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3.1. Khong gian vecto

DPinh nghia. Cho V 1a mét tap hgp v6i phép toan + va phép nhan vo
huéng . cia R v6i V. Khi d6 V' duge goi la khong gian vecto trén R
néu moi u,v,w € V va o, B € R théa 8 tinh chit sau:

(1) utv =v+tuy;

(2) (utv)Fw = ut(vtw);

(3) ton tai 0 € V : u+0 = 0+u = u;

(4) ton tai —uw €V : —u+u=u+—u = 0;

(5) (af)ew = an(Bew);

(6) (a408).u = autLB.u;

(7) a.(u4v) = a.uta.v;

(8) l.u
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Khi dé6 ta goi:
e mdi phan tit u € V 13 mot vecto.
e vecto 0 la vecto khong.

o vectd —u la vecto doi cia u.
Vi du. Xét V =R3 = {(x1, 9, 23) | 7; € R}. V6i
U= (5[31,562,%3), V= (y17y27y3) va o S R7
ta dinh nghia phép cdong + va nhan vo huéng . nhu sau:
* utv = (T1+Y1,T2 + Y2, T3 + Y3);
o a.u = (axi,ars, ars).

Khi d6 R? 1a khong gian vecto trén R. Trong do:
> Vecto khong 1a 0 = (0,0, 0);

> Vecto dbi ctia u 1a —u = (—x1, —x2, —13).
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Vidu. Xét V =R" = {(z1,22,...,7y) | z; € RVi € 1,n}. V6i
u=(r1,T2,...,%n), v=(y1,Y2,---,Yn) €E R" va a € R,
ta dinh nghia phép cong + va nhan vo hudéng . nhu sau:
o utv=(z1+y1, 22+ Y2, Tn + Yn);

o a.u= (ax1,qr2,...,0Ty).
Khi d6 R™ la khong gian vecto trén R. Trong do:
> Vecto khong 1a 0 = (0,0, ...,0);

> Vecto déi cua u 1a = (—mx1,—T2,...,—Tp).

Vi du. Tap hop M,,xn(R) v6i phép cong ma tran va nhan ma tran véi
mot s6 thyc thong thuong 1a mot khong gian vecto trén R. Trong do:
> Vecto khong 1a ma tran khong.

> Vecto dbi ctia A 1a —A.
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Vi du. Tap hop
Rlz] = {p(z) = anz" + -+ a1z + ag|n € N,a; € R,i € I,n}

gom cac da thic theo x vdi cac hé s6 trong R 14 mot khong gian vecto
trén R véi:
e phép cong vecto la phép cong da thitc thong thusng;
e phép nhan vo hudng véi vecto 14 phép nhan thong thuong mot s6
v6i da thiic.

Vi du. Tap hop R, [z] gom céac da thiic bac nhé hon hodc bang n theo
x v6i cac hé s6 trong R 14 mot khong gian vecto trén R.

Vi du. Cho V = {(z1,72,23) € R® | 221 + 3w2 + 23 = 0}.
Khi d6 V la khong gian vecto trén R.
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Vi du. Cho W = {(1'1,1’2,333) eR3 ’ Tl + x9 — 223 = 1}
Khi d6 W khong la khong gian vectd, vi

0=(0,0,0) ¢ W

Ménh dé. Cho V la mot khong gian vecto trén R. Khi dé vdi moi
u€eV vaaeR, ta co

i) ou=0< (=0 hay u=0);
i) (-1)u = —u.
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.2. T6 hop tuyén tinh

@ T6 hop tuyén tinh

@ Doc lap va phu thudc tuyén tinh
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3.2.1. T6 hop tuyén tinh

Dinh nghia. Cho uy,us, ..., un € V. Mot t6 hop tuyén tinh cia
UL, U, - - -, Uy 12 MOt vectd cod dang

u = oju + asug + -+ apmu,, Vo o € R

Khi d6, ding thic trén duge goi 1a dang biéu dién clta u theo cac
vecto uy, U, . .., Um.

Vi du. Vecto u = (5,4,2) 1a td hgp tuyén tinh clia cac vecto
Uy = (17 —1i; 2)7“2 = (2’ 3, —1),U3 = (07 (¢ _2)7

viu = ui + 2us — us.

Nhan xét. Vecto 0 luon luon la mot t6 hop tuyén tinh cia
UL, U,y +evy U, VI

0 = Ouy + Ouo + - - - + Oy,
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Vi du. Cho
uyp = (1’27 —1),’LL2 = (07 1, —1),U3 = (1737 _]-)

va u = (4,9, —2). Chiing t6 v 13 mot t6 hop tuyén tinh ctia ug, ug, us.

Giai. Gia st w 1a mot t6 hop tuyén tinh clia uy, ug, us, khi dé ton tai
a1, ag, ag sao cho

U = a1u1 + Qauz + azuz.

Twu day ta suy ra dugc hé phuong trinh

oy + a3 = 4
200 + a2 4+ 3az = 9;
- — Q2 — a3 = —2.

Giai hé ta dugc a3 = 1,a9 = —2, a3 = 3. Suy ra
u = u; — 2us + 3us.

Do d6 w 1a mot t6 hgp tuyén tinh ciia uq, ug, us.
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Phuong phap

Ta c6 u 13 td hop tuyén tinh ctia u1, us, ..., Uy, khi phuong trinh
U= a1u1 + otz + -+ -+ AUy, (%)
¢6 nghiém «ay, ag, ..., a, € R.

Xét truong hgp khong gian R™. Gié st

u = (bl,bz,...,bn)
ur = (u11,u21...,Un1);
Uz = (u12, U2 ..., UnQ);
Um = (ulma U2my -+« Unm)
U0 + e + -+ Uiy, = by
Khi do () & U211 + U222 + - - - + UMy, = by (5)
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Ma tran héa (xx) ta duge

Tuce 1a

T T

(u] ug ... w |uh)

Nhu vay, dé kiém tra « 1a t6 hgp tuyén tinh ctia ug,us, ..., u,, trong R™
ta ap dung cic budc sau:

Budc 1. Lap ma tran mé rong (uir u;— o)

Budc 2. Giai hé phuong trinh ().

> Néu (%) vé nghiém, thi u khong phai 14 t6 hop tuyén tinh ctia
U, Uy oevy Uy«

> Néu (%) ¢6 nghiém oy, s, ..., a,, thi u 14 t6 hgp tuyén tinh cla
UL, U, ..., Uy, VA c6 dang biéu dién 1a

U= U1 + QU2 + +** + QA Uy,
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Vi du. Xét xem u = (—3,1,4) c6 14 t6 hgp tuyén tinh clia cac vecto
up = (1,2,1),u2 = (-1,—-1,1),us = (—=2,1, 1) hay khong?

1 -1 —2]-3
Giai. Lap (u] ug ug |u')=[2 -1 1] 1
1 1 1] 4
1 -1 —-2]-3 10 3| 4
2 g 7 5| 7Bt g 1 5| 7
d=di \g o 3| 7) B2 \g o 7|7
Ly (1001
! 01 0|2
azis \o 0 11

Heé phuong trinh ¢6 nghiém duy nhat (ay, as, a3) = (1,2, 1).
Vay u 13 td hop tuyén tinh ctia u, ug, us.

Dang biéu dién ctia v 1 u = uy + 2us + us.
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Vi du. Xét xem u = (4,3,5) c6 1a t6 hop tuyén tinh clia cic vecto
ui = (1,2,5),us = (1,3,7),u3 = (—2,3,4) hay khong?

11
Giai. Lap (u] ug ug |u')=1[2 3
5 7

Hé vo nghiém vi
Oaq + Oy 4+ Oy = —5.

Vay u khong 13 td hop tuyén tinh cia w1, us, us.
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Vi du. Xét xem u = (4,3,10) c6 1a t6 hop tuyén tinh clia cic vecto
ui = (1,2,5),us = (1,3,7),u3 = (—2,3,4) hay khong?

11 -2 4
Giai. Lap (u] ug u3 |u')=12 3 3| 3
5 7 410
woon (L1724 10— 9
orrendl KU S 5ﬁ01 -5
TE\0 2 14| -10) T \0 0 0

Nghiém ctia hé la
(041, a9, 043) = (9 +9t, —5 — 7t,t) vGi t € R.
Vay u 13 t6 hop tuyén tinh ctia w1, ug, u3, vi dang biéu dién clia u la

uw=(949t)us + (=5 — 7t) us + tus.
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Vi du.(ty lam) Xét xem v = (5,7, —2 5) 6 1a td hdp tuyen tinh cla
cac vecto ug = (1,2, —1,2),us = (—2,1,—1,1),u3 = (1,3,—1,2) hay
khong?

Pap an. u = u; — us + 2ug.

Vi du.(ty lam) Xét xem u = (—1,4,—1) c6 1a t6 hgp tuyén tinh ciia
cac vecto

up = (—2,3,1);us = (2,—1,—1);u3 = (1,0, —1);uq4 = (2,1,-1)
hay khong?

