GV LE VAN HQP
CHUONG 1II

PHUONG PHAP DEM

I. CAC NGUYEN LY PEM CO BAN:

1.1/ MENH PE: Cho céc tap hop hitu han A, B, Ay, As, ... va A, .
a)Néu A va B roi nhau(ANnB=) thi |AUB|=|A|+|B].
b)Néu Ay, Ay, ... va A, roi nhau timg @6i mét (A; N Aj= @ khi

1<i#j<n) thi |[AJUAU...UA|=|A|+]|A |+ ... +]|As].

Vidu:

a) Lop hoc L ¢6 80 sinh vién nam va 65 sinh vién nit. Ta c6 thé viét
L=AUB vé6i A={xel|x lanam },B={xelL|x lank} va
ANnB=U.Suyra |[L|=|AUB|=|A|+|B|=80+65=145.

Vay l6p hoc L c6 145 sinh vién.

b) Truong T c6 300 hoc sinh 16p VI, 280 hoc sinh 16p VII, 250 hoc sinh 16p
VIII va 220 hoc sinh 16p IX. Ta c6 thé viét T=As U A; U Ag U Ay V6i
Aj={xeT|x hocldp j} (6<j<9) va AinAj=C khi 6<i#j<9.
Suyra |T|=|A¢|+|A7]+|Ag|+|Ag|=300+280+250+220=1.050.
Vay truong T c6 1.050 hoc sinh.

1.2/ MENH PE: Cho tap hop hitu han E va B cE.
a)Piat p(E)={A|AcCE} (p(E) latdp hop tit cd cdc tdp hop con cua E)

Néu |E|=n (n nguyén>0) thi | p(E)|=2".
b)|B|=|E|-| B | (néuviéc dm |E| va | B | d& dang hon viéc dém | B |).

Vidu: Cho E={1,2,3,..,8,9} vaIl= p(E)={A|AcCE}.

a)Do |E|=9 nén |IT|=2"=512.

b)Cho ®={A|AcE va (1 €A hay 2€ A)}thi ®cIl va
O={A|AcEva(lgAva2gA)}=p(F) véi F=E\ {12} va|F|=7.
Suyra |®|=[[]|-]® |= 2"-2"=512-128 =384.

1.3/ NGUYEN LY BU TRU: Cho cic tap hop hitu han A va B. Ta co
a)|]AUB|=|A|+|B|-|AnNB]|(nguyén ly bu trir).
b)|]AUB|=]A|+|B\A|=|B|+|A\B|=

=|A\B|+|AnB|+|B\A|

Vidu: Lép hoc L ¢6 95 sinh vién hoc tiéng Anh, 60 sinh vién hoc tiéng Phap va
43 sinh vién hoc tiéng Anh va tiéng Phap. Gia sir mdi sinh vién trong 16p L déu hoc
tiéng Anh hay tiéng Phap. Hoi 16p L c6 bao nhiéu sinh vién ? C6 bao nhiéu sinh
vién chi hoc tiéng Anh ? C6 bao nhiéu sinh vién chi hoc tiéng Phép ?

Pit A={x e L|x hoctiéng Anh }, B={x € L |x hoc tiéng Phap } thi
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L=AUB va AnB=={x e L|x hoctiéng Anh va tiéng Phép }. Ta c6
IL|=|AUB|=]|A|+|B|-|ANB|=95+60-43=112

S6 sinh vién chi hoc tiéng Anh=|A\B|=|A|-|ANB|=95-43=52
S6 sinh vién chi hoc tiéng Phap =|B\A |=|B|-|ANB |=60-43 =17

1.4/ NGUYEN LY CONG: Mot cong viée c6 thé thuc hién bang mot trong k cach
khac nhau (chon cach nay thi khong chon cac cach khac) Céach thir j co thé
thu dugc m; két qua khac nhau (1 <j <k). Ta c6 s6 két qua khac nhau co
thé xay ra khi thyc hién xong cong viéc 1a (m; +m;, + ... + my).

Vi du: Nguoi ta dua vao danh sach bau chon “ qua bong vang ’ gom 5 cau thu Drec,
4 cau thu Argentina, 3 ciu thu Ha Lan va 2 cau thu Brazil. S6 cau thu 13 tmg vién
clia “ qua bong vang " 1a 5+ 4 + 3 + 2 = 14 (cau thu).

