GV LE VAN HQP
CHUONG 11

TAP HOP VA ANH XA
1. TAP HOP:

1.1/ KHAI NIEM:
Tdp hop 1a mot b suu tap cac phﬁn to co chung mot s6 tinh chdt ndo do.
Ta thuong ky hi€u cac tdp hop 1a A, B, C, ... va ky hiéu céac phﬁn tor la
a, b, c,...Néuphan tir a thuoc vé tip hop A, ta viét a € A. Néu phan tir
b khong thudc vé tap hop A, ta viét b ¢ A.
Khai niém “ tdp hop tit cd cdc tdp hop” 1a vo nghia (khong thé co A € A).

Vidu:

a) Tap hop cac sinh vién ndm thi nhat khoa Cong nghé thong tin trudong Pai hoc
Khoa hoc ty nhién TP H6 Chi Minh (4 tinh chit chung).

b) Tap hop cac moén hoc cia nganh Sir hoc truong Pai hoc Khoa hoc xa hdi &
nhan vin Ha Noi (3 tinh chat chung).

1.2/ CAC TAP HQP SO:
Tap hop cac s6 nguyén ty nhien N=1{0,1,2, ...}
(v6i cac phép todn + va x)
Tap hop cac so”'nguyén 7Z={..-2,-1,0,1,2,... }
(véi cac phép todn +, — va x)

Téap hop cde sé hitu ti Q={ ..., -~ , -2, -6,0,2,9,5 )
5 4 3 7

(véi cac phép todn +, —, x va :)

Tap hop cdc s6 thuc

R = { cic sb hitu ti, cac s6 vo ti (+v2, + m, + In3, £sinl, e, £ 5, ...) }

(véi cac phép todn +, —, x, : variat can chua hoan chinh)

Tap hop cdc s6 phitc C =R + iR (v6i cac phép toan +, —, x, : va rit cin

hoan chinh ).

1.3/ LUC LUONG CUA TAP HQP: Cho tap hop X .
Ky hiéu | X | 1a s6 phan tir (hay lwc hrong) cua tip hop X.
Néu X 1a tap hop hitu han c6 n phan tir (n € N) thita ghi | X |=n.
Néu X 1a tap hop vé han (c6 vo sb phan tir) thi ta ghi | X | =+ oo.

Vidu:

a) Cac tap hop sd N, Z, Q, R va C déu 1a cac tap hop vo han.

b) bat X la tap hop cac ngay trong thang 1 nam 2000 va Y la tdp hop nhiing
nguoi nhip canh vao Viét Nam trong ngay 01 thang 01 nam 2000.
Tacoé X va Y déu la cic tap hop hitu han véi | X | =31 nhung khong biét
duoc | Y | néu chua tra ctru hd so.
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1.4/ BIEU DIEN TAP HQP: C6 3 cach biéu dién tap hop
a) Gian do Venn: vé mot dudng cong khép kin trén mat phang. Cac phan tir
cua tap hop duoc vé& phia trong dudng cong. Cac phan tir khac (néu cb)
duoc v& phia ngoai duong cong.

b) Liét ké: gitra hai ddu {va }, mdi phan tr duoc viét ra ding mot lan (theo
thir tu tiy ¥) va co dau phdy ngan cach giita hai phan tir lién tiép.
Chinghan A= {a,b,c,d,e}={c,a,d,be}={ea,dcbl=...

¢) Néu cdc tinh chat chung:

A={x[p(x)jhay B={xeC|q(x)}
(p(x) va q(x) lacac vi tu theo bién x dung dé mo ta cac tinh chét cua x).
Chang han A = { cAutha x | x da doat giai thuong qua bong vang FIFA }
={xeZ|-75<x<100 va x:9}={-72,-63,-54, ...,81,90,99 }

1.5/ TAP HOP TRONG:
Ta ky hiéu @ 1a tap hop trong, nghia 1a tap hop khong co phéan tir nio ca.
Chinghan A= {x e R|3x°—8x+11=0}=0 va
B = { nhiing nguoi Viét nam da doat giai Nobel kinh té } = &

1.6/ TAP HOP CON: Cho céc tap hop A va B.
a) Tanoi A 1a mét tdp hop con cia B (A chita trong B, B chita A)néu
“Vx,(xe A = xeB)”.Lucdotakyhiéu AcB hay B> A.
b) Suyra A & B (A khong phai la mot tap hop con cia B, A khong chira
trong B, B khong chira A) néu “3Ix,, (X, € A va X, € B)”.

Vidu:

Cho A={xeZ|x:2},B={xeZ|x3} vaC={xeZ|x:i4}.
TacOo CcA(Vx,xeC = x=4rvoireZ = x=2s voi s=2re Z =
= x2=>xeA)vaCgB(34eC vadegB).

1.7/ TINH CHAT: Cho céc tip hop A, B va C.Khi dé
A)JcAcCA b)(AcB) = (|A|<|B]|)
¢)(AcB va BcC) = (AcC) (tinh truyén ctia quan hé ).

1.8/ TAP HOP BANG NHAU: Cho cac tip hop A va B.
a) Tanéi A=B néu (AcB va BcA).
b)Suyra A=B < “Vx,(xe A < xeB)”.
c)Suyra A#B < (AzB hay Bz A).

