinh chi't sau :

a) MJdi dudng di c6 huéng véi gid tri lubng duong ndi mot nit thiéu
v6i moOt nit thiva.

b) C6 nhiéu nhi't n + m dudng di va chu trinh c6 gid tri ludng khéc 0;
hon nita, c6 t6i da m chu trinh c6 gid tri ludng khic 0.

Chitng minh: trudc tién, ching ta nhan thdy ring chi can phai ching
minh phan chiing. Chiing ta s& dua ra mot chitng minh dang thuat todn dé
chi ra cdch phian ri mot ludng trén cung x bit ky thanh mot ludng trén
dudng di va chu trinh. Gij si ring i 12 nit thiéu. Khi d6 mot cung (ig, i;) ndo
d6 mang gid tri ludng duong. N€u i, 12 mot ndt thira thi thuit todn ngirng;
ngudc lai, rang budc (5.3a) clia niit i; bdo ddm riing tdn tai mot cung (ij, i»)
khdc mang gid tri ludng duong. Ching ta lip lai thao tic trén cho d&n khi
gdp phai mot nit thira hodc 1 chiing ta sé gip lai nit da di qua rdi. Chid y
ring mot trong hai trudng hgp nay sé x4y ra sau t6i da sau n 1an thyc hién
thao tdc trén. Trong trudng hdp 1, ching ta c6 mdt dudng di cé hudng p tur
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mot nit thiéu i t6i ndt thira i, va trong trudng hdp 2, chiing ta s& ¢6 mot chu
trinh ¢6 huéng w. Trong bat ky trudng hgp ndo, dudng di hoic chu trinh
nhin dugc sé chita toan cic cung c6 gid tri lubng duong. N&u chiing ta nhian
dugc mot dudng di c6 hudng, ta cé f(p) = min{-e(ip), e(iy), min{x; : (i, j) €
P}} va cap nhit lai e(ip) = e(ip) + f(p), e(ix) = e(ix) — f(p), va x; = x;; — f(p)
cho mdi cung (i, j) trong p. N€u ching ta nhan dugc mot chu trinh w, ta c6
f(w) = min{x;; : (i, j) € w} va cip nhit lai x;; = x;; — f(w) trong mdi cung (i, j)
trong w.

Ching ta ldp lai qud trinh trén cho bai todn da dugc cap nhat lai cho
dé&n khi tat ci cdc nit déu can bing. Khi d6, chiing ta chon mdt nit bat ky
c6 it nhat mot cung ra vé6i gid tri ludng duong nhu 12 nit bt dau va lip lai
quy trinh trén. Ldc nay, ching ta phdi tim dugc mdt chu trinh ¢6 hudng.
Chiing ta s& ngirng lai khi x = 0. Rd rang, ludng nguyén thiy biing tong ctia
céc ludng trén dudng di va chu trinh xdc dinh dugc bdi phuong phdp nay.
Bay gid, hdy chi y ring, mdi khi ching ta xdc dinh dugc mot dudng di c6
huéng, ching ta s& bi€n mdt nit thira hay thiéu thanh nit cdn bdng hoic
gidm gid tri ludbng cia mdt cung nao d6 vé 0; mdi khi ching ta xdc dinh
dugc mot chu trinh ¢6 hudng, chiing ta s& gidm gid tri ludng cia mot cung
nao d6 vé 0. K&t qud 1a, ludng trén dudng di va chu trinh ludng x thi chita
tdng cong nhiéu nhit n + m dudng di c6 hudng va chu trinh, va nhiéu nhit m
trong s6 nay la chu trinh ¢6 hudéng.

Chiing ta hay xem xét mot ludng x ma e(i) = 0 VieN. Nhic lai ring
trong phan II ching ta bai todn nay goi l1a bai todn ludng luu thong. Khi
chiing ta 4p dung thuat gidi phan ra ludng ddi v6i bai todn ludng luu thdng,
v6i mdi 1an ldp ta sé phat hién ra mot chu trinh ¢6 huéng chita toan 1a céc
cung c6 gi4 tri ludng duong va hé qua 13 ludng trén it nhat modt cung gidm
xudng 0. K&t qua 13, mot ludng luu thong s& duge phan rd t6i da thanh m gid
tri ludng trén chu trinh ¢6 huéng.

5. LUONG CUC PAI

Mot trong nhitng bai todn ludng cuc ti€u c6 nhiu tng dung nhat 1a bai
todn ludng cuc dai. Ludng cuc dai dudc phat bi€u nhu sau: Trong mot mang
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v6i cdc cung ¢6 do thong qua uy, ta mudn gi mot mot ludng c6 gid tri cuc
dai gita 2 niit dic biét, nit ngudn s va nit dich t ma khong vugt qua kha
ndng thdng qua cla cdc cung.

5.1. Cac ky hiéu va gia thiét

Ta s& xem xét mot mang G=(N,A) vdi ciac do thong qua khong am u;
cia cdc cung (i,j) € A. Gid st U = max{uy: (i,j) € A}. Ta ky hiéu A@) =
{(G,k}: (i,k) € A} 1a tAp hgp cdc cung di ra tir i. D& dinh nghia bai todn ludng
cuc dai, ta phan biét 2 niit dic biét trong mang G: niit nguén s va niit dich t.
Ta mudn tim ludng cuc dai gii tir nit ngudn s dé€n nit dich t thda man moi
rang budc vé khd ning thong qua cla cdc cung. Ta c6 thé biéu dién bai todn
mot cach hinh thdc nhu sau:

Cyc dai héa gid tri ludng v (5.4a)

thda man rang budc:

vV i=s,
>xj— Y.x;=10 VieN-{st] (5.4b)
{iGnea)  {iineA) v i=t
0< Xijj < Uj V(l,_]) € A. (54C)

Ta goi vector x = {Xx;;} thda man (5.4b) va (5.4c) la lubng va gid tri v
tuong ng goi 1a gid tri clia ludng. Ta s& xem xét bai todn ludng cyc dai véi
cédc gid thi€t sau:

o Mang G la mang cé huong.

o T4t cd cdc dd théng qua ciia cdc cung trong mang déu la cdc s6
nguyén khong am. Gia thi€t nay hoan toan khong 1am mat tinh téng
quét ctia bai todn do cdc mdy tinh hién tai d& biu dién céc s6 thuc
bing cdc s hitu t.

e Mang khong chita mot duong di tix s dén t ma trong dé tdt cd cdc

cung déu cé dé thong qua la oo,

o Néu cung (ij) thuéc A thi cung (j,i) ciing thudéc A. Gii thiét nay
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khong bit budc vi trong mang c6 thé chita cdc cung véi do thong
qua uij = 0.

e Mang khéng chita cdc cung song song. Gid thi€t nay chi don thuin vi
sy tién Igi trong viéc xét bai todn. N6 khong lam mat tinh tdng quat
cua bai todn (tai sao ?).

5.2. Ludng va lat cit (flows and cuts)

Trong phin nay, chiing ta s& xem xét mot s thudc tinh cd ban clia
ludng va 14t cit. Ta s& ding cdc thudc tinh nay d€ ching minh dinh 1y quan
trong nhat vé ludng cyc dai, dinh 1y vé 14t cit t8i thi€u (max-flow min-cut
theorem).

