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4.1. Dinh nghia 4.1.1. Anh xa

4.1.1. Anh xa

Dinh nghia. Mot dnh za f tit tap X vao tap Y 1a mot phép lien két
tit X vao Y sao cho mdi phan tit o ctia X dudc lién két v6i duy nhat
mot phan tt y cta Y, ky hieu: y = f(x)

f:r X — Y
r o y=f()

Khi d6 X dugc goi la tap nguon, Y duge goi la tap dich.

v
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4.1. Dinh nghia 4.1.1. Anh xa

Khong 1a anh xa

Vi du.
e f:R — R xac dinh béi f(z) = 2% + 2z — 1 14 4nh xa.
e g:R3 — R? xac dinh béi g(x,y,2) = (22 +y, 2z — 3y + 2) 14 anh xa.
e h:Q — Z xéac dinh béi h(*) = m khong la anh xa.
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PRSI elll 4.1.2. Anh xa tuyén tinh

4.1.2. Anh xa tuyén tinh

Dinh nghia. Cho V va W la hai khong gian vecto trén R. Ta néi anh
xa f:V — W la mot dnh xa tuyén tinh néu théa hai diéu kien
sau:

i) flu+v)= f(u)+ f(v) véi moi u,v € V;

i) f(ouw) = af(u) véi moi a € R va v6i moi u € V.

Nhan xét. Diéu kién i) va ii) trong dinh nghia cé thé dugc thay thé
bing mot dieu kién :

flau+v) =af(u)+ f(v),YVa € R, Vu,v € V.

Ky hisu.
e L(V,W) la tap hgp cac 4nh xa tuyén tinh tit V vao W.

e Néu f € L(V,V) thi f dugc goi 1a mot todn tii tuyén tinh trén V.
Viét tat f € L(V).
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PRSI elll 4.1.2. Anh xa tuyén tinh

Vi du. Cho 4nh xa f : R? — R? xéc dinh béi
flz,y,2) = (v + 2y — 32,2z + 2).
Ching t6 f 14 anh xa tuyén tinh.

Giai. V6i moi u = (21,91, 21),v = (22,92, 22) € R3. Ta c6
fu+v) = f(x1+ 22, Y1 + 12,21 + 22)
= ((#1 +22) + 2(y1 +y2) — 3(21 + 22), 2(21 + 22) + (21 + 22))
= (z1+ w2 + 2y1 + 2y2 — 321 — 322,221 + 272 + 21 + 22)
= (21 + 2y1 — 321,221 + 21) + (22 + 2y2 — 322, 222 + 22)
= flu) + f(v).
Tinh chat Vo € R, f(au) = af(u) duge kiém tra tuong ti.
Vi du.(ty lam) Cho anh xa f : R? — R3 xac dinh béi
flx,y,2) = (x+y+z,2—2y,y —32).
Chiing t6 f 1a anh xa tuyén tinh.
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PRSI elll 4.1.2. Anh xa tuyén tinh

Meénh dé. Cho f:V — W la dnh za tuyén tinh. Khi do
(i) f(0) =0;
(ii) Véi moiu eV, ta cé f(—u) = —f(u);

(iii)  Vai moi uy, ..., um € V va vdi moi cvq, ... 0, ta o

flour + -+ optn) = o fur) + -+ + oo f ().

Vi du. Cho f € L(R? R?) va

f(172a 1) = (27 1); f(_1a273) - (47 _3)
Tinh f(5,2, —3)?