1.5/ NGUYEN LY NHAN: Mot qué trinh bao gdbm k cong viéc dién ra lién
tiép hodc dong thoi. Viéc thir j c6 thé co m; cach thyc hién (1 <j <k).
S6 céach khac nhau dé thuc hién xong qua trinh 1a (m; x mp x ... x my).

Vidu:

a) Di tir Sai gon dén Can Tho 12 mot qua trinh bao gdm 4 cong viée lién tiép trong
d6 viéc 1: di tir Sai Gon dén Long An (gia st ¢6 3 16 trinh), viéc 2: di tir Long An
dén Tién Giang (gia sir c6 4 10 trinh), viéc 3: di tir Tién Giang dén Vinh Long (gia
str ¢6 2 16 trinh) va viéc 4: di tir Vinh Long dén Can Tho (gia str c6 3 10 trinh).
Khi d6 s6 16 trinh khac nhau d€ di tir Sai Gon dén Can Tho la

3 x4 x2x3=72(0 trinh).

b) Xét s6 nguyén duong N = abed ¢6 4 chit s6 thap phan trong d6 a tiy ¥, b chin,
¢ i3 va d>3.Viéc xay dung s6 N xem nhu mot qua trinh bao gdm 4 cong
viéc déng thoi (a c6 9 cachchon,b c6 5 cachchon, ¢ ¢6 4 cach chon,d co
6 cach chon). S6 lugng sé N co thé taorala 9 x 5 x 4 x 6 = 1080 (s6).

1.6/ NGUYEN LY DIRICHLET: (Khing dinh sw ton tai)
Co6 n concéd va m caiao (chua co cd) thoa n>m.
Thatiy ¥ n ci xubng m ao. Khi do
a) C6 it nhat mot ao chtra it nhat 2 ca.

b) C6 it nhdt mot ao chira it nhat [L] ca(Vae R, [a] la phan nguyén gia
m

clia a, nghiala [a] 1356 nguyén nhé nhatthoa [a]>a).

Vidu:
a) Trong giang duong hién c6 367 sinh vién. . Co titca 366 ngay sinh nhat khac
nhau (tinh tr ngay 1/1 dén ngay 31/12 ctia mdi nam).
S sinh vién (s6 c4) 12 367 > 366 = s6 ao (sd ngdy sinh nhat c6 thé c6). Dung
nguyén ly Dirichlet ta thdy ngay c6 it nhat 2 sinh vién c6 cting ngay sinh nhét.
b)Cho AcS={1,2,3,...,9,10} va |A|>6.
Chung minh c6 a,b € A théa a+b=11.
MOi s6 ciia A duge xem nhu 13 mot con ca c6 ma sb chinh 1a sb d6. Ta c6 > 6 ca.
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Taora 5 ao B,C,D,E va F dé tha ca tur tap hop A voi qui dinh déc biét
(mot cach tha ddc biét) : B chinhan cd coé masdé 1 va 10, C chi nhan ca c6 ma
s6 2 va 9,D chinhancidcomisd 3 va 8 E chinhincicomisd 4 va 7,
F chinhén ca coé masé 5 va 6.S6 ca > 6> 5 =sb ao nén theo nguyén 1y
Dirichlet ta thiy ngay c6 it nhdt mot ao nao d6 chira diing 2 cé (goila a va b).
Theo qui dinh dac biét,tacd a+b=11.

¢) Lép hoc ¢c6 100 hoc sinh. C6 it nhat [@] =9 hoc sinh c6 thang sinh gidng

nhau va c6 it nhét [g] =15 hoc sinh c6 ngay sinh (tinh theo thir) 1a nhu nhau.

II. GIAI TiCH TO HOP (KHONG LAP):

2.1/ PHEP HOAN VI: Cho s6 nguyén n > 1.
a) Mot phép hodn vi (khong lap) trén n phan tir 1a mot cach sip xép n phan tir
khac nhau vao n vi tri cho sin sao cho mdi vi tri chi nhan mot phan tu.
b) S6 phép hoan vi trén n phantirla P,=n!=123....(n—1).n

Vidu:

a) Co P3=31=6 cachsip xép 3 phantr a, b, c vao 3 vi tri cho trudc nhu sau :
abc, acb, cba, bac, bca va cab.

b) C6 P;=7!=5040 cach sip xép 7 ngudi vao mot ban dai co 7 ghé (mdi ghé chi
¢6 1 nguoi ngdi).