5.2.1. Mang thing du (residual network)

Khai niém mang thing du s& dong vai tro trung tdm trong qud trinh
x4y dung cédc thuit todn tim ludng cuc dai ma chiing ta s& xem xét trong

O, Uy o . r ,.

gido trinh nay.

5.5 . 7
3
2.3 2
2.2 ©o.n ‘xé
(@) Luéng ban déu (b) ludng thang du

Hinh 5.6 Minh hoa ludng thang du
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Giad st c6 mot ludng x, khd ning thong qua thing du (residual
capacity) r;; cda mot cung (i,j) bat ky 1a gid tri ludng t6i da c6 thé giti tir nit i
dén nit j thong qua cung (i,j) va cung (j,i). Khd ning thong qua thing du r;
¢6 2 thanh phan: (1) u;; - X;; 12 khd nidng thong qua con chua dung cia cung
(i,j), va (2) gid tri 1u6ng hi€én hanh x; trén cung (j,i) va ta c6 thé loai bd
(cancel) d€ ting ludng tlf ndt i d€n ndt j. Nhu vay, rjj = u; - x;; + x;. Ta ky
hiéu G(x) 1a mang chita cdc cung v4i do thong qua thing du r;; tng v6i ludng
x. Ta goi G(x) 1a mang thiing du. Hinh 5.6 cho mdt vi du vé mang thing du.

5.2.2. Lit cit s-t

L4t cit 12 mot phan hodch chia tAp niit N thanh 2 tip con S va S =N-
S. Ta ky hiéu ldt cit nay 1a [S, S]. Ta ciing c6 thé dinh nghia 14t cit 12 mot

Hinh 5.7 Vi dy mot 1at cdt s+t

tap hdp cdc cung ma cic nit k& véi chiing thudc 2 tip nit con S va S.ta goi
mot 4t cit 1a 14t cits-tn€us € Svat e S. Ta ciing goi cung (i,j) v6i ieS
va jeS’ la cung t6i va goi cung (i,j) vbi ie S va jeS 1a cung lbi cda 14t cit
[S, S]. Gid s (S, S) 1a tap hdp cdc cung t6i trong lat cdt va (S.S) 1a tap
hgp cdc cung 1ui. Vi dy, trong hinh 5.7, cdc cung biéu dién bing dudng gach
ndi xdc dinh mot 14t cit s-t. Vi lat cdt nay, (S, S) = {(1,2),3,4),(5,6)} va
(S.8)=1{(23), 4,5}
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Ta dinh nghia dé théng qua ciia mét ldt cdt s-t [S, S 1, ky hi€u 1a u[S,
S1, 1a téng clia cdc do thong qua clia cdc cung tdi trong 14t cit. Nghia 1a
u[S,§]= U
(i.))<(s.5)
R6 rang, do thong qua clia mot 14t cit s-t 13 chiin trén cla gid tri ludng
t6i da ta c6 thé giii tir cdc niit trong S d€n cdc niit trong S.

Ldt cdt t67 thiéu 13 14t cit s-t c6 d6 thong qua nhd nhat.

Ta dinh nghia dé théng qua thing du ciia mét ldt cdt s-t [S,S°], ky hiéu
1a r[S, S], 1a tdng clia cdc dd thong qua thing du cda cdc cung t6i trong 14t
cit. Nghia Ia

r[S, S]: 2T
(i,J)e(8.8)

Ludng bdng qua mét ldt cdt s-t: gia st x 13 mot ludng trong mang G.

Cong 2 v& clia dfmg thirc (5.4b) ng vdi cdc niit trong S, ta nhian dugc:

V= Z{ 2%~ iji}
ies | {i(i,))eAr  {i(].D)eA}

Ta c6 thé don gidn héa bi€u thic trén nhd lvu y dén tinh chit sau: néu
nidt p va nit q cing thudc tdp S va (p.q) € A, bi€n x,, trong tdng dau tién s&
triét tiéu bi€n —x, trong tong thi hai. Hon th€ nita, n€u cd 2 nit p, q cling
thudc S, thi x,q s& khong xudt hién trong biéu thitc. Nhu vay:

V= 2% 2% (5.5
(i.))e(s.8)  (i,))=(S.8)

T8ng ddu tién trong vé& phai cia (5.5) biu dién lugng ludng truyén tir
cdc ndt trong S d€n cdc nit trong S va tong thit 2 biéu dién lugng ludng
truyén tif cdc nit trong S d&n cdc nit trong S. Nhu vay, v€ phai cda (5.5)
bi€u dién téng gia tri ludng biang qua ldt cit, va (5.5) ham ¥ riing ludng bing
qua mot 1at cdt s-t bat ky bang v. Do 0 < x;; < u;; nén tir (5.5) suy ra:

Gi4o trinh Ly thuyét d6 thi - Chwong 5: Ludng trong mang 21

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Khoa C6ng Nghé Théng Tin — Bai Hoc Khoa Hoc Ty Nhién

ve Yu, =uls,3] (5.6)
(i,)e(8,8)
Bit déng thitc (5.6) cho phép ta khing dinh riing gi4 tri cia mot ludng
bat ky nhd hon hay biing kha niing thong qua ctia mdt 14t cit s-t bat ky trong
mang.

Ménh dé 5.1: Gid tri ciia mdt ludng bdt ky nhé hon hay bang khd ndng
thdng qua ciia moi ldt cdt trong mang.

Ménh dé trén ham ¥ ring n€u ta phit hién dugc mot ludng x ma gid tri
clia n6 bing khd ning thong qua ctia mot 14t cdt [S, S] nao do, thi x chinh
12 ludng cuc dai va 14t cdt [S, S] chinh 13 14t cit t&i thi€u. Pinh 1y vé 14t cit
toi thi€u, sé dudc chitng minh trong phan k&, khing dinh ring, mot ludng bat
k¥ 1udn cos gid tri ludng biing kha ning thong qua clia mot 14t cit ndo do.

Ti€p theo, chiing ta s& phat bi€u lai ménh dé 5.1 theo thuit ngit ctia do
thong qua thing du. Gid sk ring x 1a mot ludng c6 gid tri v va x’ 1a mot
ludng c6 gid tri v + Av (Av > 0). BAt ding thitc (5.6) cho ta:

VEAVS YUy 5.7

(i,1)e(S.8)
LAy (5.7) trix (5.5) ta dugc:

AV < Z(uij - xij)+ D% (5.8)

(i.)e(s.9) (i.)=(s.9)

Bay gig, ta st dung gia thi€t 5.4 dé co thé viét Z(i,j)e@,S)XU thanh
Z(i,j)e(sS)XJi . Nhu vay:

Av < Z(uij—xij+xji)= 2 (5.9)

(i.1)e(8.8) (i,))(8.8)
Ménh dé sau day trd nén hién nhién:
Ménh dé 5.2: Véi moi ludbng x c6 gid tri v trong mang, luong luong co

thé giti thém tir s dén t ludén nhé hon khd ndng thong qua thdng du ciia mot ldt
cdt s-t bat ky.
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5.3. Thuat todn dudng ting truéng (augmenting path) tim ludng
cuc dai

Trong muc nay, ching ta s& tim hi€u mot thuit todn so khai nhat dé
gidi bai todn ludng cuc dai. Thuit todn ndy dudc bi€t vdi tén goi thuat todn
dudng ting trudng (augmenting path algorithm).