Giai. Ta c6 (5,2, —3) = 3(1,2,1) — 2(—1,2,3). Suy ra

f(5,2,-3)=3(2,1) — 2(4,-3) = (—2,9).
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PRSI elll 4.1.2. Anh xa tuyén tinh

Dinh ly. Cho V va W la hai khong gian vecto, B = {ui,ug,...,u,} la
co 56 cia V. Khi dé, néu S = {v1,v,...,v,} la mot tap hop cia W thi
ton tai duy nhat mot dnh za tuyén tinh f : V. — W sao cho

f(ul) = V1, f(’LL2) = V2,.. "f(un) = Un.
Qg
£ a2
Hon ntta, néu [ulg=| . | th

Qn

Vi du. Trong khong gian R? cho céc vecto:
up = (1,—1,1);us = (1,0,1);u3 = (2,1, 3).
a) Ching té B = (u1,us2,u3) 1a mot co s3 clia R3.
b) Tim &nh xa tuyén tinh f: R? — R3 thoa:
flur) = (2,1, =2); fuz) = (1,2, -2); f(u3) = (3,5, 7).
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PRSI elll 4.1.2. Anh xa tuyén tinh

Giai.

a) Ching t6 B = (u1, ua, uz) 1a mot ¢ sé cia R3. J
U1 1 -1 1

Lap A= |uz|=(1 0 1] Taco]|A|=1,suyraB doclap tuyén
Uus3 2 -1 3

tinh. Vi dimR? = 3 bang s6 vecto ctia B nén B la mot co s6 cia R3.

b) Tim anh xa tuyén tinh f: R — R? thoa:

Cho u = (z,y,2) € R3, ta sé tim [u]g. Lap ma tran md rong

11 2|z 1 0 0|lz—y—=
(uj ug ug u')=|[-1 0 =1|y|]={0 1 0]|2z+y—2z]|
11 3|z 00 1|—-x2+2
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PRSI elll 4.1.2. Anh xa tuyén tinh

T—y—z
Vay [ulp=[2x+y—2]. Suyra
—xr+z

u=(r—y—2)u1 + 2r+y—2)us+ (- + 2)us.
Vay, ta co

fu) = (@ —y—2)f(u1) + 2z +y — 2)f(uz) + (-2 + 2) f (u3)

=(rz—y—2)(2,1,-2)+ 2z +y —2)(1,2,-2)
+ (—z+2)(3,5,-7)

=(r—y,y+2z,x—32).

Vi du.(ty lam) Cho
B=(ui=(1,-2,2);us = (-2,5,—4);uz = (0,—1,1)) 1a mot co sé ctia
R3. Tim f € L(R?, R?) thoa

f(ul) = (17 1) _2)a f(UQ) = (17 _27 1)7 f(U3) = (17 27 _1)
Pap an. f(z,y,2) = (—x + 3y + 4z, =3z + 2z, -3y — 4z).
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4.2. Nhan va anh cfia anh xa tuyén tinh No6i dung

4.2. Nhan va anh ctia anh xa tuyén tinh
@ Khong gian nhan
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4.2. Nhan va anh clia 4nh xa tuyén tinh [EEZSNNEEC Yo} T-aN:s ERe NN N E:00Y

4.2.1. Khong gian nhan

Dinh nghia. Cho f: V — W 1a mot anh xa tuyén tinh. Ta dit
Kerf={ueV|f(u) =0}

Khi d6 Kerf la khong gian con cta V, ta goi Ker f 1a khong gian
nhan cia f.

Nhan xét. Dwua vao dinh nghia, ta dugc

ueKerf < f(u) =0.

Vi du. Cho f:R3 — R3 dugc x4c dinh bdi:

f(x,y,z):(:C+y—z,2:c+3y—z,3x+5y—2).

Tim mot co sé cta Ker f?
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4.2. Nhan va anh ciia 4nh xa tuyén tinh [EEZEN R QG- RN F:30)
f(l',y,z) = (m—|—y—z,2x—|—3y—z,3x—|—5y—z)
Giai. Goi u = (z,y,2) € R®. Ta ¢6

ueKerf < f(u)=0

r + y — z =0
< 2r + 3y — 2z = 0
3z + 5y — z = 0
) 1 0 -2
Ma tran héa ta dugec A = 2 3 01 1
0 0

Hé phuong trinh cé nghiém
(x,y,2) = (2t,—t,t) v6i t € R.

