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Chuong 3

QUAN HE
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l. Quan hé

1. Binh nghia va tinh chat
2. Biéu dién quan hé
3. Quan hé twong duong. Pong dv

4. Quan hé th tw, biéu do6 Hass
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1. Pinh nghia ' l

Mot quan hé hai ngéi tir tap A dén tap B Ia tap con cla tich Dé
cac R c Ax B. Chung ta sé viét a R b thay cho (a, b) € R.

Quan hé tir A dén chinh né duoc goi la quan hé tren A

R ={(a;, by), (a;, by), (a3, by) }

|



1. Pinh nghia l

Vidu. A =tap sinh viéen; B = cac Iop hoc.
R ={(a, b) | sinh vién a hoc Iop b}
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1. Dinh nghia

Vidu.Cho A={1, 2, 3, 4}, va
R ={(a, b) | ala wéc cua b}

Khi do
R={1,1)., (1 2),(1,3),(1,4). (2 2), (2 4), 3 3), (44);
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2. Cac tinh chat cia Quan hé

Pinh nghia. Quan hé R trén A dwoc goi la phan xa néu:
Vae A, aRa

Vidu. Trén tap A ={1, 2, 3, 4}, quan hé:

“ Ry ={(1.1), (1.2), (2,1), (2, 2}, (354} REIREE:
khong phan xa vi (3, 3) ¢ R,

“R,={(1,2), (1,2), (1,4), (2, 2), (3, 3), (4, 1), (4, 4)} phan
xavi (1,1), (2, 2), (3,3),(4,4) e R,

‘|
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" Quan hé <trén Z phan xa vi a < a v&i moi ae Z
T

" Quan hé > trén Z khong phan xa vi 1 > /

=Quan hé&“|” (“wdc s0”) trén Z * 1a phan xa vi moi so
nguyén a la wdc cua chinh no .

Chu y. Quan hé R trén tap A 1a phan xa néu né chra dwéng
chéocua A x A:
A={(a, a),aeA}
4

3
2
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2. Cac tinh chat cia Quan hé ” l

Pinh nghia. Quan hé R trén A dwoc goi la déi xirng néu:
Vae AvVbe A(@aRb)—>(bRa)
Quan hé R dwoc goi la phan xiteng néu
vacAvbeA@RD)A(bRa) - (a=h)

Vi du.
m Quanhé R, ={(1,1), (1,2), (2,1)} trén tap
A ={1, 2, 3, 4} 1a ddi xtrng
= Quan hé < trén Z khong doi xirng.
Tuy nhién n6 phan xng vi
(@<b)a(b<a) > (a=Db)

—



2. Cac tinh chat cia Quan hé ; l

= Quan hé“|” (“wéc s0”) trén Z *+ khdng dodi xing
Tuy nhién n6 co tinh phan xng vi
(@|b)a(db|a)—>(a=Dh)
Chu y. Quan hé R trén A 1a doi xirng néu nd doi xirng nhau
qua duwdng chéo A cua A x A.

Quan hé R la phan xtrng néu chi cé cac phan t nam trén
dwdng chéo la doi xirng qua A cua A x A.




T

2. Cac tinh chat cua Quan hé

Pinh nghia. Quan hé R trén A c6 tinh bac cau (truyén) néu

va, b,c eA(a@aRb)A(bRc)— (aRc)

Vi du.

Quan hé R ={(1,1), (1,2), (2,1), (2, 2), (1, 3), (2, 3)}
trén tap A = {1, 2, 3, 4} c6 tinh bac cau.

Quan hé <va “|"trén Z c¢b tinh bac cau
(@<b)Aa(b<c)—(a<gc)
@lb)ya(d]|c)—>(alc)

—



3. Biéu dién Quan hé l

Gidi thiéu
Ma tran

Biéu dién Quan hé

|



Pinh nghia l

Cho R la quan hé tir A = {1,2,3,4} dén B = {u,v,w}:
R ={(1,u),(1,v),(2,w),(3,w),(4,u)}.
Khi dd R co6 thé biéu dién nhw sau

Dong va cot

tieu dé co
thé bd qua néu

khéng gay hiéu
nham.