Pap an. (a1, a9,a3,04) = (1 —t,—1 — 2¢,3,t). Suy ra

u=(1—1t)u; + (=1 — 2t)ua + 3usz + tus.

Vi du.(ty lam) Xét xem u = (7,3,0,4) c6 1a t6 hop tuyén tinh ctia cic
vecto up = (3,1,1,2),us = (2,1,1,2),us = (2,1,0,—1) hay khong?

Dap an. v khong 1a t6 hgp tuyén tinh ciia uq, ug, us.
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Vi du. Trong khong gian R* cho cac vecto
Uy = (17 17 17 1)7 U = (2737 _170)7 us = (_17 _17 17 1)

Tim diéu kien dé vecto u = (a, b, ¢,d) 13 mot td hgp tuyén tinh ciia
Uy, u2,us.

Giai. Lap

1 2 -1|a 1 2 ~1|a
13 —1|» 0 1 0lb—a
T T T .7y
(e wg fu) =19 1 1.7 o =3 2]c—a
1 0 1)d 0 -2 21d—a
0 2 -1 a 0 2 -1 a
. 0 1 0| —a+b 0 1 0| —a+b
0 0 2| —4a+3b+c 00 2| —4a+3b+c|
0 0 2| -3a+2b+d 00 Ola—b—c+d
Dé v 1a mot t6 hgp tuyén tinh ciia uq, ug, uz thi hé c¢6 nghiem, tic la

a—b—c+d=0.
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Vi du.(ty lam) Trong khong gian R? cho céc vecto
Uy = (1’2’ 1)7 U2 = (1a3a2)7 uz = (378a 5)7 Ug = (2777 5)

Tim diéu kién dé vects u = (a, b, c) 1a mot to hop tuyén tinh clia
U, U2, U3, Uq.

Pap an.a—-b+c=0
Vi du.(ty lam) Trong khong gian R* cho cac vectd
up = (1,2,1,3); ue = (2,3,2,—-2); ug = (5,8,5, —1).

Tim diéu kién dé vects u = (a, b, ¢, d) 13 mot t6 hgp tuyén tinh cia
Uy, U2, us.

Pap an. —a+c=0vA 13a— 8 +d =0
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3.2.2. Poc lap va phu thudc tuyén tinh

Dinh nghia. Cho uj,us,...,u, € V. Xét phuong trinh

oquy + oug + - - - + Uy, = 0. (%)

e Néu (x) chi c6 nghiegm tam thuong a; = as = -+ = a;, = 0 thi
ta néi uy,uz, ..., un (hay {ui,us,...,uy,}) déc lap tuyén tinh.

e Néu (x) ¢6 nghiem khong tam thuong thi ta noéi uy, ug, . . ., Un

(hay {u1,us,...,un}) phu thudéc tuyén tinh.
Noéi cach khéc,
> Néu phuong trinh (*) c6 nghiem duy nhat thi uy, ug, ..., uy, doc
lap tuyén tinh.
> Néu phuong trinh (%) ¢6 vo s6 nghiém thi wy,us, ..., u, phu
thuoc tuyén tinh.
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Nhac lai. Cho he phuong trinh tuyén tinh thuan nhat AX =0 c6 m
an. Khi do6 7(A) = r(A) v6i A 1a ma tran mé rong. Hon nita ap dung
dinh 1y Kronecker - Capelli ta c6

e Néu r(A) = m hé chi ¢6 nghiém tam thuong.

e Néu r(A) < m he c6 vo sO nghiém.

Nhic lai. Cho A € M, (R). Khi dé cac khing dinh sau tuong duong
(i) 7(A) = n;

(ii) He phuong trinh AX = 0 chi ¢6 nghiém tam thuong;
(ii) detA 0.
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Vi du. Trong khong gian R? cho cic vecto u; = (1,2, —3);

ug = (2,5,—1); us = (1,1, -9). Hbi uq, uz,us doc lap hay phu thude
tuyén tinh?

Giai. Xét phuong trinh
aruy + agug + azug = 0

g 041(17 27 _3) + 042(27 57 _1) + 063(1, 1> _9) = (O> 07 0)

ar + 203 + a3 = 0

= 20¢ + bag + as = 0;

—301 — ay — 9a3 = 0.
R 1 2 1
Ma tran héa hé phuong trinh ta c6 A = 2 5 1
-3 -1 -9

Ta c¢6 r(A) = 3 nén hé c¢6 nghiém duy nhat. Suy ra wuy, us, ug doc lap
tuyén tinh.
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Vi du. Trong khong gian R? cho cac vecto uy = (1,1,1); ug = (2,1, 3);
ug = (1,2,0). Hoi uq,ug, ug doc lap hay phu thuoc tuyén tinh?

Giai. Xét phuong trinh
ajuy + agug + azuz =0

& (a4 209 + a3, + ag + 2a3,a + 3a2) = (0,0,0)

ar + 200 + a3 = 0

& a + ay + 2a3 = 0

a1+ 3ag =0
B 1 2 1

Ma tran héa hé phuong trinhtac6 A= |1 1
1 30

Ta c6 7(A) = 2 < 3 nén he vo s6 nghiém. Suy ra uj, us, us phu thuoc
tuyén tinh.
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Nhan xét. Ho vectd uy,us, ..., Uy, phu thudc tuyén tinh khi va chi khi
ton tai vecto u; la t6 hop tuyén tinh cia cdc vecto con lai.

Giai thich.
(=) Néu uq, ..., u, phu thuoc tuyén tinh thi ¢6 a1, a9, ..., ay, €R
khong dong thai bang 0 sao cho Z aju; = 0. Gia st a; # 0, khi do

= E :aJuJ

Suy ra u; 1a t6 hop tuyén tinh cac vectd con lai.

(«=) Gia sit ton tai u; 1a t6 hgp tuyén tinh cac vecto con lai, khi do

u; =y fBjuj. Suy ra
J#1 Zﬁjuj — U; = 0.
J#i

Diéu nay ching t6 w1, us, . .., U, phu thuoc tuyén tinh.
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Ménh dé. Cho V la khong gian vecto trén R va S = {ui, ua, ..., Un}
la tap hop cdc vecto thuoc V. Khi do
i) Néu S phu thudc tuyén tinh thi moi tdp chita S déu phu thuoc
tuyén tinh.

ii) Néu S doc lap tuyén tinh thi moi tap con cia S déu doc lap tuyén
tinh.

Nhic lai. Cho A € M,,xn(R). Khi d6 r(AT) = r(A). J

Meénh dé. Cho ui,us, ..., uy la m vecto trong R*. Goi A la ma tran
c6 duogc bang cdch xép uy,us, ..., Uy thanh cdc cot hodc thanh cdc
dong. Khi d6 uy,us, ..., uy doc lap tuyén tinh khi va chi khi A c6
hang la r(A) = m.

T hé qua trén ta sé xay dung thuat toan kiém tra tinh doc lap tuyén
tinh cta céc vecto trong R™ nhu sau
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Thuat toan kiém tra tinh doc lap tuyén tinh cta

cac vectd uq, usg, ..., U, trong R"

Budc 1. Lap ma tran A bang cach xép uq,us, ..., u,, thanh cic cot
hoéc thanh cac dong.

Budc 2. Xac dinh hang r(A) cta A.

> Néu r(A) = m thi ug,us,...,u, doc lap tuyén tinh.

> Néu r(A) < m thi ug,us,...,u, phu thudc tuyén tinh.

Trudng hop m = n, ta c6 A la ma tran vuong. Khi dé cé thé thay Budc
2 bang Bué6c 2’ sau day:

Buéce 2°. Tinh dinh thic cua A.

> Néu detA # 0 thi uy, us,. .., u, doc lap tuyén tinh.

> Néu detA = 0 thi ug, us,...,u, phu thuoc tuyén tinh.
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Vi du. Trong khong gian R* cho céc vecto u; = (—1,2, —1,2);
ug = (2,2, —4,2); us = (1,3,1,2). Hay xét xem uq, ug, ug doc lap tuyén
tinh hay phu thuoc tuyén tinh?

Giai.
1 21 -1 21
o 23|95 [ 0 65
R T T T —
Lap A= (uj wp uz)=| _| _, dirza |0 =6 0
2 2 2 0 6 4
-1 2 1 -1 21
d3+da 0 6 5 d4+%d3 065
o oo 517/ o005
00 —1 00 0

Ta c¢6 r(A) = 3. Suy ra uy, us, ug doc lap tuyén tinh.
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Vi du. Trong khong gian R® cho cac vecto u; = (1,2, -3, 5,1);
ug = (1,3,-13,22,—1); ug = (3,5,1,—2,5). Hay xét xem w1, ug, ug doc
lap tuyén tinh hay phu thudc tuyén tinh?

Giai.