2.2/ PHEP TO HQP VA CHINH HQP: Cho cic sd nguyén n>1va0<m<n.
a) Mot 16 hop n chon m 1a mdt cach chonra m phén tir khac nhau tir n phén
tir khac nhau cho trudc ma khdng quan tam dén thir tw chon.
b) Mot chinh hop n chon m 1a mot cach chonra m phﬁn tor khac nhau tr n
phﬁn tor khac nhau cho trudc ma co quan tam dén thir tw chon ( hoac sau khi
chon xong lai tiép tuc xép m phén tr d chon vao m vi tri cho sin ).

¢) SO t6 hop n chon m 1a ¢ = [nj S
m

ml(n—m)!’

d) S6 chinh hgp n chon m 1a 4" = C" P, = |
(n—m)!

Vidu:

a) Chon 4 hoc sinh tr 10 hoc sinh dé 1ap do61 van nghé. S6 cach chon la c; =210.

b) Chon 4 hoc sinh tir 10 hoc sinh dé bd nhiém 1am doi truong, doi pho, thu ky va
thi qui cia mot doi cong tac xa hoi. SO cach chon 1a 4% = C! Py =210 x 24 =504

c) Lap céac day s6 gom 8 chit s6 thdp phan ma trong d6 c¢6 dung 3 chirsb 2.

S6 day s6 co dugc 1a €2 x 9° =3.306.744.

d) Lap cac ddy sb gdm 8 chit s6 thap phan ma trong d6 ¢ cac chit sé 1, 4, 9 (mdi
chir s6 xuat hién dung mot 1an) va cac chit sd con lai thi khac nhau tirng d6i mot.
S6 day sb co duge 1a 4/x 7 x 6 x 5 x 4 x 3 =846.720.

e) C6 bao nhiéu diy s6 gdbm 9 chi sd thap phan ma trong d6 c¢6 dung 3 chit s6 5
dtng lién nhau hay c6 dung 4 chirsé 8 dung lién nhau ?

Ta giai bai toan nay bang nguyén 1y bu trir.
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S(f) day scf) g(f)m 9 chir scf) thap phan c6 dang 3 chir scf) 5 ding lic:%n nhau 13 7.9°
SO day s0 gom 9 chir s6 thap phan co dung 4 chirso 8 ding lién nhau la 6.9°
S6 day s6 gom 9 chit sO thap phan c6 ding 3 chir s6 5 dung lién nhau va c6
dung 4 chitsé 8 dimgliénnhaula 4>x 8> =12 x 64 = 768.

S6 day sb can tim 1a (7.9° +6.9%) — 768 = 69.9° — 768 =4.073.613

2.3/ TINH CHAT: Cho céc sd nguyén n>1 va 0 <m<n. Khi d6
a) C" = C'™ (sy doi xing ¢ hai cuc)
byc’=c'=1va Cc'=¢C"" =n.
¢)Khi m>1thi ¢”, = ¢” + ¢ (ha chisb dudi)

Vidu:
b) 3 = G+ G = (C + ¢ +(CE+ C)

2.4/ NHI THUC NEWTON: Cho s nguyén n > 1 va cac sb thuc x,y. Ta co

x+y)'=>Cxy (s6 mii cia x ting dan va sé mil cua y giam dan)
i=0

=Y Cx"'y' (so milicia x giam dan va so mil cia y tang dan)
i=0

Vidu:
6

x+y)= D Cix'yt = yo 4 6xy° + 15x°y* + 20x°y° + 15x%y* + 6x°y + x°
i=0

= ZC’x" iy =x"+ 6x5y + 15x4y2 + 20)(3y3 + 15)(2y4 + 6xy5 + y6

2.5/ HE QUA: Cho s6 nguyén n> 1. Ta c6
ayCl+C+C+.+C+o=(1+1D"=2"

e O I o D G DR (CR R T
)Suyra C'+ C2+C'+.. =C+C+C+..=2""",

II1. GIAI TiCH TO HOP (CO LAP):

3.1/ PHEP HOAN VI LAP: Cho céc sb nguyén duong k,ny,ny, ... va ng.
Co k logi vdt khdic nhau, loai thtt j c6 n; vat giong hét nhau (1 <j <k).
Tong ) vatla n=n;+nm + ... +tng.
a) Mot phép hoan vi lap tren n phan tr noi trén la mot cach sap xép n phan tir
d6 vao n vi tri cho sdn sao cho mai vi tri chi nhdn mét phan tir va khéng
phdn biét cac vat cung logi .
b) S6 phép hoan vi ldp trén n phan tir ndi trén 13
n!

