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2z +y = 5;

Vi du. Giai hé phuong trinh tuyén tinh { i — =17,

-r 4y +z =1
Vi du. Giai hé phuong trinh tuyén tinh { 4r -3y +5z = 6;
2r +y —=z =2.

Vi du. Gidi hé phuong trinh tuyén tinh

—2r +2y +z +2t =1;
2 2y +3z -3t =2
r 4y 4z -2t =2
3x +4y —bz +2t =T.

Ho6i. Lam céach nao dé giai hé phuong trinh c6 sé an va sé6 phuong
trinh 16n?
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Chuong 1. MA TRAN VA HE PHUONG
TRINH TUYEN TINH

1. Ma tran

2. Cac phép bién doi so cip trén dong
3. Hé phuong trinh tuyén tinh

4. Ma tran kha nghich

5. Phuong trinh ma tran
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1.1. Ma tran

@ Dinh nghia va ky hiéu
@ Ma tran vuodng

@ CAc phép toan trén ma tran

Mot sb6 ky hiéu
e N=1{0,1,2,...} 1a tap hgp cac s6 tu nhién.

o 7Z=1{0,1,—-1,2,—2,...} tap hop céc s6 nguyen.

Q= {E\WWGZ,H%O} tap hop cac sb hitu ti.
n

e R: Tap hop cac s6 thuec.

e C: Tap hop cac sd phiic.
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1.1.1. Pinh nghia va ky hiéu

Dinh nghia. Mot ma tran A cip m x n trén R 13 mot bang chit nhat
gom m dong n cot véi m x n phan tit trong R, c6 dang

ail a1 000 QA1p
A= azy a22 A2n
Aml Om2 mn,

Ky hisu.

© A = (a;j)mxn hay A = (a;;), trong dé a;; € R.
@ a;; hay A;; 1a phan t & vi tri dong i cot j clia A.

@ M, «n(R): Tap hop tat ca nhitng ma tran cap m x n trén R.
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1 2 -3 L2
A= € ngg(R); B=|0 1]¢€ ngg(R).
5 —6 7 9 3

Dinh nghia. Ma tran c6 tat cac phan ti bang 0 dugc goi 1a ma tran
khong, ky higu 0,,,x» (hay 0).

Vi du.
0 0 0 O
O3x4={0 0 0 O
0 0 0 O
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1.1.2. Ma tran vuong

Dinh nghia. Néu ma tran A c6 s6 dong bang s6 cot thi A duge goi 1a
ma tran vuong.

ail  ai2 Aln
A _ az1 a2 a2n
anl Aan2 Unn

> M, (R): Tap hop tat cd cdc ma tran vuong cap n trén R.

Vi du.
=il & 2 0 00
A= 2 -1 1]leMsR); 05=(0 0 0
5 2 3 0 00
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Dinh nghia. Néu A = (a;;) € M,(R) thi dudng chita cac phan ti
Q11,022+« « y Apy, duge goi 1a duong chéo chinh (hay dudng chéo)
cua A.
ajlr a2 A1n
A= a21 Q22 a2n
anl  Gp2 Ann
Vi du.
1 3 5
A=1-2 -3 3
2 -2 1

1lvluyen@hcmus.edu.vn Chuong 1. Ma tran va He PTTT 23/02/2016 8/104



Dinh nghia. Cho A = (a;;) € M, (R). Khi dé6

@ Néu cic phan tif ndm dudi dudng chéo ctia A déu bang 0 (nghia 1a
a;; = 0,Vi > j) thi A dugc goi la ma tran tam gidc trén.

@ Néu cic phan tif ndm trén dudng chéo ctia A déu bang 0 (nghia la
a;; = 0,Vi < j) thi A dugc goi la ma tran tam gidc dwdi.

@ Néu moi phan tit ndm ngoai duong chéo bang 0 (nghia 1a
a;; = 0,Vi # j) thi A dugc goi 1a ma tran dudng chéo, ky hiéu

A = diag(a1,az,...,ay).

1 35 10 0
Vidu.A=(0 -3 3|, B=[-2 0 o
0 01 —1 2 —4

C = diag(—1,0,5) =

O O =
o O o
oo o
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Nhan xét. Ma tran A la ma tran duong chéo khi va chi khi via la ma
tran tam gidc vua la ma tran tam gidc dudi.

v

Dinh nghia. Ma tran vuong cap n c6 cac phan tit trén duong chéo
bang 1, cac phan tit ndm ngoai dudng chéo bang 0 dude goi 1a ma
tran don vi cap m, ky hiéu I,, (hoic I).

Vi du.

G

Il
Y

O =
=)
~__

&

Il
(=N
o = o
- o o
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1.1.3. Cac phép toan trén ma tran

a) So sanh hai ma tran

Dinh nghia. Cho A, B € My,x»(R). Khi d6, néu a;; = b;j, Vi, j thi A
va B dugc goi 13 hai ma trdan bang nhau, ky hieu A = B.

. < 2 .'L'+1 1 _ 3y_4 1 ‘?
Vi du. Tim z,y, z dé (21__1 z>_ (y—l 22+2>.

Giai. Ta co

z+1 = 3y—4; r = 1;
20 -1 = y—-1;, & Yy = 2;
z = 2z+42. z = =2
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b) Chuyén vi ma tran

Dinh nghia. Cho A € M,,x,(R). Ta goi ma tran chuyén vi clia A,
ky hieu AT, 1a ma tran cAp n x m, c6 dugc tit A bing cach xép cac
dong ctia A thanh cac cot tuong ting, nghia 1a

aji a2 oo Q1n aili as ... Qm1

asy a9 0 1) . a2 a2 ... Qm2
A= "l thi AT = m

Gml  Am2 Gmn Ai1n Aa2n Qmn
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Tinh chat. Cho A, B € My,xn(R). Khi do:
D) (AT)T = 4;
ii) AT=BT & A=B.

Dinh nghia. Cho A € My, (R). Néu AT = A thi ta néi A 1a ma

tran doi xing.

1 2 -2
Vidu.ChoA=| 2 4 5].Hobi Acolama tran dbi xiing khong?
-2 5 6
1 2 -2
Giai. Taco AT = 2 4 5).SuyraA=A". Vay Ala ma tran
-2 5 6

déi xing.
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c) Nhan méot s6 v6i ma tran

Dinh nghia. Cho ma tran A € M« (R),a € R. Ta dinh nghia tich
ciia « v6i A (ky hieu wA) 1a ma tran duge xéc dinh bang cach nhan
cic phan t clia A véi o, nghia la

(OéA)ij = ()éAij,Vi,j.

Néu o = —1, ta ky kieu (—1)A bdi —A va goi la ma tran doi cia A.

v

3 4 1
01 -3

6 8 2
02‘4_(0 2 —6)'

-3 —4 -1
Q_A_< 0 —1 3>'

Vi du. Cho A = < >.Khi dé
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Tinh chat. Cho A la ma tran va «, f € R, ta ¢
i) (aB)A = a(BA);

i) (@A)T =aAT;

iii) 0.A=0val.A=A

d) Tong ctia hai ma tran

Dinh nghia. Cho A, B € My,x»(R). Khi d6 tong ciia A va B, ky hieu
A + B la ma tran dudc xac dinh béi:

(A+ B)ij = Aij + Bij.