AW N -~

= = el Ner
o O O = | <«
S ~= = O|<g

Pay |a ma trn cap 4x3 biéu dién cho quan hé R
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Btoaincuanry

ieu dién Quan hé

Dinh nghia. Cho R la quan hé tr A={a,, a,, ..., a,,} dén
B ={b,, b,, ..., b,}. Ma trén biéu dién clGa R la ma tran cap
m x n Mg = [m;] xac dinh boi

0 néu(a,b)eR
m; = .
1 néu (a,b)eR

Vidu.NeuRlaquanhétlr A={1,2,3}dén
B ={1, 2} sao choaR bnéu a>b.Khi ”

B o |~
= o ol

dd ma tran biéu dién clia R 1a

14 3




Biéu dién Quan hé —

1 néu(a,b)eR

0 néu (a,b)¢R

Vidu. Cho R la quan hé tr A ={a,, a,, a;} dén

B ={b,, b,, b,, b,, b:} dwoc biéu dién bédi matran
by, b, b, b, b

01 0 0 0| @&

M. =1 o IR

1. O lSHORse

Khi @6 R gbm céac cap:
{(@; by), (ay, by), (ay, by), (a2, by), (a3s by), (a3, b3), (a3, bs)}

‘|



Bieu dién Quan hé

® Cho R laquan hé trén tap A, khi dé My la ma tran vuodng.

" R |a phén xa néu tat ca cac phan tt trén duong chéo cua

M déu bang1: m. = 1 v&i moi i

u v w
1 0
v| O 1

w| O




'8__1

ieu dién Quan hé

R 1a doi xung neéu Mg, la doi xirng

fifl = il forall 1, |
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ieu dién Quan hé

R & phéan xtrng néu M, thoa:

m;; = Oormji:O If 1= ]

u vV W
u| 1l 0 1
\' O"/;B//O
w0 1 1




3. Quan heé twong dwong ' l

Gidgi thiéu
Quan hé twong duwong
Biéu dién sd nguyén

Lop twong dwong

|



Pinh nghia '

Vi du.
Cho S = {sinh vién cua l6p}, goi
R ={(a,b): a c6 cung ho vo1 b}

Hoi
R phén xa? Yes Moi sinh vién
S co cung ho
R d61 xung? Yes

thudc cung mot

= A nhom.
R bac cau? Yes

‘



3. Quan hé twong dwong ” l

Dinh nghia. Quan h¢ R trén tap A dugc goi 1a twong
dwong néu no co tinh chat phan xa, do1 xirng va bac
cau .

Vi du. Quan hé R trén cac chudi ky tu xac dinh boi aRb
néu a va b cé cung d6 dai. Khi d6 R 1a quan hé tuong
duong.

Vi du. Cho R 14 quan hé trén R sao cho aRbnéu a—b
nguyén. Khi do R 1a quan h¢ tuong duong

—



3. Quan hé twong dwong ” l

Cho a va b 1a ha1 s6 nguyén. A dugc go1 la uéc cua b hay
b chia hét cho néu ton tai s6 nguyén k sao a = kb

Vidu. Chom la sO nguyén dwong va R quan hé trén Z sao
cho aRb néu a— b chia hét m, khi do R la quan hé twong
duwong.

- R®& rang quan hé nay cé tinh phan xa va ddi x&rng.
- Cho a,b,csaochoa-bvab-c chia hét cho m, khi do
a—c=a-b+b-cclng chia hét cho m. Suy ra R ¢o tinh
chat bac cau.
- Quan hé nay dwoc goi la dong dw modulo m va ching
ta viet

a=Db (mod m)
thay vi aRb

—



Lép twong dwong " l

Dinh nghia. Cho R 1a quan h¢ tuong duong trén A va

phan tir a € A . Lép twong dwong chira a dugc ky hiéu
boi [a]; hodc [a] 1a tap

[a].= {b < A| bR a}

‘|



Lép twong dwong | l

Vi du. Tim cac 16p twrong duwong modulo 8 chira 0 va 17?

Giéii: Lop tuong du:(mg, modulo 8 chira 0 gom tat ca céc
sO nguyén a chia hét cho 8. Do do
[O]g={...,—16,-8,0, 8, 16, ... }
Tuong tu
[1]; ={a | achia 8 du 1}
= {...,— 15, =7, 159 /S

I



Lép twong dwong " l

Cha y. Trong vi du cudi, cac l1&p twong dwong [0]; va [1]; 1a
rol nhau.