Vidu:

a)A={xeZ|x:4vax:i6} vaB={xeZ|x:12}. Ching minh A=B.
VX, X € A = x=4r=6s voi 1,s€Z = 2r=3s = s=2t voite Z =
= x=6(2t)=12t v6i te Z = x € B. Vay A cB.
VX, x e B = x=12t véi teZ = x=4r=6s voi r=3te Z va s=2te Z
= x € A. Vay BcA.
Do AcB va BC A nén A=B.
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b) C = { cac hinh ch@r nhét c6 hai duong chéo vudng goc voi nhau }
= { cac hinh chir nhat c6 hai canh lién tiép bang nhau }
= { céc hinh thoi c6 goc vudng }
= { céc hinh thoi c6 hai duong chéo bang nhau } va G = { c4c hinh vudng }
TacoC D=E=F vi C,D, E, F déubing G.

1.9/ TAP HOP CAC TAP CON: Cho tap hop E.
Pit (E) 1a tp hop tat ca cac tap hop con ciia E, nghia la
PE)={A|ACE}={D, {a},.... {a,b},..., {a,b,c}, ... ,E}
(liét ké cac tap hop con c6 so phan tir ting dan 1én)

1.10/ MENH DE:
a)Néu |E|=n>0 thi |p(E)|=2".
b)Néu |E|=+ o0 thi |@(E)|=+ 0.

Chirng minh:

a) Ta ching minh két qua nay bang phwong phdp qui nap theo n > 0.
Khi |[E|=n=0 thi E=@ nén pE)={D} va |p(E)|=1=2°.
Vay ménh dé ding khi n=0.
Xét k>0 tiy ¥ va gia sir cac tap hop ¢6 k phan tir déu co 2* tap hop
con. Xét|E|=k+1.Viéet E=FU{e} voi ec E via F=E\ {e}.
Tacod |F|=k nén |p(F)|=2".DPit [I={AuU{e}|Ac @)} thi
eE)= pE)UIL, pF)NI1=3 va |I1|=|p(F)|=2" Suyra
(9®) |=|9F) [+|T1|=[pF)|+|pF)|=2" +2° =2""', nghia la
ménh dé cling ding khi n=k + 1.
Vay ménh dé dtng Vn > 0.

b)bat A={{a}|acE} thi Ac po(E) va |A|=+o nén |p(E)|=+ .

Vidu:

Néu |E|=1thi E={a} va p(E)={DJ,E}co |pE)|=2=2".

Néu |[E[=2 thi E={a,b} va p(E)={D,{a},{b},E}co |p(E)|=4=2".
Néu |E|=3 thi E={a,b,c} va

PE)={D, {a}, {b},{c}, {a,b}, {ac} {bc},E} co |pE)|=8=2".

II. CAC PHEP TOAN TAP HOP:

Cho cactap hop A, B, Cc E (tan6i E 14 tdp hop vii tru).

2.1/ PHAN BU:
a)bat 4 ={xeE|x¢ A} thi 4 duoc goila phdn bii cia A (trong E).
b) @ =E, E =, 4 = A (luat bu kép).
c)AcB < Bc4d; A=B < 4 =B.

Vidu: Cho E=R, A=(-x,1] va B=(-5, tm).
Tacd 4 =(1,+w) vd B = (-0, =5].
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2.2/ PHAN GIAO:
a)Pat ANB={xcE|x €A va x € B} laphan giaocia A va B.
Taco xe (AnB) < (xe A va x € B)
x ¢ (ANnB) & (x¢ A hay x ¢ B)
b)(AnB)c A va (AnB)cB.Honntta (AnB)=A < AcB.
¢) Phép N giao hodn va két hop, nghia 1a
BNA=AnBva (AnB)NnC=AnBNnC)=AnBnC
d) A N A=A (luat liiy dang ), A N E = A (luat trung hoa ),
AN D=0 (luat thong tri), A4 =D (luat bir).

Vidu: Cho E=R,A=[-2,7) va B=(1,8].Taco AnB=(1,7).

2.3/ PHAN HOL:
a)Pat AUB={x cE|x € A hay x € B} laphdn hjiciia A va B.
Tacd x e (AUB) < (x € A hay x € B)
xZ(AUB) < (x¢ A va x ¢ B)
b)(AUB)D>A va (AuUB)>B.Honntta (AUB)=A < A>B.
¢) Phép U giao hodn va két hop, nghia 1a
BUA=AUB va AuB)uC=AuBuUC)=AuBuUC
d) AU A=A (luatliy dang ), AU @ = A (luat trung hoa ),
AU E=E (luat théng tri ), A U4 =E (luat bu).

Vidu: Cho E=R,A=(-4,5) v B=[0,7]. Tacé6 AUB=(-4,7].

2.4/ PHAN HIEU:

a)Pit A\B={xeE|xeA va x ¢ B} laphan hiéucia A va B.

Taco x e (A\B) & (x € A va x ¢ B)
x ¢ (A\B) & (x ¢ A hay x € B)

b)(A\B)c A .Honnita (A\B)=A < ANnB=0.

¢)Phép \ khéng giao hodn va khéng két hop, nghia 1a c6 thé xay ra
(B\A)#(A\B) va (A\B)\C=A\(B\C)

DA\A=0, A\T=A, T\A=0,
A\E=0, EN\A=4, A\d=A, 4\A=14.

Vidu: Cho E=R, A= (-, -3) va B=[-10, +0).
Taco A\B=(-o,—-10) va B\A=[-3, +tm).