Nghiém co ban cta hé 1a u; = (2, —-1,1).
Vay, Kerf ¢6 mot co s6 1a {u; = (2,—-1,1)}.
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4.2. Nhan va anh cfia 4nh xa tuyén tinh [N QeI T s R 0]

Vi du.(tw lam) Cho f: R* — R? dugc xac dinh bdi:

flzyy,z,t) = (x+2y+32+2t, e+ 3y + 32 — t, 2z + 3y + 62 + 7t).

Tim mot co s cua Ker f?

Huéng dan. Xét hé phuong trinh thuan nhat véi ma tran mé rong

(123 2 103 8
A=[133 -1]={0 10 -3
236 7 000 0

Hé phuong trinh cé nghiém
(x,y,2,t) = (—3a — 8b,3b,a,b) véi a,b € R.

Nghiém co ban cta hé 1a u; = (—3,0,1,0) va ug = (—8,3,0,1).
Vay, Kerf ¢6 mot co s6 1a {u; = (—3,0,1,0);us = (—8,3,0,1)}.
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4.2. Nhan va anh clia 4nh xa tuyén tinh [N QeI T s eREPol o}

4.2.1. Khong gian anh

Dinh nghia. Cho f: V — W 1a mot anh xa tuyén tinh. Ta dit
Imf ={f(u)|ueV}

Khi d6 Imf la khong gian con ctia W, ta goi Im f la khong gian anh
cua f.

Dinh 1y. Cho f:V — W la mot dnh za tuyén tinh. Khi dé, néu
S ={ui,uz,...,um}
la tap sinh cua Vithi
F(S) ={f(u1), f(uz),..., f(um)}

la tap sinh cia Imf.
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4.2. Nhan va anh clia 4nh xa tuyén tinh [N QeI T -s NI ol o}

Nhan xét. Dua vao Dinh Iy trén, dé tim co sd Imf, ta chon maot tap
sinh S cia V (dé don gidn ta c6 thé chon co sd chinh tdc). Khi dé Tmf

sinh bdi tap dnh cia S.

v

Vi du. Cho f: R3 — R3 dugc x4c dinh bai:
f(xvyaz) = ($+y_z’2$+3y_273$+5y_z)

Tim mot co sé cua Imf7

Giai. Goi By = {e1, e, e3} 14 cd s6 chinh téc ctia R3. Ta c6

f(el) = f(l,0,0) = (17273)7
f(€2) = f(07 170) = (1737 5);
f(es) = £(0,0,1) = (—1,-1,-1).

Ta c6 Imf sinh béi {f(e1), f(e2), f(e3)}.
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4.2. Nhan va anh clia 4nh xa tuyén tinh [N QeI T -s NI ol o}

fler) 1 2 3 1 2 3
Lap ma tran A = | f(e2) |= 1 3 5|—=10 1 2|
f(es) -1 -1 -1 000

Do d6 Imf ¢6 co sé 1a {v; = (1,2,3),v2 = (0,1,2)}.
Vi du.(ty lam) Cho f: R? — R* dugc xac dinh béi:
flz,y,2) = (v + 2y — 3z, 3z + 2y, 22 + 2y — 2,42 — y + 5z).

Tim mot co sé cua Imf?
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4.3. Ma tran biéu dién anh xa tuyén tinh

4.3. Ma tran biéu dién anh xa tuyén tinh

Dinh nghia. Cho B = (u1,ug, ..., uy) la cd s6 cia V,
C = (vi,v2,...,0p) la cosd cuia W va f € L(V,W). Ta dat

P = ([f(w)le [f(uz)le ... [f(un)lc)-

Khi d6 ma tran P dugc goi 1a ma tran biéu dién cla anh xa f theo
cap cd 86 B,C, ky hieu P = [f]|zc (hoac [f]5).

Nhan xét. Khi V =R", W =R™, ta 6 phwong phdp tim [f]sc nhu
sau.