* —_—
P (n,n,,...,n) = ———.
n!nyl.n!
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Vi du: Tir cac chit s 8,1,1,9,9, 4, 4, 4, ta co thé tao ra bao nhiéu s6 dién thoai
khac nhau gf)m 8 chir sd (chang han nhu s6 dién thoai 41948149, ...)?
Day la phép dem 50 hoan vi lap trén n =38 phan tir vi k=4 loai vat modi loai vat
12 mot loai chir sb va s6 vat ciamdiloailan; =1, n=n3=2, ny = 3.

8!

Két qua can tim 1a P (1,2,2,3) = ~ =1680.
11212131

3.2/ AP DUNG: Cho cac sb nguyén n> 1,k >2 va cac sd thue X, Xa, ... , Xg.
Ta c6 khai trién da thitc Newton nhiéu bién (m& rong nhi thirc Newton) :
(X1 + X0+ ... +xg)" > P(nl,nz, D)X XX

n+ny +..4n, =
ny,ny .., 1, 20

trong 46 P (n,n,,..,n,) = .
n!nyl.n,!
Vi du: Tim h¢ s6 cta don thitc x'y’z’u trong khai trién (9x — 2y + 5z — 8t +u)"
a) Cach 1: dung nhi thirc Newton nhiéu lan lién ti€p.
(9x =2y +5z—8t+u)” = ¢, (9x)(2y + 52— 8t +u)’ + ... =
=9'c X[ (2y)Y(5z - 8t+u)* |+ ... ==2°9' ! C’x*y’ [ (52) (- 8t +u)] + ...
=-2°5%9c! ¢ 2 (x* y’Zu) + ... = =32 x 125 x 6561 x 715 x 126 x 4(x* y'Z’u) + ...
Hé s cAn tim 1a —32 x 125 x 6561 x 715 x 126 x 4 = —9.457.287.840.000
b) Céch 2: dung truc tiép da thirc Newton. Pat a=9x,b=-2y,c=5z va d =—8t.
(9x — 2y +5z-8t+u)"=@+b+c+d+u)’ =P 453,00abc’d +..=

= —  A8210g4~1 111141, 4 53
4‘5'3|0m 9x)(-2y)’(52)’(- 8t)°u 2830547 11 13 (x* y'Zu) + ..
Hé s can tim 1a —2%3'5*7" 11113' = - 9.457.287.840.000

3.3/ PHEP TO HQP LAP: Cho cic s nguyén k>1 va m>0.

Co k loai vit khdc nhau, mdi loai vt c6 nhiéu vat gio”'ng hét nhau.

a) Mot 16 hop lap k logi vat chon m 1a mot cach chonra m vat tor k loai vat
néi trén sao cho méi loai vit dwoc chon mét sé lan ty y khong qua m va
khong phdn biét cac vat cung logi.

b) S6 t6 hop lap k loai vatchon m1a x” =c*) =c”

m+(k-1) m+(k-1)

Vi du: An dén siéu thi mua 15 c4i mi.. Siéu thi ban 4 loai mil (cung kiéu dang, chét
lwong va gia c) c6 cic mau tring, xanh, den va nau. Hoi An ¢ bao nhiéu cach mua
mil (theo mau séc) ?
M&di cach mua mil 1a méot t6 hop 1dp 4 loai vat chonra 15 vat.
S6 cach mua miila k¥ =c)), =c3 = 816.
3.4/ AP DUNG: Cho cac s6 nguyén k>1 va m>0.
Tim s6 nghiém nguyén > 0 cia phuong trinh x; + X, + ... + x, =m (cac an s6
X1, X2, ... VA Xy 13 cdc s6 nguyén > 0).
Moi nghiém nguyén > 0 ctia phuong trinh trén chinh 12 mot cach chonra m
vat tr k loai vat, mdi gla trix; la s6 vt loai thir j duogc chon (1 <j<k).