2 =3 5 1
Lap A= |w |= 1 3 —-13 22 -1
) 1 -2 5

S
—
—_

I3
w
w

1 2 =3 5o 1

da—dy 0 1 —10 17 -2

d3=3d1 0 -1 10 —17 2
12 -3 5 1

Matda 01 —10 17 —2|.

ja)

0 0 0 0

Ta c6 7(A) = 2 < 3. Suy ra ug,ug, us phu thudc tuyén tinh.
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Vi du. Trong khong gian R* cho cac vecto u; = (1,2, -1, 3);

us = (0,1,-1,2); uz = (1,3, —1,4) va us = (2,6, —3,9). H6i u1, us,
ug,ug c6 phu thuoc tuyén tinh khong? Néu c6 hay tim biéu dién cta
mot vecto nao dé qua cac vects con lai.

Giai. Xét hé phuong trinh AX =0 v6i X = (a1 a2 a3 a4)T va,

1 0 1 2 1 0 0 1

T . T.T. T | 2 1 3 6 0101
A= (uy uy ug uy) = -1 -1 =1 -3 — 00 1 1
3 2 4 9 0000

Ta c6 r(A) = 3 < 4. Do d6 hé c¢6 vo s6 nghiem. Suy ra ug, us, us, us phu
thuoc tuyén tinh. Hon nita nghiém ctia hée 1a

(061, 2, a3, 054) = (_t7 _tv _t7 t)

Suy ra
—tuy — tug — tug + tuy = 0.
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—tuy — tug — tug + tuy = 0.

Chon t = —1, ta c¢6
up + u2 +uz —ug =0

Ta chon w4 biéu dién qua céc vecto con lai. Do dé

Ug = U1 + U2 + U3.

Vi du.(ty lam) Trong khong gian R* cho cac vecto u; = (1,2, —3,2);
ug = (1,2, —1,1); v ug = (1,3, —1,4). Hdi u1,uz,us c6 doc lap tuyén
tinh khong?

Pap an. Co

Vi du. Trong khong gian R? cho cic vecto ug = (2m + 1, —m,m + 1);
ug = (m—2,m—1,m—2) vaug = (2m —1,m — 1,2m — 1). Tim diéu
kien dé wi,uo, us doc lap tuyén tinh.
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Ul 2m+1 —m m+1

Gidai. Lap A= |us |=| m—2 m—-1 m-—2|. Taco
U3 2m—-1 m—1 2m—1
2m+1  —m m+1 B m  —m m+1
Al =|m—-2 m—1 m-2 =210 m—-1 m—2

2m—-—1 m—-—1 2m—1 0 m—1 2m—1

m—1 m-2
m—1 2m—1

cot 1 m(_1)1+1

‘ =m(m—1)(m+1).
Do d6 uy,us,us doc lap tuyén tinh khi va chi khi

Al #0 < m(m—1)(m+1) #0< m # 0 vam # £1.

Vi du.(ty lam) Trong khong gian R? cho céc vecto
up = (1,2,m); ug = (2,m + 1,2) va ug = (m, —2,1).

Tim diéu kién dé wuq,ug, uz doc lap tuyén tinh.

Dap an. m # +1.

1lvluyen@hcmus.edu.vn Chuong 3. Khong gian vecto 22/03/2016

30/97



3.3. Co s3 va so6 chiéu cua khong gian vecto

O Tap sinh

@ Co sé va so chieu
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3.3.1. Tap sinh

Dinh nghia. Cho V 1a khong gian vects va S 1a tap con cua V. Tap S
duge goi la tap sinh ctia V néu moi vecto ctia V' déu 1a t6 hgp tuyén
tinh cta S. Khi d6, ta néi S sinh ra V hoac V duoc sinh boi S, ky
hiu V = (S).

Vi du. Trong khong gian R3, cho
S ={u; = (1,1,1);us = (1,2,1);u3 = (2,3,1)}.
Héi S ¢6 1a tap sinh ctia R? khong?

v

Giai. Véi u = (z,y, 2) € R3, ta kiém tra xem u c6 1a td hgp tuyén tinh
cua uy,usg, us khong?

Lap hé phuong trinh

11 2|2
(uf ug ug |u")=|(1 2 3|y|l=(0 1 1|-z+y].
1 11
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Hé c6 nghieém, suy ra u 1a t6 hgp tuyén tinh ctia ui, us, uz. Vay S 1a
tap sinh ctia R3.

Vi du. Trong khong gian R3, cho
S = {U1 = (17 1) —1),U2 = (2737 1)7“3 = (3743 0)}

Héi S ¢6 1a tap sinh ctia R? khong?

Giai. V6i u = (z,y, 2) € R3, ta lap hé phuong trinh

1 2 3|z 1 2 3|z
(u{ ug ug |u') = 1 3 4ly]l—= (01 1|—-2z+y
-1 1 0]z 0 0 0|4 —-3y+=

V6i ug = (1,1,1) thi he trén vo nghiem. Vay ug khong 1a t6 hop tuyén
tinh ctia ui, ug, us. Suy ra S khong la tap sinh ciia R3.
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Vi du.(ty lam) Trong khong gian R3, cho
S={u =(1,-2,3);u2 = (—2,-1,2);u3 = (1,-2,1),ug = (1, -7,7) }.

Héi S 6 1a tap sinh ctia R? khong?

DPap an. Cé.

Vi du.(ty lam) Trong khong gian R*, cho
uy = (172a —1,2)7’&2 = (25 _172’ 1)7
us = (1,-2,1,2);uq = (4,-1,2,5).

Héi S = {u1,uz,us,us} cé la tap sinh ciia R* khong?

Huéng dan. Gia st u = (z,y, z,t), tim diéu kien dé u 1a t hgp tuyén
tinh cta uy,uo, usg, ug. Ta gidi duge —2z +y + 22+t =0.

Ta c6 thé chon ug = (1,0,0,0). R6 rang ug khong 1a t6 hop tuyén tinh
clia uq, ug, ug, us. Suy ra S khong 1a tap sinh cta R%.
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3.3.2. Co sé va sb chiéu

Dinh nghia. Cho V 1a khong gian vecto va B 1a tap con cua V. Tap B
dudc goi 1a mot co sd ctia V néu B 1a mot tap sinh ctia V va B doc
lap tuyén tinh.

Vi du. Trong khong gian R3, cho
B={u =(1,1,1);us=(1,2,1);us = (2,3,1) }.

Kiém tra B 1a co sG ctia R3.

Giai. B 1a tap sinh ctia R3. (theo vi du trén)

Kiém tra B doc lap tuyén tinh. Ta lap ma tran

U1 1 11
A=lu|=11 2 1. Tacor(A) =3 (hoic |A] = —1). Suy ra B
U3 2 31

doc lap tuyén tinh. Vay B 1a co s6 ctia R3.
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Vi du.(ty lam) Trong khong gian R3, cho
S = {ul = (17 1, _2); U2 = (27373);'“3 = (57 774) }

Héi S 6 1a co sd ciia R? khong?

Vi du.(ty lam) Trong khong gian R3, cho
S={{u =(1,1,-1);u2 = (2,1,0);us = (1,1,0); ug = (1,—4,1) }.

Héi S ¢6 1a co 56 ciia R? khong?
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So chiéu

Ménh dé. Gid stV sinh bdi m vecto, V = (u1,ua, ..., Uy). Khi dé
moi tap hop con doc lap tuyén tinh cia V cé khong qud m phan ti.

Hé qua. Gid stV c6 mot co sé B gom n vecto. Khi dé moi co s
khdc cia V' cing co ding n vecto.

Dinh nghia. Cho V la khong gian vecto. S6 chiéu ctia V, ky hieu 1a
dimV, 1a s6 vectd clia mot c¢d s6 nao do cia V.

Vi du.(tuy lam) Trong khong gian R3, cho

B = {Ul = (1727 _1);U2 = (2,—1,2);1,63 = (17_27 1)}

Kiém tra B 1a co s6 ctia R3. Tim dimR3?

Dap an. dimR3 = 3.
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Nhan xét. Trong khong gian R™, zét By = {e1,ea,...,en}, trong do

er = (1,0,0,...,0),

Vi u = (x1,x2,...,2,) € R, ta c6
U = T1€] + T2e2 + -+ + Tpeén.

Do dé By la tap sinh ciia R™. Mdat khdac By doc lap tuyén tinh nén By la
co 56 ctia R™. Ta goi By la co s& chinh tdc cia R™. Nhu vdy

dimR"™ = n.

Vi du. Khong gian R? ¢6 co s6 chinh tic 1a

BO = {81 = (1,0,0),62 = (0, 1,0),63 = (0,0, 1)}
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Ménh dé. Cho V la khong gian vecto c¢6 dimV = n. Khi dé

i) Moi tap con cia V chia nhiéu hon n vecto thi phu thuoc tuyén
tinh.

il) Moi tap con cia V chita it hon n vecto thi khong la tap sinh cia V.

Vi du. Trong khong gian R? cho u; = (—7,2,—3); ugs = (1, —4, —1);
us = (1,4,3);uq = (3,15,3) va

S ={uy,ug,us,ust; T = {uy,us}.

Khi d6 S phu thuoc tuyén tinh va T khong la tap sinh cta R3.