2.5/ CAC TINH CHAT LIEN QUAN GIUA CAC PHEP TOAN:
a) AnB=AUB va AUB= AN B (luatbu DE MORGAN).
D)AN(AUB)=A va AU (AN B)=A (luat hdp thu)
¢)Phép M va U phdn phéi ldn nhau, nghia 13
ANnBulC)=(AnB)UANCO)
AuBNCO)=(AuB) N (AU
d)A\B = ANB (x6aphép \).
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2.6/ AP DUNG:
Céc tinh chét cua cac phép toan tip hop dung dé
— Riit gon mdt biéu thirc tap hop.
— Ching minh mét dang thire tap hop.
— Chung minh mot bao ham thirc tap hop.

Vidu: Cho cac tap hop A, B, Cc E.
a) Rutgon (AUB)\[(A\B)U(B\A)].

Taco (AUB)\[(A\B)UB\A)]=(AUB)N (4nB)U(BNA) =
=(AUB)N AnB N BRA=(AUB)N (4 UB)N(BU 4)=
=[(AN A)UB]N(BUA)=(JUB)N(BUA)=
=(BNB)U(BNA)=FU(BNA)=(BnNA)

b) Chimg minh A A (B\C)=(ANB)\(ANC)

Taco (ANB)\(ANC)=(ANB)NnAnC=(ANnB)n(4U C)=

=(ANBNA)UANBNC)=(ANnANnB)U(ANBNC)=

=(@NB)UANBNCO)=UANBNC)=(ANBNC)=An(B\C)
¢) Ching minh [ (B\C)\(B\A)] < (A\C) vakhong co ddu dang thirc.

Taco (B\C)\(B\A)=(BNnC)NBnd=(BNnC)Nn(BUA)=

=(BNC)Nn(BUA)=(BNCNB)U(BNCNA)=

=(BNBNC)U(BNCNA)=(@NC)u(BNCNA)=
=3U(BNCNA)=(BNCNA)c(CnA)=(AnC)=(A\C)

Chon A={12},B={1} va C=@ thi (B\C)\(B\A)=B=(A\C)=A

III. TICH DESCARTES CUA CAC TAP HOP:
Cho s6 nguyén n>2 vacactip hop A, A, ..., A, déu = .

3.1/ PINH NGHIA:
Vaj e Aj(1 <j<n),tacobd (aj, ay, ..., ay) dwoc ghép mot cdch hinh thirc.

bat Aj x Ay x ... x A, =ﬁAj ={(a,a,..,a)|a€ Aj(1 <j<n) }.
j=1

Tandi A x Ay x ... x A, = HA/' la tich Descartes cia Ay, Ay, ... va A,.
=1

Khi A; = A, =...= A, = A thi ta viét gon

Al xAyx...xA, =A" = {(a,a, ...,a,) |aj, a, ...,a, € A }.
Vidu:
ZxQ ={(a)|keZqeQ}={( )09 45}
RxQxNxZ ={(x,q,m,k)[xe R, qgeQ meN,keZ}
={(ﬁ,i,6,—1), (—1n3,_?9,0,7), (m, - 8,11,0), ... }

RxR=R?={(a,b)|a,beR}=Tap hop cac diém trén mit phang (Oxy)
RxRxR=R’={(ab,c)|abceR}
= Tap hop céc diém trong khong gian (Oxyz)
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3.2/ MENH PE: Cho cac tap hop hitu han A, Ay, A,, ... va A, . Khi dé
a)|A1><A2>< XAn|=|A1||A2| |An|
b) Suyra |[A"|=|A|".

Vidu: Cho A={a,b},B={1,2,3} va C={oa,p }.Khido

A xB=1{(al),(a2),(a3),(b,1),(b2),(1d3)} va |AxB|=6=|A.|B|=2x3
AxBxC={(al,n),(a,2,0), (a,3,a), (b,1,a), (b,2,a), (b,3,0), (a,1,B), (a,2,B),
(a3B) (b,1,B), (b,2,B), (b,3,8) } va |A><B><C|—12—|A||B||C|—2><3><2

A*=Ax A= {(aa),(ab), (ba), (b,b)} va |A*|=4=|A[=
A3 AzxA—{(aaa) (a,b,a), (b,a,a), (b,b,a), (a,a,b), (a,b,b), (bab) (b,b,b) } va
| A’ [=8=|A['=

IV. ANH XA:

4.1/ PINH NGHIA: Cho cactaphop X va Y véi X« =Y.
a) Mot dnh xa f tr X vao Y 1a mot qui tic nhu sau:
Véimdi x € X, ¢é twong ting duy nhit y, e Y (Vx € X, 3y, € Y).
Ky hi¢u anhxa fla f: X -—-—> 'Y trong do
X b vy =f(x)
yx =1 (x) goiladanh cua x qua danh xg f hay lagid tri cua anh xa f tai x.
X 13 mién xdc dinh cia anhxa f.Y 1amién (chwa cac) anh cua anh xa f.
b) Khi X, Y — R, tathuong goi &nh xa f 1a ham s6 y =f(x).

Vidu:
a)f:X={a,b,c,d} >Y={1,2,3,4,5} cof(a)=1,f(b)=2,f(c)=3 va
f(d)=2. Taco f la mdt anh xa.

b)g: X=R\ {1} > Y=(0,+0) co g(x)=

X

| x—=1]

Vx € X.

Tacéd g 1a mot ham sd.