Ta goi mot dudng di c6 hudng tr s d€n t trong mang thing du 12 mot
dudng tang trudng (augmenting path). Ta goi do thdong qua thing du cia mot
dudng ting trudng 13 dd thong qua thing du nhé nhit cla cdc cung trong con
dudng nay. Vi dy, trong mang thing du trinh bay & hinh 5.5b chita duy nhat
1 dudng ting trudng 1-3-2-4 va dod thong qua thing du cla né & = min{rs,
I3, Iy} = min{1,2,1} = 1. Nhu vy d6 thong qua thing du & clia mot dudng
ting trudng luén duong. Vi vy, n€u mang thing du chifa mot dudng ting
trudng, ta c6 thé ting gid tri ludng gii tir s d&n t trong mang. Thuit todn
dudng tang trudng dua trén cd sG cda nhan xét vira néu. Thuit todn hoat
dong theo qui trinh 14p di 1ap lai viéc tim mot dudng ting trudng va ting gid
tri ludng gt tir s d&n t doc theo con dudng nay.

Thuét toan Augmenting path

Begin
x:=0;
while (G(x) chita mot dudng di c6 hudng tir s d&n t) do
begin

Xéc dinh dudng ting trudng P tir s dén t;
& := min{ry: (i,j) € P};
Ting ludng thém gi4 tri 12 & doc theo P va cip nhat G(x);
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end;
End,;
O——0
bich
3
@ ©)
A 5
2 1
2
© (d)

Hinh 5.8 - Minh hoa thudt todn dudng tang trudng
Chiing ta s& diing mang trong hinh 5.8a &€ minh hoa viéc gidi bai todn
ludng cuc dai bing thuit todn dudng ting trudng. Gid sk ring thuit todn
chon dudng di 1-3-4 d€ ting trudng. PO thong qua thing du clia con dudng
ndy 1a & = min{ry3, r»} = min {4, 5} = 4. Budc ting trudng nay gidm do
thong qua thing du cud cung (1,3) di 4 don vi.
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Do thong qua thing du cda cung (3,4) cling gidm tir 5 xudéng con 1 va
do6 thdong qua thing du cta cung (4,3) ting tir 0 1én 4. Hinh 5.8b minh hoa
mang thing du & giai doan nay. O 1dn lip thd 2, gid s ring thudt todn chon
dudng di 1-2-3-4. B9 thong qua thing du clda con dudng nay 8 = min{2, 3, 1}
= 1. Ting trudng 1 don vi ludng doc theo con dudng ndy, trang thdi cla
ludng thing du s& gidng nhu trong hinh 5.8c. Trong 1an lip thit 3, thut todn
ting trudng 1 don vi ludng doc theo dudng 1-2-4. Hinh 5.8d chi ra ludng
thing du tuong &ng. Lic nay, ludng thing du khdng con chita con dudng niao
tr 1 d&€n 4, nén thuat todn dirng & day.

5.3.1. Mdi quan hé giita mang goc va mang thiing du

Trong khi cai dit thuat todn dudng ting trudng, ta c¢6 thé chon lya lam
viéc tryc ti€p trén mang gdc v4i ludng x;; hodc xdy dung mang thing du
G(x) va theo ddi sy thay ddi clia cdc gid tri ludng thing du rjj. Va sau do, khi
thut todn dirng, ta s& khoi phuc gid tri ludng x;; dya vao ;. Pé nim virng ci
2 céch ti€p can nay, ching ta can tim hi€u m&i lién hé giita cdc gid tri ludng

trong may o el { ludng thiing du trong o g thing o
Trudctién, ching ta hay xem xét khdi niém I dudng tdng truong trong

@ )

@
Hinh 5.9 Anh hudng cla phép tang trudng lén su phan rda ludng
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Bay gid, gid st ring ta cAp nhit cdc gid tri ludng thing du tai mot thdi
diém nao d6 trong qué trinh thyc thi thuat todn. Lic d6 x;; s& bi 4nh hudng ra
sao ? Pinh nghia ctia ludng thing du (rij = uj — X3 + Xji) xdc nhan ring, viéc
ting & don vi ludng trén cung (i, j) trong mang thing du tuong Gng véi (1)
viéc ting x;; thém § don vi ludng hodc (2) gidm x; di § don vi ludng hay (3)
mot t& hdp tuyén tinh giita (1) va (2) nghia 1a X;; ting thém §; don vi con Xx;
gidm di 8, don vi v6i 8§, + 8, = 8. Chiing ta s& dung vi du trong hinh 5.9 dé
minh hoa nhitng trudng hgp nay. Viéc ting trudng 1 don vi ludng doc theo
dudng 1-2-4-3-5-6 trong mang sinh ra mang thdng du trong hinh 5.9c véi cic
gid tri ludng x;; twong Gng nhu trong hinh 5.9d. So sdnh 13i gidi trong hinh
5.9d v6i mang trong hinh 5.9a, ta thdy ring viéc ting ludng lam ting gid tri
ludng trén cdc cung (1,2), (2,4), 3,5), (5,6) va gidm ludng trén cung (3,4).

Cudi cling, gid sk ring ta ¢ nhan dudc cdc gid tri ludng thing du. Lam
th& nao d€ cdc dinh x;; ? Vit = wj — X;; + X;, ¢6 tdt nhiéu t6 hgp clia x;; va x;;
tuong ng vdi cing mot gia tri ry;. Ta ¢ thé€ chon mot trong nhitng kh3 ning
Iléy Nhﬁn xét rﬁng, ta co thé Viét la1 bléu thac Ijj = Ujj — Xjj + Xii thanh Xij - Xji
= ujj — r;j;. Nhu vy, ta ¢ thé chon Xjj = Wjj — Iy va X;; = 0 néu u;j — 1;; > 0;
ngudc lai ta chon x;; = 0 va Xj = rj; — uj.

5.3.2. Anh huéng ciia phép ting truéng 1én sy phan ra ludng

Pé hiéu 16 hon vé thuit toin dudng ting trudng, chiing ta hiy xem
minh hoa vé hiéu @ng cla sy ting trudng tic dong Ién sy phin rd ludng
trong vi du & hinh 5.9. Hinh 5.10a cho chiing ta thdy sy phan rd clia luéng
ban diu va hinh 5.10b cho chiing ta thdy sy phin rd ctia ludng sau khi ta di
ting 1 don vi ludng doc theo dudng di 1-2-4-3-5-6. Mic du chiing ta ting 1
don vi ludng doc theo dudng di 1-2-4-3-5-6 nhung trong phan ra ludng lai

khong chira con dudng nay. Tai sao ?

1

h Ly thu@) thi - Chwong 5: Lu

(@ ()]
Hinh 5.10 K&t qud cla phan réa ludng
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Con dudng 1-3-4-6 xéc dinh ludng trong hinh 5.10 chita 3 doan: doan
dudng dén niit 3, cung (3,4) 14 1 cung t6i, va doan dudng tdi niit 6. Ta c6 thé
xem con dudng nay nhu mot sy ting trudng 0 don vi ludng. Tuong ty nhu
viy, dudng 1-2-4-3-5-6 chita 3 doan: doan dudng dén niit 4, cung (3,4) 1a 1
cung lui, v doan dudng t6i niit 6. Ta c6 thé xem sy ting trudng trén dudng
1-2-4-3-5-6 nhu 12 sy lién k&t doan ddu clia con dudng 1-3-4-6 vdi doan cudi
clia dudng ting trudng va ndi doan cudi cia dudng 1-3-4-6 v6i doan ddu cla
dudng ting trudng (1-2-4-3-5-6) ddng thdi triét tiéu gid tri ludng trén cung

(@ o)
Hinh 5.11 Anh hudng cla phép tang trudng lén su phan ra ludng: (a) hai
dusng tang trudng P,-P,-P; va @,-Q,-Q; ; (b) Anh hudng that su clia ching

(3, 4) (xem hinh 5.11).