Meénh dé. Cho S la mot tap con doc lap tuyén tinh clia V vau €V
la, mot vecto sao cho u khong la to hop tuyén tinh cia S. Khi dé tap
hop Sy = S U {u} doc lap tuyén tinh.
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Vi du. Trong khong gian R* cho u; = (1,2,2,1); ug = (2,3,2,1);
uz = (0, -2, -3, —1).

a) Ching t6 u1,us, us doc lap tuyén tinh.

b) Tim mot vecto ug € R* dé uy, us, us, us doc lap tuyén tinh.

Giai. b) Theo ménh dé trén ta chi can tim vecto u4 khong 1a t6 hop
tuyén tinh ctia uq, ug, us.

Gia st u = (x,y, 2,t) € R*, ta lap he phuong trinh

1 2 0=z 1 2 0=z
2 3 -2 0 -1 —-2|—-2x+
T.T ., T Ty _ Yy Yy
(i ug fu)=1o 5 510170 0 1|20-2y+2
1 1 -1t 0 0 O|—2z+y—z2+t

Dé u khong 1a t6 hop tuyén tinh ctia uq, us, us thi
—r+y—z+t#0.

Do d6 ta c6 thé chon uy = (1,0,0,0).
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Dinh 1y. Cho V' la mot khong gian vecto c6 dimV = n. Khi dé

i) Moi tap con doc lap tuyén tinh gom n vectd cia V deéu la co s
cua V.

ii) Moi tap sinh ciia V gom n vecto déu la co sd ciia V.

Nhan dién co sd cia khong gian V ¢6 dimV =n

Vi dimV = n nén moi co s6 ciia V phai gom n vecto. Hon nita, néu S
13 tap con ctia V va s6 phan tit cia S bang n thi
SlacosdcliaV <= S doclap tuyén tinh.
<= S la tap sinh caa V.

Vi du. Kiém tra tap hgp nao sau day la cd sé ctia khong gian R3?
a) By ={u1 =(1,2,3),u2 = (2,3,4)}.

b) By = {u1 = (2,1 3) = (2,1,4),u3 = (2,3,1),us = (3,4,5)}.
c) Bs={u1 =(1,— ) =(1,3,2),us = (—2,1,-2)}
d) By = {ul (27 ) (1,2,3),U3 = (57073)}
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Giai.
a) b) By, By khong phéi 1a co sé ctia R3 vi s6 vectd khong bing 3.
c) Bs={u; =(1,-2,1),us = (1,3,2),u3 = (-2,1,-2)}

Ul 1 -2 1
Lap A= [us |= 1 3 2
us 2 1 -2

Ta c6 detA = 3. Suy ra Bz doc lap tuyén tinh. Mat khac sd vects ciia
Bs bing 3 = dimR? nén Bj 1a co s6 clia R3.

d) B4 = {u1 = (2, —1,0),11,2 = (1,2,3),U3 = (5,0,3)}

(75} 2 -1 0
LaipA=[u |=1]1 2 3.
us 5 0 3

Ta c6 detA = 0. Suy ra By khong doc 1ap tuyén tinh. Vi vay By khong
1 co s clia R3.
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Vi du. Trong khong gian R?, cho
S={ur=1,m—2,-2);us = (m—1,3,3);u3s = (m,m+2,2)}.

Tim diéu kiem m dé S 1a co s6 cia R3?

Giai. Do s6 phan tit ciia S bing 3 nén S 1a co s ctia R3 khi S doc lap
tuyén tinh.

Uy 1 m—2 -2
LaipA=[u|=|m-1 3 3 |. Ta c6 detA = —m? + m.
Uus3 m m+2 2

Suy ra, S doc lap tuyén tinh khi detA # 0. Nhu vay, dé S 1a co s clia
R3 thi m # 0 vam # 1.

Vi du.(ty lam) Trong khong gian R3, cho
S={ur=(1,2,m);ug = (2,m+1,2);uz = (m,—2,1)}.

Tim diéu kiem m dé S khong la co s6 ctia R3?
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3.4. Khong gian vecto con

© Dinh nghia
@ Khong gian sinh béi tap hop
@ Khong gian dong ctia ma tran

@ Khong gian téng

1lvluyen@hcmus.edu.vn Chuong 3. Khong gian vecto 22/03/2016 44/97



3.4.1. Dinh nghia

Dinh nghia. Cho W la mot tap con khac rong ctia V. Ta néi W la
mot khong gian vecto con (goi tit, khong gian con) cta V, ky
higu W < V, néu W véi phép toan (+,.) dugc han ché tu V ciing la
mot khong gian vecto.

Vi du. {0} va V la khong gian vecto con cta V. Ta goi day la céac
khong gian con tam thwong cta V.

Dinh ly. Cho W la mot tap con khdc rong cia V. Khi dé cic ménh dé
sau tuong duong:

i) W<V
i) Voi moiu,veW ;a€R, tacdu+veW vaaue W.

iii) Vi moiu,v € W; a € R, ta c6 au+v e W.
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Nhan xét. Cho V la khong gian vecto va W la tap con cia V. Khi do
o Néu W la khong gian con ctia V thi 0 € W.

o NéuO ¢ W thh W khong la khong gian con cia V.

Phuong phap kiém tra khéng gian con

Cho W la tap con ctia khong gian V. Dé kiém tra W la khong gian con
ctia V, ta tién hanh nhu sau:

Budéc 1. Kiém tra vecto 0 € W.
> Néu 0 ¢ W thi két luan W khong 1a khong gian con ctia V. Ding.
> Néu 0 € W thi sang Buéc 2.

Buéc 2. Cho u,v € W va a € R.
> Néuu+veEW vaau € W thi két luan W < V.
> Nguoc lai, ta can chi ra mot vi du cu thé ching t6 u,v € W
nhung u +v ¢ W hoac u € W, a € R nhung au ¢ W. Khi dé két
luan W khong la khong gian con cia V.
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Vi du. Cho W = {(z1,22,23) € R® | 21 4+ 3z + 23 = 1} . H6i W ¢6 1a
khong gian con ctia R3 khong?

Giai. Tac6 0= (0,0,0) ¢ W (vi0+3.04+0=0# 1). Suy ra W khong
la khong gian con ctia R3.

Vi du. Cho W = {(z1,22,23) € R® | 221 + 29 — 23 = 0} . Hi W ¢6 1a
khong gian con ctia R3 khong?

Giai.

¢ 0=(0,0,00 e W (v12.04+0—0=0). Suy ra W # 0.

e V6i moi u = (x1,x2,23), v = (y1,y2,y3) € W, nghia la
201 a2 —23=0;2y1 +y2 —y3 =0,

va o € R, ta co
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» u+v=(r1+y1,r2+ y2,r3 + y3). Hon nita
2(r1 +y1) + (22 +y2) — (v3 +y3) =

(2x1 4+ 22 —x3) + 2y1 +y2 —y3) =04+ 0= 0.
Suy rau+veW. (1)
» au = (ax], azrs,axs). Hon nita

201 + axg — axg = a(2x1 + 2 — x3) = a0 = 0.

Suy ra au € W. (2)

Tit (1) va (2) suy ra W < R3.

Vi du.(ty lam) Cho W = { (21, x2,23) € R? | 21 = 2z923} . H6i W ¢6
la khong gian con ciia R? khong?

Hudéng dan. Véi u = (2,1,1) vav = (4,2,1). Ta ¢6 u,v € W,nhung

u+v=1(6,3,2) ¢ W (vi6#2.3.2). Suy ra W khong la khong gian
con ciia R3.
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Dinh ly. Néu Wy, Wy la hai khong gian con cia V thi Wy N Wy ciing
la mot khong gian con cia V.

Chimmg minh.

e WiNWeCV ViW, CV, Wy CV).
e 0eW i NWy (vi0 e Wy,0€ Wy). Suy ra Wi N Wa # (.
e V6i moi u,v € Wi NWsy va a € R.

> Viu,v€ Winén autveW; (vi Wy <V).

> Viw,v€ Wi nén au+ve Wy (vi Wy <V).

Suy ra au +v € Wi N Wa.

Vay WinWy < V.
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Dinh ly. Néu Wi, Wy la khong gian con cia V, ta dinh nghia
Wi+ Wy = {w1 -+ wa | wy € Wi, wy € WQ}.

Khi do W1 + Wy cing la mot khong gian con cia V.

Chimmg minh.
e Wi +WoCV WiWCV, Wy CV).
e 0=04+0eW;+ W, (vi0 e Wp,0e€ Ws). Suy ra Wy + W # 0.
e V6i moi u=uj; +us,v=v1 +vo € Wi +Ws va a € R.
> Viwug,v; € Wi nén au; +v; € Wy (vi Wy < V).

> Viwug,ve € Wi nén aus +ve € Wy (vi Wy < V).

Ta co

au+v = a(ug +ug)+ (v1+v2) = (quy +v1) + (qug +v9) € Wi+ Wa.
Vay au+v € Wi 4+ Whs.

