GV LE VAN HQP
CHUONG IV

HE THU'C PE QUI (PHUONG PHAP PEM CAO CAP)

I. HE THUC DE QUI:

1.1/ PINH NGHIA: Cho s6 nguyén r > 0.
Mot qua trinh dién ra gan lién véi tham s6 nguyén n > r. Ta mudn tinh truc
tiep mot dai lugng a, co lién quan dén qué trinh trén theo n >r. Gid st ta

biét duwoc k gia tri ban diula a,= oy, a1 =00, ..., A+ (k-1 = 0k (*) va
thiét 1ap dugc mot h¢ thuc a,=f(a,-1, an-2, ... , An_k, ) Vn>1+ k (**)

sao cho trong (**) bt bude phai hi¢n dién a,_.

[tacd (*) va (**) bang cach tinh tryc tiép tir qua trinh hodc dugc cho san].
Tor (%) va (**), néu vé phai cia (**) luon ludn xac dinh thi ta c6 duy nhat
day {a,|n>r} théa (*) va (**).

Tan6i (¥*) 1a mot hé thire @é qui cdp k vé&i diéu kién ban dau (*).

Vidu:
a) Tinh a,= J.(lnx)"dx Vn>r=1.

Tacod a, = J'lnxdx—xlnx J'dx—e— F=e—(e—1)=1 va Vn2=>2,

1

an= J.(ln x)"dx = x(Inx)" ] — J.n(lnx)"'1 dx = e — nJ.(ln x)"'dx = e —na,_;. Nhu vy
1 1
ai=1(*)va a,= e—na,_;= f(a,_1,n) Vn>2 (**) day 1a hé thirc dé qui cip 1.
b) Day s6 Fibonacci {a,|n>r=0} cb
ap=0,a; = 1,(*) va a,= a,_1ta, = f(a,_1,a,_2,n) Vn>2 (**):daylahe
thirc d€ qui cap 2.

/4

¢) Tinh a, = jtg"xdx Vn>r=2.Dat t=tgx thi dt=( +t)dx vataco

/4 1 1

a, = J.tg xdx = I(l— = t—arctgt ]1q=1—arctg1=l—%
0 0
/4 /4 /4 4_d(cosx)
J. tg’xdx = J. tgx(1+tg’x)dx — J. tgxdx = J.tdt J. — =
,  Ccosx

t* _1-In2

= — 1, +In(cosx) 7" = .
1, + In(cosx) 1;* = 1

/4 /4 /4

va Vn>4, a,= I tg" xdx = I tg" x(1+tg’x)dx — I 1g"  xdx = jt” dt —a,_ ) =

£ 1 . ~In2
n_l]t—an_z =Tl—an_z.Nhu’vay az=1—z,a (*) v

B = —— a2 =f((an_1, an_2 N) Vn>4 (**):day la hé thirc dé qui cap 2.
n
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1.2/ GIAI HE THUC DE QUI:

Cho h¢ thtrc dé€ qui céip k:a,=f(an-1,an-2, ... , Ak, N) Vn>r+k (**) voi

didu kién ddu a, = oy, 8,41 =02, ..., A+ 1) = i (¥).

a) Néu chi giai riéng (**), ta thuong c6 vo sb ddy {a, [n>r} thoa (*¥*).

b) Néu giai dong thoi (*) va (*%), ta chi co nhiéu nhat 1a mot ddy { a,|n>r}
thoa (*) va (**).

c¢) Viéc thyc hién a) hodc b) goila gidi mot hé thirc dé qui.
Néu thuc hién a), ta ndi ta tim cdc nghiém téng quat cua (**).
Néu thyc hién b), ta néi ta tim nghiém riéng ctia (**).

