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Chuong 3

KHONG GIAN VECTOR
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Pinh nghia
Cho V la mét tdp hop khac 0. Ta noi V la mdt khong gian vector
trén R néu trong V

i) fon tai mét phép todn "cong vector", tic la mot dnh xa
VxV — 1%

(u,v) — u+v

ii) ton tai mot phép "nhdn v6 hudng véi vector", tic la mot dnh
xa
RxV — 74

(a,u) — au

théa cdc tinh chdt sau: vdi moi u,v,w € Voa o, € R
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Pinh nghia

l.ut+tv=v+u
2. u+v)+w=u+ v+w)

3.0 eVu+0=0+u=u;

4 I(—u) eV, (—u) +u=u+ (—u) =0
5. (af)u = alfu);

6. (a+ B)u = au + fu;

7. alu+v) = au+ av;

8. lu=u
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Khi d6 ta goi :
» mdi phan ti u € V13 mot vector.
» mdi s6 a € R 1a mdt vo hudng.
» vector 0 la vector khong.
» vector (—u) 1a vector doi ctia u.
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Vi du
Xét V="TR"= {u= (x1,xo,....%0)Jx; € R,i € 1,n} vdi phép céng
vector va phép nhan v6 huéng xdac dinh bdi:

Uu+v=(x+y1.x2+Yy2, ... X0 +Yn),

au = (ax1, axy, ..., axy)

Vi u = (X1,X2,...,%n), 0 = (Y1,Y2, ..., Un) € R", a € R. Khi d6 R"
la khong gian vector trén R vdi vector khong la 0 = (0,0, ...,0) va
vector doi cia vector ula —u = (—x1, =Xz, ..., —X»).
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Vi du
Tdp hop Mpywn(R) v6i phép cong ma trgn va nhdn ma trdn voi
mot s6 thuc théng thuong la mot khong gian vector trén R. Trong
do,

» Vector khong la ma trgn khong.

» Vector doi cua A la ma trdn —A.

Vi du

Tap hop

Rix] = {p(x) = apx* + --- + arx + ayjn € N,a; € R,i € 1,n} gom
cdc da thic theo x vdi cdc hé s6 trong R la mot khéng gian vector
trén R voi phép cong vector la phép cong da thic thong thuong
va phép nhdn v6 huong voi vector la phép nhdn thong thuong
mét s6 vdi da thic.
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Vi du

Cho V = {(x1,x2,x3) € R3|2x1 + 3x2 +x3 = 0}. Khi d6 V la mot
khong gian vector trén R.

Vi du

Cho W = {(x1,x2,x3) € R3|x; +x2 — 2x3 = 1}. Khi d6 W khong la
khong gian vector, vi

u=(1,21)eW,o=(2,3,2) e W

nhung u+v = (3,5,3) #W
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Ménh deé
Cho V la mot khong gian vector trén R. Khi do voi moi u € V va
a €R, fa co

) au=0«< (a=0hay u=0);

i) (-u=—-u
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2.1 T6 hop tuyén tinh
2.2 Poc 1ap va phu thudc tuyén tinh
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2.1 T6 hgp tuyén tinh

Pinh nghia
Cho uy,uz, ... ,u; € V. Mot 16 hop tuyén tinh cda uy,us, ... uy la
mot vector co dang

U= aquy +aguy + -+ - + oyl
voi a; € R(i € 1,k).

Khi do, ddng thic trén duoc goi la dang biéu dién cia u theo cdc
vector uy,us, ..., Un.
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Tinh chat

> u la t6 hop tuyén tinh cia uy,us, . .. ,u; khi va chi khi
phuong trinh aiuy + asty + - - - + gy = U c6 nghiém
(051,052, . ,ak) S R¥

» Tong ciia hai t6 hop tuyén tinh, tich cia mot s6 véi mot 6
hop tuyén tinh ciing la cdc t6 hop tuyén tinh (cia
ui,us, ..., u). Thdt vdy,

k k k
S+ fur =Y (op+ Bru;
=1 =1 =1
k k
a(z ;) = Z(aai)ui.
i=1 i=1
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» Vector 0 luon ludn 12 t6 hop tuyén tinh cla uy, us, . .., u; Vi
0 =0uy + Oug + - - - + Ouy,

> Moi t6 hgp tuyén tinh clia uy,us, ..., 4 (j € 1,k) déu 1a t6
hgp tuyén tinh cta uy,us, . .. Ui Uit 1, .. Ug VI
alul+---+ajuj:a1u1+---—i—ajuj+0uj+1—|—---+0uk.