Nhu vay W1 + Wy < V.
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3.4.2. Khong gian con sinh bdi tap hop

Dinh ly. Cho V la khong gian vecto trén R va S la tap con khdc rong
ctia V. Ta dat W la tap hop tat cd cic to tuyén tinh cia S. Khi do:
) W<V
ii) W la khong gian nhé nhat trong tat cd cdac khong gian con cia V
ma chia S.

Khong gian W duogc goi la khong gian con sinh bdi tap hop S, ky
hieu W = (S). Cu thé, néu S = {uy,ug, ..., Uy} thi

W = (S) = {aqus + asuz + - - - + pum, | a3 € R}

Vi du. Trong khong gian R?, ta xét S = {u = (1,2)}. Khi dé

W =(S)={a(1,2) | a € R} = {(a,2a) | a € R}.
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Vi du. Trong khong gian R3, ta xét
S ={ur=(1,2,1),ue = (-1,2,0)}.
Khi d6

(S) ={tur +suz | t,s e R} = {(t — 5,2t + 2s,t) | t,s € R}.

Nhan xét. Vi khong gian sinh bdi S la khong gian nhé nhat chia S
nén ta quy wdc (B) = {0}.

Vi du. Trong khong gian R3, cho
W ={(a+2b,a—b,—a+2b)|abecR}.

a) Chitng minh W la khong gian con ciia R3.
b) Tim mot tap sinh cua W.

Giai. a) Tac6 0 € W vi 0 = (0,0,0) = (0+2.0,0 — 0, —0 + 2.0)
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Véi u,v € W va a € R,
u = (a1 + 2by,a1 — by, —ay + 2b1) véi a;, by € R
V= (ag + 2bg, ag — ba, —ao + 2()2) v6i ag, b € R. Khi dé:

e u+v=_(a1+a2)+2(by +b2), (a1 + az) — (b1 + b2).
—(a1 +az) +2(by +b2) ) € W (vi a1 + ag, b1 + by € R).
o au = (aay + 2aby, aa; — aby, —aa; + 2aby) € W.
(Vi aay, aby € R).
Vay u + v, cu € W. Suy ra W < R3.
b) Ta c6 W = {(a+ 2b,a — b, —a + 2b) | a,b € R}
={a(1,1,-1) +b(2,-1,2) | a,b € R}.

Vi moi vects thuoc W déu la t6 hop tuyén tinh ctia
up = (17 1, _1)7u2 = (27 -1, 2)
nén S = {uy,us} 1a tap sinh cua W.
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Vi du. Trong khong gian R?* cho céc vecto
Uy = (1727 1> 1)7 U = (17272>3)7 us = (27473>4)

Dat W = (uy,uz2,u3) v u = (2,9, z,t) € R Tim diéu kien dé v € W?

Giai. Dé u € W thi v phéi 13 td hop tuyén tinh clia i, us, us3. Xét he
phuong trinh

1 1 2|x 1 1 2|z
2 2 4|y 01 1jz—=
T T T —
(il w wg[ul)=17 5 517 [7 00 0|24y
1 3 4|t 0 0 O|lz—22+1t

Do dé, hé phuong c6 nghiém khi -2z +y=0vaxz —2z+t=0.
Nhu vay, dé w € W thi

—2x+y=0vax—2z+t=0.
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Dinh ly. Cho V' la khong gian vecto va Sy, Sa la tap con cia V. Khi
do, néu moi vecto cia S1 déu la to hop tuyén tinh cla So va ngudc lai

thi (S1) = (Sa).

Chitng minh. Vi moi vecto clia S; déu la t6 hgp tuyén tinh ctia Sp
nén S; C (S2). Mit khac (S7) 1a khong gian nhd nhat chita S; nén
(S1) C (S2). Ly luan tuong tu ta c6 (Sa2) C (S1).

Vi du.(ty lam) Trong khong gian R? cho
Sp = {ur = (1,-1,4),us = (2,1,3)},
So = {v1 = (=1,-2,1),v5 = (5,1,10)}.
Chtng minh (S7) = (S2).

Huéng dan. Ta c6 v1 = ug — ug;v2 = ug + 2us va

1 1
up = §U1 + §U2§U2 = —gm + §v2~
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Dinh 1y. [vé co sé khéng toan ven] Cho V la mot khong gian vecto
va S la mot tap con doc lap tuyén tinh cia V. Khi dé, néu S khong la co
s6 ctia V thi ¢ thé them vao S mot sé vecto dé duoe mot co sd cia V.

Vi du. Trong khong gian R?, cho
S ={u; =(1,0,2,1},us = (1,0,4,4)}.

Chitng t6 S doc lap tuyén tinh va thém vio S mot s6 vectd dé S trd
thanh co s6 cia R%.

e v {w)_ (1021 1021
Gial. LapA_(W)_ (1 0 4 4) (0 0 2 3)‘

Ta c¢6 r(A) = 2 bang s6 vecto ciia S. Suy ra S doc lap tuyén tinh.

Dua vao A ta c6 thé them vao S hai vecto

usz = (0,1,0,0),us = (0,0,0, 1).

Ro6 rang S = {u1, ug, u3, us} dltt. Suy ra S la co s6 ciia R*.
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Dinh 1ly. Cho V la mét khong gian vecto sinh bdi S. Khi dé ton tai
mot co 86 B ciia V sao cho B C S. Néi cich khdc, néu S khong phdi la
mot co sé cia V' thi ta cé thé loai b6 ra khéi S maot s6 vecto dé duoc
mot co sd cua V.

Vi du. Trong khong gian R3, cho W sinh bdi
S= {ul = (1) 1’ 1),U2 = (27 1,3),’U,3 = (1’270)}

Tim mot tap con cta S dé 1a co s6 cia W.

Giai. Xét phuong trinh

aiuy + agug + azug = 0

& (a+202 + az,a+ as + 2a3,a + 3az) = (0,0,0)

ar + 200 + a3 = 0
= a1 + as 4+ 2a3 = 0
a; + 3ag =0
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Ma tran héa hé phuong trinh,

. 1 21 1 0 3
A=111 2|]—= 10 1 -1
1 30 00 O
Suy ra hé c¢6 nghiém 1a oy = —3t,a0 = t,a3 = t. Vay

—3tuy + tug + tug = 0.
Chot=1, ta c6 —3uj + us + ug = 0 nén
U = 3u1 —us.

Suy ra us 1 t6 hop tuyén tinh clia uy, uz. Do d6 {uy,us} 1 tap sinh
ctia W, hon nita n6 doc lap tuyén tinh nén né 1a co sé ctia W.

Vi du.(ty lam) Trong khong gian R*, cho W sinh bdi
S — {ul = (]‘7 2’ ]" 2)7”2 — (2) 17 17 2)’ u3 = (3’ 0’ ]‘7 2)7”4 = (57 77 47 8)}.

Tim mot tap con cta S dé la co s cia W?
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Huéng dan. Xét phuong trinh oju; + aaus + asgug + oqug = 0.

Ma tran héa phuong trinh ta cé

1 2 3 5 1 0 -1 3
R EEHES PR e r
2 2 2 8 00 00
Suy ra hé ¢6 nghiéem la oy =t —3s,a0 = =2t — s, a3 = t, 4 = 5. Vay
(t — 3s)ur + (—2t — s)ug + tus + sug = 0.
> Chot=1,s=0ta c6 u; — 2us + ug = 0 nén ug = —uq + 2us.

> Chot=0,s=1tacé —3u; —us +ug = 0 nén uy = 3ug + us.

Nhu vay ug v uy 14 t6 hop tuyén tinh clia ug, ug. Do d6 {uq,us} 1a tap
sinh ctia W, hon ntta n6 doc lap tuyén tinh nén né I1a co sé ctia W.
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3.4.3. Khong gian dong cia ma tran

Dinh nghia. Cho ma tran A = (a;;) € Mmxn(R)
all a1 000 A1n
a a e a
A — 21 22 2n
Gml Om2 Amn,
Dat
’ ur = (a117a127-”7a1n);
U2 = (a21aa227"'7a2n);
Um = (amlaamZa--- aamn)
va
Wa = (ui,ug, ..., up).
Ta goi uy,us,...,un, la cac vecto dong cua A, va W4 dude goi 1a
khong gian dong cua A.
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B6 dé. Néu A va B la hai ma tran tuong duong dong thi W = W,
nghia la hai ma tran tuong duong dong co cung khong gian dong.