Nhan xét. Dé tinh A + B thi:

O A va B cung cap;
@ Cac vi tri tuong tng cong lai.

Ky hiéu. A — B := A+ (—B) va goi la hiéu cta A va B.
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L =3 2 4 -3
Vidu.ChoA= (2 0 vaB=< ).TinhAT+2Bva
1

5 2 1 2
~34+2B™?
Giai.
121 4 8 —6 5 10 =5
T —
cA T2B=|3 3>+<4 2 )_(1 2 7)'
9 4 4 1 13
e —3A+2B" = o]+ 8 2= 2 2
-9 —6 4 -9 —5
1 2 3 -2 1
Vidu.(tylam) Cho A= |2 1 4 vaB=[4 5 2|.Tinh
2 3 3 6 2

2A — 513 v 3A —2BT?

1lvluyen@hcmus.edu.vn Chuong 1. Ma tran va He PTTT 23/02/2016

16/104



Tinh chat. Cho A, B,C € My,xn(R) va a, 3 €R, ta cé

i) A+ B= B+ A (tinh giao hoan);

ii) (A+B)+C = A+ (B+C) (tinh két hop);

1) Opxn + A=A+ Opxn = A4;
iv) A+ (=4) = (=4) + A = Omxn;
v) (A+B)T = AT + BT;

i) a(A+ B) =aA+ aB;

i) (a+B)A=ad+BA;

)

(—a)A = a(-A) = —(ad).

V1

vii

viii
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e) Tich cta hai ma tran
Dinh nghia. Cho hai ma tran A € My, xn(R), B € Myxp(R). Khi dé,
tich ctia A véi B (ky hieu AB) la ma tran thuoc Mpy,xp(R) duge xéc
dinh béi:

(AB),,'/J' = AilBlj -+ Ari/2B2j + e+ Ain,Bn,j-
il

bap
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Nhan xét. Dé tinh tich AB thi:

Q S6 cot clia A bang s6 dong clia B;

© Phan tii thit i, ciia AB bang dong i ctia A nhan cot j cia B.

2 3

Vidu Cho A= (1 2 1 B=[-2 1|wC= 3 2) Tih
- 30 1 - 1 -2

AB, BA, AC, CA, BC, CB?

Giai.

2 3
1 2 —1 3 3
'AB_<30 1) fé‘(? 11)'
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AC khong ton tai vi s6 cot ciia A khong bang sé dong ctia C.

3 2\/1 2 -1 9 6 —1
CA_(l —2><3 0 1>_<—5 2 —3>'

2 3 9 —2
e BC=|-2 1 G’ _;)— -5 —6
1 2 5 -2

e CB khong ton tai vi s6 cot ctia A khong bang s6 dong ctia C.

) . (123 -2\ . (23 -2 3
Vi du.(ty lam) ChoA-(_1 9 3 1)73—(1 9 _4 3)'

Tinh ABT va AT B?

9 15 —-18 18
-3 —4 0 -3
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12
Vidu. Cho A= |4 -3 ,B:<1 _3>vacz(2 4).Tinh
5 ] 2 0 3 -2

a) Aly, I3A, AO2x3, 04x34;
b) (AB)T, BTAT;
) (AB)C, A(BC);
)
)

@)

d) A(B+C),AB + AC;
e) (B+C)AT, BAT + CAT.

Giai.

a) Al = A, [3A = A, AO2y3 = 0343, 04x34 = 04x2.

5 -3
bAB=|—2 —12|=upT=(° 2 ¢
L ~3 —12 -6
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BT:<_; (2)>,AT:<; _;l ?).Suyra

o (5 —2 4
BA_(—s ~12 —6)°

c¢) Tinh (AB)C va A(BC)?

53\ 4y 1 26
(AB)C = | -2 —12 <3 _2)_ —40 16
4 -6 —~10 28
) (=7 10
TacoBC’—< 4 8>.Suyra
1 2 1 26
A(BC)= |4 -3 <_Z 12): —40 16
2 1 ~10 28
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d) Tinh A(B + C) vd AB + AC?

3 1 13 -3
B+C:( ):>A(B—|—C’): -3 10
5 =2
11 0
5 -3 8 0
Taco AB=|-2 —-12|,AC=|—-1 22|.Suyra
4 -6 7 6
13 -3
AB+ AC=|-3 10
11 0

e) Tinh (B+ C)AT va BAT + CAT?

s (3 9-( )
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S A A RO i B

- T (5 97
BaT+oaT=(7 0 0.

Tinh chat. Cho A € Mpyxn(R), B, B1, By € Myuxp(R), C € Mpyy(R),
D1, Dy € Mysn(R). Khi dé
i) I,A= A va AL, = A. Ddc biet, véi A € M,(R), ta co
1,A=AIl, = A.
ii) OpxmA = Opxn vd AOpxqg = Omxq. Ddc biet, vdi A € My (R), ta co
OnxnA = A0pxn = Onxn-

iii) (AB)T = BTAT.
iv) (AB)C = A(BC).
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V) A(Bl =+ Bg) = AB1 + ABy
(Dl + DQ)A = D1 A+ D5A.

f) Lay thita ma tran

Dinh nghia. Cho A € M,,(R). Ta goi luy thua bac k cuia A 1la mot
ma tran thuoc M, (R), ky hiéu AF, duge xac dinh nhu sau:

A% =1,; Al = A; A2 = AA;.. .  AF = AF 1A,

Nhu vay A*=A... A.
——

k lan

1 3
0 1

1 3\/1 3 1 6
e 20 2 _ _ _
Giai. A= AA= (0 1) (0 1) = (0 1).

Vi du. Cho A = ( ) Tinh A2, A3, A>? Tt d6 suy ra A%00,
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Dt doén A" = ((1] 37”1")

Bang phuong phap quy nap ta ching minh duge diéu nay ding. Suy ra

200 _ (1 3x200\_ (1 600
—\o 1)~ \o 1)
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11

Vi du.(ty lam) Cho A = (0 1

) . Tinh A0,

1 1 1
Vidu.(tylam) Cho A= [0 1 1. Tinh A" véin > 1.
0 0 1
1 n n(n;—l)
Dap an. A" = 0 1 n
0 0 1

Tinh chat. Cho A € M, (R) va k,l € N. Khi dé:
i) IF = I;;

ii) AR = AR AL
iy A = (AR
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g) Da thic ma tran

Dinh nghia. Cho A € M,,(R) va

f(x) = apz™ + Q1™

+ ... +to1x + o
14 mot da thic trén R (nghia la «; € RVi € 0,m). Khi do,
flA) = amA™ 4+ am 1 A™ .+ a1 A+ aol,

dugce goi la da thite theo ma tran A.

-2 3

V1d1_1.ChoAz< 1 -1

) va f(x) = 322 — 22 + 2. Tinh f(A)?

Giai. Ta co f(A) =34% =24+ 2, va A* = <_; _Z)'
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ra=s(_g ) -2(77 D)2 V)=(1 )

2

Vi du.(ty lam) Cho A = <3

f(A)?