5.4. Thuat todan gdan nhin va dinh Iy 14t cit nhé nhat

Trong muc nay, chiing ta s& khdo sdt thuit todn dudng ting trudng mot
cdch chi ti€t hon. Trong muc trudc, khi khdo st thuat todn nay, ching ta da
bé qua mot s§ chi ti€t quan trong, ching han nhu (1) 1am thé nao dé tim ra
mot dudng ting trudng hodc khing dinh ring mang khong chira dudng ting
trudng nao, va (2) liéu thuit todn cé ditng sau mot s hitu han 1an 1ip khong
va ditng & dau, liéu thuat todn c6 that sy tim ra ludng cuc dai nhu mong
mudn hay khong ? Trong muc nay, ching ta s& xem xét cdc van dé trén vdi
mdt phién ban cai dit cla thuit todn dudng ting trudng dugc biét v6i tén
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goi thuat todn gdn nhan (labeling algorithm).

Thuit todn gdn nhin si dung mot k§ thuat tim ki€m (theo chiéu rong
hoic theo chiéu sau) d€ tim mot dudng di tir nit ngudn s d&n nit dich t trong
mang G(x). Thuit todn s& 1in d&n tit cd cdc nit c6 thé dé&n tlr nit ngudn
theo mdt dudng di c6 huéng. Tai mdi bu6c, thuit todn phan hoach tap cdc
nidt cda mang thanh hai nhém: nhém cdc niit duge gdn nhin va khong duge
gén nhan. C4c niit dugc gdn nhin 13 nhitng nit ma tai thdi diém dang xét,
thudt todn da phat hién it nhat mot dudng di ndi tir nit ngudn dén niit nay.
Nhirng nit con lai 1a nhitng nit khong dudc gan nhan. Thuat todn 1ap di lap
lai qud trinh chon mot nit da c6 nhian va quét theo danh sich cdc nit ké véi
né d€ gan nhin cho cic nit chua c6 nhin. Qua trinh nay dugc ti€n hanh cho
dé&n khi nit dich t dude gdn nhin. Khi d6, ta tim dudc mot dudng di tir s dén
t. Pay chinh 12 mot dudng ting trudng. Glri mot lugng ludng tdi da c6 thé
doc theo con dudng nay ta sé& ting dudc gid tri ludng x trong mang ban dau.
Véi mang G(x) mdi, ta ti€p tuc qud trinh gdn nhdn va ting ludng cho dé&n
khi khong thé gan nhin dudc cho niit dich t. Thuat todn dirng tai day. Duéi
day la thuit todn gan nhan:

Thuit toan Labeling
Begin
repeat
Pat moi nit & trang thdi khong gdn nhin;
V6i moi nit j € N, dit prev(j) = 0;
Gén nhan cho nit s va ddt LIST = {s};
while (LIST # {} va t chua c6 nhan)
begin
LAy mot nit I tir LIST;
for (mdi cung (i, j) trong mang thing du) do
if (r;j > 0 va nit j chua c6 nhan) then
begin
bit prev(j) = i; Gan nhén cho j;
Thém j vao LIST;
end;
end;
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if (t dugc gdn nhin) then Ting ludng;
until (t khong cé nhan);

End;
Procedure Ting luong
Begin

Dung gid tri nhin prev() d€ tim dudng ting trudng P tir s d&n t;
& =min{r;: (i,j) € P};
Ting & don vi ludng doc theo P va cip nhat kh3 ning thong qua
thing du trong mang thing du;
End;
5.4.1. Tinh ding dfin clia thuit toin gan nhin

D& khio sit tinh ding din ciia thuit todn gdn nhin, ta cAn chi ¥ ring
trong mdi 1an lip clia vong lip repeat, thuit todn hoic tim ra mot dudng
ting trudng hodc khong gdn nhian dugc cho nit dich t. Trong trudng hgp sau,
ta phai chitng minh gi4 tri clia ludng x 12 gid tri ludng cuc dai. Gid st tai giai
doan nay, S 1a tdp cdc nut da dudc gdn nhdn va S=N-Sh tdp cdc nit
khong dugc gdn nhan. Rd rang, s e Svate S. Do thudt todn khong thé gin
nhin cho bat ky nit nao trong S nén rij = 0 v6i moi (i,)) € (S, S ). Hon nita,
do rjj = (U — Xj) + Xji, Xij < ujj va X; = 0, nén x; = u;; véi moi (i,j) € (S, §) va
xij =0 v6i moi (i,)) € (§, S). Thay cdc gid tri nay vao biéu thifc (5.5) ta c6:

V= 2% = 2% = DUy =ulsS]
(i,)e(8,8)  (i,)e(S.8)  (i,))e(S.9)

Nhu vay, gid tri cda ludng x hién tai bing kha ning thong qua ctia 14t
cit [S, S]. K& hop v6i ménh dé 5.1, ta ¢6 thé khing dinh x chinh 13 mot
ludng cuc dai va [S, S] la 14t cit nhd nhat. K&t luan ndy ching minh tinh
ding din cla thuit todn v né ciing chitng minh 1udn dinh 1y vé 14t cit nhd
nhat.

Pinh Iy 5.2: (Pinh 1y vé 14t cit nhé nhat — Ford-Fullkerson)

Gid tri cuc dai ciia ludng giti tix mit nguén s dén niit dich t trén mang

bdng khd ndng thong qua ciia ldt cdt s-t nhé nhat.

Phan chitng minh ctia dinh 1y vé 14t cit nhd nhat chi ra ring khi thuat
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todn gdn nhidn dirng, ta x4dc dinh dudc cd 14t cit nhd nhat. Thuit todn nay
ciing chitng minh dinh 1y vé dudng ting truéng sau:

Pinh Iy 5.3: (Pinh 1y vé dudng ting trudng)

Mot luong x* la ludng cuc dai khi va chi khi mang thing du G(x*)
khong chita duong tdng trudng.

Chifrng minh:

Né&u mang thing du G(x*) chita mdt dudng ting trudng, rd rang ludng
x* khong thé 1a ludng cuc dai. Ngudc lai, n€u mang thing du G(x*) khong
chita dudng ting trudng, tip ndt S dudc gdn nhin bdi thudn todn gdn nhin
xdc dinh mot 14t cdt [S, S] c6 kha ning thong qua bing v6i do 16n cla
ludng x*. Tir day suy ra x* 13 mdt ludng cyc dai. Pinh 1y dugc chitng minh.

Thuit todn gdn nhin con cho ta mot k&t qué quan trong hon.
Pinh Iy 5.4: (Pinh 1y vé tinh nguyén)

Néu khd ndng théng qua ciia tdt cd cdc cung trén mang déu la sé
nguyén, thi ludng cuc dai sé cé gid tri nguyén.