Dinh 1ly. Gid st A € My, xn(R). Khi do, dimWy = r(A) va tap hop
cdc vecto khac khong trong dang ma tran bac thang cia A la co sd ciua
Wy

Vi du. Tim s6 chiéu v mot cd sé ciia khong gian dong clia ma tran

1 2 -1 1
29 5 1 4
A=1511 9 sl

9 20 —3 14
1 2 -1 1 12 -1 1
2 5 1 4 01 3 2
Giai. A=1 o 9 o5 s |~loo o1
9 20 —3 14 00 00
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Suy ra dimW,4 = r(A) = 3 va mot co s6 ciia Wy la

{Ul = (1727 _]-7 1),UQ = (0) 1,3,2),’&3 = (070707 1)}

Thuat toan tim so6 chieu va co sé cia mot khong gian con

cia R™ khi biét mot tap sinh
Gia st W = (uq,us, ..., uy,) <R?, dé tim s6 chidu va mot co sé cia W
ta tién hanh nhu sau:

Buéc 1. Lap ma tran A bang cach xép i, us, .. ., u,, thanh cac dong.
Buéc 2. Dung cac phép BDSCTD dua A vé dang bac thang R 4.

Budc 3. S6 chiéu ciia W béang s6 dong khac 0 ctia Ry (= 7(A)) va cac
vectd dong khéac 0 cia R4 tao thanh mot co s6 cia W.

Vi du. Cho W sinh béi S = {u1, ua, us, us} trong dé u; = (1,2,1,1);
uz = (3,6,5,7); ug = (4,8,6,8); ug = (8,16,12,20). Tim modt co sé cua
khong gian W7
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Giai. Lap

Uuq 1 2 1 1 1 211
A 3 6 o5 7 N 001 2

us3 4 8 6 8 000 1)

Uyg 8§ 16 12 20 0000

Do d6 W ¢6 dimW = 3 va c6 mot co sé
{v1 =(1,2,1,1);v2 = (0,0,1,2);v3 = (0,0,0,1)}.

Nhan xét. Vi dimW = 3, hon nita, c¢6 thé kiém ching ui, us, us doc
lap tuyén tinh nén ta ciing c6 {u1,uz,us} 1& mot co sé cua W.

Vi du. Tim mot co sé cho khong gian con ctia R* sinh béi cac vecto
uy, U, uz, trong do

up = (1,-2,-1,3); ug = (2,—4,-3,0); ug = (3,—6,—4,4).
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Giai. Lap

U1 1 -2 -1 3 1 -2 -1 3
A={luw|=(2 -4 -3 0|~ [0 0 -1 —6|.
U3 3 -6 —4 4 0 O 0 1

Do d6 ¢6 dimW = 3 va ¢6 mot ¢o sé
{Ul = (17 _27 _113);U2 = (0707 _17 _6);'03 = (070707 1)}

Nhan xét. Trong vi du trén, vi 7(A) = 3 nén wuy, ug, uz doc 1ap tuyén
tinh, va do d6 {u;,ug,us} cing la mot co sé cua W.

Vi du.(ty lam) Trong khong gian R* cho khong gian con W sinh béi
cac vecto  up = (1,2,—2,1); ug = (2,1,4,3); us = (3,2,4,3)
ug = (1,3,-4,2); us = (-3,3,—-16,—2); ug = (—4,—1, —10, —5).

Tim mot co sé cua W7
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3.4.4. Khong gian tong

DPinh 1y. Cho V la khong gian vecto trén R va Wy, Wy la hai khong
gian con ctia V. Néu Wy = (S1) va Wy = (Ss) thi

Wi+ Wy = <Sl U SQ>

Vi du. Trong khong gian R?* cho cac vecto

up = (1,2,1,1); ue = (3,6,5,7); ug = (4,8,6,8); ug = (8,16, 12, 16);
us = (1,3,3,3); ug = (2,5,5,6); ur = (3,8,8,9); us = (6,16, 16, 18).

bat Wy = (uy, ug, us, ug) va Wy = (us, ug, uz, ug). Tim mot co sG va
xac dinh s6 chiéu ctia mdi khong gian Wy, Wy va Wy + Wa?
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Giai.

e Tim co sG ciua Wy

uy 1 2 1 1 1211
A Cfuw| [3 6 5 7 00 1 2
Lapdi=1 1=14 s 6 s 0000/

g 8 16 12 16 0000

Do d6 Wy c¢6 s6 chiéu 1a 2 va mot co sé ctia Wi 1a
{Ul = (1727 17 1);”2 = (0,0, 1,2)}

e Tim co sG cua Wo

us 1 3 3 3 1333
A fus| 2 5 5 6 0110
Lap Az = w73 8 8 9 0000

ug 6 16 16 18 0000

Do dé Wy ¢6 sb chiéu 1a 2 va mot co sé ciia W 1a

{U3 = (1737373);U4 = (07 17 170)}
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e Tim co s6 cia Wy + Woy

Ta c¢6 W7 + Wy sinh béi cac vecto

vy = (1,2,1,1);v3 = (0,0,1,2);v3 = (1,3,3,3); v4 = (0,1,1,0).
v 121 1 1211
] o012 0110
LapA=1 (=11 3 3 3 001 2/
V4 0110 0000

Suy ra W1 + W5 ¢6 s6 chiéu 1a 3 va mot co s6 ctia Wi + Wa 1a
{w; = (1,2,1,1);we = (0,1,1,0); w3 = (0,0, 1,2)}.
Vi du.(ty lam) Trong khong gian R* xét cac vecto sau day:
up = (1,2,0,1); ug = (2,1,3,1); ug = (7,8,9,5); ug = (1,2,1,0),
us =(2,—-1,0,1); ug = (—1,1,1,1); uy = (1,1,1,1).

bat U = (uy, u2,u3), W = (u4, us, ug, uy). Hay tim mot co s cho mdi
khong gian con U, W va U + W?
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3.5. Khong gian nghiém cua hé phuong trinh

tuyén tinh

Q@ Md dau
@ Tim co sd cua khong gian nghiém

@ Khong gian giao
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3.5.1. M3 dau

Vi du. Cho W la tap tat ca cac nghiem (z1, z2, z3,74) clia hé phuong
trinh tuyén tinh thuan nhat sau

r1 + 2x9 — 33 + dHxry = O0;
r1 + 3x2 — 13xz3 + 22z4 = O;
3r1 + OS5z + r3 — 2x4 = 0
201 + 3xo 4+ dxs — Txy 0.

Ma tran héa hé phuong trinh, ta cé

1 2 -3 5 1 0 17 =29
i- 1 3 —-13 22 01 —-10 17

3 5 1 -2 0 0 0 0l

2 3 4 =7 00 0 0

Vay hé c6 nghiém la

(z1,22,23,24) = (=17t + 295,10t — 17s,t,s) v6i t, s € R.
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Do doé
W = {(-17t + 29s,10t — 17s,t,s) |t,s € R}

= {(—17t,10¢,t,0) + (29s, —17s,0,s) | t, s € R}
= {#(—17,10,1,0) + (29, —17,0,1) | £, s € R}.

Dit u; = (—17,10,1,0),us = (29, —17,0,1). Theo biéu thic trén, véi
w € W thi u 1a t6 hgp tuyén tinh ctia u; va us. Suy ra

W = (uy, u2).

Hon ntta {u1,us} doc 1ap tuyén tinh, nén {uy,us} 1a co s6 ctia W. Suy
ra dimW = 2.

Nhan xét. Vecto u; va us c¢6 duge bang cach cho lan lugt t = 1,5 =0
vat=0,s = 1. Ta goi nghiém wuy, us dugc goi la nghiém co ban cia
hé phuong trinh.
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Dinh 1y. Goi W la tap hop nghiém (x1,x9,...,x,) clia hé phuong
trinh tuyén tinh thuan nhat

anizr + aiex2 + - 4+ awpr, = 0
anxry + axpr: + - 4+ agmry, = 0;
Am1T1 + amar2 + T Oty = 0

Khi dé, W la khong gian con ciia R™ va s6 chiéu ciia W bang sb an tu
do ctia hé. Nhu vay

W={ueR"| Au" =0}

vdi A la ma tran cho trudc va u = (x1,xa,...,Ty).

an vecto
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3.5.2. Tim co sé cua khong gian nghiém

Thuat toan

Budc 1. Giai hé phuong trinh, tim nghiém téng quat.

Buéc 2. Lan lugt cho bo an tu do cac gia tri

ta dugc cac nghiém co ban uy, ug, . . ., Up,.

Budéce 3. Khi d6 khong gian nghiém c¢6 c¢o s6 1a {ug, ug, ..., un}-

Vi du. Tim co sé va s6 chiéu ctia khong gian nghiém sau

r1 + 239 — 3xs + oy = 0;
r1 + 3x2 — 13z3 + 22z4 = O;
3r1 + OS5z + r3 — 2x4 = 0
201 + 3x9 + 4dx3 — Txy = 0.
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Giai. Ma tran hoa hé phuong trinh, ta c6

1 2 -3 dyds 1 2 =3 5
i 1 3 —13 22 ds—3d; 0 1 —10 17
3 5 1 -2 da—2dy 0 -1 10 —17

2 3 4 -7 0 -1 10 —17
— 10 17 —29

ds—+ds 0 1 -10 17 ‘

dy+do 0 0 0 0

00 0 0

Suy ra nghiém ctia hé la
u = (z1, T2, r3,24) = (=17t + 295,10t — 17s,t,s) v6i t,s € R.
Cac nghiém co ban ctua hé la
up = (—17,10,1,0),ue = (29,—-17,0,1).