)h:X=R->Y=[1,+0) théa h(x)=In|x*—3x+2| Vx € X.
Tacd h khong phai la mot ham s vi 31e X, h(1) khong xac dinh (hodc noi
30 e X, h(0)=In2 ¢ Y).

Du:X=Q->Y=2Z co u(2)=p+q Vx=2 e X.Tacd h khong phai la mot
q q
hémséviﬂx=%=%eX mah(x)=1+2=3 vih(x)=2+4=6: mau thuin.
4.2/ ANH XA PONG NHAT: Cho tap hop X = .

Anhxa Idx: X — X goi 13 dnh xa dong nhat trén X (1d = Identity ).
X - X

4.3/ SO SANH ANH XA: Chocicanhxa f: X >Y vag: X > Y.
a) Tanoi f=g néu Vx € X, f(x) = g(x).
b)Suyra f#g < 3Ix, € X, £(X,) # g(Xo).
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Vidu: Cho f,g,h: X=R —> Y =R thoa f(x)=sinx, g(x)=|sin|x || va
h(x) = cos (x + 77”) Vx e X.Tachd g#f va h=F wi

pia TN hainl 7 = N ein( Ty =
3(—5)6X,g(—5)—|s1n| 2|| 1= f( 2) sin( 2)

vx € X, h(x) =cos (x + 77”)= cos (x — %)=c0s (% —x) = sinx = f ().

4.4/ TICH CACANHXA: Cho f: X >Y va g:Z—>T véi YCZ.
a)Lapanhxa h: X > T c6 h(x)=g[f (x)] Vx € X. Tandi h la dnh xa tich
cia f va g vakyhiéu h=g,f.
Nhu vay, vx € X, h(x) = (g . f)(x) = g [f X)].
b) Tich anh xga c6 tinh két hop nén ta c6 thé lap tich cua nhiéu anh xa lién tiép
néu mién anh cua anh xa trudc chira trong mién xac dinh cta anh xa di sau.

Vidu: Cho f: X=R > Y=(8,+o) thda f(x)=3¢"+8 Vx e X,
g:7Z=[0,+0)>T=[-2,+o) thoa gx)=+x =2 VxeZ
va h:U=(-5,+0) > V=R théa h(x)=x"+1 Vx e X.
Tacd Y Z va TcU néncdcacanhxatich u= g,f va v=h,g,f.
Vx e X,ux)=(g . f)X)=g[fX)]=gBe"+8)=+3e"+8 —2 va
v(x) = (hou)(x) =h [ux)] =h(y3¢" +8 —2)= (V3" +8 —2)" +1

4.5/ TINH CHAT: Cho f:X — Y .Khid6
a) (Idy)of = f =f,Idx. Honnitanéu X=Y thi (Idx),f = f =f,Idx.
b)Néu X#Yva g:Y > X thitontai gf va f,g nhung gf =f,g.
¢)Néu f: X >X va g: X —> X thitontai g,f va f,g nhung co thé xay
ra g,.f #f,g.Nhu vay tich &nh xa khong giao hoan.

Vidu:

a)f:X=R—>Y=[0,+w) théta f(x)=(x+1)* Vx e X va
g:Y=[0,+0) > X=R v4i g(x)=sin'x Vx eY.
Vx e X, (g.,F)X) = g[f(x)] = g[(x+1)*] = siny(x+1)> = sin|x + 1|
Vx e Y. (fog)X)=f[g(x)] =f(sinvx) = (sinv/x + 1)’
Do X#Y nén g,.f #f,g.

b)u:X =R —> X thoa u(x)=2x>-5x+1 va V(X)_3x+f vx € X.
x* +
32x* —5x+1)+2 _ 6x° —15x+5

Vx e X, (vou)(x)=v[ux)]=
(Vo)) =v [ui)] (2x* =5x+1)7+1  4x" —20x° +29x* —10x +2

3x+2 3x+2 xt=15x° +10x* +9x -1
va (u,v)x)=ul[v(x)] = ( )y = 5(5 )+1— —
| x? x"+2x° +1

Do 30 € X, (vou)(0) = 5 #Wev)(0)=—1 nén vou #u,v.
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V. ANH VA ANH NGUOC CUA TAP HOP QUA ANH XA:

5.1/ PINH NGHIA: Cho f: X —>Y va AcX.

a)ybat f(A)={f(a)|lae A} cY.Tandi f(A) laanh cua A qua anh xa f

VyeY,[yef(A)eodxeAy=fx)]va[yegf(A) o Vxe A y=f(x)]

b)Khi A=0 thi f(J)=.Khi A=X thi f(X)={fx)|xeX} Y.
Tanoéi f(X) 1a tdp hop tit cd cic anh cua £ vaky hidu f(X)=Im(f)
( Images of f).

c)Cho f: X—>Y va g:Z—)T.Délapduqcénhxatich h=g,f: X—>T,
ta chi can c6 diéu kién £ (X) = Z (khong can diéu kién dic biét Y = 7).

Vidu:

a)f: X=1{1,2,3,4,5,6,7} >Y={ab,c,d,e,u,v,w,z} co f(l)=a,
f2)=b,f(3)=a,f4)=c,f(5)=Db,f(6)=d vaf(7)=e.
V6iA={1,2,3,4,5}cX thi f(A)={a,b,c}cY va
Im(f)=f(X)={a,b,c,d,e} Y.

b)g:X=R—>Y=(0,+) thoa g(x)=x"—2x+3 V¥x e X. Tim g(A), g(B),
g(C) va Im(g)=gX) nfuA={-2,-1,0,1,2,3},B=[3,5) va
C=[-2,3].Taco g(A)=1{2,3,6,11} vi g(-2)=11,g(-1)=g(3)=6,
g(0)=g(2)=3 va g(1)=2.Do g(x)=2(x—-1) Vx € X nén g tang trén
(o0, 1] va giam trén [ 1, + o). Tir bang bién thién cia ham s y = g(x),
tacod g(B)=[6,18],g(C)=[2,11] va gX)=[2, +»).