Chifng minh:

Ta chitng minh bing qui nap theo s& 1an ting ludng. Do thuit todn gin
nhin bit dau tir ludng c6 gid tri 0 va kha niing thong qua ciia ti't cd cdc cung
trén mang déu 12 s& nguyén nén trén mang thing du ban diu sé chita toan
cdc cung véi d6 thong qua nguyén. Trong mdi 1an lip, ludng s& dugc ting
mdt lugng bing do thong qua thing du nhd nhit ¢ng véi mdt cung ndo dé
trén dudng ting trudng. Theo gia thi€t qui nap, gid tri nay nguyén. Nhu vay,
trong 1an lip ti€p theo, do thdng qua clia cdc cung trén mang thing du sé lai
nguyén. Do u;; va r;; d€u nguyén nén x; cling s& nguyén. Sau mdi lan lip,
gid tri clia ludng x ting 1én it nhat mot don vi, va gid tri clia x khong thé
vudt qud kha niing thong qua clia mot 14t cit bat ky nén thuat todn s& dirng
sau hitu han buéc. Pinh ly dugc chiing minh.

K&t qua clia dinh 1y 5.4 khong c6 nghia 12 ludng cuc dai trén mang bat
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ky 14 s6 nguyén. Bai todn ludng cuc dai c6 thé c6 ddp sé khong nguyén.
5.4.2. Do phifc tap ctia thuit todn gan nhin

Ta sé& khdo sdt do phic tap cda thudt todn trong trudng hgp x4u nhat.
Nhic lai, sau mdi 1an ldp, ngoai trir 14n cudi cling, thut todn thyc hién mot
1an ting ludng. D& dang thidy, mdi 1an ting ludng ta tdn chi phi O(m). Van
dé con lai 1a xdc dinh t6i da c6 bao nhiéu Iin ting ludng. N€u tit ci céc
cung déu c6 dd thong qua nguyén < U, d6 thong qua clia 14t cit (s, N-{s})
khong vugt qua nU. Nhu vay, gid tri ludng cuc dai phai khong vugt qud nU.
Thuat todn ting ludng it nhAt mdt don vi sau mdi 1an lip. Vi vay, s6 1an ting
ludng khong vugt qua nU. Tir day suy ra, do phic tap cla thuat todn 1a
O(nmU).

Pinh Iy 5.5:

Thudt todn gdn nhan gidi bai todn ludng cuc dai véi dd phiic tap
O(nmU).

Mic du trong phdn nay, chiing ta gid thiét ring do thong qua cia cdc
cung déu hitu han. Trong mdt s6 tng dung, d€ thuin tién cho viéc mo hinh
héa bai todn, ta can cho phép cdc cung c6 don thong qua vd han. N€u ta gid
st ring c6 mot lat cdt s-t nao d6 c¢6 dd thdong qua hitu han va goi U la kha
ning thong qua 16n nhit cla cdc cung trong lat cit. Lic d6, k&t qué cla dinh
ly 5.5 cling nhu cdc két qua khdc trong phan nay vin bdo todn tinh ding
din. Mot hudng ti€p can khic 1a dung mot gid tri di 16n dé biéu dién cic
gi4 tri vo han sao cho khong 4nh hudng dé&n gi4 tri ctia ludng cuc dai.

5.4.3. Han ché ciia thuit todn gdan nhan
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Thuit todn gdn nhidn c6 thé 12 thuat todn don gidn nhat dung dé€ gidi
bai todn ludng cuc dai trén mang. Trong thuc nghiém, thuit todn hoat dong
dd tot. Tuuy nhién, trudng hdp x4u nhit cda thuit todn sé khong thdéa min
yéu cau vé tdc do khi U qud 16n. Vi du, néu U = 2", chi phi clia thuét todn s&
12 ham mii ca s& ndt trong mang. Hon nifa, thudt todn s& thuc hién rat
nhiéu 14an lip nhu vi dy trong hinh 5.12.

Han ché thit hai clia thuét todn 12 néu d6 thong qua clia cdc cung trong

(@ () ©
Hinh 5.12 Vi du khi thudt todn gdn nhdn Iam viéc khéng t&t: (@) mang thang
du Ung vdi ludng zero; (b) mang sau khi tang 1 don vj ludng doc theo

dudng s-a-b-t; (¢) mang sau khi tang 1 don vi ludng doc theo dudng s-b-a-t

mang 1 s6 vo ti, thut todn c6 thé khong ditng (xem trong phin bai tap). Vi
vay, d€ bdo ddm tinh hiéu qui cla thuit todn, ta cAn chon dudng ting
trudng mot cich cin than.

Han ch€ thi ba ctia thudt todn 1a s ldng phi. Trong mdi buéc lip, ta
thyc hién qua trinh gdn nhin cdc nit tir dau, trong khi trong nhiéu trudng
hop cdc thong tin vé nhin cla budc trudc van con gid tri & 1an 1dp sau. Viéc
giit lai cdc thong tin ndy s& lam gidm ddng k& chi phi thuc hién thuat todn.
Céc ban hdy thi cdi ti€n thuat todn theo huéng nay nhu mot bai tap.

5.4.4. Thuit toan Ford-Fullkerson

Trong phan trudc, chiing ta khdo st thuat todn tim ludng cuc dai theo
huéng ti€p cin ding mang thing du. Ta c6 thé gidi quyét bai todn nay theo
huéng ti€p can khic. Ta c6 mot bién thé clia thuit todn gdn nhin. Thuit
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todn nay sé& lam viéc tryc ti€p trén mang ban dau.

Goi cung (i, j) 1a cung bao hoa né€u gid tri ludng trén cung ndy x;; = uj.
Mot dudng di tir s d&€n t 12 mot ddy cdc cung khong quan tim chiéu ndi s véi
t (day chuyén). Cdc cung huéng theo chiéu tir s d&€n t goi la cung thuin va
ngudc chiéu ta goi 1a cung nghich.

Ta ciing dinh nghia khd ndng thong qua thing du cia mot cung (i, j)
trong dudng di P tlr s d&n t nhu sau:

r

X neadad(i, j) cung nghoch treanP

:{uij —X; neadad(i, j) cung thuaantreanP
ij

Ta ciing dinh nghia kha ning thong qua thing du & cia mot dudng di P
nhu sau:

&(P) = min{ry: (i,j) € P}
Thuit toan Ford-Fullkerson

Begin
Khéi dong ludng x = 0;
repeat

/*Tim mot dudng di P tir s d&€n t trong d6 thi by phan gdom
cic cung khong bao hoa ctia G*/
Pat moi nit & trang thdi khéng gdn nhin;
Gén nhan O cho nit s va dat LIST = {s};
while (LIST # {} va t chua c6 nhin)
begin
LAy mot niiti tir LIST;
for (mdi cung (i, j) € A) do
if (uy - x;; > 0 va niit j chua c6 nhin) then
begin
Gan nhan +i cho j;
Thém j vao LIST;
end;
for (mdi cung (j, i) € A) do
if (xj; > 0 va niit j chua c6 nhdn) then
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begin
Gén nhan -i cho j;
Thém j vao LIST;

end;
end;
if (t dugc danh d4u) then /*ting ludng*/
begin

Tim dudng di P tir s d&n t dya theo nhin clia cdc dinh (dinh
¢6 nhan <0 s& cho ra cung ngudc trén P).
8 = khé ning thong qua thing du cla P;
tang ludng x;; += 8 v6i moi (i,j) € P dinh huéng thuin;
gidm ludng x;; -= § v6i moi (i,j) € P dinh huéng nghich;
endl
until (t khong duge danh diu);
End,;
5.5. Bai todn ludng tuong thich (feasible flows problem)

Bai todn ludng tuong thich 1a bai todn xdc dinh mot ludng trén mang
G=(N,A) thda man cdc rang budc sau:

D% — 2x;=b() VieN (5.10a)
i i)eA)  {iii)eA)
0 < x; < uy V@, j) € A (5.10b)

trong d6 ZieN b(i) =0.