» Moi t6 hgp tuyén tinh cta u,us, ..., up 1,4, deu la td hop
tuyén tinh cla uy, uy, . . ., u;_q khi va chi khi ;. 1a mot t8 hop
tuyén tinh cla u1,us, ..., up_;.
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Hé qua

Cho uy,us, ... ,u; la k vector trong R"™ vdi u; = (wyj, uy), . . ., Unj),
Jje Lk

up = (w1,uo1, ..., Un);

u, = (Ui, uz, ... Up);

p = (Ui, Usps -5 Unk)-

Khi do vector u = (by, b, ..., b,) € R" la t6 hop tuyén tinh ciia
uy,Us, . .., uy khi va chi khi hé pt UX = B c¢6 nghiém X,

upn up ... Ui b1 ai

Uy U AR 2T b «a
pr Lo 21 U22 % | .= 2 | x= 2

Unl Up2 ... Uy bn (07
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2.2 Poc 1ap va phu thudc tuyén tinh

bPinh nghia

1. Cho uy,us,...,u; € V. Xét phuong trinh

aquy +ogus + -+ o =0 (1)

Ta noi
> Ui, Us,. .. u doc ldp tuyén tinh khi va chi khi v6i moi
al,az,...,akeRl‘aco’
a1 +agus+ -+ =0 a1 =ay=---=q =0
> Ui, Uy, ..., up phu thuic tuyén tinh khi va chi khi ton tai

ai,qs,. .., o € R khéng dong thoi bang 0 sao cho
oy + ooty + -+ - + oy = 0
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2. Tap con S C V dugc goi 1a doc 1ap tuyén tinh néu moi tip con
hitu han {uy,us, ..., u;} €S (k€ N) tiy ) deu doc lap tuyén
tinh. Néu S khong doc lap tuyén tinh, ta néi S phu thudc tuyén
tinh.

Vi du

Trong khong gian R® cho cdc vector

uy = (1,2, —3);112 = (2,5, —1);113 = (1, 1, —8).
> uy,uy doc ldp tuyén tinh.
> uy,us, u3 phu thudc tuyén tinh.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Nhéan xét
Cdc vector uy,us, . . ., uy phu thudc tuyén tinh khi va chi khi ton
tai vector u;, sao cho u; duoc biéu dién dudi dang 6 hop tuyén
tinh cua cdc vector con lai.
Ménh dé
Cho V la mét khong gian vector trén R va S = {uy,uz, ... ,un} la
tdp hop cac vector thuéc V. Khi do
» Néu S phu thudc tuyén tinh thi moi tdp chita S déu phu
thugc tuyén tinh
» Néu S doc Igp tuyén tinh thi moi tdp con cua S déu déc lgp
tuyén tinh.
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Hé qud

Cho uy,us, ... ,u; la k vector trong R™. Goi A la ma trdgn co duoc
bang cach xép uy,uo, . .. ,u; thanh cac dong. Khi do uy,uo, ..., u;

déc ldp tuyén tinh khi va chi khi A c6 hang la r(A) = k.
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Thuat toan kiém tra tinh doc 1ap tuyén tinh cda cic

vector trong R”

Budc 1: Lap ma trin A bang cach x€p uy, us, . .., uy, thanh cac
dong.
Budc 2: Xac dinh hang r(4) cta A.

» Néu r(A) = m thi uy,us, ..., uy, doc lap tuyén tinh.

» Néu r(A) < m thiuy,us,...,u, phu thujc tuyén tinh.
Truong hgp m = n, ta ¢6 A 1a ma tran vudéng. Khi d6 c6 thé thay
budc 2, thanh budc 2¢ sau day:

Budc 2% Tinh dinh thtc detA.
> Néu detA # 0 thi ug,us, ..., up doc lap tuyén tinh.
» Néu detd = 0 thi uy,us, . .., un, phu thudc tuyén tinh.
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Vi du

Trong khong gian R® cho cdc vector uy = (1,2,-3,5,1);

us = (1,3,-13,22, ~1); us = (3,5,1, -2,5); us = (2,3, 4, 7, 4).
Hay xét xem uy, us, us, us doc lap tuyén tinh hay phu thudc tuyén
tinh.