_;> va f(z) = —2% + 222 — 3z + 1. Tinh

Dap an. f(A) = (_1; 3)

Nhan xét. Cho A € M,(R). Khi dé cic hing ding thic, nhi thic
Newton van ding vdi A.
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1.2. Cac phép bién doi so cap trén dong

@ Cac phép bién doi so cap trén dong
© Ma tran bac thang

@ Hang ciia ma tran
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1.2.1. Cac phép bién déi sc cip trén dong

Dinh nghia. Cho A € M,,,x»(R). Ta goi phép bién déi so cép trén

dong, viét tat 1a phép BDSCTD trén A, 1a mot trong ba loai bién
déi sau:

Loai 1. Hoén vi hai dong i va j (i # j).
Ky hiéu : d; < dj

Loai 2. Nhan dong i v6i mot s6 a # 0.
Ky hiéu: ad;

Loai 3. Cong vao dong i v6i 3 1an dong j (j # ).
Ky hiéu: d; + Bd;

V6i ¢ 1a mot phép bién ddi so cap, ky hieu ¢(A) 1a ma tran c6 dudc
tit A thong qua ¢.

P 1 _2 d1<—)d2 2 3 2d2 2 3
VA el <2 3) 5(1 —2> <2 —4)'
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Vi du.

dieds, |9 g 1 _3

(@)
—_
[\)
|
[\Y)
|
()
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1 2 -2 3

Vidu.ChoA=|1 2 5 1].Tim ma tran B c6 dugc tir A thong
2 3 -2 1

qua cac phép BDSCTD d; <> d3, dy + 2dy, 3d3?

Giai.
1 2 —2 23 -2 1
A=[1 2 5 1| Do 12 5 1
23 -2 1 12 -2 3
23 -2 1
o2 5 g 1 3
12 -2 3
23 -2 1
3ds
3ds 58 1 3|=8B
36 —6 9
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Tuong duong dong

Nhan xét.
1) Néu A 59%, 4 gm 40 L%, 4,

1

< 3 =d;
9) Néu A 245 A" thy A" =55 A,

3) Néu A S04 ar gy g1 H7PA, 4

Dinh nghia. Cho A, B € M;,xn(R). Ta néi A twong duong dong véi
B, ky hieu A ~ B, néu B c6 duge tit A thong qua hitu han phép bién
doi so cap trén dong nao dé. Vay,

A ~ B < Ton tai cac phép BDSCTD ¢y, ..., ¢k sao cho

A2 A By P54 = B.
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Nhan xét. Quan hé tuong duong dong la mot quan hé tuong duong
trén My, xn(R), nghia la VA, B,C € My,xn(R), ta cdé:

Q A~ A (tinh phdn za).
@ A~ B= B~ A (tinh doi ziing).
@ A~BuviB~C= A~C (tinh bic cau,).

1 2 -2 3 2 3 =21
Vidu.A=1|1 2 5 1]|~|5 8 1 3|=B.
2 3 -2 1 3 6 —6 9

Vi B c6 duge tit A qua lan lugt cac phép BDSCTD sau: dy < ds,
do + 2dy, 3ds.

v

Hoi. Lam céch nao kiém tra hai ma tran tuong duong dong v6i nhau? J
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1.2.2. Ma tran bac thang

Dinh nghia. Cho A € M,,,x,(R). Phan tt khac khong dau tien clia
mot dong ké tit bén trai duge goi 1a phan ti co sd cia dong dé.

0o —1 2 1
Vi du. Cho ma tran | 3 1 —2 3. Khi dé:
0 0 00

> Dong 1 ¢6 phan tit co sd 1a —1, dong 2 ¢6 phan tit co s6 1 3

> Dong 3 khong c¢6 phan tit co sé.

Dinh nghia. Mot ma tran dudc goi 14 ma tran bac thang néu néd
thoa 2 tinh chat sau:

© Dong khong c6 phan t1t co sd (néu ton tai) thi nam duéi cling;

@ Phan tit co sd clia dong dudi nam bén phai so v6i phan tit co sé
ctia dong trén.

4
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Nhu vay ma tran bac thang ¢6 dang

o

0 Ay - .. Al e e A1k, ... Q1n
0O ... 0 0 0 azk, .- ... Q2. .. Q92n

0 ...0 0 ... 0 0 ... 0| ak, --. am

o ...0 0 ... 0 0 ... 0 0 ... 0

0 0 0 0 0 0 0 0
1 2 5 4 2 2 3 21
. . 003 17| - 00 4 2
VidwAd=11300 14| B=[01 03
00 0 0O 00 0 O

Khi d6 A la tran bac thang, B khong la ma tran bac thang.

1lvluyen@hcmus.edu.vn Chuong 1. Ma tran va He PTTT 23/02/2016 37/104



Ma tran bac thang rat ngon

Dinh nghia. Ma tran A dudc goi 1a ma tran bac thang rit ngon
néu thoéa 3 dicu kién sau:

@ A la ma tran bac thang.
@ C4c phan tit co s6 déu bang 1.

@ Trén cot c6 chita phan tit co s6, cac hé s6 ngoai phan ti co s6 déu

bang 0.
1000 4 13027
) o100 -7 o 1000
VideC=1 99011 2" P=]1 0010 0
0000 0 00000

> C' la ma tran bac thang rat gon.

> D khong la ma tran bac thang rat gon.
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1.2.3. Hang ctia ma tran

Dang bac thang

Dinh nghia. Néu A tuong duong dong v6i mot ma tran bac thang B
thi B dugc goi 1a mot dang bac thang cia A.

Vi du. Cho
1 23 -2 1 23 -2
A=|-2 -5 1 -4|, B=|0 -1 7 -8
3 69 —6 0 00 O

Khi d6 B 14 mot dang bac thang cia A vi B ¢6 dude tit A thong qua
cac phép bién doi: dy + 2d1, d3 — 3d;.

H6i. Dang bac thang ctia mot ma tran c6 duy nhat khong? J
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Hang ctia ma tran

Nhan xét. Mot ma tran A thi cé nhiéu dang bic thang, tuy nhién cdc

dang bac thang cia A déu cé chung s6 dong khdc 0. Ta goi s6 dong
khdc 0 cia mot dang bac thang cia A la hang cia A, ky hiéu r(A).

Ménh dé. Cho A, B € M,xn(R). Khi dé:
<r(A) <m,n;
)=0& A=0;

iii) r

(A
(A7) =r(4);

i) 0
i) r
)
iv) Néu A ~ B thir(A) = r(B).
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Dinh nghia. Néu A tuong duong dong v6i mot ma tran bac thang rit
gon B thi B dudc goi 1a dang bac thang rit gon ciua A.

v

Nhan xét. Dang bic thang rit gon cia mot ma tran A la duy nhat va
duoc kyj hieu R 4.

v

1 2 3 -2
Vidu.(tylam) Cho A= | -2 —5 1 —4].Tim ma tran B c6 dudc
3 6 9 —6

tit A thong qua lan ludt cac phép BDSCTD ds + 2dy, d3 — 3dy, —ds va
dq — 2ds? Sau d6, két luan gi vé ma tran B?

