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Dudng & M3t Dao ham riéng & Sy kha vi

@ Duong & Mit Trong Khong Gian
o On tap & M4 réng kién thiic hinh hoc toa dé
@ M3t tru va mat bac hai
o Ham vects mét bién va dudng cong

Q Dao ham riéng va su kha vi cia ham nhiéu bién
o Ham sb nhiéu bién
o Gi6i han va Su lién tuc cta ham nhiéu bién
@ Dao ham riéng
@ Su kha vi
o Quy tic mit xich va Dao ham cGa ham an
@ Dao ham theo huédng va vecto gradient
o Cuc tri (khong didu kién) cta ham sb nhiéu bién
o Nhan ti Lagrange: cuc tri cé diéu kién
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DUGNG VA MAT TRONG
KHONG GIAN TOA DO



Duding & Mit Dao ham riéng & Sy kha vi

1.1. On tap & MG rong kién thitc hinh hoc toa do
Khéng gian c6 ba truc sb vudng géc tirng cip tai gbc O, gbm truc Ox, Oy,

Oz dugc sip theo qui tic ban tay phai nhu hinh dudi dugc goi 13 khdng
gian toa d6 Descartes.
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Dudng & M3t Dao ham riéng & Sy kha vi

1.1. On tap & MG rong kién thitc hinh hoc toa do

z z]
0 eft 0l |

ol
‘/]jféyﬁ \; X _@g/_

x &

Trong hinh trén, ba truc tao nén ba m3t phing: mit-xz (biic tudng trai),
mit-yz (biic tudng phai), mit-xy (nén nha); déng thai chia khéng gian
thanh tdm phan déu nhau dudc goi cic octants (khéi tam dién vudng).
Octant thd nhit 13 khodng khéng trong cin phong & trén, dinh bdi phan
duong cla cic truc.
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Dudng & Mat Dao ham riéng & Sy kha vi

1.1. On tap & MG rong kién thitc hinh hoc toa do

Céch dinh vi mdt diém P trong
khong gian nhu sau: goi a la
khodng cach (cé hudng) tir
m3t-yz dén P; b 13 khodng cach
tlr mt-xz dén P va ¢ 13 khodng
cach tir mit-xy dén P. Khi d¢, P
dugc dai dién bdi bd ba sb thuc
(a, b, ¢), sé dugc goi 1a toa do
cta P.

Cac sb a, b, ¢ 13n luct dusc goi la toa-dé-x, toa-dé-y, toa-do-z cha P. Dé
dinh vi diém P, ta bit dau tir goc O di a don vi doc theo truc-x, tiép tuc di
b don vi song song véi truc-y, sau cung di ¢ don vi song song véi truc-z.
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Duding & Mit

1.1. On tap & MG rong kién thitc hinh hoc toa do

Dao ham riéng & Sy kha vi

. T diém P(a, b, ¢) di theo

0.0, ¢) phuong vudng gbc v8i mat-xy sé
. g3p diém Q(a, b, 0), duoc goi 13
R(0, b, c) N A A <
S(@.0.¢) hinh chiéu cta P [én mat-xy.
a,0,c R
L Pla,b,c) Tuongtu, R(0,b,c) va $(a,0,c)
/ 7
[ 13 hinh chidu ctia P 1én m3t-yz va
mat-xz tuong ung.
0
T (0.5,0)
(@,0,0) 7\
¥
\/

QO(a,b,0)

Vay diém P(a, b, ¢) xac dinh mét hinh hdp chit nhat nhu trén, nén toa dé
(a, b, ¢) dugc goi la toa-do-hop, nhung ta quen goi la toa-do-Descartes.
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Duding & Mt Dao ham riéng & Sy kha vi

1.1. On tap & MG rong kién thitc hinh hoc toa do

Sau day 13 hinh vi du minh hoa cho trudng hop diém (—4, 3, —5) va diém
(3,—2,—6).

(3,-2,-6) /\/

GIAI TiCH B2 8/7?



Duding & M3t Dao ham riéng & Sy kha vi

1.1. On tap & MG rong kién thitc hinh hoc toa do

Khong gian Euclide
Ngusi ta ky hiéu R3 13 tich Descartes

RxRxR= {(x,y,z)|x,y,z€]R},

13 tap hop tit c3 cic bd ba sb thuc cé thir tu. Tap hop R duoc goi
I3 khong gian Eulide, dugc ddng nhit véi khéng gian vat ly ba chiéu,
vi mdi diém P trong khéng gian vat Iy ducc dai dién bdi mét bd ba
(a, b, ¢) € R® nhu d3 néi trén.

Theo thuit ngir toa d6, octant thi nhit cta R3 bao gém cac diém
c6 c4c thanh phan toa d6 duong.