Vi du

Trong khéng gian R® cho cdc vector uy = (2m + 1, —m,m + 1);
uy=m-2m—-1m-2);u3=>2m—-1m-—1,2m—1). Tim
didu kién dé uy,us, us doc ldp tuyén tinh.
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3. Co sd va so chiéu ctia khong gian vector

3.1 Tap sinh
3.2 Co s6 va so chiéu
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3.1 Tap sinh

Pinh nghia

Cho V la khdng gian vector va S C V. S duoc goi la tap sinh cua V
néu moi vector u cia V déu 1a t6 hop tuyén tinh cia S. Khi do, ta
noi S sinh ra V hodc V dugc sinh ra boi S, ky hiéu V = (S)
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3.1 Tap sinh

Pinh nghia

Cho V la khdng gian vector va S C V. S duoc goi la tap sinh cua V
néu moi vector u cia V déu 1a t6 hop tuyén tinh cia S. Khi do, ta
noi S sinh ra V hodc V dugc sinh ra boi S, ky hiéu V = (S)

Vi du

Trong khong gian R3, cho

S={u = (L1,1),up = (1,2,1),u3 = (2,3, 1)} HGi S c6 la tdp
sinh cia R® hay khong?
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3.1 Tap sinh

Pinh nghia

Cho V la khdng gian vector va S C V. S duoc goi la tap sinh cua V
néu moi vector u cia V déu 1a t6 hop tuyén tinh cia S. Khi do, ta
noi S sinh ra V hodc V dugc sinh ra boi S, ky hiéu V = (S)

Vi du
Trong khong gian R3, cho
S={u =1 1,1),u = (1,2,1),u3 = (2,3,1)} HGi S ¢6 la tdp
sinh cia R® hay khong?
Vi u = (x,y,2) € R3, ta c6
11 2|x 11 2 X
123y =01 1|-xty |. Heconghiem,
(esi)-(en )
suy ra u 12 t6 hop tuyén tinh cla u;,us, us
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Vi du
Trong khong gian R3, cho

S={u=(11-1);u = (2,3,1):u3 = (3,4,0)}.

HGi S c6 Ia tap sinh cia R® hay khong?

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Vi du
Trong khong gian R3, cho

S={u=(11-1);u = (2,3,1):u3 = (3,4,0)}.

HGi S c6 Ia tap sinh cia R® hay khong?

Véi u = (x,y,2) € R3, ta co
1 2 3|x 1 2 3 X
13 4|y |=(011 —x+y | Véi
11 0]z 00 0|4 —3y+z
uy = (1,1,1) thi h¢ trén v6 nghiém. Viy u khong 1a t6 hgp tuyén
tinh cla 7, uz, u3. Suy ra S khong 1 tip sinh ctia R3.
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3.2 Co s& va so chieu

binh nghia
Cho V la khéng gian vector va B la con cua V. B duoc goi la mot
co sé cua V néu B la mot tdp sinh va B doc lgp tuyén tinh.

Vi du
Trong khong gian R3, cho

B = {Ll] = (17 17 1);1,[2 = (1727 1);Ll3 = (2737 1)}

Kiém tra B la cd sé cia R3.
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Vi du
Trong khong gian R3, cho
B={u=(1,1,-2);us = (2,3,3);u3 = (5,7,4)}.
Kiém tra B la cd s6 cia R®.
Vi du

Trong khong gian R%, cho B = {u1 = (1,1,1,1),up =
1

1,1
(2,3,-1,0),u3 = (—-1,-1,1,1),uy = ( ,2,1, )} Kiém tra B la
co sé cia R,
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B6 de
Gid su V sinh bdi m vector V = (uy,us, . .. ,un). Khi dé moi ldp
hop con doc lgp tuyén tinh cua V c6 khéng qud m phan ti.

Heé qua

Néu V c6 mot co sé B hitu han gom m vector B = {u1,us, . .. ,un}
thi moi co sd khac cua V ciing hiiu han va cé ding m vector. Khi
do ta néi khéng gian vector V hiiu han chiéu trén R; m duoc goi
la 50 chiéu (dimension) cda V trén R va ki hiéu dimg V, hay
dim V. Trong truong hop nguoc lai, ta noi khéng gian vector V vé
han chidu trén R, ky hiéu dimg V = oo, hay dimV = oo.
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Vi du
Trong khong gian R", xét By = {e1,es, ... ey}, trong do

Voi u = (x1,x2,...,%,) € R". Ta co
U=2x1e1 +x9eg + -+ xnen

Do doé By la tdp sinh cia R". Mdt khdc By doc lgp tuyén tinh nén
By la co sé cua R™. By duoc goi la co sd chinh tdc cia R*. Nhu
vay

dimR” =n
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Vi du
Khong gian vector Myxn(R) ¢6 co sd

By = {E;|,i € 1,m,j € 1,n}

trong do Ejj la ma trdn logi m x n chi c6 mot hé 6 khdc 0 duy
nhdt la hé s6'1 & dong i ¢t j. Ta goi By = {Ej|,i € 1,m,j € 1,n}
la co s6 chinh tdc cua Mpyyn(R).