Bai todn ludng tudng thich ¢c6 mot s6 tng dung thyc t€. Ching han tng
dung vé phin ph6i hang héa. Trén mot mang ludi cdc hdi cing, mot sd cing
c6 hang h6a ma nhitng cdng khac cAn. Ta biét lugng hang c6 tai cdc cang,
bi€t nhu ciu vé cdc hang héa nay ciing nhu bi€t kha ning van chuyén t5i da
trén mdi tuy€n dudng. Ta cin bi€t liéu c6 thé ddp tng moi nhu ciu dya trén
céc ngudn cung cAp trong mang hay khong.

Ta c6 thé gidi bai todn ludng tuong thich biing cich tim ludng cuc dai
trén mdt mang G’ dinh nghia tr G nhu sau. Ta thém vao hai nit m&i, mot
niit ngudn s v mot nit dich t. Vi mdi nit i ¢6 b(1)>0, ta thém vao cung (s,
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i) v6i do thong qua 1a b(i), va v6i mdi nidt i c6 b(i)<0, ta thém vao cung (i, t)
véi d6 thdong qua 12 -b(i). Sau khi thi€t 1ap xong mang G’, ta gidi bai todn
ludng cuc dai truyén tir s d@&n t trén mang nay. N&u tit ca cdc cung (s, i) va
(j, t) @éu bio hoa (nghia la x4 = ug va Xj = ;) thi bai todn (5.10) c6 ludng
tuong thich; trong trudng hdp ngudc lai, khong cé ludng twong thich.

D& dang kiém chitng tinh ding din cda thuat toin. Néu x 12 mot ludng
thda (5.10a) va (5.10b) thi chinh ludng nay vdi xg = b(i) trén mdi cung (s, i)
va v6i x;, = -b(i) trén mdi cung (j, t) 12 ludng cyc dai trén mang G’. Tudng ty
nhu vay, n€u x 12 ludng cuc dai trén mang G’ va lam day ti't ci cdc cung (s,
i), (j, t) thi chinh ludng nay trong mang G ban diu sé& thda (5.10).

5.6. Ludng c6 chiin duéi (Flows with lower bounds)

Trong phan nay, chiing ta s& kh3o sit bai todn ludng cuc dai trén mang
véi cdc cung c6 kha ning thong qua tSi thi€u 16n hon khong (mang c6 chin
du6i). Bai todn c¢6 thé phat bi€u mdt cach hinh thic nhu sau:

Cuc dai héa v

thda man rang budc:

vV i=s,
zxij_ ZX“ =<0 VIEN—{S,'[}
{(i:G.eA}  {i(ii)eA} v it

0< lij < Xij < Uj; V(I,J) € A.

Trong muc trudc, ching ta dd khdo st trudng hgp dic biét cla bai
todn nay khi tdt cd I = 0. Trong khi bai todn ludng trén mang c6 chin dudgi
bing O ludn ludn cé 15i gidi thich hgp, bai todn ludng trén mang cé chin
du6i 16n hon 0 ¢6 thé khong c6 15 gidi thich hgp. Vi du, xem bai todn ludng
cuc dai trén mang trong hinh 5.13. Bai todn nay khong c6 181 gidi vi cung
(1,2) phdi mang tdi thi€u 5 don vi ludng trong khi cung (2,3) lai chi c6 thé

mang t6i da 4 don vi. 6ng bao gid thda min dudc rang budc vé

cin biing vat chat ta
Nguén (5.10) @. % Pich
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Nhu d3@ minh hoa trong vi du trén, moi thuit todn tim ludng cuc dai
trén mang c6 chin dudi phdi gidi quyét hai van dé: (1) xdc dinh xem bai
todn c6 ton tai ludng tuong thich hay khong, va (2) néu cé, thi thiét lap
ludng cyc dai. Chinh vi vay, khdng c6 gi ngac nhién khi hau hét cdc thuat
todn bao gdm hai giai doan. Giai doan thi nhat ki€m tra sy ton tai cdia mot
ludng tuwong thich va giai doan hai, n€u ton tai s& bi€n ddi ludng tuwong thich
thanh ludng cuc dai. Phin ti€p theo sé& cho ching ta thdy ring mdi giai doan
clia thuit todn sé tuong duong v6i mot 1an gidi bai todn ludng cuc dai khong
c6 chin du6i. Nghia 1a dé gidi bai todn ludng trén mang cé chin dudi ta cin
gidi hai bai todn bai todn ludng trén mang khong c6 chin dudi. PE thuian
tién, ching ta s& khéo sdt giai doan hai trudc.

5.6.1. Xdc dinh ludng cuc dai

Gi4 st ta c6 mot ludng tuong thich x trong mang. Ta c6 thé hiéu chinh
mot thudt todn tim ludng cuc dai trén mang khong c6 chin dudi bat ky dé
tim ludng cuc dai trén mang clia bai todn ta dang xét. Ta chi cin thyc hién
hiéu chinh sau: ta dinh nghia d6 thong qua thing du cla cung (i,j) 1a 1;; = (uy
— xij) + (xji— Ij); hang thic diu tién trong bi€u thic thé hién khd ning ting
t6i da clia ludng chay tir i d€n j thong qua cung (i,j), va hang thic thit hai thé
hién kha niing ting t6i da cda ludng chay tir i d€n j thong qua viéc gidm
ludng trén cung (j,i). Luu y ring x 12 ludng tuong thich nén r;>0. Do thuat
toan tim ludng cuc dai trinh bay trong phan trudc chi 1am viéc trén mang
thing du nén ta c6 thé dung né d€ thi€t 1ap ludng cuc dai trén mang. Thuat
todn nay dirng khi ta nhan dugc gid tri ludng thing du t8i vu. T cdc gid tri
ludng thing du nay, ta ¢ thé tinh ra ludng cuc dai bing nhiéu cidch khic
nhau. Vi dy, ta c6 thé d8i bi€n s§ dé gidm chi phi tinh todn. Dat u’ = u;; — 1j;,
'’y = rjj, va X'y = X — lij. Do 1jj = (uj — X;3) + (Xji— L) nén 1’y = w’j — X745 + Xji.
Tuong tv, r'j = u’j — X’ + X’y3. Tinh X’ theo u” va r’ ta dugc:

X’ij = max(u’ij — r,ija O) va X,ji = max(u’ji — r,ji’ O)
Tir day, ta c¢6 thé tinh x theo cong thiic

Xjj = lij + max(uij = Iijj— lij’ 0)
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Xji = lji + max(uji —Iji— ljis O)

Bay gid chiing ta s& chifng minh riing ludng cho bdi thuit todn da hiéu
chinh trén that sy cho ta ludng cuc dai trén mang c6 chin dudi. Goi x 12 mot
ludng tuong thich trén mang G v&i gid tri ludng 1a v, va [S, S]1a mot 14t cit
s-t. Ta dinh nghia d6 thong qua clia mot 14t cit s-t nhu sau:

u[s,sJ= U= 2l (5.11)