Vidu: ]
a) Cho h¢ thuc dé quicap 3 ¢o
ap=2,a;=—5,a=5(*) va Vn>3,a,=2a,_1+ta,_»—2a,_3 (*%)

Giai (**), ta c6 nghiém tong quat a,=p +q(—=1)"+s.2" vn>0(p,q,s € R).
Két hop thém (¥),tacdé 2=p+q+s, -5=p—-q+2s, 5=p+q+4s. Turdo
p=-3,q=4,s=1 va a,=-3 +4(-1)"+2" ¥Yn>0 la nghiém riéng ciia (**).

b) Cho hé thirc dé qui cAp 2 ¢6 a;=3,a,=—4 (*) va Vn>1,a,:,= Jaa_, (**).
Giai (**),taco vosddiy {a,|n>1} thoa (chican chona,a, tuyy >0).
Két hop thém (*), ta khong c6 day { a,|n>1 } ndothoa (*) va (**) vi

a3 = \Ja,a, = V-12 v0 nghia.

II. HE THUC PE QUI TUYEN TINH HE SO HANG THUAN NHAT:

2.1/ HE THUC CAP 1: Cho a,=Xa,_; Vn>r+1 (**)(L € R*=R\ {0})
Suyra a,—Aa,- 1 =0 Vn>r+1 vatalap da thirc bic nhat twong ting
f(x) = (x —A). Ta thay (**) c6 nghiém tong quat a, =pL" Vn>r (p € R).

Vidu: Cho ay=5(*) vaa,=—-4a, | Vn>1 (**) c6 da thuc tuong ing f(x) =x + 4
(**) ¢6 nghiém tong quat a,=p(-4)" Vn>0 (p € R). T (*), 5=p(-4)"=p
Vay a, = 5(-4)" Vn>0.

2.2/ HE THUC CAP 2:

Cho a,=Aa, ;t+tpa, , Vn2r+2 (A, nue R va p=0)(**)

Suyra a,—Aa,—1—pa,-»=0 Vn>r+2 vatalap tam thic bac hai tuong

tmg f(x) =x"—Ax — p voi biét thic A=A+ 4p.

a)Néu A>0 thi f(x)=(x —A)(x —L,) v6i hai nghiém thuc phan biét A, A,.
(**) ¢6 nghiém tong quat a,=pA’ +qi Vn>r (p, q € R).

b)Néu A=0 thi f(x)=(x—Xo)> véi nghiém thuc kép A, .
(**) ¢6 nghiém tong quat a,= (p +nq)A’ Vn>r (p, q € R).

¢)Néu A <0 thi f(x) c6 hai nghiém phtic dang lwong giac d(cose + ising).
(**) c6 nghiém tong quat a, = d"(pcosne + gsinng) Vn>r (p, q € R).
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Vidu:
a) Cho a;=-16,a,=2 (*) va an+2 ap+1+6a, Vn>1 (*%).
Ta c6 da thuc tuong tng f(x) =x"—x—6=(x-3)(x +2) (A =3 £ L, = —2).
(**) c6 nghiém tong quat a,=p3"+ q(-2)" Vn>1 (p, q € R).
T (*),-16=3p—-4q va 2=9p+16q nén p=-2 va q=235.
Vay a,=(-2)3"+5(=2)" Vn>1.
b) Cho a, =0, a;=—64 (*) va an+1 8a,— 16a,_; Vn=>3 (**).
Ta cé da thuc tuong tmg f(x) =x"—8x + 16 = (x —4)” (nghiém kép A, = 4).
(**) ¢6 nghiém tong quat a,= (p + nq)4" Vn>2 (p, q € R).
T (*),0=16(p+2q) va —64=64(p+3q) nén p=2 va q=-1.
Vay a,= (2 —n)4" Vn>2.
c)Cho a,=3,a;=6(*) va a,=2a,_1— 4a,_, Vn=>2 (**).
Ta c6 da thuc tuong tng f(x) =x"—2x +4=(x—1)* +(V3)* va f(x) c6 hai

nghiém phirc c6 dang luong gidc 1+i+/3 =2(cos % + isin%).

(**) c6 nghiém tong quat a, = 2" (pcos%ﬁL qsin%) vn>0(p,q € R).

Tu (*),3=p va 6=p+q+3 nén p=3 va q=.3.
Viy a,=2" (3cos%+ ﬁsin%) Vn > 0.

d) Cho n > 1. An di tir mat dat (bac thang thir 0) 1én ciu thang dén bac thang thir n.
M&di bude chan cua An sé 1én dugc 1 hodc 2 bac thang. Ho1 An c¢6 bao nhiéu
cach budc chan tir mat dat 1én dén bac thang tha n ?