Vi du

Khong gian R, [x] gom cdc da thic theo x bdc khong qud n véi hé
s0 trong R, la khéong gian vector hitu han chidu trén R co
dimR,[x] =n + 1 vdi co sd By = {1,x,...,x*}. Ta goi

By = {1,x,...,x"} la co sd chinh tdc cua Ryx].

Vi du

Khoéng gian Rx] gom tdt cd cdc da thic theo x v6i hé s6 trong R,
la khong gian vector v6 han chiéu trén R vdi co s¢

B = {1,x,x%,...} la co sd chinh tdc cia R[x].
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Hé qud
Cho V la mot khong gian vector hiiu han chidu v6i dimV =n. Ta
co
i) Moi tdp con cua V c6 nhidu hon n vector déu phu thudc tuyén
tinh.
ii) Moi tdp con cua V cé it hon n vector khong la tdp sinh cia V.

Bo de

Cho S la mot tdp con déc Igp tuyén tinh cia V va u € V Ia mot
vector sao cho u ¢ (S). Khi do tdp hop S1 = S U {u} doc lgp
tuyén tinh.

Pinh ly
Cho V la mot khong gian vector hitu han chiéu vdi dimV = n. Khi
do
i) Moi tdp con doc lgp tuyén tinh gom n vector cia V déu la co
sd cua V.
ii) Moi tdp sinh gom n vector déu la co sé cia V
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Vi du

Kiém tra tép hop ndo sau ddy la co sé cia khéng gian vector R ?

a) Br ={u1 = (2,3,4),u2 = (4,5,6)}

b) By = {u1 = (,,3), (, 4),us = (3,4,5),us = (4,5,6)}
c) Bg—{u =(1,-2,1),uz = (1, 3,2), = (-2,1,-2)}

d) By =A{ur = (2,-1,0),up = (1,2,3),u3 = (5,0,3)}
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Vi du
Trong khong gian R, cho

S = {Ll] = (17m —2,—2),112 = (m - 1,3,3),113 = (mam+272)}
Tim didu kién cia m dé’ S la co sé cia R®
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Vi du

Trong khong gian R, cho

S={u1=10,m—-2,-2),us = (m—1,3,3),u3s = (mym+2,2)}.
Tim didu kién cia m dé S la co sd cia R3

Do s6 phan t& cda S bing 3 nén S 1a co s§ cta R3 khi S doc lap
tuyén tinh.

u 1 m—-2 -2
LipA=| w» | =| m-1 3 3 |.Taco
us m m+2 2

detA = m — m?. Suy ra S doc lap tuyén tinh khi detA # 0. Vay S
1a co s6 ctia R® khi m # 0 va m # 1.
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4. Khong gian vector con

4.1 Pinh nghia

4.2 Khong gian sinh bdi tap hgp
4.3 Khong gian dong cda ma tran
4.4 Khong gian tong

4.5 Khong gian nghiém
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4.1 Pinh nghia

Pinh nghia

Cho W la mét tdp con khac O cua V. Ta noéi W la mot khong gian
vector con (goi tdt la khong gian con ) cua V, kij hiéu W <V, néu
W voi phép cong vector va phép nhdn vé huong vdi vector duoc
han ché tw 'V, cing la mot khong gian vector trén R.

Vi du

1) W= {0} va Vla cac khong gian vector con cua V. Ta goi day
la cdc khong gian con tdm thuong cua V.

2) Trong khong gian R, duong thdng (D) di qua géc toa do 0 la
mot khéng gian con cua R3.
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binh Iy
Cho W la mét tép con cua V. Khi do cdc ménh dé sau tuong

duong:
1. W<V
2. W0 va voi moi u,v e W; a € R, taco u+v e Wuoa
aucW.

3. W+ 0 va voi moi u,v € Wya € R, ta co au+v € W.

Hon nita, 6 thé thay didu kién W + (0 & trén bdng didu kién
0ew
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Vi du

Cho W = {(x1,x2,x3) € R3|2x; 4+x9 —x3 = 0}. HGi W c6 la khong
gian con cua R® hay khong?

Taco WC R®,va0eW. Véi u= (uy,uz,u3) va v = (v1,09,03),
ta ching minh o +v € W.

Ta c6

au+v = a(uy, U, us)+(v1+v2+03) = (aur+v1, aug+vy, auz+vs).

2(au1—}—l)1)+0zLI2+l)2—OéLl3—03 = a(2u1+u2—u3)+(2v1+vz—v3) =0
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binh Iy

Giao cua mét ho tly § cdc khong gian con cia V cing la mot
khoéng gian con cua V.

Cho {W;}ic; 1a mot ho nhiing khong gian con cda V. it

W = Nie/W; = {UE VV,,VZE[}

Ta chting minh W 13 mot khong gian con cta V. Trudc hét ta co
W#0,vi0eW. Chonu,v € W, va a € R, ta chiing minh
ou+veW. ViuwveW, nénu,v e W; véi moii el Do do
ou+veW;véimoiiel Hay ou+veW.