(i,)e(8,8)  (i.)(S.9)

Do thong qua clia 14t cit cho bi€t lugng ludng that sy cé thé gifi tir cdc niit
trong tip S dén cdc niit trong tip S. Ta viét lai bi€u thic (5.5) d€ tién si
dung:

V= - D% (5.12)

(i,))e(8,8)  (i,))e(S.9)

Do I;; < x;; < u;; nén thay x;; biing uj; trong tdng thi nhdt va thay xij bing I;
trong tong tht hai trong v& phai clia (5.12) ta dugc bat ding thic:

ve Yu - Y, =uls,s] (5.13)

(i.,))e(8,8)  (i,1)e(S.8)

Bat ding thifc (5.13) chitng té riing gid tri ludng cuc dai nhd hon hay
bing kha niing thong qua clia mot 14t cit s-t bat ky. Khi két thic, thuat todn
cho ta mot 14t cit [S, §] v6i rjj = 0 trén moi cung (i,)) € (S, é). Goi x 1a
lu6ng tuong ng, c6 gid tri v. Vir; = (uj — Xij) +(X;i — L), diéu kién Xjj < ujj va
I < x;; cho phép ta khing dinh x;; = u;; va 1y = x;;. Nhu vay, x;; = u;; v6i moi
cung (i,j) € (S, S) va I = x; véi moi cung (i,j) € (S, S). Thay cdc gid trj
nay vao (5.12) ta dugc

v=uls;s)= Yu- Y, (5.14)

(i,0)e(8,8)  (i.i)e(5,9)

Tir (5.13) va (5.14) ta c6 thé két luan, [S, é] 12 14t cdt s-t nhd nhit va
x 12 ludng cuc dai. Nhu 1 hé qud clia k&t qua nay, ta ¢6 dinh Iy md rong cla
dinh 1y 14t cit nhd nhat:
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Dinh Iy 5.5: (Pinh 1y 14t ¢t nhé nhit md rong)

Néu khd ndng théong qua ciia mot ldt cdt s-t [S, S ] trén mang c6 cd
chan trén 1dn chdn dudi dinh nghia nhu trong 5.12, thi ludng cuc dai giti ti s
dén t sé c6 gid tri bang khd ndng thong qua ciia ldt cdt nhé nhat.

5.6.2. Xay dung ludng tuong thich

Bay gid, cong viéc con lai 12 x4 dinh mot ludng twong thich trén mang.
Trudc tién, chiing ta s& chuyén ddi bai todn ludng cuc dai sang bai todn luu
thong bing cdch thém vao mang cung (t, s) véi kha ning thong qua v6 han
o0. Cung nay s& chuyén tai toan bd ludng gii tir s d&n t quay ngudc trd lai s.
Nhu vay, trong bai todn Iuu thong, ludng di ra tir mot nit ba't ky (ké ca cic
nit s va t) bing ding ludng vio né. D& dang thiy riing, bai todn ludng cuc
dai c6 ludng tuong thich khi va chi khi bai todn lvu thong thuong ng c6
ludng tuong thich. Biy gid, ta sé tim diéu kién can va di d€ bai todn luu
thdng trén mang c6 chin trén va chin dudi cé ludng tuong thich.

Bai todn xdc dinh ludng tuong thich clia bai todn luvu thong 14 bai todn
tim mot ludng x thda cdc rang budc sau:

ZXU— ijizo VieN (5.15a)
(i iyeA)  {iii)eA)

lij < xjj < u V(i j) € A (5.15b)

Biing cich thay Xjj = X’jj + Ljj vao rang budc (5.15a) va (5.15b), ta nh4n
dudc bai todn mdi tuong duong:

D= 2x=b() VieN (5.16a)
{iG.0)eAl  {iiieA]
0< X’ij < ujj — lij V(l, J) S A
(5.16b)
Vi gid tri cung/cau b(.) tai mdi niit x4c dinh bdi cong thic:
b= > ;- >1;=0 VieN (5.17)
{i(ii)eA) (i )en)
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Nhan xét ring ZieN b(i) =0 do mdi I; xuat hién 2 1an trong biéu thic nay,
mot 1an véi diu cong va mot 1n v6i dau trir. Nhu vay, bai todn luu thong
tuong duong vdi viéc tim ludng x” thda min rang budc (5.16).

Luu ¥ ring, bai todn ndy chinh Ia bai todn ludng tuong thich chiing ta da
kho sit & phan truSc. Nhu da biét, d€ gidi bai todn ludng tuong thich ta cin
gidi mot bai todn ludng cyc dai trén mang khong c6 chin dudi. Qua dé, hoic
ta xdc dinh dudc mot 15i gidi thda (5.16) hoic khing dinh dugc ring, bai
todn khong tn tai 13i gidi phit hgp. N&u x’;; 12 ludng tuong thich cla (5.16),
thi x;; = X’ + 1;; 12 ludng tuong thich ciia (5.15).

5.6.3. M ta dic di€ém ciia ludng tuong thich trén mang luu thong

Ta s& khdo st sy ton tai ludng tuong thich clia bai todn luu thong. Goi
S 12 mot tAp hdp niit bat ky trén mang. Ta cé:

%= D% =0 (5.18)

(iL.D)(s.8)  (i.))=(S.9)

Do Ijj < xj; < uy, tir (5.18) suy ra:

2l < 2y
(D) ()5 (5.19)
Biéu thitc (5.19) chinh la diéu kién cin d€ ton tai ludng tuong thich.
N6 c6 ¥ nghia 13, lugng ludng t6i da c6 thé gii ra tir tip S phdi 16n hon
lugng ludng t8i thi€u c6 thé nhan béi tap S.

Ta s& dwa ra mot chitng minh dang thuat todn d€ chiing minh (5.19) la
diéu kién dd. Ta bit diu tr mot ludng x thda cdc rang budc cda bai todn
ngoai trif mot s6 vi pham vé chin dudi. Ta sé titng budc bi€n ddi x thanh
ludng tuong thich hodc phdt hién ta ring mot niit nao d6 trong tap S vi pham
diéu kién (5.19).

Ung véi ludng x, ta goi mot cung (i, j) 12 khong tuong thich néu X< I
va goi 12 tuong thich n€u x;;> 1. Chon mot cung (p, q) khong tudng thich va
s& bi€n né thanh tuong thich bing cich ting ludng trén né. Do diéu kién
rang budc vé& cin bing vit chit tai cdc nit, d€ ting ludng trén cung (p, q) ta
phdi ting ludng doc theo mot hay nhi€u chu trinh chita (p, q). Ta dinh nghia
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mang thing du G(x) giong nhu trudc day, ngoai trir viéc kha ning thong qua
thing du r; dugce dit bang u; - x;;. Moi chu trinh ting trudng chita cung (p, q)
nhur mot cung téi phdi chita mot dudng di ¢6 hudng trong G(x) tir q dén p
cong vé6i cung (p, q). Ta c6 thé ding mot thuit todn gdn nhin d€ x4c dinh
dudng di tir q d&n p.

