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Haøm soá

Ñònh nghóa
Cho hai taäp hôïp X, Y ⊂ R. Haøm soá f xaùc ñònh treân X, nhaän giaù trò
trong Y laø moät quy taéc cho töông öùng moãi soá x thuoäc X vôùi moät soá
y duy nhaát thuoäc Y. Ta vieát

f : X −→ Y
x 7−→ y = f(x)

Nghóa laø vôùi moãi x ∈ X, toàn taïi duy nhaát y ∈ Y sao cho y = f(x).

Ví duï

f : R −→ R
x 7−→ f(x) = x2
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Ñònh nghóa
Soá L ñöôïc goïi laø giôùi haïn cuûa haøm soá f(x) taïi ñieåm a vaø vieát
lim
x→a
f(x) = L, neáu vôùi moïi ε > 0 cho tröôùc, ta coù theå tìm ñöôïc

δ(ε) > 0 sao cho |x− a| < δ(ε) thì |f(x)− L| < ε. Duøng kyù hieäu
toaùn, ta coù theå vieát

∀ε > 0,∃δ(ε) > 0,∀x ∈ D, |x− a| < δ(ε) ⇒ |f(x)− L| < ε

Ñònh nghóa
Giôùi haïn cuûa f(x) khi x tieán veà beân traùi a laø baèng L neáu

∀ε > 0,∃δ(ε) > 0 : a− δ(ε) < x < a⇒ |f(x)− L| < ε

Giôùi haïn cuûa f(x) khi x tieán veà beân phaûi a laø baèng L neáu

∀ε > 0,∃δ(ε) > 0 : a < x < a+ δ(ε) ⇒ |f(x)− L| < ε
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Ñònh lyù
lim
x→a
f(x) = L⇔ lim

x→a+
f(x) = lim

x→a−
f(x) = L

Ví duï
Tính

1. lim
x→0+

|x|
x ;

2. lim
x→0−

|x|
x ;

3. lim
x→0

|x|
x ;

CuuDuongThanCong.com https://fb.com/tailieudientucntt

http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt


Ñònh nghóa
I lim
x→a
f(x) = ∞ neáu: ∀M ∈ R,∃δ > 0 :

0 < |x− a| < δ ⇒ f(x) > M.

I lim
x→a
f(x) = −∞ neáu: ∀N ∈ R,∃δ > 0 :

0 < |x− a| < δ ⇒ f(x) < N.

I lim
x→∞

f(x) = L neáu: ∀ε > 0,∃M ∈ R :

x > M⇒ |f(x)− L| < ε.

I lim
x→−∞

f(x) = L neáu: ∀ε > 0,∃N ∈ R :

x < N⇒ |f(x)− L| < ε.

Töông töï cho caùc giôùi haïn
limx→±∞ f(x) = ±∞ vaø limx→a± f(x) = ±∞CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Tính chaát
Neáu toàn taïi lim

x→a
f(x) vaø lim

x→a
g(x) thì

1. lim
x→a
cf(x) = c lim

x→a
f(x).

2. lim
x→a

(f(x) + g(x)) = lim
x→a
f(x) + lim

x→a
g(x)

3. lim
x→a
f(x)g(x) = lim

x→a
f(x) lim

x→a
g(x)

4. lim
x→a

f(x)
g(x) =

lim
x→a
f(x)

lim
x→a
g(x)

5. lim
x→a

[f(x)]n = [lim
x→a
f(x)]n

6. lim
x→a
c = c vaø lim

x→a
x = a

7. lim
x→a

n
√
f(x) = n

√
lim
x→a
f(x) (lim

x→a
f(x) > 0 neáu n chaün.)

Neáu f laø moät ña thöùc hay haøm höõu tæ vaø a naèm trong mieàn xaùc
ñònh cuûa noù thì

lim
x→a
f(x) = f(a)

CuuDuongThanCong.com https://fb.com/tailieudientucntt

http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt


Ví duï
Tính caùc giôùi haïn
1. lim
x→−2

(x2 − x− 2)

2. lim
x→4

x2+
√
x−1

x2−1

Meänh ñeà
Neáu f(x) = g(x),∀x 6= a thì lim

x→a
f(x) = lim

x→a
g(x).

Ví duï
I lim
x→1

x2−1
x−1

I lim
t→0

√
t2+9−3
t2
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Meänh ñeà (giôùi haïn keïp)
Neáu f(x) ≤ g(x) ≤ h(x) ôû xung quanh a (coù theå ngoaïi tröø taïi a) vaø
lim
x→a
f(x) = lim

x→a
h(x) = L thì khi ñoù: lim

x→a
g(x) = L

Chuù yù
lim
x→a
f(x) = 0⇔ lim

x→a
|f(x)| = 0.

Ví duï
lim
x→0
x sin π

x .
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Ñònh nghóa
Caùc haøm muõ, luõy thöøa, logarit, löôïng giaùc, löôïng giaùc ngöôïc ñöôïc
goïi laø caùc haøm haøm sô caáp cô baûn. Toång, hieäu, tích, thöông, hôïp
noái caùc haøm sô caáp cô baûn ñöôïc goïi laø caùc haøm sô caáp.

Meänh ñeà
Neáu a thuoäc mieàn xaùc ñònh cuûa haøm sô caáp f thì:

lim
x→a
f(x) = f(a)
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Tính toaùn vôùi ±∞-daïng voâ ñònh

Khi gaëp giôùi haïn coù daïng ±∞, ta tính nhö sau (∀a ∈ R)
1. a+ (±∞) = ±∞ vaø (±∞) + (±∞) = (±∞).