5.2/ PINH NGHIA: Cho f: X >Y va BcY.

a)bat f'B)={xe X|f(x)eB} cX.
Tanoéi £ '(B) 1 dnh nguoc ciia B bdi dnh xa f.
VxeX, xef!B) © f(x) e B

xef'B) © f(x)¢B

b)Khi B=@ thi f'(@)=.Khi B=Y thi f'(Y)=X.
Khi B={b} thi f'B)=f"'(b)={x e X|f(x)=b}1a tdp hop cdc
nghiém trén X ciia phwong trinh f(x)=b (anla x € X).
Ta ciing n6i f'(b) 1a tdp hop tit ca cdc dnh ngwoc ciia b béi dnh xa f.

Vidu:

a)f:X={a,b,c,d,e,u,v,w,z} >Y=1{1,2,3,4,5,6,7,8} vbi f(a)=1,
f(b)=2,f(c)=1,f(d)=3,f(e)=2,f(u)=4,f(v)=1,f(w)=5 va f(z)=7.
Taco f'()={ac, v}, ' Q) ={be}, f'B)={d} va f'6)=f"'8)=0
V6i B=1{1,2,3,6,8}cY thi f'B)={a,b,c,devicXvaf'(Y)=X

b)g:X=R—>Y=[-3,+w) thoa g(x)=2x"-1 Vx € X. Tim g '(A), g '(B),
g '(C), g '(D) néu A={-5,-1,0,8},B=(—00,-2],C=(-4,5),D=[1, 6).
Taco g '(-5)=T, g '(-1)={0},g'(0)={£1/V2} va g'(8)={+3/V2}
nén g '(A)=1{0,+1/J2,+3/J2}.
Péy gl (D={1},g'G)={£B}, g 6)={£J7/2} vig'(x)=4x Vx e X
Tir bang bién thién cua ham sd y = g(x), ta tim duogc

g'B)=03, g (C)=(-3,43) va g'(D)=(-7/2,-11U[ 1, V7/2).
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5.3/ TINH CHAT: Cho f: X »> Y véi A,A’cX va B,B’cY.Khido
a)Néu A c A’ thi f(A)cf(A’).Néu BB’ thi f'(B)cf ' (B’).
b) f'[f(A)] > A va f[f'(B)]cB.
O)f(AUA’) = f(A)UF(A), F(ANA’) c [f(A)NF(A)] va
f(A\A’) o f(A)\f(A).
DfMAUA) = fFHA)UTTA), F'ANA) = [ ANFTA)] va
f'(AVAY) = [f'(A)\F A ]

Vidu: Cho f: X=R > Y =(-2,+x) théa f(x)=x" Vx e X.

a)A={1}cX co f(A)={1} va f[f(A)]={=£l}>A véi f'[f(A)]=A.

D)B={+1}cY c¢6 f'B)={1} va f[f'B)]={1} =B véi f[f'(B)]=B.

OA={1}L,A={-1}cXco6 AnA =T va f(A)=f(A’)={1} nén
fANA)= c [f(A)NTA)] ={1} va f(ANA)=[f(A)NFQA")]
Mit khac AVA’= {1} nén f(A\A)={1}>[fA)\f(A)]=O va
f(A\A”) #[f(A)\f(A")]

VI. PHAN LOAI ANH XA:

6.1/ DON ANH: Cho 4nhxa f: X — Y.
a)f 1a dondnhnéu“Vvx,x’ e X, x#x’ = fx)=f(x’)".
b)Suyra:f la dondnh < “Vx,x’ e X, f(x)=f(X’) = x=x"".
< “Vy e Y, phuong trinh f(x) =y c6 khong qua mot nghiém trén X
Vidu:
a)u: X={1,2,3} >Y={ab,c,d, e} voi u(l)=a,u(2)=>b va u3)=c.
Ta coé u la mdt don anh vi
Cach1:1#2#3#1 c6 u(l)=u®@)=u3)=u(l).
Céach 2 : Cac phuong trinh u(x) =a, u(x) =b va u(x)=c déu cé nghiém duy
nhit 1an luot1a x=1,x=2 va x=3 trén X. Cac phuong trinh u(x)=d va
u(x) =e déu vo nghiém trén X. Nhu vdy mdi phuong trinh trén c¢6 khong qua
mot nghiém trén X.

b)f: X=R\{l} > Y=R théa f(x)= 25 =2+ 31 Vx e X.
X — X —
Ta co f la mdt don anh vi
Cachl:vx,x e X, x#Xx’ =2 0z#x—-1#x"-1%#0 :>i1;t '31 =
X — X —
= _2+i1¢_2+'i1:> f(x) # £ (x).
y_ _
A . b — ’ 3 _ 3 3 _ 3
Cach2:vx,x’ e X, f(x)=f(xX’)) > -2+ —=-2+ = = =
x—1 x'-1 x-1 x'-
=>x-1=x-1 = x=x".
Cich 3: Vy € Y, phuong trinh f(x)=y :il=y+2(*).
Y
Néu y =—2 thi phuong trinh (*) v nghiém trén X.
Néu y #—2 thi phuong trinh (*) c¢6 nghiém duy nhat x =1+ 32 e X.
y+