Tong quat, ching ta co

Pinh ly. Cho R la quan hé twvong dwong trén tap A va a,
b € A, Khi do

(i) a R b néu [a] = [b],
(ii) [a]g # [b]g néu [a]g N [b]g = @

Chuy. Cac lép twong dwong theo mot quan hé twong
duwong trén A tao nén mét phan hoach trén A, nghia la
chung chia tap A thanh cac tap con r&i nhau.

—



Lép twong dwong

Chuy. Cho{A;, A, ... }1a phan hoach A thanh cac tap con
khdng rong, roi nhau . Khi d6 c6 duy nhat quan hé twong
dwong trén A sao cho moi A, la mét Iop twong dwong.

That vay véi mbi a, b € A, ta dat a R b néu co tap con A, sao
cho a,beA.

Dé dang chirng minh rang R 14 quan hé twong dwong trén
Ava [alg=A néua e A




Vi du. Cho m 1a s6 nguyén duong, khi d6 c6 m 16p dong

qu moauio m1a 0], [1]., ..., (M — 1] .

Chung lap thanh phan hoach cua Z thanh cac tap con
rol nhau.
Chu y rang

0], = [M], = [2m],, =

[1], = [m+ 1], = [2m +1], =

[m _ 1]m = [2m o 1]m = [3m _ 1]m =
Méi 1&p twong dwong nay dwoc goi la sé nguyén
modulo m

.Tap hop céac s6 nguyén modulo m dwoc ky hiéu bi Z,.

y A= (0] MOOOH 1 B [ (1 | |
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Gioi thiéu

Thi tw ttr dién

Biéu do Hasse
Phan tt toi tiéu, toi dai
Chan trén nhd nhat, chan dwdi Idn nhat

Sap xép topo

—



DPinh nghia l

Vi du. Cho R la quan hé trén tap sb thuc:
aRb néu a<b

Hoi:

= R phan xa khéng? Co
sR d6i ximg khong? @XKhong
® R phan xung khong? Co

=R bac cau khong? Co

|



Pinh nghia " l

Dinh nghia. Quan hé R trén tap A la quan hé thor tw (l“hL'F
fLr) néu no co tinh chat phan xa, phan xirng va bac cau.

Nguo1 ta thuong ky hi€u quan hé tha tu bo1r <
Cap (A, <) duoc goi 1a tap sap thir tw hay poset

Phan xa: a < a
Phan xtrng: @< b)Aa(b< a)—>(a@a =D
Bic cau; (A< b)a(b< ¢c)—>(a=< ¢)

—



Pinh nghia " l

Vi du. Quan hé udc so | “trén tap s6 nguyén duong 1a
quan h¢ thtr tu, nghia la (Z7, | ) 1a poset

Phanxa? | Co,x|xvix=1-x | >
Biccau? < Co D

< a|bnghialab=ka, b|cnghialac=]jb. >
Khi d6 c=j(ka) =jka:a|c

—

—
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Phan xrng? c6?

a | bnghialab=ka, b|anghialaa=]b.
Khi do a = jka
Suyraj=k=1,nghialaa=b
Vidu. (Z,]|) la poset? Khong phai

Phan xwng? 3|-3, va -3[3,

EKhﬁng} nhung 3 # -3.




(P(S), <), & day P(S) la tap hogp cac con cua S, la mét poset? l

Phan xa? <C(), ACA, VAe P(S)

Bic cau? C

Co

Co, laposet. [ >

Phan xi&rng? <

(Ag B, B c C. Suy raAgB>

—~—

Co

iAg B,B A SuyraA=B?

/

-



DPinh nghia '

Binh nghia. C4c phan tir a va b clia poset (S, <) goi la so
sanh dwgc néua< b hayb=< a.

Trai lai thi ta n6i a va b khéng so sanh duorc.

Cho (S, < ), néu hai phan t& tiy y cGia S déu so sanh
duwoc voi nhau thi ta goi no la tap sap thir tw toan phan.

Ta cling ndi rang < 1a ther tw toan phan hay the tw tuyén tinh
trén S

—



Vi du

Vi du. Quan hé "< " trén tap sO nguyén dwong la thi ty toan
phan.