Dit a, 1 s6 cach dé& An budc chan tir mit dat 1én dén bac thang thtr n (Vn > 1).
D&thdy a;j=1,a,=2 (*).Tacd an=a,_; +a,_» Vn>3 (**) bangcachdéy
rang a,_, = SO cach d¢ An budc chan tir mat dat 1én dén bac thang thtr n ma c6
dat chan Ién bac thang tht (n—1) va a, ,= S cach d& An budc chan tir mat
dat 1én dén bac thang thtr n ma khong dit chan 1én bac thang thtt (n — 1), nghia
13 An dat chan 1én bac thr (n — 2) r0i dt chan 1én bac tht n ngay.

Tacc')dathfrctu:ongfrngf(x)=x2—x—1=(X—oc)(x—B)(oc=1+2\/§,B=#
(**) ¢6 nghiém tong quat a,=pa”+qf" vn>1 (p,q € R).
Tx (*), 1=ap+ va2=ap-+ nén p=-% va =
(*), p+Bq p+Bq = Vad- &
. _ﬁn+1
Vay a,= —Vn>1
y NG
e) Day Fibonacci a,=0,a;=1(*) va a,=a,_; ta,-, Vn>2 (**).
Ta ¢6 da thirc tuong tng f(x) = x> —x — 1 = (x — a)(x —B) (o ”J—B #)

(**) c6 nghiém tong quat a,=pa”+ qp" Vn>0 (p, q € R). Tir (*),

0=p+q va Il =oap+pq nén p=% va q=%.Véy an=Lﬁﬁn Vn > 0.
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I11. HE THUC PE QUI TUYEN TiNH HE SO HANG KHONG THUAN
NHAT:

3.1/ HE THUC CAP 1:
Cho a,=Aa, 1+ @mn)a” Vn>r+1(**) trongdd A, o € R,A#0 #aq,
Om(x) 12 da thirc hé sb thuc theo bién n va deg(gm) =m > 0.
Xét h¢ thue dé qui thuan nhat trong ung a,—Aa, 1=0 Vn>r+1 () va
da thirc bac nhat tuong tng f(x) = (x — A).
Ta c6 Nghiém tong quat a, ctia (¥*)=
= Nghiém tong quat a,’ ctia (UJ) + mot nghiém cu thé bat ky a,” clia (**)
a) Néu o # A : (**) c6 mot nghiém cy thé co dang a,” = ym(n)o” Vn>r
trong d6 ym(n) 13 da thirc hé sb thuc theo bién n va deg(yy,)=m.
b) Néu a = A : (¥*) c6 mot nghiém cu thé c6 dang a,” = nyny(n)a” Vn>r
trong d6 ym(n) 13 da thirc hé sb thuc theo bién n va deg(y,)=m.

Vidu:

a) Bai toan THAP HA NOI: Cho n >1.C6 3 coc I II va IIl. Tai coc I dang c6
n cai dia tron ¢6 ban kinh khac nhau (khi dit dia vao bat ¢t coc nao, ta luén ludn
phai tuan tha viéc dat dia nho & phia trén dia 16n). Hay di chuyén hét n dia nay
qua coc II (mdi 1an chi duoc chuyén 1 dia va c6 thé dit tam dia vao coc trung
gian trong qu4 trinh chuyén dia). Hoi ta phai can bao nhiéu lan chuyén dia ?

Dit a, = s6 lan chuyén dia can c6 dé chuyén n dia tir coc I qua cocIl (n>1).
Tacd a;=1(*) va a,=2a, 1+ 1 Vn2>2 (**). Day la mgt hé thuac d¢ qui tuyén
tinh cdp 1 khong thudn nhat véi A=2za=1 va @,n)=1 c6 deg(ep,)=0.
Xét hé thire dé qui thuan nhat twong tmg a, —2a,_1 =0 Vn>2 () va da thic
béc nhit twong tng f(x) = (x —2).