Nhu vy, Vy € Y, phuong trinh f (x) =y c6 khong qua mot nghiém trén X.
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¢)Cho g: X=R—> Y =R thoa gx)=2e"-3e" Vx eX.
Tacd g’(x)=2e"+3e™ >0 Vx € X nén g tang ngattrén X [ Vx, x’ € X,
Xx<x’ = g(x)<g(x’)],nghiala g don anh.

d)Cho h: X=R — Y =R thoa h(x)=4cos’x — 5x Vx € X.
Taco h’(x) =—4sin2x -5<-1<0 Vx € X nén h gidm ngdt trén X
[VX,x" € X, x<x’ = h(x)>h(x") ], nghiala h 1a mot don anh.

6.2/ HE QUA: Cho 4nh xa f: X —Y.
a) f khong la don anh < “3Ix,x* € X, x #x’ va f(x) =1(x")".
b) f khong la don anh < “Jy € Y, phuong trinh f(x) =y co hon mot
nghiém trén X 7.

Vidu:
a)Cho u:X={a,b,c,d} >Y={1,2,3} voi u(a)=1,ub)=u(d)=2 va

u(c) =3. Tacd u khong phai 1a mdt don anh vi

Céch1:3b,d e X,b=d va u(b)=u(d)=2.

Céch2: 32 € Y, phuong trinh u(x) =2 c6 cac nghiém x=b,x=d trén X.
b)Cho f: X=R —>Y =R théa f(x)=2x"-6x+1 Vx € X.

Ta c6d f khong phai la mdt don anh vi

Céch1: 30,3 e X,0#3 va f(0)=f(3)=1.

Cach2:31€ Y, phuong trinh f(x)=1 c6cadcnghiémla x=0vax=3 trén X

6.3/ TOAN ANH: Cho anh xa f: X > Y.
a)f 1a toan dnh néu f(X)=Y.
b) Suyra :
f 1a toan anh < “Vy € Y, phuong trinh f(xX) =y co nghiém trén X

Vidu:
a)Cho u:X=1{1,2,3,4} >Y={ab,c} voi u(l)y=a,u3)=u@)=c va
u(2)=b. Tacd u la mdt toan anh vi
Cachl:uX)={ab,c} =Y.
Céach 2 : Cac phuong trinh u(x) =a, u(x) =b va u(x) =c déu c6 nghiém lan
luotla x=1,x=2 va x=3 trén X.
b)f:X=R—>Y=[5,+0) thoa f(x)=x>-4x+9 Vx € X.
Tacod f la mot toan anh vi
Céch 1: dung bang bién thién cua ham sd y = f (x), ta thdy f(X)=Y.
Cach2: Vy € Y, phuong trinh f(x)=y < (x— 2) = y —5 c¢6 nghiém trén X

la x=2+,y-5.

6.4/ HE QUA: Cho 4nh xa f: X — Y.
a) f khong la toan anh < f(X)#Y
b) f khong la toan dnh < “Jy € Y, phuong trinh f(x) =y vé nghiém trén X

Vidu:
a)Cho u:X={ab,c} >Y={1,2,3,4} voi u(a)=1,uld)=2 va u(c)=3.
Ta cd u khong phai 1a mdt toan anh vi
10
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Cachl:uX)={1,2,3} =Y.
Cach2: 34 € Y, phuong trinh u(x) =4 vo0 nghiém trén X.
b)Cho f:X=R >Y =(-1,+ o) thoa f(x)=32"+1 Vx € X.
Tacd f khong la mot toan anh vi
Cach1:Vx e X, f(x)=32"+1>1 nén f(X)c(l,+x) vadodd f(X)=Y.
Cach 2: 30 € Y, phuong trinh f(x)=0 < 3.2 =—1 v0 nghiém trén X.

¢)Cho g:X=R\ {2} > Y =R thoa g(x)= 3“24 =3+ 102 vx € X.
X — X —

Ta céd g khong la mot toan anh vi
Céch 1: dung bang bién thién cta ham s6 y = g(x), ta thdy g(X) =R\ {3} =Y.

Céch 2: 33 € Y, phuong trinh g(x)=3 < % =0 v0 nghiém trén X.
x—

6.5/ SONG ANH: Cho énhxa f: X —>Y.
a) f 1a song dnhnéu f 1a don dnh va toan dnh.
b) Suyra:f 1a song dnh < “Vy e Y, phuong trinh f(X)=y co nghiém
duy nhdt trén X 7 (chi dung khi giai dugc phuong trinh f(x) =y trén X).
c) Suy ra : f khong la song anh < t khong don dnh hay f khong toan anh.
Vidu:
a)Cho u:X={1,2,3} >Y={ab,c} voi u(l)=a,u2)=>b va u(3)=c.
Taco u la mot song anh vi
Cachl:u donanh[1#2#3#1 cho u(l)zu2)=u@B)=u(l)] va
u toan anh [ w(X)={a,b,c} =Y |.
Céach 2 : Cac phuong trinh u(x) =a, u(x) =b va u(x) =c déu c6 nghiém duy
nhit (lAnluotla x=1,x=2 va x=3)trén X.
b) Cho f: X=R —>Y =R thoa f(x)=2sinx —3x Vx € X.
f ladonanh vi f’(x)=2cosx -3 <-1<0 Vx € X va f giam ngat trén X.
f 13 toan 4nh do tir bang bién thién cua ham s6 y=f(x), tacé f(R)=R.
Vay f la mt song anh (khong giai dugc phuong trinh f (x) = 2sinx — 3x =y).
¢)Cho g: X=R—>Y=R thoa gx)=3e"—e " +2 Vx € X.
Vy € Y, phuong trinh g(x)=y (4n x e X) < 3™ +2-y)e'-1=0 <
S 3W+Q2-y)t—1=0 voi t=e">0 va A=(y-2)"+12>12>0.