Vidu. Quan hé wdc so “| "trén tap hop s6 nguyén duong
khong la thr tw toan phan, vi cac s6 5 va 7 la khong so
sanh duorc.

|



Th tw tw dién " '

Vi du. Trén tap cac chubi bit cé do dai n ta co thé dinh
nghia thr tw nhw sau:

a,a,...a, <b;b,...b,

néeua <b, Vi.

V&i thr tw nay thi cac chudi 0110 va 1000 |a khong
so sanh dwoc véi nhau. Chung ta khéng thé néi chudi
nao lon hon.

Trong tin hoc ching ta thwdng st dung th tw toan phan
trén cac chudi bit .
Do la thk tw tw dién.

‘|



Thir tw tw dién “ '

Cho (A, <) va (B, <) la hai tap sap th tw toan phan. Ta dinh
nghia thr tw ~ trén A x B nhw sau :

(@, b)) < (ay by) neu
a,<a,hay(a;=a,vab;< b,

Dé dang thay rang day Ia thi tw toan phan trén A x B. Ta
goi no la thwr tw tw dien .

Chu y rang néu A va B dwoc sap tot béi < va <’ twong
tng thi A x B cling dwoc sap tot boi thiy ty <

Chung ta ciing cé thé mé rong dinh nghia trén cho tich
Descartess cua hiru han tap sap thi tw toan phan.

»



Thir tw tw dién | '

Cho X Ia mét tap hiru han (ta goi la bang chir cai).

Tap hop cac chuodi trén T, ky hiéu la =* , xac dinh boi
= )\ e X* trong do A 1a chudi réng.
= Néux e X, vaw e I* thi wx e X*, trong d6 wx
|a két ndi w v&i x.

Vi du. Chang han X = {a, b, c}. Thé thi
>*={A, a, b, c, aa, ab, ac, ba, bb, bc, ca, cb, cc, aaa,
aab,...}

I



Thr tw tw dién " '

Gia sl < 1a tht tw toan phan trén X, khi do ta co thé dinh
nghia th& tw toan phan < trén * nhw sau.
Chos=a,a,...a,vat=b,b, ... b, la hai chubi trén s*

Khidé s=< t néu

" Hoadc a,=b,doivéil<i<m ,ticla
o t=aay ... anby g byyp - by
" Hoac ton tai k < m sao cho
a=b, voil1<i<kva
. < b, nNghiala

S = 84 85 s Aoy OIS
t=a;a, ..cayb g D -aEas

‘|



Thr tw tw dién " '

= Chung ta co thé kiém tra 12 th( tw toan phan trén X* Ta
goi no 1a tha tw tr dién trén **

Vidu. Néu X I3 bang chir cai tiéng Anh voithir tw:a<b < ...
< z,thi th&r tw naoi trén la th tw thong thuwong gitra cac tur
trong T dién.

Vi du
discreets discrete discreet
l € =
discrete
discreet < discreetness discreet

discreetness




Thir tw tw dién l

Vidu. Néu X ={0, 1} v&i 0 <1, thi < Ia the tw todn phan trén

tap tat ca cac chudi bit =* .
Ta co

0110 < 10

0110 <01100

—



Biéu do Hasse |

Moi poset co thé biéu dién bdi dd thi dac biét ta goi
la biéu do Hasse

Pé dinh nghia biéu dd Hasse chung ta can cac khai niém
phan tk trdi va trdi trwee tiép.

Pinh nghia. Phan t& b trong poset (S,<) dwoc goi la
phan ter tréi cua phantr a trong Snéua< b

Chung ta cling néi rang a la dworc tréi béi b . Phan tir b
dwoc goi la tréi trwee tiép cua a néu b la tri cua a, va
khong ton tai trdi ¢ sao cho

a<c=<b, a#c#b

-




Biéu do6 Hasse ” l

" Ta dinh nghia Biéu do Hasse cua poset (S, <) la
do thi:

Moi phan tlr ctia S dwoc biéu dién bdi mét diém trén mat
phang .