1 0 17 -—18
bapan. B=(0 1 -7 8 |. R6 rang B la ma tran bac thang
00 O 0

rat gon. Suy ra B la dang bac thang rut gon ctia A (hay R4 = B).
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Thuat toan Gauss

Tim mot dang bac thang cia A = (a)ij € Mpmxn(R)

Buéc 1. Choi:=1,j5:=1.
Budc 2. Néu i > m hosic j > n thi két thic.

Budc 3. Néu a;; = 0 thi sang Bude 4. Néu a;; # 0 thi thyc hién cac
phép BDSCTD sau:

ks

dp — —Ld; vei k>

Q5
Sau d6i:=i+ 1,5 :=j+ 1 va quay vé Budc 2.

Budc 4. Néu ay; = 0 v6i moi k > i thi j := j + 1 va quay vé Budc 2.
Néu ay; # 0 v6i mot k > ¢ ndo d6 thi chon mot k& nhu vay va thuc hien
phép BDSCTD: d; <+ dj, va quay vé Budc 3.
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Vi du. Tim mot ma tran dang bac thang R clia ma tran

7T 1 3 O
7 =1 =2 =X
7 0
42 3 13 -3

DN = =
—_
B~
[\

T d6 xac dinh hang cua A.

Giai.
. 7 1 3 0
A ds—2d; 00 -2 -5 =2
da—6d; 00 0 1 0
00
1
0
0
0
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il 7 1 3 o0
da—5ds 0 0 -5 -2
o0 0 [1] o
00 0 5 0
il 7 1 3 o0
di—3ds 0 0 5 =2 | _p
00 0 [1] o0
00 0 0 0

Ta ¢6 A tuong duong dong véi R va R ¢6 dang bac thang véi 3 dong
khac 0 nén A c¢6 hang la r(A) = 3.

Luu y. Trong qué trinh dua ma tran vé dang bac thang, ta c6 thé sit
dung céc phép BDSCTD phit hgp dé tranh viéc tinh toan cac so 18.
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Vi du.(ty lam) Tim hang clia cac ma tran sau:

1 2 3 3 2 3 1 4
A=12 4 6 9| B=| 34 2 9,
2 6 7 6 -2 0 -1 -3
1 1 -1 2 1
2 3 -1 4 5
S 3 2 -3 7 4
-1 1 2 -3 1
Pap an
a) r(A) =3
b) r(B) =3
c) r(C)=3
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Vi du. Cho A = . Tim tat ci gid tri m dé r(A) = 37

W N =
N W o=
A~ =

Giai.

11 1 1 1 1

do—2d1
A=|2 3 4| &=24, | 1 9
3 9 ) B3 0 -1 m—3
11 1
dstd2 g g 2
0 0 m-—1

Dé r(A) = 3 thi dong (0 0 m — 1) khéc khong, nghia 13
m—1#£0&sm# 1.

Suy ra r(A) = 3 dung v6i moi m # 1.
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1 1 2

Vidu.(tylam) Cho A= 3 1 2 |. Tim tit ca gid tri m dé
-2 m+1 m
r(A) =27
Pap an. m = 2.
1 21
Vidu.(tylam) Cho A= [m 1 2|. Tim tat ca gia tri m dé
m 2m 1
r(A) =27
. 1
Dap an.mzihaymzl.
1 m m
Vidu.(tglam) Cho B= [m 1 m |. Tim tat ca gia tri m dé
m m 1
1
r(B) =27 Dap an. m = —
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Thuat toan Gauss-Jordan

Tim moét dang bac thang rut gon ciia ma tran A = (a)i; € Mmxn(R)

Chi khac Thuat toan Gauss & Budc 3, ta can thiyc hién cac phép bién
doi sau:
1
(] 7dl
al-j
[ ] dk - (ijdi véi k 75 i;

Vi du. Tim ma tran dang bac thang rat gon ciia ma tran

1 7 1 3 0
1 7 -1 -2 -2
2 14 2 7 0
6 42 3 13 -3

A=
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Giai.

—
w
(@)

do—d1
7T -1 -2 =2 d3—2d;
-

ds—6d;

DN = =
—_
i~
\V]
\]
(@)

|
S N

\ |

Tl = Ot
@)

\
w

SO FHEF OO K

1
—3dy

dy—ds
da+3d2

DNOT = DO =

—
(=]

di—21ds
da—5ds

= O

ds—3ds

O OO +Hr OO O OO O
O OO O OO N OO o

OO O OO~ Oo

—
(-}

Ta thay R4 la ma tran dang bac thang rut gon ciia A.
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Vi du. Tim dang ma tran bac thang rat gon ctia cac ma tran sau:

1236 43 2 9
a)l2 3 1 6/; b)10 2 1 1];
312 6 00 3 3
1 -1 5 -1 1 3 —2 -1
1 1 -2 3 2 5 -2 1
N3 1 g 1| Yl 1 1 6 13
1 3 -9 7 2 6 8 10
1 0 1 1 00
Dapan.a)[ 0 1 0 1 |; b) 100 |:
0 11 0011
10 3/2 1 1000
01 —7/2 2 010 1
MNoo o ol D0oo01 2
00 0 0 000 0

1lvluyen®@hcmus.edu.vn

Chuong 1. Ma tran va He PTTT

23/02/2016

50,/104



1.3. Hé phuong trinh tuyén tinh

© Dinh nghia
© Nghiém ctia hé phuong trinh tuyén tinh
@ Giai hé phuong trinh tuyén tinh

© Dinh ly Kronecker - Capelli
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1.3.1. Pinh nghia hé phuong trinh tuyén tinh

Mé dau

Vi du. Giai hé phuong trinh sau:
201 — 2z 4+ x3 — x4 + x5 = L
1 + 2z — x3 + x4 — 225 = 1
4r; — 10z + bxy — dry + Tz = 1;
2017 — ldzo + Txg — Txy + 1llzs = -—1.

1lvluyen@hcmus.edu.vn Chuong 1. Ma tran va He PTTT 23/02/2016 52/104



Dinh nghia. Mot hé phwong trinh tuyén tinh trén R gbm m
phuong trinh, n an s6 1a mot hé c6 dang

anxry + apry +---+  apr, = bi;
ar1 + axry +---+ awT, = b (+)
aAm1T1 + amaTr2 +:-+ ampTn = bma

trong do
e a;; € R: cac he s6;
e b; € R: cac he sb tu do;

2 2 £ 2 ., .
® X1,T2,...,T,: CAc an sO nhan gia tri trong R.

Néu (*) c6 cac hé s6 tur do bang 0 thi ta néi () 1a hé phuong trinh
tuyén tinh thuan nhat trén R.
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ail a2 a1n 1 by

as1 a9 ... Qa2n T2 ba
A= > X = . 5 B = .