Do d6, néu W la khong gian nghiem thi B = {uy,us} co s6 cia W va
dimW = 2.
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Vi du.(ty 1am) Tim co sé va s6 chiéu ctia khong gian nghiém sau

r1 + 2x0 + 3x3 + 4dxy + Sxy = O
2¢7 + 3z + 4dx3 + Sxry + x5 = 0
3r1 + 4x9 + bxg + r4 + 225 = 0;

r1 + 3x9 + Sx3 + 1224 + 925 = O0;
4r1 + bdxo + 6z — 3xy + 3z5 = O,

Vi du.(ty 1am) im co sé va s6 chiéu ctia khong gian nghiém sau

51 + 6xy — 2x3 4+ Txgy + 4xs5 = O
201 + 329 — 3 + 44 + 225 = 0
Tty + 929 — 3x3 + bdxy + 6xs = 0
5¢1 + 929 — 33 + x4 + 625 = 0.
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3.5.3. Khong gian giao

Nhan xét. Cho V la khong gian vecto va W1, Ws la hai khong gian
con ctia V. Néeu Wy = (S1), Wo = (Ss) thi u € Wi N Wa khi va chi khi u
la t6 hop tuyén tinh cia S1 va u la to hop tuyén tinh cia So.

v

Vi du. Trong khong gian R* cho cac vecto u; = (1,2,1,1),
ue = (1,2,2,3), uz = (2,4,3,4), ug = (1,3,3,3), us = (0,1,1,0). Dat
W1 = (u1,ug,us), Wa = (ug,us). Tim co s6 ciia khong gian Wy N Wa.

v

Giai. Gid st u = (z,y,2,t) € Wi N Wa.

e Viu € W, nén u la td hop tuyén tinh ctia u, ug, us.

11 2]z 11 2|«
2 2 4 01 1|z—=¢
T 7T T _ )
(il wp ug|ul)= 123 27|00 o0]-20+y
13 4|t 00 0|z—2:4¢
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Suyradéue Wy thi 2r+y=0vdx—22+t=0 (1)

e Viu € Wy nén u la té hop tuyén tinh ctia ug, us.

1 0|z 1 0|«
3 1|y 0 1| -3¢+y
T T, TY__
(wi g [ul)=13 17|~ 0 0|—y+z
3 0| ¢ 0 0| —3z+¢

Suy radéu e Wy thi —y+2=0vh —3x+t=0 (2)
Tit (1) va (2) ta c6

-2z + y = 0;
T - 2z + t = 0
-y + z = 0

-3z + t = 0.
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Ma tran héa hé phuong trinh

-2 1 0 0 1 1 0 —1
~ 1 0 -2 1 d1—dy 0 -1 -2 2

A: _
0 -1 1 0 do-as 0o -1 1 0
-3 0 0 1) W3 \g 3 0 -2
10 -2 1 1 100 —1/3

—da 3d3
d1—ds 0 1 2 =2 d1+2d3 01 0 —2/3
d3—ds 0 0 3 -2 do—2d3 0 0 1 —2/3
da=3d2 \g 0 —6 4 dit6ds \g 0 0 0

Suy ra nghiém cta hé la
1 2 2
u=(z,y,z1t)= (ga, 3% ga,a) voi a € R.
2
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Vi du.(ty lam) Trong khong gian R* xét cac vecto sau day:
wr = (1,2,0,1); uz = (2,1,3,1); uz = (7,8,9,5); us = (1,2, 1,0),
us = (2,—1,0,1); ug = (—1,1,1,1); ur = (1,1,1,1).
bat U = (uy,ug,us), W = (ug, us, ug, u7). Hay tim mot co s6 cua khong

gian UNW?

v

Dinh ly. Cho Wi, Ws la hai khong gian con cia V. Khi do

dim(Wy + Wa) = dimW; 4+ dimWs — dim(W; N Wa).
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3.6. Toa do va ma tran chuyén cd sé

Q@ Toa do

@ Ma tran chuyén co sé
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3.6.1. Toa do

Dinh nghia. Cho V 1a khong gian vecto va B = {uj,ug,...,u,} la
mot co s6 ctia V. Khi d6 B dudc goi 1a co sd dude sap cia V néu thi
tu cac vecto trong B dugce ¢ dinh. Ta thuong dung ky hiéu

(U1, U2y v.yUp)

dé chi co s dugc sip theo thit tu uy, us, . . ., Un.

Dinh ly. Cho B = (u1,us,...,uy,) la co sé cia V. Khi dé moi vecto
u €V déu duge biéu dién moét cich duy nhat dudi dang

U= iUy + Uz + -+ - + QpUy.

Chitng minh. e Sy ton tai. Vi B 1a co sé clia V nén B la tap
sinh. Do dé, v6i u € V thi u 1a t6 hgp tuyén tinh ctia B. Suy ra, ton tai
ai,ao,. ..oy, € R dé

U= 01Ul + Uy + -+ + Qply.
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e Su duy nhéat. Gia st u c6 mot dang biéu dién khac 1a
u = frui + Pouz + - -+ + Ppuy.

Nghia la:

U= aul + -+ apuy = Prur + Paug + - - - + Buun.
Khi d6

(a1 — Pr)ur + (g — Bolug + -+ + (an — Bn)un = 0.
Do B 1a co s6 nén B doc lap tuyén tinh, suy ra

ar—Pi=ay—Pfa=-=an—F,=0

hay

Oélzﬁl,OZQ:ﬂQ,---,Oén:ﬁn.

Diéu nay ching t6 u c6 mot dang biéu dién duy nhét.
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Dinh nghia. Cho B = (uj,us,...,u,) 1a mot cd s6 cia V' va
u € V. Khi d6 u sé dugc biéu dién duy nhat dudi dang:

U = iUy + QU2 + -+ - + QpUy.

Ta dat a1

Khi d6 [u]s duge goi la toa do cua u theo co s B.

Vi du. Trong khong gian R? cho u; = (1,2) vi ug = (2,1). Chiing t6
B = (u1,us) 1a ¢ s6 cia R%. Tim toa do ctia vectd u = (10,11) theo co
s B?

o

Huéng dan. Ta ¢6 u = 4uy + 3ug. Suy ra [ulp = <4>
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Vi du. Trong khong gian R?, ta c6 co s3 chinh tic
By = {61 = (17(]’ 0)3 €2 = (07 I 0)7 €3 = (0’07 1)}

V6i u = (21, x2,x3) ta c6: u = x1€1 + T2€2 + T3€3. Suy ra

x1
-
[ulg, = |22 |=u".
x3
Nhan xét. Ddi vdi co sd chinh tic By = (e1, e, ..., e,) cta khong
gian R™ va u = (x1,22,...,2,) € R" ta cé
T
Z2
-
[u]B, = =u .
Tn
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Phuong phap tim [u]z

Cho V 1a khong gian vectd ¢6 co 56 1a B = (u1, ug, ..., u,) vi u € V. Dé
tim [u]p ta di gial phuong trinh

U = oqur + oz + -+ -+ opy (%)

V6i an ag, o, ..., a, € R. Do B la cd sé nén phuong trinh (%) c6
nghiém duy nhéat

(1,9, ...,ap) = (c1,c2,...,¢n).

Luu y. Khi V = R", dé giai phuong trinh (%) ta lap he

T,T T.,T
(ug g oo u, |u')
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Vi du. Trong khong gian R?, cho cac vecto
up = (1,2,1),u2 = (1,3,1),us = (2,5, 3).

a) Chitng minh B = (u1,ug,u3) 13 mot co s6 ciia R3.

b) Tim toa do clia vecto u = (a,b, c) € R3 theo co sé B.

Giai.
Ul 1 2 1

a)Lap A= |ug |=|1 3 1|. TacédetA =1, suy ra uy,us,us doc
us 2 5 3

lap tuyén tinh. Hon nita s6 vectd ciia B biang dimR? nén B 1a co s6 clia

R3.
b) Véi u = (a, b, c), dé tim [u]g ta lap he phuong trinh

B
11 2a 1 0 0(4a—-b-c
(uj ug ug |u')=12 3 5/b]=>10 1 0|—-a+b—c].
11 3|c 0 0 1|—-a+c

1lvluyen@hcmus.edu.vn Chuong 3. Khong gian vectd 22/03/2016 85/97



4da —b—c
Vay [ulp= [ —a+b—c|.
—a+c

Vi du.(ty lam) Trong khong gian R* cho
ur = (1,2,1,2); ug = (=1,-1,2,1); uz = (-2, 2,3, 1).
Goi W la khong gian sinh béi uq, ug, ug.

a) Ching t6 B = (uj,ug,us) la co sé cua W.
b) Cho u = (x,y, z,t) € RY Tim diéu kien dé u € W, sau d6 tim [u]g?

v

Huéng dan. b) Dé u € W thi u 14 t6 hop tuyén tinh ctia uq, uz, us. Ta
xét hé phuong trinh

1 -1 -2« 10 0|-z+y
2 -1 -2 0 1 0|8 —5y+2z
T . T.T Ty _ Yy Y
(wiup ug fu) =17 9 5117100 1| -se+3y—z]
2 1 1]t 0 0 0]—ax—2+t
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Nhu vay dé v € W thi —z — z 4+t = 0. Hon nita

Tty
[ulp = | 8x — by + 2z
-5+ 3y — 2

Vi du.(tw Iam) Cho By = (u1 = (1,2,3),u2 = (2,1,1),u3 = (2,1,3)) va
By = (v1 = (2,5,-2),v3 = (1,3, -2),v3 = (—1,—2,1)) 1a hai co s6 ctua
2
R3 va [ulg, = | =3 |. Tim [u]g,?
1

Dap an. [ulg, = (10 —4 18)T.