2. a.(±∞) =
{
±∞, neáu a > 0 hoaëc a = +∞
∓∞, neáu a < 0 hoaëc a = −∞

3. a
±∞ = 0, 10 =

{
+∞, neáu maãu döông
−∞, neáu maãu aâm

4. Caùc bieåu thöùc coù daïng:

∞−∞, 0.∞,
0
0 ,
∞
∞

laø caùc daïng voâ ñònh.
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Ví duï

1. lim
x→∞

(x2 − x)

2. lim
x→0

1
x2

3. lim
x→0

1
x

4. lim
x→1+

1
1−x

5. lim
x→1−

1
1−x

6. lim
x→∞

√
x− 3√x−

√
x
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Tính toaùn vôùi ±∞-daïng voâ ñònh

5. Vôùi α > 0 : (+∞)α = +∞
6. Vôùi a > 1 : a+∞ = +∞ vaø a−∞ = 0
7. Vôùi a > 1 : loga(+∞) = +∞ vaø loga(0+) = −∞
8. sin(±∞), cos(±∞), tan(±∞), cot(±∞) ñeàu khoâng toàn taïi.
tan(π

2
−) = +∞, tan(−π

2
+) = −∞

cot(0+) = +∞, cot(π−) = −∞
9. arctan(+∞) = π

2 , arctan(−∞) = −π
2

10. Caùc bieåu thöùc coù daïng:

∞0, 00, 1∞

laø caùc daïng voâ ñònh.
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Moät soá giôùi haïn quan troïng

1. lim
x→0

sin x
x = 1;

2. lim
x→0

1−cos x
x2 = 1

2 ;

3. lim
x→0

tan x
x = 1;

4. lim
x→+∞

ex = +∞ vaø lim
x→−∞

ex = 0;

5. lim
x→+∞

ln x = +∞ vaø lim
x→0
ln x = −∞

6. lim
x→0

ln(1+x)
x = 1;

7. lim
x→0

ex−1
x = 1;

8. Vôùi moïi k ∈ N, lim
x→+∞

ex
xk = +∞; lim

x→−∞
xkex = 0;

9. Vôùi moïi k ∈ N, lim
x→+∞

ln x
xk = 0; lim

x→0
xk ln x = 0.
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Ví duï

1. lim
x→0
ln sinxx

2. lim
x→∞

cos e−x2

3. lim
x→1−

[sin(e
1
1−x )]

4. lim
x→1+

[sin(e
1
1−x )]

5. lim
x→0

(1+ x) 1x

6. lim
x→0

(cos x)
1
x2
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Baøi taäp

Tính caùc giôùi haïn cuûa f(x) khi x→ a
1. lim
x→4

x2−16
x−4 ;

2. lim
x→0

1
x (

1
2+x −

1
2);

3. lim
x→0

1
x

(
1

(4+x)2 −
1
16

)
;

4. lim
x→1

x10−1
x−1 ;

5. lim
x→0
2ln x2 ;

6. lim
x→0

1+cos x
1+(ln x2)2 ;

7. lim
x→0+

3−1/x;

8. lim
x→0−

3−1/x;

9. lim
x→0
x(ln x)100.
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Haøm lieân tuïc

Ñònh nghóa
Haøm f ñöôïc goïi laø lieân tuïc taïi a ∈ D neáu öùng vôùi moïi ε > 0, toàn taïi
δ > 0 sao cho |f(x)− f(a)| < ε vôùi moïi x ∈ D, |x− a| < δ.
Ta coù theå noùi caùch khaùc
Haøm soá f ñöôïc noùi laø lieân tuïc taïi x ∈ D neáu f xaùc ñònh taïi a, giôùi
haïn khi x→ a cuûa f toàn taïi, vaø lim

x→a
f(x) = f(a).

Neáu f khoâng lieân tuïc taïi a ta noùi f giaùn ñoaïn taïi a .
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Ñònh nghóa
Haøm soá f ñöôïc goïi laø lieân tuïc treân moät khoaûng neáu noù lieân tuïc taïi
moïi ñieåm thuoäc khoaûng ñoù.

Meänh ñeà
Moïi haøm sô caáp ñeàu lieân tuïc treân mieàn xaùc ñònh cuûa noù.

Ví duï
Tìm a ñeå haøm soá

1. f(x) =

{
x2−x
x2−1 , neáu x 6= 1
a, neáu x = 1

lieân tuïc taïi 1.

2. f(x) =
{
ln |x− 2|, neáu x 6= 2
a, neáu x = 2 lieân tuïc taïi 2.
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Tính chaát
1. Neáu f vaø g ñeàu lieân tuïc taïi x thì caùc haøm sau cuõng lieân tuïc taïi x:

f± g, cf, f.g, fg vôùi g(a) 6= 0

2. Neáu f lieân tuïc taïi b vaø lim
x→a
g(x) = b thì:

lim
x→a
f(g(x)) = f(b).

3. Neáu g lieân tuïc taïi a vaø f lieân tuïc taïi g(a) thì haøm hôïp noái
(f ◦ g)(x) = f(g(x)) lieân tuïc taïi a.
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Haøm lieân tuïc treân khoaûng ñoùng

Ñònh lyù (Ñònh lyù giaù trò trung gian)
Giaû söû f lieân tuïc treân khoaûng [a, b], vaø N laø giaù trò baát kyø sao cho
f(a) < N < f(b). Khi ñoù toàn taïi c ∈ (a, b) sao cho f(c) = N.
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