Ami G@m2 ... Gmn T b

Ta goi A 1a ma tran hé s6, X 1a cot cac an, B la cot cac hé s6 tu
do ctia hé (x). Khi d6 he (x) dugc viét dudi dang AX = B. Dt

ain a2 aip | b1
~ a a a b
A= (AB) = 21 22 2n 2

Aml Am?2 Gmn ‘ bm

A duge goi 1a ma tran md rong (hay ma tran bo sung) clia he (x).
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Vi du. Cho hé phuong trinh

3rz1 4+ 229 + 33 — 224 = 1
r1 + r9 + I3 = 3 .
r1 + 2z + x3 — x4 = 0
Khi do:
3 2 3 -2
> MatranhesbA=[1 1 1 0
1 2 1 -1
T 1
> Cot cac an X = ? , cot cac heé s6 tudo B = | 3
5 0
X4
3 2 3 2|1
> Matran mérong A= (A|B)=|1 1 1 03
1 2 1 —-1/(0

Ta c6 AX = B.

1lvluyen@hcmus.edu.vn Chuong 1. Ma tran va He PTTT 23/02/2016 55/104



1.3.2. Nghiém ctia hé phuong trinh tuyén tinh

Dinh nghia. Ta néi v = (a1, a9, ...,a,) 14 nghiém cha hé phuong
trinh (%) néu ta thay thé 1 := a1, 2 := a@2,...Ty, := a, thi tat cd
cac phuong trinh trong (x) déu thda.

Dinh nghia. Hai hé phuong trinh dugc goi 1a twong dwong nhau néu
chiing ¢6 cung tap nghiém.

v

Nhan xét. Khi gidi mot hé phuong trinh tuyén tinh, cic phép bién
doi sau day cho ta cic hé tuong duong:

e Hodn doi hai phuong trinh cho nhau.

e Nhan hai vé clia mot phuong trinh cho mot sé khdc 0.

e (Cong vao mot phuong trinh vdi maot boi cia phuong trinh khdc.

V.
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Dinh 1y. Néu hai hé phuong trinh tuyén tinh cé ma tran md rong
tuong duong dong vdi nhau thi hai hé phuong trinh do tuong duong
nhau.

Vi du. Gidi hé phuong trinh

B = Yy = 28 = =&
2c — y + z = 1;
r + y + =z = 4.
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Ta c6 A ~

S O =
O = O
—-— o O
_ N

w2

o=

]

=

s

z + 0y + 0z = 1;
(1) & Oz + y + 0z = 2
Oz + 0y + =z =1
z = 1;
= y = 2
z = 1

Vi du. Gidi hé phuong trinh

T + y — 2z = 4
2 + 3y + 3z = 3 (2)
or + Ty + 4z = 10.
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Giai. Ma tran héa hé phuong trinh tuyén tinh, ta cé

A=
] 1 1 -2
AL2 g 1 7
d=5h \o 9 14

Nhu vay,
X

(2)@{

1 -2 4
3 3| 3
7T 4]10

TN =

di—ds
R
d3—2ds

S O =
O = O
EN{

—10

— 9z = 9
y + 7z = —5.

Ta chon z la an tu do. Nhu vay nghiem ctia hé (2) la

X

)
z

1lvluyen®@hcmus.edu.vn
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Vi du. Giai hé phuong trinh

x + y — 2z = 4
2¢ + 3y + 3z = 3; (3)
5¢ + Ty + 4z = 5.

Giai. Ma tran héa hé phuong trinh tuyén tinh, ta c6

11 —2|4

A=12 3 3|3

5 7 4|5
11 —2| 4 10 —9] 9
Al g 1 7] )220 1 7|5
d=5di \og 9 14|-15) B2 \o 0 o0|-5

Heé (3) vo nghiém vi 0z + Oy + 0z = —5.
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Vi du.(ty lam) Giéi cac hé phuong trinh tuyén tinh sau:

z + 2y — 4z = -1
a) 3r — 2y + 5z = 6
oxr + 2y — 4z = 3.
2+ oy z =
b) x — 3y 5z =
3z — 2y

45
3;
6z = 8.
4
5
1

Pap an.a)z=1,y=12z=1.
b) vo nghiém.

14 11, 1310

C)xzi_itvy 3 ?

t,z =t.
3 3 'z
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Dinh 1y. Nghiém ciia hé phuong trinh tuyén tinh chi cé 3 truong hop
sau:

o V06 nghiem;

e Duy nhat mot nghiém;

o V6 56 nghiém.

Nhan xét. Hé phuong trinh tuyén tinh thuan nhadt

1171 + apxr2 +---+ a1z, = O0;
a2171 + azre +---+  agr, = 0
Am1T1 + amaT2 +- ot Gmptn = 0,
luon ¢6 mot nghiem u = (0,0, ...,0). Nghiém nay dudc goi la nghiém

tam thuong.

1lvluyen@hcmus.edu.vn Chuong 1. Ma tran va He PTTT 23/02/2016 62/104



Luu y. Déi v6i hé phuong trinh tuyén tinh thuan nhat, cac he sd ty do
sé khong thay ddi khi ta thiyc hién cac phép bién doi so cap trén
dong. Do d6, khi giai hé nay ta chi can sit dung ma tran hé sé.

Vi du. Giai hé phuong trinh tuyén tinh thuan nhat sau:

r + vy + 2z = 0
2 — y + Tz
ox — y + 16z = 0.

I
=S

Giai. - L1 9
A= 17| L2y g 3 3

5 -1 16) ®" \o -6 6

—5d2 10 3

Wk o1 -1

datbdz— \g o
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Nhu vay hé ban dau tuong duong véi
x + 3z = 0
Y - z = 0.

Ta chon z la an tu do. Nhu vay nghiém ctia hé 13

x = =3t
y = 4
z = teR.

Vi du.(ty lam) Giai he phuong trinh tuyén tinh sau

® 4 2y = 2z =
3r — 2y + 4z = 0
2r — 4y + 5z = 0.

Pap an. x=0,y=0, 2 =0.
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1.3.3. Giai hé phuong trinh tuyén tinh

C6 2 phuong phép giai hé phuong trinh tuyén tinh
e Gauss

e Gauss - Jordan

Phuong phap Gauss
Budc 1. Lap ma tran mé rong A = (A|B).
Buéc 2. Dua ma tran A vé dang bac thang R.

Buéc 3. Tuy theo truong hgp dang bac thang R ma ta két luan
nghiem. Cu thé:

e Truong hop 1. Ma tran R c¢6 moét dong la
(00 0O0---00|#0).
Khi dé hé phuong trinh voé nghiém.
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e Truong hop 2. Ma tran R cé dang

C11 C12 . Clin a1
0 co2 ... con | 2
0 0 Cnn | Qn
0 0 0 0
0 0 0|0

V6i ci; # 0, Vi € 1,n. Khi d6 hé phuong trinh c6 nghiém duy nhat.
Viéc tinh nghiém dugce thyc hién tur dudi lén trén.

e Truong hop 3. Khéac hai trusng hgp trén, khi d6 hé c6 vo so
nghiém, va:

e An tuong tng véi cac cot khong c6 phan tit co sG sé 1a an tu do
(1ay gia tri tuy ¥).

e An tuong tng véi cot c6 phan tit co sG sé dude tinh theo thit tu
tit dudi len trén va theo céac an tu do.
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Vi du. Giai hé phuong trinh

x + y — 2z = 4
2 + 3y + 3z
o + Ty + 4z = 5.