Tinh f(u1), f(uz),. .., fun).

o Dit M = (v{ vy ... vL | flu)" flu)T ... flun)T).

e Dung thuat todn Gauss-Jordan, duva M vé dang (I, | P)
o Khi dé [flgc=P.

v
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4.3. Ma tran biéu dién anh xa tuyén tinh

Vi du. Xét anh xa tuyén tinh f : R? — R? xac dinh béi

flzyy,2) = (x —y,2x + y + 2)

va cap ¢ s6 B = (u1 = (1,1,0),u2 = (0,1,2),us = (1,1, 1)),
C = (v1=(1,3),v2 = (2,5)). Tim [f]5c?

Giai. Ta ¢6 f(u) = (0,3),
fluz) = (-1,3),
flug) = (0,4).

Lap (v vy | flur)" fluz)' f(“"”)T):(; gg _:1% 2)
1 0] 6 11 8
“\0 1|-3 —6 —4)

oe= (2 1 %)
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4.3. Ma tran biéu dién anh xa tuyén tinh

Vi du.(ty lam) Xét anh xa tuyén tinh f : R? — R? xac dinh béi
fl,y,2) = Qo +y—2,—y+22)

va cap co s6 B = {u; = (1,1,0), ug = (1,0,1), ug = (0,1,1)}
C={u) = (1,2), uy = (3,5)}. Tim [f]pc?

L —-18 1 3
Dap an. [f]&c = ( 7 0 _1>.
Vi du. Cho 4nh xa tuyén tinh f : R* — R? dinh béi

ey, z,t) = (& =2y + 2z —t, 0 4+ 2y + 2 + 1, 22 + 22).

Tim ma tran biéu dién 4nh xa tuyén tinh f theo cip co s& chinh téc.

Giai.

1 -2 1 -1
oy =11 21 1
2 0 2 0
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4.3. Ma tran biéu dién anh xa tuyén tinh

Dinh nghia. Cho B = (uj,us,...,u,) la cosé cua V va f € L(V).
do ma tran [f|g g dugc goi la ma tran biéu dién todn ti tuyén
tinh f, ky hiéu [f]s. R6 rang

(15 = ([f(u)ls [f(u2)ls - - [f(un)]B)

Khi

Vi du. Cho f € L(R3) x4c dinh béi
flx,y,2) =Rz +y+z,2—4y+ 32,20 —y — 2)

va By 1a co 56 chinh téc ctia R®. Tim [f]g,?

Dap an.
2 1 1
[flsy = |1 —4 3
2 -1 -1
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4.3. Ma tran biéu dién anh xa tuyén tinh

Vi du. Trong khong gian R? cho céc vecto:
up = (1,1,0); ug = (0,2,1); uz = (2,3,1)
va anh xa tuyén tinh f : R® — R? dinh bai:
flx1,x9,23) = (221 + 22 — 23,1 + 229 — X3, 221 — T2 + 3T3)

a) Ching minh B = (u1, uz, u3) la mot cd s6 ctia R3.
b) Tim [fls.

-1 1 -8
Dap an. [f|g = 1 1 =3}
7
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4.3. Ma tran biéu dién anh xa tuyén tinh

Dinh ly. Cho V va W la cic khong gian vecto; B, B’ va C,C’ tuong
tng la cdc cdp co sé trong V va W. Khi dé, véi moi dnh za tuyén tinh
f:V—=>W taco

i) Vu e V,[f(wle = [flseluls.
i) [flwe = (€ =€) [flse(B— B).

Hé qua. Cho B va B’ la hai co 56 ciia khong gian hiu han chiéu V.
Khi d6 doi vdi moi todn tii tuyén tinh f € L(V) ta c6

i) Yu € V,[f(u)ls = [f]5[u]s-
i) [fls = (B = B)"'[fls(B— B).