Néu b 1a troi trwe tiép cla a thi vé mét cung di t
a dén b.

d
L. a<b=<d, a<c




a A2

Bieu do Hasse

Vi du. Biéu d0 Hasse cua poset ({1,2,3.4}, <) co
thé v€ nhu sau

Chung ta khong ve

miui tén vo1 qui vdc mol

cung d€u di tur dudt 1én trén




Vi du. Biéu dd Hasse ciia P({a,b,c}) ” l

va bi1éu do Hasse cua cac chud1 bit do da1 3 vo1 thu tu tu
dién

a,b,c
1 } 111

{ab}  fac} {(och s . 011

= O I . =
001

%,
000

Giong nhau khong!!! | ‘



Phan tir t6i dai va phan tr toi tiéu.
I
Xét poset c6 bieu do Hasse nhw dwéi day:

Méi dinh mau dé |a toi dai.

Méi dinh mau xanh la téi tiéu.

Khéng c6 cung nao xuat phat tw dlem toi dai.
Khéng c6 cung nao két thuc & diém toi tiéu.

OO
O

© >



Chu y. Trong mot poset S hiru han, phan tir toi dai va

phan tir toi tiéu ludn luén ton tai.
e

That vay, ching ta xuét phat ter diém bat ky a, e S.

Néu a, khong toi tieu, khi dé ton tai  a, < a,,
tiép tuc nhw vay cho dén khi tim dwoc phan t toi tiéu .

Phan ti toi dai tim dwoc bang phwong phap twong tw.

00




Vi du. Tim phan t& toi dai, toi tiéu cta poset ({2, 4, 5, 10, 12,
A2 DA

Giai. Tl biéu do Hasse, chung ta thay rang 12, 20, 25 la
cac phan tt toi dai, con 2, 5 1a cac phan to toi tleu

Nhw vay phan t toi dai, ti tiéu cha poset co thé khdng

duy nhat.
12() O 20
4 10 O -

?) 5

‘|



Vi du. Tim phan t& tdi dai, ti tiéu cla poset cac chudi bit d6
dai 37

Giai. Tl biéu do Hasse, chung ta thay rang 111 1a phan t toi
dai duy nhat va 000 Ia phan tl toi tiéu duy nhat.

: ) 111
111 |1a phan tw Ion nhéat va
000 1a phan t&r nhé nhat ~/
theo nghia: 110 101 011
000 < abc < 111
100 010

001

v&i moi chubi abc




Chan trén, chan dwéi ’ '

Binh nghla Cho (S, <) laposet vaAcS. Phan t& chan
trén cta A la phantr x e S (c6 thé thude A hodc
khdng) saocho VaeA ,a< x.

Phan t&r chdn dudi clia A 1a phan t& x € S sao cho
VaeceA x<a

a b Vidu. Phan t& chan trén cla
{9.)} la a.
C d
Tai sao khéng phai la b?




Chan trén, chan dwéi . '

51

binh nghia. Cho (S, <) la poset va A c S. Chan trén
nhé nhat cla A 1a phan ttr chan trén x cua A sao
cho moi chan trén y cda A, tadéucd y > x

Chdan dwdi In nhat cha A |a phan t& chan dudi x
cua A sao cho moi chan dudi y cua A, ta cé
y < X

Chan trén nhd nhat cla : supA
Chan dwdi lon nhat:  infA

—



Chan trén, chin dwéi | '

Vi du Chan trén nho nhat cia {i,j} 1a d
Vi du. Chan dwdi chung Ién nhat cia
a b {9.} la gi”?




Chan trén, chan dwéi

Chan trén nhd nhat (néu cé) cia A = {a, b} duwoc ky
hiéu bdiav Db

Chan dwdi I&n nhat (néu co) ctia A = {a, b} dwoc ky hiéu

bdianb
a b
/ q Vidu.1v]=d
€ J

Vidu.bac=f




S

ap xép topo

Chu y. Méi poset hiru han déu cé phan tl toi tieu a,.

shoes belt jacket
socks trousers cravat watch
uwear shirt

Sau khi loai bé phan t&r a, thi tap con lai van |a poset

|‘



e occmmmmm—

Sap xép topo

Goi a, la phan tl toi tieu clia poset mai.

shoes belt jacket
socks trousers cravat watch
uwear shirt

Khéng c6 chan trén cua a, va a,

‘



Tiép tuc qua trinh nay cho dén khi khéng con phan t& ndo niva

Va cudi cung ching ta sé c6 1 sw sap xép

ai, 8y, ..., A,
shoes belt jacket

socks trousers Caravat watch
uwear shirt

Goi la sap xép topo

‘