Meénh dé. Cho B la co sd cia V. Khi dé, vdi moi u,v € V,a €R ta
co:

o [utuls = [u]s + [o]s.

o [aulp = alu)s.

D ——

1lvluyen@hcmus.edu.vn Chuong 3. Khong gian vecto 22/03/2016




3.6.2. Ma tran chuyén cd sé

Dinh nghia. Cho V 14 mot khong gian vectd va
Bi = (ui,ug,...,up), Ba = (vi,v9,...,05)
1a hai co s& caa V. Dat
P = ([v1]B, [v2]B, - [vn]B,)-

Khi d6 P dugc goi 1a ma tran chuyén co sd tit co sé By sang co s&
BQ va, du’dC ky hiéu (Bl — Bz)

Vi du. Trong khong gian R3, cho
B=(u;=(1,-2,3),u2 = (2,3,—-1),u3 = (3,1, 3))

14 co s ctia R3. Goi By 1a ¢ s6 chinh téic ctia R3. Khi d6

2 3
(Bo — B) = ([u1lp, [uzlp, [us]s,) = (u] ug ug)={-2 3 1|.
1 3
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Nhan xét. Néu B = (u1,us, ..., u,) la mot co sd cia R™ va By la co
sd chinh tdc cia R™ thi

(BO*)B):(UI u; uz)

Phuong phap tim (B; — B>)

Gia st By = (u1,u,...,uy) v By = (v1,v9,...,v,) 1a hai co s clia
V. Dé tim (B; — Bs), ta thuc hién nhu sau:

e Cho u la vecto bat ky cta V, xac dinh [u]p,.
e Lan lugt thay thé u bang vy, vs, ..., v, ta xac dinh dugc
[vl]Bl’ [UZ]Bl’ ceey [vn]Bl-

Khi do

(B1 — B2) = ([vi]s, [v2]B, - - - [vn]B,)-

1lvluyen@hcmus.edu.vn Chuong 3. Khong gian vecto 22/03/2016 89/97



Dic biet, khi V' = R"™, dé x4c dinh (B — Bs) ta c6 thé lam nhu sau:
e Lap ma tran mé rong (u{ ug ... u,) |v] vy ... )
e Diing cac phép bién ddi so cap trén dong dua ma tran trén vé dang
(In|P).

e Khi do (Bl —>B2) =P

Vi du. Trong khong gian R?, cho hai co sé
B = (ul = (L 1, 1)7u2 = (172’ 1),U3 = (2a37 1))

va

BQ = (Ul = (1, —3,2),1)2 = (—1, —2,4),1}3 = (3,3, —2)).
Tim ma tran chuyén cd sé tit By sang Bo.

Giai. Cho u = (a,b,c) € R°, xac dinh [u]g,. Ta lap hé phuong trinh
11 2|a 1 0 0jla—b+c
(u] ug uglu)=11 2 3|b|=[0 1 0|—-2a+b+c].
1 1 1}e¢ 0 0 1|a—c
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a—b+ec

Nhu vay [u|p, = | —2a + b+ ¢ |. Thay lan lugt u béi vy, va, v ta c6
a—c
6 5 —2
[’Ul]lﬁ =1|-3 7[02]31 = 4 7[U3]31 =|-5]
—1 ) 5
6 5 —2
Vay (81 — Bg) =1|-3 4 —51.
-1 -5 5

Cach khac. Lap ma tran md rong

1 1 2 1 -1 3
(uf ug ug |v{ vy v4)=1[1 2 3|-3 -2 3|—
111 2 4 =2
100 6 5 -2 6 5 -2
01 0]-3 4 —=5).Suyra(By—=By)=|-3 4 5|
0 01|-1 =5 5 -1 -5 5
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Dinh 1y. Cho V' la mdt khong gian vecto va B, By, Bs, Bs la nhing co
sd cua V. Khi do

i) (B— B) =
i) Yu € V, [u] (Bl—>82)[ ]
iii) (By — Bi) = (B — Ba) ™1
iv) (By — Bs) = (B1 — B2)(B2 — Bs)

Nhac lai. Cho B = (uq,usz, . .., u,) 1a mot co s6 ciia R? . Khi d6

(Bo = B) = (u] ug ...u,)).

n

Hé qua. Cho k, B1, By la nhing co sd cia khong gian R™. Khi do
i) (B — Bo) = (Bo = B)_l

it) Vu € V,[ulg = (Bo — B) " uls,-
iii) (By — Bg2) = (By — Bl)_l(BD — Ba).
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Vi du. Cho W la khong gian con ctia R* sinh béi cac vecto:
up = (1,2,2,1),us = (0,2,0,1),us = (2,3, —4,1).
a) Ching minh B = (u1,u2,u3) la mot co sé cia W.
b) Cho u = (a,b,c,d), tim diéu kien dé v € W. Khi d6 tim [u]g?

c¢) Cho v = (1,0,2,0);v2 = (0,2,0,1);v3 = (0,0,0,1). Chitng minh
B' = (v1,v2,v3) ciing la mot co s cia W. Tim ma tran chuyén co
sd tit B sang B'?

Giai.

a) Chiing minh B = (uy, ug, u3) 1a mot co s6 cua W.

Ul 1 2 2 1
Lap A= |us |= 0 2 0 1| Tacor(A)=3,suyralbB doclap
U3 -2 3 -4 1

tuyén tinh. Vi W = (B) nén B 1a co s6 ctia W.
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b) Cho u = (a, b, c,d), tim diéu kien dé v € W. Khi d6 tim [u]g?

Ta c6 w € W khi u 1& t6 hop tuyén tinh ctia B. Lap hé phuong trinh

10 —2]|a 10 0|la+2b—4d
T T T Ty __ 2 2 3 b O 1 0 —a—3b+7d
(wr ug uglu) =15 o 417 1o 0 1]6-24

11 1|d 00 0|-2a+c

Duta vao hé phuong trinh, ta thiy dé v € W thi
—2a+c=0.

Hon naa
a+2b—4d
[ulp=1|—-a—3b+7d]|.
b—2d
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¢) Cho v; = (1,0,2,0); v, = (0,2,0,1);v3 = (0,0,0,1). Chiing

minh B’ = (vq, v9,v3) ciing 1a mot co sé cia W. Tim ma tran
chuyén co s6 tur B sang B'?

Ta thay cac vecto vy, vo,v3 déu thoa diéu kien —2a + ¢ = 0 nén theo
cau b), cac vecto nay thuoc W.

Mt khac, dé thay rang B’ = (v1, va,v3) doc 1ap tuyén tinh nén B’ ciing
14 co 86 cia W (do dimW = |B| = 3 = |B'| ). Dung két qua & cau b) ta

1 0 —4
il = | =1 |,[vals= (1| [vals=| 7|
0 0 —2
1 0 —4
Suyra(B—-B)=[|-1 1 7]
0 0 -2
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Vi du. Trong khong gian R3, cho
S = (’LL1 = (1a 1,3),U2 = (1’_27 1),U3 = (17_172))
T = (vy = (1,-2,2),v0 = (1,-2,1),v3 = (1,-1,2))
a) Chitng t6 S vi T 1a cd sG ctia R3.
b) Tim ma tran chuyén co sé tit S sang 1?7
2
¢) Cho u € R3 théa [u]r = [ =3 |. Tim [u]s?
=2

a) Ching t6 S va T 1a co s6 cia R3.

Ul 1 1 3
Lap A= (w2 |=|1 -2 1. Tacor(A) =3, suyras doclap
us 1 -1 -2

tuyén tinh. Hon nita dimR? = s6 vecto ctia S. Vay S 1 co s ciia
R3. Lam tuong ty cho 7.
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b) Tim ma tran chuyén co sé ti S sang 17

Lap ma trén mé rong
1 1 1 1 1 1
(u] ug ug |vf vg vi)=|[1 -2 —-1|-2 -2 -1
3 1 2 2 1 2

100[-100 ~1.0 0
—~10 1 0[-1 1 0fSuyra(S—>T)=|-1 1 0.
00 1| 301 3.0 1

2
¢) Cho u € R? thda [u]r = | =3 |. Tim [u]s?
=7
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