Chay

Hop cia hai khéng gian con cia V khéng nhat thiét la mot khong
gian cua cua V
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4.2 Khong gian con sinh béi mot tip hop

binh nghia (Khong gian con sinh bdi mot tap hgp)

Cho S la mét tdp con cia V (S khéng nhdt thiét la khéng gian con
cia V). Goi {W;}ies la ho tat cd nhitng khéng gian con cia V c6
chiia S (ho ndy khdc réng vi c6 chiia V). Pdt

W = Nie/W;
Khi dé W la mét khong gian con cua V va W phdi la khéng gian
con nhd nhdét cia V c6 chia S. Ta goi
1) W la khong gian con sinh bdi S va dugc kj hiéu la (S).
2) S la tap sinh cua (S).
3) Néu S hitu han, S = {uy,us, . .. ,u,} thi (S) dugc goi la khong

gian con hiiu han sinh bdi uy,us, . .. ,u, va dugc ky hiéu la
<U1,UZ, . ,un>
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Pinh Iy

Cho ) £ S C V. Khi dé khong gian con cua V sinh bdi S Ia tap
hop tdt cd nhiing t6 hop tuyén tinh cda mot s6 hitu han nhung tiy
U cac vector trong S, nghia la

(S)={u=ou + -+ opupln e Nyu; € S,y € Ryi € I,n}
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Pinh Iy

Cho ) £ S C V. Khi dé khong gian con cua V sinh bdi S Ia tap
hop tdt cd nhiing t6 hop tuyén tinh cda mot s6 hitu han nhung tiy
U cac vector trong S, nghia la

(S)={u=ou + -+ opupln e Nyu; € S,y € Ryi € I,n}

Hé qua
) Neu S = 0 thi (S) = {0}
ii) Néu S = {uy,us, ... ,u,} thi

(S) = {aquy + agts + - - + antyla; € Ryi € 1,n}

i) Néu S <V thi (S) =S
iv) ChoSCVoaW<V.Khido SCW e (S) <W
v) Néu S1 C Sy C Vihi (S1) < (S2)
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Nhan xét
Vi khéng gian sinh bdi S la khéng gian nho nhdt chiia S nén ta
quy udc (0) = {0}

Vi du
Trong khong gian My, (R) cdc ma trén m x n vdi cdc hé s6
trong R, tdp hop

By = {Ejlie 1,m,j € 1,n}

la mot t@p sinh cua Myyxn(R) vi

(Bo) = {>_ agEylay € R}

i

= {(al'j)mxn’aij S R} :men(R)
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Vi du
Trong khong gian R", tdp hop By = {e1,es,...,e,} la mt tdp
sinh cia R" vi

<BO> = {04191 + ages + - - + apenla; € R}

={a1(1,0,...,0) + - 4+ a,(0,0,...,1)|oy € R}
= {(al,ag,...,an)|a,~ER} =R"

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Vi du
Trong khong gian R3, ta xét

S= {Lll = (1727 1)7”2 = (_172,0)}
Khi do
(S) = {tug +sus|t,s € R} = {(t —s,2t+ 25,t)|t,s € R}
Vi du
Trong khong gian R3, cho

W= {(x+2y,x—y,y)l.y € R}

a) Chiing minh W la khéng gian con cua R3.
b) Tim moét tdp sinh cua W.
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a) Ta thdy 0 € W. Cho u = (x; + 2y1,%1 — y1,41) va
v = (X9 + 2y2,X2 — y2,y2) 1a 2 vector trong W. Ta chiing minh
rang véi moi o € R, ta c6 au +v € W.

au+v = (axy + 2ay1 +x2 + 2y2, ox1 — ay1 + X2 — Y2, 0y1 + Y2)

(o1 +x2) +2(ay1 +y2), (a1 +x2) — (g1 +y2), ay1 +y2) € W
Vi axy + X9, ay1 +y2 € R. Vay W < R3,

b)
W= {(x+2y,x~y,y)l,y € R} = {x(1,1,0)+y(2, -1,1)|x,y € R}

Vi moi vector trong W 14 t§ hop tuyén tinh clia u; = (1,1,0) va
us = (2,—1,1), nén S = {uy,us} 1a tip sinh cta W.
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Pinh Iy

Cho V la khéng gian vector va Si1,Ss la tép con cua V. Khi do,
néu moi vector cia Sy déu la t6 hop tuyén tinh cda cdc vector
trong S2 va ngugc lai thi (S1) = (Sg)

Vi du
Trong khong gian R3 cho

Sl = {ul = (17 —1,4),112 = (27 173)}a

SZ . {Ll3 ¥ (_la _27 1),1,[4 = (57 ]-7 10)}
Chung minh (S1) = (S2).
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Dinh Iy (vé cd sé khong toan ven)

Cho V la mot khong gian vector hitu han chidu va S la mét tdp con
déc Igp tuyén tinh cia V. Khi do, néu S khéng phdi mét co so cua
V thi ¢6 thé thém vao S mot s6 vector dé duoc mot co sé cia V.