(7)) c6 nghiém tong quat a,’ =p2" Vn>1 (p € R).

(**) c6 mot nghiém cu thé c6 dang a,” = 1"y,(n)=q Vn>1(q € R).

Thay a,”=q Vn2>1 vao (**),tacé q=2q+1 nén a,"=q=-1 Vn=>1.

Do d6 (**) c¢6 nghiém tong quat 1a a,=a,” +a,”= p2"—1 Vn>1(p € R).

Tu (*) tacd6 1=2p—1 nén p=1.Vay a,=2"-1 Vn>1.

b) Tinh a,=1*+2*+...+n> Vn>1.

Taco a;=1(*) va a,=a,_;+n° Vn>2 (**). Day la mot hé thirc dé qui tuyén
tinh cdp 1 khong thudn nhat véi A=1=0a va @,(n) =n> co deg(p,) = 2.
Xét hé thirc dé qui thuan nhat twong Gmg a,—a,_; =0 Vn >2 ([)) va da thic bac
nhit twong tng f(x) =x —1.

(7)) co6 nghiém tong quat a,’ =p.1"=p Vn>1(p € R).

(**) c6 mdt nghiém 01_1 thé c6 dang a,” = 1"nyy(n) =n(qn” +sn+t) Vn>1

(q, s, t e R) Thay a,”=(qn’ +sn’+1tn) Vn>1 vao (**),taco

qn’ +sn’ +tn=q(n - 1)’ +s(n — 1) +tn - 1) +n® Vn>1 (cling ding Vn € Z).
Thé n=0,n=1 va n=2 vao dong nhét thic trén, ta c6 hé phuong trinh

s—t—q=0,q+ts+t=1 va 7q+ 3s+t=4. Gidi ra ta dugc q=%,s=%,t=

va a,’ = é (2n’ +3n*+n) Vn>1.Dodd (**) cd nghiém tong quat 13

1
6
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a,=a, ta, = p+%(2n3+3n2+n)= p+én(n+1)(2n+1) vn>1(p € R).

n(n+DH(2n+1) Vo> 1
S — > 1.

Tr (*) tacoé 1=p+1 nén p=0.Vay a,=
3.2/ HE THUC CAP 2:
Cho a,=M\a, |+ pa, »+@Qun)a” Vn>r+2 (**) trong dd A, p, o € R,
=0 #a, eu(x) 12 da thirc hé sb thuc theo bién n va deg(g,) =m > 0.

Xét h¢ thtrc dé€ qui thuan nhat tuong ing a,—Aa,_;—pa,-» =0 Vn>r+2 (D))

va tam thirc bac hai twong tmg f(x) = x> — Ax — L.

Ta c6 Nghiém tong quat a, ctia (**) =

= Nghiém tong quat a,’ cua () + mot nghiém cu thé bitky a,” cua (*¥¥)

a) Néu a khong 13 nghiém ctia f(x) [ f(a) # 0 ] : (**) c6 mot nghiém cu thé co
dang a,” =ymn)a" Vn>r trong dd yn(n) 1a da thirc hé sd thuc theo bién
n va deg(y,)=m.

b) Néu o 1a nghiém don cia f(x) [ f(a) =0 f’(a0) ] : (**) c6 mdt nghiém cu
thé c6 dang a,” =nyn(n)a” Vn>r trong d6 wn(n) 1 da thire hé sé thuc
theo bién n va deg(y,,) = m.

¢) Néu a 1a nghiém kép cua f(x) [ f(a)=0=f"(a)]: (**) c6 mot nghiém cu
thé c6 dang a,” = n’ Ym(m)o" Vn>r trong d0 ym(n) 13 da thirc hé sb thuc
theo bién n va deg(ym)=m.

Vidu:

a) Cho a,=37,a3=-97 (*) va a,+;=9a,_; +52" Vn>3 (**). Day 1a mot hé
thirc d¢ qui tuyén tinh cap 2 khong thuan nhit véi A =0, u=-9, =2 va
Po(n) =5 c6 deg(p,) = 0.