Il
&

Giai. Ma tran héa hé (1), ta c¢6

/11 24
A=|2 3 3|3| d22,
5 7 4|5) @b

ds—2ds
—_—

S o~ OO+
O~ = N ==

Heé (1) vo nghiém vi 0z + Oy + 0z = —5.

1lvluyen®@hcmus.edu.vn
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Vi du. Giai hé phuong trinh

r — y — 2z = =3
2c — y + z = 1 (2)
r + y + =z = 4
Giai.

/1 -1 —2[-3 1 -1 —2]-3
A=1[2 -1 1| 1| =2y, (o 1 5] 7
1 1 1] 4) @4 0 2 3| 7
1 -1 —2]-3
ds=2d2 [ 1 5| 7
0 0 —7|-7

Suy ra nghiém cia hé (2) laz =1,y =2,z =1.
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Vi du. Giai hé phuong trinh

r + y — 2z = 4
2r + 3y + 3z = 3 (3)
°r + Ty + 4z = 10.

Giai. Ma tran hoa hé (3), ta co

11 —2]| 4 11 —2| 4
A=1(2 3 3| 3| 224, (o1 7| =5
5 7 410/ B \o 2 14]-10
11 —2]| 4

B2, o1 7|5

00 0] 0

Nhu vay z la an ty do. Cho z =t € R, ta c6
o y=-5-Tz=-Tt—5,

o r=4—y+22=4—(-5-Tt)+2t=9t+09.
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Nhu vay nghiém cta hé (3) 1a

rz = 949
y = —d5—Tt;
z = teR.
Vi du. Giai hé phuong trinh sau:
r1 + 2x0 4+ 3x3 + 4dzy = T,
ro + 221 + 2x3 + 34 = 6
31 + 2z + 2x4 + x3 = T,
4z, + 3x9 + 223 + ry = 18.
Giai. Ta c6
1 2 3 4 7
~ 2 1 2 3 6
A= 321 2| 7
4 3 2 1] 18
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dy—2d, 1 2 3 4 7

d3—3d; 0O -3 —4 -5 -8

dy—4d; 0O -4 -8 —-10| —14
0 -5 —-10 —-15| —10
1 2 3 4 7

do—ds 0 1 4 5 6
0 -4 -8 —-10| —-14
0 -5 —-10 —-15| —10
1 2 3 4 7

dz+4ds 01 4 5 6

d4+5ds 0 0 8 10| 10
0 0 10 10| 20
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1 2 3 4 7 1 2 3 4 7
01 4 5 6 dz<>dy 01 4 5 6
0 0 8 10| 10 ds 0 0 1 1 2
0 0 10 10| 20 0 0 8 10| 10
1 2 3 4 7

dy—8ds 01 4 5 6

0 011 2

0O 00 2| -6

Vay hé da cho tuong duong véi hé sau:

r1 + 229 + 3x3 + 4dxy = T T, = 2;
ro + 4x3 + Sx4 = 6 o) T2 = 1;
r3 + wy = 2 r3 = 5

2£L'4 = - Ty = -3
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Vi du. Giai hé phuong trinh sau:

r1 + 2z9 — 3r3 + Sry = 1;
r1 + 3x9 — 13z3 + 2224 = -—1;
3xr1 + Sz + T3 — 2x4 = 5;
201 + 3x0 4+  4dxz — Txy = 4,
Giai. Ta c6
1 2 -3 5 1
~ 1 3 —-13 22 1
A a 3 5 1 -2 5
2 3 4 -7 4
dyds 1 2 =3 5 1
ds—3d; 0 1 —-10 17| =2
ds—2d, 0 —1 10 —17 2
0 -1 10 —17 2

1lvluyen®@hcmus.edu.vn
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1 2 -3 5 1

0 1 —10 17| -2

0 -1 10 —17 2

0 -1 10 —17 2

1 2 -3 5 1
ds+dso 0 1 _10 17 —2
dy+da 0 0 0 O 0

0 0 0 O 0

Vay hé da cho c6 hai an tu do la x5, 24. Cho z3 = t, x4 = s, ta tinh dugc

Tog = —2+ 1023 — 172y = —2410t—17s;
r1 = 1—2x9+3x3—5xy = 5 — 17t + 29s.

Vay hé da cho c¢6 vo sb nghiem véi hai an ty do
(x1,m2,x3,24) = (5 — 17t +29s, -2 + 10t — 17s,1, s)

véi s, t € R tuy .
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Vi du. Giai hé phuong trinh sau:
rT — 235‘2 -+ 3133 — 41’4 = 2;
3r1 + 3x2 — bxgz + Ty = —3;
—2x1 + x> + 23 — 3ry = 9;
3x1 + 3x3 — 104 = 8.

Giai. Ta co

A - 2 1 2 -3 5
3 3 —10 8
1 -2 3 4 2

do—3d1
Doy 0 9 —14 13| —9
dg—3d; 0 -3 8 —11 9
0 6 —6 2 p)
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1 -2 3 —4 2

0 9 —-14 13| -9

0 -3 g8 —11 9

0 6 —6 2 2

1 -2 3 —4 2
do>ds3 0 —3 8 _11 9

0 9 —-14 13| -9

0 6 —6 2 2

1 -2 3 -4 2
d3+3d2 0 _3 8 _1]. 9
da+2ds 0 0 10 —20 | 18

0 0 10 —-20| 20

1 -2 3 -4 2
di—ds 0 -3 8 -11 9

0 0 10 —20 | 18

0 0 0 0 2
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-2 3 -4 2
-3 8 —11 9
0 10 —20 | 18
0 0 0 2

o O o

Vay hé da cho tuong duong véi hé sau:

r1 — 2x9 + 3r3 — 4z, = 2;
— 329 + 8xz — 1llxzy = 9
10z3 — 20x4 = 18;

0o = 2.

Hé nay vd nghiém. Do d6 hé da cho cling vo6 nghiém.

Tiép theo,

Phuong phap Gauss - Jordan
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Phuong phap Gauss - Jordan
Budc 1. Lap ma tran mé rong A = (A|B).
Buéc 2. Dua ma tran A v dang bac thang rut gon R4.

Buéc 3. Tuy theo truong hgp dang bac thang rat gon R4 ma ta
két luan nghiem. Cu thé:

e Truong hop 1. Ma tran R4 ¢6 mot dong (0 0 0 0...0 0] #0).
Két luan hé phuong trinh vé6 nghiém.

e Truong hop 2. Ma tran R4 c6 dang

1 0 -+ 0|l

1 0 a9
0 0 1| a,
0 0 0] 0
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Khi d6 hé phuong trinh c6 nghiém duy nhat 1
1 =01, Tg = Q2,...,Tp = Op.
e Truong hop 3. Khéc hai truong hgp trén, khi do hé cé vo sb
nghiém, va:
e An tuong ng véi cac cot khong c6 phan ti co sé 1 sé 1a an tu do
(1ay gia tri tuy ¥).
e An tuong ing véi cot c6 phan tit co sé 1 sé dude tinh theo cac an
tu do.