Pinh Iy

Cho V la mot khong gian vector hiiu han chidu sinh bdi S. Khi do
ton tai mot c¢d sé B cua V sao cho B C S. Noéi cich khdc, néu S
khong phdi la mot co s cia V thi ta cé thé loai bd ra khdi S mot
s6 vector dé duoc mot co sd cia V.
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4.3 Khong gian dong ctia ma tran

binh nghia
Cho ma trgn A = (aj)mxn logi m x n vdi h¢ s6 trong R

an  an ain
asn a a
A 21 a2 o
aml Am2 Amn
Dat
up = (an1,ai2,...,amn);
up = (ag1,a,...,a);
Un = (amlvam27--~7amn)

va Wy = (uy,us, ... up) . Ta goi uy,us, ... ,uy la cdc vector dong
cua A, va Wy la khong gian dong cua A.
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binh ly
Néu A va B la hai ma trén tuong duong dong, thi Wy = Wg, nghia
la hai ma trén tuong duong dong co cung khong gian dong.
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Cach tim s6 chiéu va co sé ctia khong gian dong

Vi céc vector dong khac 0 cia mot ma trdn dang bac thang luon
luon doc 1ap tuyén tinh nén ching tao thainh mot co sé ctia khong
gian dong. Tu day ta suy ra cach tim so chiéu va mot cd s§ cta
khong gian dong ctia ma trin A nhu sau:
» Dung cac phép BDSCTD dua A vé dang bac thang R.
» S6 chiéu ctia khong gian dong W, bing s6 dong khac 0 cta R
(do d6 bang r(A)) va cac vector dong khac 0 cda R tao thanh
mot co s6 ctia W)y.
Vi du
Tim s6 chiéu va mét co sé cia khéng gian dong cia ma trdn

1 2 -1 1
2 5 1 4
A=1511 2 3
9 20 -3 14
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Thuét toan tim s6 chiéu va co s6 ctia mot khong gian con

clia R” khi biét mot tap sinh

Gid st W= (u,uz, ..., un) <R, (uy,us, ..., uy, khong nhit thiét
doc 1ap tuyén tinh). P& tim s6 chiu va mot co s& clia W ta tién
hanh nhu sau:

Budc 1: Lap ma trn A bing cach xép uy,us, . .., uy, thanh cac
dong.

Budc 2: Dung cac phép BDSCTD dua A vé dang bac thang R.
Budc 3: So chiéu ctia W bang s6 dong khac 0 ctia R (do d6 bang
r(A)) va cic vector dong khic 0 cta R tao thanh mot co s6 cla W.
Vi du

Tim mét co sé cho khéng gian con cua R* sinh bdi cdc vector

uy, Uz, us, Uy, trong do u; = (1,2,1,1);uy = (1,2,1,2);u3 =
(4,8,6,8);uy = (8,16,12,20).
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4.4 Khong gian tong

Pinh Iy
Cho Wi, W, ..., W, la cdc khong gian con cua V. Ddt

W:{u1+uz~|—---+un|u,-€I/I/,-,ieﬁ}

Khi do W la khong gian con cia V sinh boi UL, W;. Ta goi W la
khong gian tong ciia Wy, Ws, ..., Wy, ki hiéu la
Wi+ Wo+-- + W, hay Y8 W

Hé qua

Vi W, Wq, W, ..., Wy la cdc khéng gian con cua V, hai ménh dé
sau tuong duong:

) Whi+Wot -+ W, <W
i) W; <Wuodimoiicln
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Hé qua
Cho Wy, Ws, ... , Wy la cdc khong gian con cua V vdi W; = (S;).