Ta 4p dung thii tuc nay trén mdi cung khdng tuong thich mot 1an. Sau
mdi budc tinh khong tuong thich clia cdc cung sé gidm dan. Lip lai qua trinh
nay, hoiic ta s& nhin dugc mot ludng tuong thich hodc thuit todn gdn nhin
s& khong thé tim ra mot dudng di tir q d€n p ddi v6i mot cung khdng tuong
thich (p, q) nao d6. Trong trudng hgp nay, bai todn ctia ching ta s€ khong c6
15i gidi. That vay, goi S 13 tap nit di dugc gdn nhin trong 1an 4p dung cudi
cung thuit todn gdn nhan. Ré rang, q e Svap € S =N-S. Do thudt todn
gdn nhian khong thé gdn nhidn cho cdc nit thudc S, nén moi cung (i, j)
huéng tir S dén S ¢6 kha ning thong qua thing du bing khong. Do d6, x;; =
u;; v6i moi cung (i, j) € (S, S) va x; < uy véi moi cung (i, j) € (S, S). Ta
cling c6 (p, q) € (§, S) va Xpq < Upq. Thay cdc gid tri nay vao (5.18) ta co:
2l > 2y,
(i,))e(S,8)  (1,))e(S.8)
K&t qua nay mau thuin vé6i di€u kién (5.19). Piu nay c6 nghia Ia ta
da chitng minh (5.19) 1a diéu kién di cho sy ton tai ludng tuong thich. Tir
day, ta cé dinh 1y sau:

Pinh Iy 5.6: (Piéu kién tdn tai ludng tuong thich trén mang luu thong)

Trén mang luu thong ¢ chin dudi duong ton tai ludng tuong thich khi
va chi khi moi tdp dinh S théa man diéu kién:

i< 2y

(i.D)e(8.8)  (i,D)<(S.9)

Tir dinh 1y 5.6, ta d& dang suy ra dinh 1y vé su ton tai 18i gidi cta bai
todn ludng tuong thich da trinh bay trong muc 5.5.

Pinh Iy 5.7: Bai todn ludng tuong thich (5.10) c6 10i gidi khi va chi khi
vdi moi tdp con cdc niit S, b(S) — u[S, S]1<0, trong dé b(S) = Zies b(i).
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6. BAI TOAN CAP GHEP
6.1. Bai todn cip ghép trén do thi hai phia
6.2. Bai toan cip ghép trén db thi hai phia véi chi phi t&i thiéu

6.3. Bai todn cap ghép trén dd thi tong quat

TOM TAT
Trong chuong nay, ching ta di nghién cttu mot s khdi niém co ban vé ludng trén mang.
Trong d6, dic biét khio sdt k§ bai todn ludng cuc dai vi mot s§ bi€n thé ctia né. Sau khi minh
hoa mot s8 wng dung, chiing ta di chi ra riing bai todn ludng cuc dai va bai todn lit cit nhd
nhdt quan hé véi nhau rat chit ché va khi gidi bai todn ludng cuc dai ta cling gidi ludn dugc bai
todn lat cit nhé nha't. K&t qua nay thé hién qua dinh Iy ldt cdt nhé nhdt. Tit dinh 1y nay, ta nhan

duge nhiéu k&t qua 1y tha.

Ti€p theo, chiing ta khdo sit bai todn ludng cuc dai v6i do thong qua clia cdc cung bi
chin dui (> 0). Ta c6 thé gidi quyét bai todn nay theo hai giai doan. Giai doan ddu d€ x4c dinh
sy ton tai clia ludng tuong thich va giai doan hai bi€n ddi ludng tuong thich nay thanh ludng cuc
dai. Trong c hai giai doan, ta déu phdi gidi mot bai todn ludng cyc dai trén mang khong cé
chin du6i. Ta ciing khdo sat diéu kién can va dd d€ ttong tai ludng tudng thich.

Cudi cling, chiing ta khdo st mot bai todn ¢6 quan hé gin gili vdi bai todn ludng trén
mang 13 bai todn cip ghép. Bai todn nay c6 nhiéu ¢ng dung thyc t& va mdt s dang ctia né c6
thé gidi bing cdch gidi bai todn ludng cuc dai. Ngoai ra, chiing ta ciing khio sit thuit todn
Hungary danh riéng cho viéc gidi bai todn nay. Do diéu kién han ché&, ching ta chi tip trung

khéo st bai todn cip ghép trén db thi hai phia.

BAITAP

1. Bai todn in tdi: mot sd gia dinh di dn t8i chung v6i nhau. D€ ting méi
quan hé xa hoi, ho mudn sip dit ciach ngdi sao cho khong c6 hai thanh
vién clia cung mot gia dinh ngdi chung ban. Hiy chi ra cich md hinh
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héa bai todn nay nhu mot bai todn ludng cuc dai. Gia sk ring, c6 tat ca
p gia dinh va gia dinh thit i c6 a(i) thanh vién. C6 tit cd q cdi ban va ban
thtt j ¢6 b(j) chd ngdi.

2. Hay xdy dung mot 16p cdc mang ma trén d6 s& lugng 14t cdt s-t ting
theo ham mii cia n (e").

3. Hiy xay dung mdt 16p cdc mang ma trén d6 s6 lugng lat cit tdi thiéu
ting theo ham mii cda n (e").

4. Hay xdy dung mot thudt todn xdc dinh 1t cit t6i thiéu [S, §] théa mén
diéu kién: n€u [R, R]1a l4t cit t5i thi€u thi R c S.

5. Hiy xay dung mot thuit todn xdc dinh 14t cit tdi thiéu [S, §] thda man
diéu kién: néu [R, R ]1a 14t cit t6i thi€u thi S c R.

6. Bai todn ludng cyc ti€u (minimum flow problem): bai toin ludng cuc
ti€u c6 mdi quan hé rat gan véi bai todn ludng cuc dai c6 chin dudi.
Trong bai todn ludng cuc ti€u, ta mudn giri mot lugng tdi thi€u ludng tir
nit ngudn s dén niit dich t thda man rang budc vé chin trén va chin

dudi cla cdc cung.

a) Hay chi ra cich gidi bai todn trén bing hai bai todn ludng cuc dai
khong c6 chin dudi. (Goi y: trudc tién tim luong tuong thich, sau dé
chuyén ludng nay thanh ludng cuc tiéu)

b) Hay chitng minh djnh Iy ldt cdt cuc dai sau:

Néu goi I[S, S| la chan dudi ciia khé ndng thong qua cia ldt
cdt s-t, dinh nghia béi cong thitc sau:

'[55]: 2h- D

(i.D)e(s.8)  (i.)=(5.9)

Gid tri luong t61 thiéu tiv s dén t bdng gid tri chdn dudi I[S, S ] cuc
dai ciia cdc ldt cdt.

7. Mang véi cdc niit c6 d§ thong qua: trong mdt s6 mang, ngoai kha ning
thdng qua clia cdc cung, ngudi ta con gdn cho mdi niit i (khic niit nudn s
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va niit dich t) 6 thong qua w(i) cho bi€t lugng ludng t8i da c6 thé di qua
nit ndy. Vi du, trén mang giao thong dudng khong, mdi san bay bi gidi
han bdi s6 dudng biang d€ ha va cat cdnh; hodc trén mang may tinh, cic
switch hay HUB bi gi6i han bdi s6 Iugng cdc cng. Trén cdc mang loai
nay, ching ta cAn tim luéng cuc dai thda min ca hai rang budc vé kha
ning thong qua cla nidt ciing nhu cung. Hay xay dung thuat todn gidi bai
todn trén.
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