Xét h¢ thire dé€ qui thuan nhat tuong ing a,.;—9a, ;=0 Vn >3 (1)) vatam
thirc bac hai twong tng f(x) =x> -9 =(x-3)(x +3) c6 f2)=—-5%0.

(1) c6 nghiém tong quat a,” =p.3"+q(=3)" Yn>2 (p,q € R).

(**) c6 mot nghiém cu thé co dang a,” =2"y.(n) = t.2" Yn>2 (t € R).

Thay a,”= t2" Vn>2 vao (**),taco t2" '=9t2" '+5.2" Vn>2,
nghiala t=-2 va a,”= —2""!' ¥Yn>2.Dodd (**) c6 nghiém tong quat 1a
an=a, +a,"= = p.3"+q-3)"-2"" vn>2(p,qeR).

T (*) tacd 37=9p +9q—-8 va —97=27p—-27q—-16 nén p=1 va q=4.
Vay a,= 3"+ 4(=3)"-2""" vn>2.

b) Cho ap=73,a;=92 (*) va a,+,=—4a,++5a,+24 Vn>0 (**). bay la
mot hé thirc dé qui tuyén tinh cdp 2 khong thuan nhat voi A =4, p=—5,

a=1 va @,(n)=24 c6 deg(p,) =0.

Xét hé thirc dé qui thuan nhat twong Gng a4, +4a,+1 — 53, =0 Vn>0 (1)) va
tam thirc bac hai tuong ing f(x) = X +4x —5=(x—-1)(x+5) co f(1)=0=f"(1)
(1) c6 nghiém téng quat a,” =p.1"+q(=5)" = p+q(=5)" Vn>0(p, q € R).
(**) c6 mot nghiém cu thé co dang a,” = 1"ny,(n)= tn Vn>0 (t € R).

Thay a,= tn Vn2>0 vao (**),taco t(tn+2)=—4t(n+1)+5tn+4 Vn >0,
nghiala t=4 va a,= 4t Vn>0.Do d6 (**) c6 nghiém tong quat 1a

a,=a, ta,”= = p+q(-5)"+4t Vn>0 (p,q € R).
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Tu (*) tacd 73=p+q va 92=p—-5q+4 nén p=% va q=_7.
_ 8n+(=5)"" +151
2

¢)Cho a;=84,a,=49 (*) va a, =—14a,_1—49a,_, +6(2n — 1)(-7)" Vn >3 (**)

Pay 1a mot hé thie dé qui tuyén tinh cip 2 khong thudn nhat véi A = 14, p =49,

oa=-7 va ¢;(n)=6(2n—1) cd deg(p;)=1.

Xét hé thirc dé qui thuan nhét twong Gmg a, + 14a,_; +49a,_, =0 Vn>3 () va

tam thirc bac hai twong tng f(x) =x"+ 14x +49 = (x + 7)* ¢6 f(-7)=0="1f"(-7)

(1) c6 nghiém téng quat a,” = (p + nq)(-7)" vn>1(p, q € R).

(**) c6 mdt nghiém cuy thé c6 dang

a.’ = (-7)"n’yi(n)= (-7)"n’(sn+t) Vn>1 (t € R).

Thay a,= (=7)"n’(sn+1t) Vn>1 vao (**), taco

(-7)"n’(sn+t) =6(2n - 1)(=7)" — 141" —1)*[s(n—1)+t] -
—49(-7)""*(n—-2)*[s(n—2)+t] Vn>1,nghiala

s’ +tn® =2(n—-1)(sn—s+t)—(n—-2)*(sn—2s+t)+12n—6 Vn>1

Thé n=1 va n=2,tacd 2t=6 va 3s+t=93 nén s=2 va t=3, nghiala

a,’= n’2n+3)(-7)" Yn>1.Do do (**) co nghiém téng quat 1a

a,=a, +a,”=(p+qn+3n’+2n°)(=7)" Vn>1 (p,q € R).

Tu (*) tacd 84 = —T(p+q+5) va 49=49(p +2q + 28) nén

p=-7 va q=-10.Vay a,= (20’ +3n*—10n—7)(-7)" Vn> 1.

Vay a, Vn > 0.
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