Khi do
ZW UZ1S))

Bdc bigt, néu cdac khong gian con W;, dou hiu han chidu thi
khong gian tong W = S | W; ciing hidu han chiéu va

n
dimW < Z dim W;
i=1

Vi du

Trong khong gian R* cho cdc vector u; = (1,2,1,1);07 =

(1,3,3,3);us = (3,6,5,7);09 = (2,5,5,6);u3 = (4,8,6,8);03 =

(3,8,8,9);us = (8,16,12,16);v4 = (6,16, 16, 18). Dgt

W1 = (u1,us, us,uy) va Wo = (v1,09,03,04). Tim mot co s6 va xdc
o ih, 50, chiéu ciia khdng,gian Wy ot We.
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Wi 1a khong gian dong clia ma trin

A =

0 B W
> oo N
O o Ul
> 0~ —

16 12 1

S O O
S O O N
O O
S O N =

Do d6 Wy c6 s6 chiéu 1a 2 va mot co s6 1a {(1,2,1,1);(0,0,1,2)}.
W5 1a khong gian dong cda ma trin

1 3 3 3 1333
L2585 5 6] (0110
2= 3 8 8 9 0000
6 16 16 18 0000

Do d6 Wy c6 s6 chiéu 1a 2 va mot co s6 1a {(1,3,3,3);(0,1,1,0)}
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Khong gian W + W5 sinh béi cac vector
(]‘72’ ]" ]‘)7 (07 07 1’2); (]‘737 373); (07 ]‘7 ]‘7 0)

W1 + W5 1a khong gian dong cda ma tran

SN O =

]
1
1
0

SO O
S O =N

Suy ra W; + Wy ¢6 s6 chiéu 1a 3 va mot co s 1a

{(1,2,1,1);(0,1,1,0); (0,0,1,2)}
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4.5 Khong gian nghiém

Vi du
Cho W la dp tat cd cdc nghiém thuc (x1,x2,x3,X4) ctia hé phuong
trinh tuyén tinh thudn nhat:

X1 + 2x — 33 + by = 0
x1 + 3 — 13x3 + 22x¢4 = 0; (1)
1 + 5y + x3 — 2x5 = 0
200 + 300 + Ay — Txy = 0.
1 2 -3 5 1 2 -3 5
A LA XA 1 3 -13 22 01 -10 17
Ma trdn hé s0 A = 3 5 1 o |~ o o 0 0
2 3 4 -7 0 0 0 0
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Hé da cho tuong duong v6i hé

Xy + 2xg — 33 + bxy = 0
xo — 10x3 + 17x4y = 0.

Chon x3 = o, x4 = (3, ta tinh dugc

X1 —17a + 290,
xo = 10a—1706.

He (1) c6 vd s6 nghiém vé6i hai 4n tu do
(01,X2,%3,X4) = (=17 +293,10a — 178, @, B)

véi o, B € R tuy ¥.
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bat W

{(-17a 4+ 296,100 — 178, o, B)| v, B € R}
{(=17a,10c, o, 0) + (298, —1703,0, B)|c, B € R}
{a

(

(~17,10,1,0) + 3(29, —17,0,1)|a, 3 € R}
(~17,10,1,0); (29, —17,0,1)).

bat vy = (—17,10,1,0);u2 = (29,-17,0,1). Ta goi uj,us la
nghiém cg ban cta hé (1). Ta c6 W = {uy,us). uy,us doc lap
tuyén tinh. Suy ra {u1,us} 1a mot co s& ctia Wva dim W = 2.
Ta goi W 1a khong gian nghiém ctia hé phuong trinh tuyén tinh
thuan nhat (1).
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binh ly
Cho ma trdn A = (ajj)mxn logi m x n v6i hé s6 trong R.

a  aa ain
as a a
A 21 A n
aml1 am2 Amn
va Sy la tdp tat cd cdc nghiém (x1,X2, ... ,x,) cia hé phuong trinh
tuyén tinh thudn nhdat AX = 0, nghia la tdp tdt cd cdc nghiém cia
h¢é
anx; + apxe + ... + aipx, = 0
anxy + agxs + ... + amxp, = 0;
amx1 + ampX2 + + amtn = 0

Khi do S, la mot khéng gian con cua R. Ta goi Sy la khong gian
nghiém cia hé phuong trinh tuyén tinh thudn nhdt AX = 0.
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Dé tim s6 chiéu va mot co s§ clia khong gian nghiém S, cda hé
phuong trinh tuyén tinh thuidn nhit AX = 0, ta tién hanh cac budc

sau:

Gidi he AX = 0 tim nghiém tong quat.

Tim mot nghiém co ban ctia hé AX = 0 nhu sau: Gid st
nghiém co ban ctia hé AX = 0 ¢6 s an tu do Xy s Xpys - - - 1 Xp, VO
moi i € 1,5, chon x;, = 132, = 0;) # 4, ta dugc nghiém uy,. Khi
do {ug,, ug,, . .., ux } 1a mot nghiém co ban.