Phuong trinh g(xX) =y ¢6 nghiém duy nhdt trén X nén g 1a mot song anh.
d)Cho h:X={a,b,c,d} >Y={1,2,3,4} théda h(a)=h(c)=1, h(b) =2

va h(d)=3.Taco h khong phai la mdt song anh vi

Céch 1: h khong phai 1a mdt don anh (do Ja,c € X,a#c va h(a)=h(c)=1)

Céch 2 : h khong phai 1a mot toan &nh (do h(X)={1,2,3} #Y)

S t=

6.6/ ANH XA NGUQC CUA SONG ANH: Cho song dnh f: X > Y.
Ta dd biét Vy e Y, phuong trinh f(x) =y ¢6 nghiém duy nhat 13 Xy trén X.
Lapdnhxa ¢:Y > X c6 o(y)=Xy Vy € Y. Tandi ¢ 1a dnh xa nguoc cua
f vakyhiéu o =f " Khido Vx e X,Vye Y,y=f(x) & x=f"'(y).

11
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Vidu:

au:X={a,b,c,d} >Y={1,2,3,4} voi u(a)=1,u)=2,u(c)=3,
u(d) = 4.
Ta céd u la mot song anh vi cac phuong trinh u(x) =1, u(x) =2, u(x)=3 va
u(x) =4 déu c6 nghiém duy nhit (lan lugtla x =a,x=b,x=c,x=d ) trén X.
Tacd anhxangugc v=u':Y - X véi v(1)=a, v(2) =b, v(3) = ¢, v(4) = d.

b)Cho f: X=(3,6]>Y=[-27,-6) théoa f(x)=—x"+2x-3 Vxe X
Vy € Y, phuong trinh f(x)=y (4n x € X) < x*—2x+y+3=0 voi
AN=1-(y+3)=—(y+2)e(4,25],JA €(2,5] va —JA' €[-5,-2).
Taco x; =1+ A" €(3,6]=X(nhan x;) va x,=1—-+A' € [-4,-1),
nghia 12 x, ¢ X (loai x,). Vay phuong trinh f(x) =y c6 nghiém duy nhét trén
X la xy=x;=1+-y-2.Dod6 f la mot song anh va c6 anh xa nguoc
f':Y > X théa f'(y)=1+ ~y-2 Vy e Y. Bing cach ddi bién y thanh
bién x,tacothé viétlai f':Y > X voi f'(x)=1+J=x-2 VxeY.

6.7/ TINH CHAT: Cho cac anhxa f: X > Y va g: Y - Z.Khido
a) Néu f 1a mot song dnh thi £~ ciing 1a mét song dnh va (7)™ = £
b) Néu f 1a mot song dnhthi 7' f =1Idx va fof ' =Idy.
¢)Néu f 1a mét song dnhva X =Y thi f',f = f,f ' =1dy.
d)Néu f va g 1a cdc song dnh thi h=g  f ciing 1a mét song dnh va
hl= f—lo g_l.

Vidu:

a)Xétlai £:X=(3,6]>Y=[-27,-6) v6i f(x)=—x>+2x-3 Vx e X.
T Vidu cia (6.6), tathdy f 13 motsong anhcod £':Y — X thoa
f'x)=1+v=x—2 Vx eY.Dit g=f"" thi ta c6 thé kiém chung duoc g
cling 1a mot song anh thoa g ' =f, g, f =Idx va f,g =Idy.

b) Cho h: X =R — X thoa h(x)=3x +4 Vx € X. Ta kiém ching duoc h 1a
mot song anh va h'(x) = x;“ Vx e X.Dodo h'y h = hoh™' =Idy.

¢)Cho 9 :X=R—>Y=(l,+x) théa px)=¢"+1 Vx e X va
v:Y >Z=(0,+0) thoa y(x)=x"+4x—5 Vx € Y. Tacod
0=y ,0:X—>Z thoa 8(x)=(c*+1)°+4(* +1)-5=e"+6c" Vx e X.
Ta kiém chimg dugc ¢ va y déu la cac song anh véi
o'®)=In(x—-1) VxeX va y'x)=/x+9 -2 Vx e Y.
Dodd 0=y, ciinglamdtsonganhva 0'=¢ sy : Z > X thoa
07'x)= In(vx+9 - 3) Vx € Z.

6.8/ MENH PE: (nhan dién hai anh xa 13 song anh va la anh xa ngugc cta nhau)
Cho f: X > Y va g:Y — X. Cac phat biéu sau day 1a rwong dwong :
a) f 1a mot song dnhva f ' =g b) g 1a mét song dnhva g =f
c)gof =1Idx va f,g = Idy
12
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Vidu: Cho f: X=R\ {1} > Y=R\{-2} va g:Y —> X thoa
f(x)= 372% yx e X va g(x) = X3 uxe.

x—1 x+2

Ta kiém ching dugc g f = Idx va f, g = Idy.
Nhu vay f va g déula cac song anh théa f'=g va g ' =f.