S6 an tu do dugc goi la bac tw do ctia hé phuong trinh.

Xem lai cac vi du trang 57
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1.3.4. Dinh ly Kronecker- Capelli

Dinh ly. Cho A = (A|B) la ma tran mé rong ciia hé phuong trink
gom n an dang AX = B. Khi do

r(A) = r(A) hogc r(A) =r(A) + 1.

Hon nita,
o néur(A) =r(A)+ 1 thi he vo nghiem;
o néur(A) =r(A) = n thi hé cé nghiem duy nhat;

o r(A) =r(A) < n thi hé c6 vo $6 nghiém vdi bac tu do la n—r(A).

Vi du. Gidi va bién luan hé phuong trinh sau theo tham s6 m

3r1 + bxro 4+ 3x3 — 4dxy = 1;

2¢7 + 3x9 + r3 + zy = 0

5%¢1 4+ 9x9 + 63 — 1534 = 2;
1327 + 22z + 1323 — 2224 = 2m.
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3 5 3 -4 1
~ 2 3 1 1 0
A=(A]B) = 5 9 6 -—-15 2
13 22 13 —-22 | 2m
1 2 2 -5 1
d1—d2 2 3 1 1
5 9 6 -—15 2
13 22 13 —-22 | 2m
1 2 2 -5 1
do—2d,
d3—5d; o -1 -3 11 -2
dy—13d; 0 -1 -4 10 -3
0 —4 —-13 43| 2m —13
1 2 2 =5 1
d3—dy o -1 -3 11 -2
dg—4do 0 0o -1 -1 -1
0 0 -1 —-1]| 2m—-5
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1 2 2 =5 1
ds—da 0o -1 -3 11 -2
da—A4ds 0 0o -1 -1 -1
0 0 -1 —-1| 2m—-5
1 2 2 -5 1
dy—ds 0o -1 -3 11 -2
0 0o -1 -1 —1
0 0 0 0] 2m—14

Bién luan.
e V6i 2m — 4 #£ 0 < m # 2: Khi d6 hé v nghiém.

e V6i m = 2: Hé tuong duong vd6i hé sau:

r1 + 2x9 + 223 — bry = 1;
- ro — 3xz3 + llzy = -2
— r3 — Ty = —1.
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Ta ¢6 x4 12 an tu do. Cho x4 =t € R ta tinh dugc
x3:1—$4:1—t;
To =2 —3xs + 11y = —1 + 14¢;
1 =1—2x9 — 223+ dxy = 1 — 21¢.

Nhu vay khi m = 2, hé da cho c¢6 vo s6 nghiém véi mot an tu do

(x1, 0, 23,24) = (1 — 21¢, —1 + 14,1 — ¢, t)

véit € R tuy §.

Vi du. Giai va bién luan hé phuong trinh tuyén tinh sau theo tham sb
m
1 + T2 — 3 + 2z4 = 1;
Ty + 2x9 — 3x3 + 4dxy = 2
Ty — T2 + 43 — my = my
4z + 3wy — x3 + mxzy = m?—6m+4,
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1 1 -1 211
~ 1 2 -3 4] 2
A= (4]B) = 1 -1 4 —-1|m
4 3 -1 m| m2—6m-+4
1 1 -1 211
do—dq
ds—dq 0 1 -2 211
dy—4dy 0 -2 5 -3 m-—1
0 -1 3 m—-8| m?2—6m
1 1 -1 211
ds+2ds O 1 *2 2 ].
d4+ds 0 0 1 1 m+1
00 1 m—6| m2—6m-+1
1 1 —1 211
ds—ds 01 -2 2 1
0 0 1 1| m+1
00 0 m-—7|m2=Tm
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1 1 -1 211

01 -2 2|1

0 0 1 1| m+1

0 0 0 m—T7| m>—Tm
Bién luan.
e V6im —7+#0< m #7, hé c6 nghiém

T4 = My

r3 = m4+1—x4=1;

To = 1+4+2x3—2x4 =3—2m;

Ty = 1—x0+23—224 = —1.

Vay, khi m # 7 hé da cho c6 duy nhat mot nghiém la:

(2, Ty, T3, 4) = (=1, 3—2m, 1, m).
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e V6i m = 7, hé tuong duong véi hé sau:

1 + 2 — w3 + 2x4 = 1
Ty — 2x3 4+ 2x4 = 1;
r3 + x4 = 8

Ta c¢6 x4 1a an tu do, Cho z4 =t € R ta tinh dugc
.%3:8—%‘4:8—75;
To =14 2x3 — 204 = 17 — 4t;
1 =1—20+ 23 — 224 = -8+ 1.

Vay, khi m = 7 hé da cho c6 vo s6 nghiem v6i mot an tur do

($1,:Z}2,JI3,.’L‘4) = (_8+t7 17 — 4ta8 —1 ) t)

véit € R tuy ¥.
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Vi du.(ty lam) Cho hé phuong trinh vé6i ma tran mé rong
1 1 1 1
2 3 1 4
3 4 m|m+1

Tim tat ci cac gia tri cia m dé hé phuong trinh c6 nghiem?

Vi du.(ty lam) Cho hé phuong trinh v6i ma tran mé rong

W N =

1
2
6
—1

SN W
SOHP—‘

1
1
4
-1

(\)

m

Tim tat ca cac gia tri cia m dé hé phuong trinh c6 nghiem duy nhéat?
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1.4. Ma tran kha nghich

© Dinh nghia

© Nhan dién va tim ma tran kha nghich
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1.4.1 Dinh nghia

Cho z € R, héi ton tai hay khong y sao cho zy = 1.

Héi. Trén tap hgp ma tran thi sao? J

Dinh nghia. Cho A € M, (R). Ta néi A khd nghich néu ton tai ma
tran B sao cho
AB=BA=1,.

Néu B théa diéu kién trén dugc goi 14 ma tran nghich ddo cta A.

v

Nhan xét. Ma tran nghich ddo cia mot ma tran khd nghich la duy
nhat. Ta ky hiéu ma tran nghich ddo cia A la A=1.
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. (35 coaoao1 [ 2 =5
V1d1_1.ChoA-<1 2>.Khld0A —<_1 3>.

Ménh dé. Cho A € M,(R). Gid st A khd nghich va cé nghich ddo la
A=Y Khi do
(i) A=Y khd nghich va (A=1)~! = A.
(i) AT khd nghich va (A7)t = (A~1)T.
1
(iii) Yo € R\ {0}, aA khd nghich va (aAd)~t = =A~L

«

Ménh dé. Cho A, B € M,(R). Néu A va B khd nghich thi AB ciing
khd nghich, hon nta
(AB)"' =B tA™L

1lvluyen@hcmus.edu.vn Chuong 1. Ma tran va He PTTT 23/02/2016 90/104



1.4.2. Nhan dién va tim ma tran kha nghich

Dinh ly. Cho A € M,(R). Khi dé cic khang dinh sau twong duong:

(i) A khd nghich.
(i) T(A)
)
)

o

~

(iii

(iv) Ton tai cic phép BDSCTD o1, ..., bién ma tran A thanh ma

tran don vi I,:

Hon nia, khi do qua chinh cac phép BDSCTD @1, - , 0, ma
tran don vi I,, sé bién thanh ma tran nghich ddo A~!:

I, 25 B — - 25 B =41
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Phuong phap tim ma tran nghich dao

Lap (A|l,) va dung cac phép BDSCTD dua A vé dang ma tran bac
thang rat gon:

(A|L) 25 (A1]| Br) — - 2 (A By) —» - .