Do d6 s6 nghiém nguyén > 0 cua phuong trinh cling la K" =C ).
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Vidu:

a) Xép tiy ¥ 20 vién bi (y hét nhau) vao 4 cai hop. Hoi c¢6 bao nhiéu cach xép ?
Goi x; 1256 bi xép vao hop thr j (1 <j<4)thi x;+ X+ X3 +X4=20 va
X1, X2, X3 V& X4 nguyén > 0. S6 cach xép = ( s6 nghiém nguyén > 0 cua phuong
trinh trén ) = K}° =C;, = 1771.

b) Khi khai trién (9x — 2y + 5z — 8t + u)"°, ta duoc bao nhiéu don thirc khac nhau ?
(9x — 2y + 5z - 8t+u)"”’ = > elp.g.rs,mx’yZtu" voi c(p,q.1,8,n) € R.

p+q+r+s+n=13
Psq,r>s,n20

M&i don thic c(p, g, r, s,n)x" yIz t* u" twong tng voi mot bo sd nguyén khong
am (p, q, 1, s, n). Mdi b sO nguyén khong am (p, g, 1, s, n) chinh 1a mot nghiém
nguyén > 0 cua phuong trinh p+ q+r+s+n=13. Do d6 s6 don thirc xuit hién
= (s6 nghiém nguyén > 0 cia phuong trinh p+q+r+s+n=13)=
=K. =} =2380.
¢) Tim s6 nghiém nguyén ctia phwong trinh x +y+z+t+u=17 trong do
x>22,y>20,z>2-3,t>0 va u>4(*).
Doibién x’ =(x—2)>0,2"=(z+3)20 va v’ = (u—4) >0, ta co phuong trinh
trong dwong X’ +y+z +t+u =14 véi x’,y, 2", t,u’ déunguyén >0 (**).
S6 nghiém nguyén cta (*) = SO nghiém nguyén > 0 cia (**) = k!* = % =3060.
d) Tim s6 nghiém nguyén cua phwong trinh x +y+z =21 trong 86 x> -4,y >5
va 2<z<7(*).Do x,ynguyénnén (x>-4 < x>-3)va(y>5 < y>6).
Poibién x> =(x+3)20,y’=(y—6)>0 va z’=(z—2) >0, ta cé phuong trinh
trong dwong X’ +y’ +2° =16 véi x’,y’,z° déunguyén >0 va z’ <5 (**).
Xét phuong trinh x> +y’ +2’ =16 voi x’,y’, z2 déunguyén >0 (I) va
phuong trinh x’+y’ +2z =16 voi x’,y’, 2> déunguyén>0 va z’ >5 (I).
Poi bién 2> =(z-5)>0, (II) tuong dwong v4i phwong trinh x’ +y’ +z” =11
voi x’,y’, 2" déu nguyén > 0 (III).
S6 nghiém nguyén cua (*) = S6 nghiém nguyén ctua (**) =
= S6 nghiém cua (I) — s6 nghiém cua (II) =
= S6 nghiém cua (I) — s6 nghiém cua (IIl) = K —x!' = ¢ — ¢ =153 - 78 =75
e) Tim s nghiém nguyén > 0 cua bat phuong trinh x +y +z < 19 (¥).
bat t=19 — (x +y + z) thi ta c6 phuong trinh tuong duong x +y+z +t=19
Vol X, Y, 7z, t déu nguyén > 0 (**).
S6 nghiém nguyén > 0 cua (*) = S6 nghiém nguyén > 0 ctia (*¥) = K!* = ¢}, = 1540
f) Tim s nghiém nguyén ctia bat phuong trinh x +y+z+t>-20 trongdé x <1,
y<4,7z<-3 va t<6 (*).
Poibién x’=—x>0,y’ =-y>—4,72"=-2>3 va t’ =—t> -5, ta c6 bat phuong
trinh trong duong x’ +y’ + 2z’ +t < 19. D6ibién y’ =(y’ +4) >0,
27’ =(z"-3)20 va t” =(t" +5) >0, ta c6 bat phwong trinh trong duong
Xy’ +z27+t7<25.Pat u=25—(x"+y”’ +2z” +t) thita co phuong trinh
trong dwong x +y+z +t+u=25 voi x,y, z t, u déunguyén >0 (¥*).
S6 nghiém nguyén cua (*) = S6 nghiém nguyén > 0 ctia (**) = K2 = C},=23.751
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