6.9/ PHEP LUY THUA ANH XA: Cho 4nhxa f: X — X.
a)bat fo=1Idy,f'= f,f*=f,f,...va f*=f "' vk>1.
Ta c6 cac anh xa fk: X > X Vk>0.
b) Néu f 1a mot song anh thi ta dat thém : £7! 1a dnh xa nguoc cua f,
f2=("N?,...vafr*=(F"H* vk=2.Taco f*:X>X Vk>1.
Nhu vy néu f 1a mgt song dnh thi taco cac anhxa f™: X > X Vm e Z

Vidu:

a)Cho f: X=R > X thda f(x)= vx € X.

X +1

Vk e N, ta tinh duge £ (x) = —X— Vx e X (phwong phéap qui nap).
Vi +1 P
b)Cho g: X=R > X thda g(x)=2x+3 Vx € X.
Vk € N, ta tinh dugc gk (x)=2"x+302"-1) vx e X (phuong phap qui nap).

Ta kiém ching duoc g 1a mot song anh va g'(x) = X3 yx e X.

Tir d6 tinh duge g *(x) =2 x+32 % -1) Vx e X,Vk e N va k>2
(phuwong phap qui nap). Nhu vdy Vm € Z, g" (x) =2"x +3(2" - 1) Vx € X.

6.10/ AP DUNG ANH XA NGUQC PE GIAI PHUONG TRINH ANH XA:
a) Cho anh xa h va song anh f. Gid stt c6 anh xa ¢ thdéa f, ¢ =h.
Taco foo=h o f ' (f,0) =f'oh o ' f)ep =f ' h &
o (Idx) oo =f'ch < ¢ =f7' h (nghiém duy nhdt)
b) Cho anh xa h va song dnh g. Giad stt c6 anh xa y théa y,g=h.
Taco yog=h < (Yog)og '=hog’ < yo(gog )=hog"
o yoldy =h,g™' < v =h,g " (nghiém duy nhat)
c) Cho anh xa h va cdc song anh f va g. Gia sir c6 anh xa 0 thda
fo0,g=hTaco f,0,g=h o f ' (f.0,8.g '=h,g' &
0D o0o(gog )=f " hog' < Idx)o0,Idy =f 'y h,g"' <
< 0 =f" hog (nghiém duy nhar)

Vidu:
a)Cho f:Y=(-8,+w)—Z=R thoa f(x)=%(lnx;8 1) ¥x e Y.

Tacé f lamodtsonganhva f:Z—Y thoa f'(x)=5e"""-8 Vx e Z.
2
Xét h:X=R - Z thoa h(x)=i(1n@ 1) ¥xe X.

Tim ¢:X —>Y thoa foe=h. Taco ¢ =f 'ch va
vx € X, p(x) = (f o h)(x) = f '[h(x)] = 4x* —4x -5

13
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b)Cho g:X=[-1,4]>Y=[-4,31] théa g(x)=x"+4x -1 Vx € X.
Tacod g lamotsonganhva g: Y —> X théa g ' (x)=+x+5-2 Vx e Y.
Xét p: X > Z =R thoa p(x)= {In(x* +4x+7) —3 Vx € X.

Tim y:Y > Z théa y,g=p. Tacd vy =p0g_1 va
VX e Y,y(®) = (pog )X =plg ] = {fin(x+8) -3

¢)Cho u:X=R > Y=(-1,1) théa u(x)= ——— Vx e X.
Vx®+1
Tacd u lamdtsonganhva u ™Y —» X théa u'(x) = vVx e Y.
1-x
Cho v:Z=R\{-4} >T= R\ {2} thoa v(x)= 2x‘45 VX € Z.
X+
. A . -] ) -1 _ 4x+5
Tacd v lamotsongdnhva v : T—> Z théa v (x)= 5 vx e T.
- X
2
Xét q:X > T thoa qx)= =X 7 yx e X.
12x° +4

Tim 6:Y > Z théa v,0,u=q. Tacd 0 =V_10q0u_1 va

VxeY,0%) = (vieqou )X = v' {qu'®)]} = ;241623

6.11/ MENH PE: Cho X, Y la céac tap hop hitu han va f: X —> Y.
a) Néu f 1amot don dnh thi | X |<|Y |
b) Suy ranéu | X |>|Y | thi f khéng phdi la don anh.
¢) Néu f 1a mét toan dnh thi | X |>]Y |.
d) Suy ranéu | X |<|Y | thi f khéng phdi la toan énh.
e) Néu f 1amot song dnhthi | X |=|Y |.
f) Suyranéu | X |#|Y | thi f khéng phdi la song dnh.

Vidu:

a) Xét don anh u trong Viducua 6.1. Taco | X |=3<|Y |=5.

b) Xét u trong Viducua 6.2. Tacd | X|=4>|Y |=3 nén u khong don anh.
c) Xét toan anh u trong Vidu cua 6.3. Tacd | X |=42>|Y |=3.

d) Xét u trong Viductua 6.4. Taco | X |=3<|Y |=4 nén u khong toan anh.

e) Xét song anh u trong Vidu cia 6.6. Tacd | X |=4=|Y|.

f) Xét u trong Vidu cua 6.1. Taco | X|=3#|Y |=5 nén u khong song anh.
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