Trong qué trinh bién déi c6 thé xay ra hai truong hgp sau:

e Trudng hgp 1: Ton tai p sao cho trong day bién déi trén, ma
tran A, ¢6 it nhat mot dong hay mot cot bang 0. Khi d6 A
khong khé nghich.

e Trudng hop 2: Moi ma tran A; trong day bién déi tren déu
khong c6 dong hay cot bang 0. Khi d6 ma tran cudi ciing ciia day
tren c6 dang (I,|B). Ta c6 A khé nghich va A~! = B.

Luu y. Néu bai toan chi yéu cau kiém tra ma tran A c6 kha nghich
hay khong, ta chi can tinh hang clia ma tran (dung Gauss).
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11 1
Vidu. Cho A= |1 2 2|.Xét tinh kha nghich ctia A va tim A~!
1 2 3
(néu c6)?
Giai. Lap (A|I3)
11 1]1 00 111 100
12 2/01 0] 2% |01 1/-110
12 3l0 0 1) %4 01 2/-10 1
100 2 =10
Aizd o g1 1)1 10
= \g 0 1] 0 -1 1
100 2 =1 0
rds g1 0l-1 2 -1
00 1| 0 -1 1
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2 -1 0
Suy ra A kha nghich va A== | -1 2 -1
0 -1 1
1 2 3
Vidu.Cho B=|-2 -5 3|.Xét tinh kha nghich cia B va tim
2 3 15
B! (néu c6)?
Giai. Lap (B|I3)
1 2 3|10 0 1 23/ 100
2 —5 3|0 1 0) =, o -1 9| 21 0
2 3 15/0 0 1) B2 \o -1 9]-2 0 1
d1+2ds 10 21| 5 2
ds—d> 01 —9|—2 —1
—dz 00 O0|-—4 —1

Suy ra r(B) = 2 < 3. Nhu vay B khong khé nghich.
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Vi du. Tim tat ci cac gia tri m dé ma tran sau kha nghich

1 1 2
A=12 1 m
3 2 1
Giai. Tim hang cua A
1 1 2 1 1 2
do—2d1
2 1 m —_ 0 -1 m-—4
3 2 1) %3 \g -1 5
1 1 2
dsmda g 1 4
0 0 —m-—1

Ta c6 A kha nghich < 7(A) = 3. Do d6 dé A kha nghich thi

—-m—-1#0&m# —1.
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Vi du. Xét tinh kha nghich ctia A va tim A~ (néu c6)

1 2 3 4
25 4 7
A4=13 7 3§ 12
4 8 14 19
Giai. 12 3 4/1 0 0 0
25 4 7/0100
A= |3 7 g 19l0 01 0
4 8 14 19/0 0 0 1
v 12 3 4] 1000
ds—3d; 01 -2 —-1/-2 1 0 0
g 01 =1 0l-=301 0
00 2 3|-4001
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Nhu vay, A kha nghich va

0 7 -9 1

-2 -3 4 -1
1 -3 3 -1

-2 2 =2 1

Al =

Vi du. Xét tinh kha nghich ctia A va tim A~! (néu c6)
1 2 3 4
2 1.1 0
A= 3 02 1
4 -1 0 -3
Giai. 1 23 411000
2 11 0]0100
A=13 99 1]001 0
4 -1 0 =310 0 0 1
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dy2ds 1 2 3 41 1 0 0 O
d3—3dy 0 -3 -5 —-8|—-2 100
di—4dy 0 -6 -7 —-11|-3 010
0 -9 -12 -19|—-4 0 0 1
1 2 3 4, 1 000
ds—2ds 0 -3 -5 —-8|-2 1 00
ds—3ds o o0 3 5| 1 -2 10
o 0 3 2 -3 01
1 2 3 4, 1 0 00
di—ds 0 -3 -5 —8|-2 1 00
o o 3 5| 1 -2 120
o o o o0 1 -1 -1 1

Ta c6 r(A) < 4. Suy ra A khong kha nghich.
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1.5. Phuong trinh ma tran

Dinh ly. Cho cic ma tran A, A’ € M,(R) khd nghich va
B € Mpxp(R), C € Mpmxn(R), D € My(R). Khi dé

(i) AX=B& X =A"1B;

(i) XA=Co X =CA™L;
(iii) AXA'=D e X =A"'DAL,

5 2 2 5

Vi du. Giai phuong trinh (3 1)X = (_2 3).

Giai. Phuong trinh ¢6 dang AX = B. Ta c¢6 A kha nghich va

(2 -1 . (61
A —<_5 3>.SuyraX—A B_<16 O).
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. . 3 1\ (-2 3
Vi du. Giai phuong trinh X <5 2> = < 9 5>.

Giai. Phuong trinh ¢6 dang XA = B. Ta ¢6 A kha nghich va

-1 2 -1
A _(_5 Y.
_ 1 (-2 3 2 -1\ _ (=19 11
X =54 _<25 -5 3/ \-21 13)°
Vi du. Tim ma tran X thoa

1 11 1 =2
1 2 21X <i ;) =(3 1
1 2 3 2 -1

Suy ra
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Giai. Phuong trinh ¢6 dang AXB = C. Ta c6 A, B kha nghich va

2 -1 0
At = -1 2 -1 ;B—lz(_i _§>
0 —1 1
Suy ra
2 -1 0\ /1 -2 5 9
X=A1"CB'= |-1 2 —-1][3 1 (_4 3>

1 9 -4 3
17 —13
=|-11 9
5 —4
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Vi du. Tim ma tran X théa ( 1 2 _1>X = <_1 —2

-2 -3 1 1 1
Tr1 T2
Giai. bat X = |23 z4]. Ta co
Ts Te
1 2 -1 X — .T1+2.T3—.CE5 IL’2+25L’4—1’6
-2 =3 1 - —2x1 — 3x3+ x5 —2w9 —3x4 + 26/
T1+2r3—x5 = 1
R . To+2r4—26 = -2
Suy ra hé phuong trinh 9wy — 3ws b xs = 1
—2x9 —3T4+ x5 = 1.

1 0 2 0 -1 0 1
0 1 0 2 0 —-1|-2
-2 0 -3 0 1 0|-1
0 -2 0 -3 O 1 1
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10 00 1 0]-1
0100 1| 4
0010 -1 0 1
0 001 0 —-1]-3
Suy ra
ry = -1 —t,
ro = 4—s;
r3 = 141
vy = -3+ t,s € R
Ty = t;
Tre — S.
—1—-t 4-s

Vay X = 1+t —-3+s v6i t, s tu do.

t S
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