Khong gian nghiém S, ¢6 dimS, = s va nhan hé nghiém
co ban {uy,,uy,, . .., ux } 1am mot co sé.
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5. Toa d6 va ma trin chuyén co sé

5.1 Toa do
5.2 Ma trin chuyén co sé.
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5.1 Toa do

Pinh Iy

Cho B = {uy,us, . .. ,u,} la mét co sd cua khong gian vector V
trén R. Khi do voi moi u € V phuong trinh

QiU + agy + - - - + oty = u luén luén cé duy nhdt mot nghiém.

o
0
. 0 0 0N 74  a 2 o o N
Goi (a7, 0, ..., ap) la nghiém cua (1). Ta dat [u|p = .| va
ap
. ~ A ?2 2, A
got la loa do cua u trong co so B. Nhu vdy,
o
0
I _ 0 0 o 0
[u]s = .| S U= aqun +agun -+ ol
a
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Hé qua

Gid s B = {uy,us, . ..,u;} la mot co sd cua W < R" trong do
up = (un,uo1,...,Unl);
uy = (u12,u22,...,Up2);
up = (Ui Uk, - - - Unk)-

Khi do voi moi u = (by,bs,...,b,) € W, ta co

by
by .
Up=X<UX= . | , trong do
b
uil Ui Uik
u u oo u N A . Y .
U= 2 2 % Ia ma tran cé duoc bang cach dung
Unl Un2 ... Uy
ui,us, ..., u; thanh cdc cot.
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Nhéan xét

» DOi vGi co sd chinh tdc By = {e1,es,. .., ey} cua khong gian
R", voi moi u = (b1,bs,...,b,) € R, ta co
by
by
u]s, =

br
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» DGi véi co s6 chinh tic By = {E11,. .., Ens - Emls - - o Emn}
ctia khong gian My, (R) cdc ma trin loai m x n h¢ s6 trong
R va A = (aj)mxn ta co

an
A1n

am1

Amn
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» DG6i véi co s6 chinh tic By = {1,x,...,x*} cla khong gian
R, [x] cac da thdc theo x bac khong qué n, véi moi
p(x) = apx" + -+ -+ a1x + ag € Rylx],
ao
ai
P, =

an
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Vi du

Trong khong gian R3, cho cdc vector uy = (1,2,1); us = (1,3,1);
Us = (2, 5, 3)

a) Chiing minh B = (uy,uz,u3) la mot co sé cua R>.

b) Tim toa dé ciia vector u = (a,b,c) € R® trong co sé B.
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5.2 Ma tran chuyén co sé.

bPinh ly
Cho V la mot khong gian vector co dimV = n va hai co i
Bi = (ur,uz, ... ,up); By = (v1,09,...,0,). Véi mbij € 1,n, ddt
pij
p2j . T N A X « L
s, = . |, Jj€e1l,nwvaP la ma trdn vuéng cdp n co cac
Pnj
Céf liin lL['QT la [Z/']]Bl, [Uz]gl, RN [Un]Bl, nghia la
pu1 P12 ... Pin
po | PP Pon Khi do P khd nghich va la ma frdn
Pnl Pn2 ... DPnn

duy nhdt théa Yu € V, [u]p, = Plu]s,. P dugc goi la ma trin
chuyén co sd t By sang Be, kg hidu la (B, — Bs). Nhu vdy,
YueVv, [u]Bl = ([51 — Bg)[u]lgz.
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Ménh deé
Cho V la mot khong gian vector hiiu han chidu va By, B, Bs la ba
cd so cua V. Khi do

i) (By — Bi) = (B — By)7 L

ii) (B — Bs) = (B — B2)(By — Bs).
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Hé qua

Cho By = (u1,us, . .. ,uy); By = (v1,09,...,0,) la hai co sé cua
khéng gian R". Goi By = (e, es,. .., ep) la co sd chinh tdc cia
R™. Ta co

i) (By — By) la ma trdn c6 duoc bang cdch dung cdc vector
ui,us, ..., u, thanh cac cot.

ii) (B1 — By) = (By — Bi) ™.

iii) (By — Bs) = (By — B1)~'(By — Bo).

iv) Néu qua mot s6 phép BDSCTD ma trén (By — Bi) bién
thanh ma trén don vi I, thi ciing chinh qua nhiing phép bién
doi dé ma tran (By — Bs) sé bién thanh ma tran (B — Bs),
nghia la

BBSCTD
_—

((Bo — B1)|(Bo — Bz)) (In|(B1 — B2))
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Vi du

Trong khong gian R3, cho cdc vector uy = (1,2,1); up = (1,3,1);
us = (2, 5,3).

a) Chiing minh B = (u1,us,u3) la mét co sé cua R3.
b) Tim ma trén chuyén co sé tr B sang co sé chinh tdc By cia R3.
¢) Tim toa d¢ cia vector u = (1,2, —3) theo co sd B.
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