Vi du. Trong khong gian R? cho co s6
B = (ul = (17 1a 0),U2 = (07 2, 1), usz = (2a 3, ]-))

va anh xa tuyén tinh f : R® — R3 dinh béi:
flz,y,2) = 2x4+y—z,2+ 2y — 2,22 — y + 32). Tim [f]p7
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4.3. Ma tran biéu dién anh xa tuyén tinh

Giai. Goi By 1a co s6 chinh tic cia R3, ta c¢6

2 1 -1
flgo =1 2 -1
2 -1 3

Ap dung he qua tren, ta c6

[fl5 = (Bo — B)™'[f5,(Bo — B),

1 0 2
trong d6 (By — B) = (u] ug ud)=| 1 2 3 |, dodo6
011
-1 2 —4
Bo—=B)T=-1 1 -1
1 -1 2

Lée Van Luyén Chuong 4. Anh xa tuyén tinh 10/05/2015 25 / 29



4.3. Ma tran biéu dién anh xa tuyén tinh

Suy ra
-1 2 —4 2 1 -1 1 0 2
fls=1-1 1 1|1 2 -1 1 2 3
1 -1 2 2 -1 3 0 1 1
-8 7 —13 1 0 2 -1 1 -8
=|-3 2 -3 1 2 3)|=|1-1 1 -3
5 —3 6 0 1 1 20 7

Vi du. Cho anh xa tuyén tinh f : R? — R?, biét ma tran biéu dién ctia
f trong cdp co sé B = (u; = (1,1,1);ue = (1,0,1);us = (1,1,0)) va
C= (Ul = (17 1);7)2 = (27 1)) la

se- (23 )

Tim cong thiic caa f.

Giai.
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4.3. Ma tran biéu dién anh xa tuyén tinh

Cach 1. Do [flgc = <§ ; _i) Ta ¢6

o [f(ur)lec = <2> Suy ra f(u1) = 2v; + Ovy = (2,2).
o [ftule = (3 ) Suy ra flun) = vn + 300 = (7.),
o [f(us)e = ( i) Suy ra f(ug) = —3v; + 4va = (5,1).

Cho u = (x,y,2) € R%. Tim [u]g.

11 1|2 10 0]-z+y+z
Lap (u{ ug ug [u')=[1 0 1{y|—= {0 1 0|z—y
1 1 0}z 0 0 1|z—=2
—w+y+z

Vay [u]p =

r—Zz
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4.3. Ma tran biéu dién anh xa tuyén tinh

Suy rau = (—x +y+ 2)u; + (r — y)uz + (x — z)us.
Vay, ta co
flu) = (=z+y+2)f(u) + (& —y)f(uz) + (z — 2) f(u3)
=(—2z+y+2)(2,2)+ (x—y)(7,4) + (z — 2)(5,1)
(10x — 5y — 32,3z — 2y + 2).

Cach 2. Goi By va Cy 1an luot 1a co sd chinh tic ciia R3 va R2. Ap
dung cong thtc ta cé

[f]Bo,co = (C = Co) [ fls.c(B — By).

Ta c6
e (C—=C) t=(Co—C)=(v]v)) = (1 1).
1 11
e (Bo—B)=(ujugui)=1[1 0 1]
1 10
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4.3. Ma tran biéu dién anh xa tuyén tinh

1 1
Suy ra (B — By) = (By — B)™! = 1 -1
1 0 -1

Vay

[flBoce = (€= Co) '[flBe(B— Bo)
1 1 1

12)(21—3)_
(11034 L0 1
275_11
= (5 41 1 -1 0

1 0

-1
(10 -5 -3
-~ 3 2 1)

Suy ra f(z,y,z) = (10z — 5y — 3z,3x — 2y + 2).
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4.3. Ma tran biéu dién anh xa tuyén tinh

Vi du.(ty lam) Cho f 1a toan tit tuyén tinh trong khong gian R? dugce
xac dinh béi

f(x1, o, x3) = (1 + 3x2, —2x9 + T3, 471 — T2 + 213).

a) Tim ma tran biéu dién f trong co sé chinh tic ciia R3.

b) Tim ma tran biéu dién f trong cd s

B = (U1 = (_1727 1)ﬂu2 = (Oa 1a 1)7“3 = (07 _37 _2))
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