Téng quat, v6i n > 2, n € N, ta dinh nghia

R" = {(Xl,...,X,,) | Vk =1, n, x4 ER}.
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Duding & M3t Dao ham riéng & Sy kha vi

1.1. On tap & MG rong kién thitc hinh hoc toa do

Duong va mat

Trong hinh hoc toa d6 hai chiéu, dd thi cta mét phuong trinh theo x
va y 13 mét dudng cong trong R?. Trong hinh hoc toa dé ba chiéu, mét
phuong trinh theo x, y, z sé biéu dién mét mat trong R3.

Cha y

Mbt phuong trinh theo x va y biéu dién mét dudng trong mit phing,
nhung ciing phuong trinh dé, lai biéu dién mot mit trong khdng gian
(xem vi du trang sau).
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Duding & Mat Dao ham riéng & Sy kha vi

1.1. On tap & MG rong kién thitc hinh hoc toa do

Vi du

Phuong trinh y =5 biéu didn mit phing trong R3, nhung lai biéu din
dudng thing trong R? nhu minh hoa sau
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1.1. On tap & MG rong kién thitc hinh hoc toa do

z

e

Cong thic khoang cach
Khodng cach gitra hai diém P1(x1, y1,21) va Pa(x2, ¥, z2) dugc cho bdi

PPy = V(o — x1)2 + (2 — y1)? + (22 — 21)?
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Dudng & Mt Dao ham riéng & Sy kha vi
1.1. On tap & M@ rong kién thic hinh hoc toa do

z

P(x,y,2)

x/

Phudng trinh mit cau
M3t ciu tdm C(h, k, I) véi ban kinh r ducc biéu dién bdi phuong trinh

(x=h?+(y—k?+@z-)%=r
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Duding & M3t Dao ham riéng & Sy kha vi

1.1. On tap & MG rong kién thitc hinh hoc toa do

B Vecto-hinh-hoc 13 doan thing c6
mot dau 1a “mii tén”, (thudng goi
I3 ngon) ducc ding dé bidu thi vai
\ dai luong trong khoa hoc (vi du, do
doi hay chuyén dich, van tbc, luc
v.v..), Vi né thé hién di hai thudc
C tinh 13 d6 I18n va hudng.

Hinh vé bén trinh bay
A vecto-hinh-hoc, dugc ky hiu béi
-3 N < .=
AB, hodc ngan gon hon a3 v.
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Duding & Mit Dao ham riéng & Sy kha vi

1.1. On tap & MG rong kién thitc hinh hoc toa do

Cc

utv

u

Cong vecto: qui tic nbi tiép

<|

1

A —> N =2 | . 2 —> N 7.t A 2
Néu d va v |3 hai vecto sao cho ngon cia 4 trung véi goc cla

~ 2 — —> 1x 7 A 2 —> N 7 2  —> -
thi vecto tong v + v |a vecto cé goc cia ¢ va cb ngon cia v . Biéu

thi hinh hoc cho phép cong 13 qui tic tam giac:

— = —
AB + BC = AC.
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Duding & Mt Dao ham riéng & Sy kha vi

On tap & M@ rong kién thirc hinh hoc toa dé

u

u

Phép cong co tinh giao hoan

Nhin vao hinh binh hanh & trén, ta thy phép cong vecto c6 tinh giao
hoan

- = =, =
u-+v=v-+u
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Duding & Mit

1.1. On tap & MG rong kién thitc hinh hoc toa do

-V —1.5v

[\

/

N&u k 13 mdt sb thuc va V |a mdt vecto, thi tich-theo-hé-s6 kv Ia

mét vecto c6 db dai bang |k| nhan véi db dai cla V, cung hudng

V néu k>0, ngugdc hudng véi V néu k <0.Néu k =0holc vV =
T

thi kv = 0.

Tich-theo-hé-s6

v3i
%
0
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Dudng & Mat Dao ham riéng & Sy kha vi

1.1. On tap & MG rong kién thitc hinh hoc toa do

YA
(a,a,)

Biéu dién vectd béi toa do

M3i vecto-hinh-hoc, 13 doan thing c6
hudng, néu duoc tinh tién sao cho diém
ddu cla né dit vao géc toa do, thi
diém ngon c6 toa db 13 (a1, a») hay
(a1, a, a3) tly thudc vao khdng gian R?
hay R3. Ldc dé ta viét

= (a1, a2) hay a = (a1, a2, a3)

Cac s0 ap, ap, az dudc goi la cdc thanh
phin clia @, vd @ 13 vecto-dai-sb.
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Duding & Mit

Dao ham riéng & Sy kha vi

1.1. On tap & MG rong kién thitc hinh hoc toa do

y

(4.5)

P(3,2)

Vecto-vi-tri

Vi du: Hinh vé& bén cé nhiéu
vecto-hinh-hoc. Vecto-dai-sb

@ = (3,2) dai dién cho tht c3
vectd-hinh-hoc nay. Ching cé chung
mdt dic diém 13, tu diém diu dén diém
cubi, c6 thé di qua phai 3 don vi, 1én
trén 2 don vi.

Véi mi diém P(a1, a) € R? (hodc P(ay, ap, a3) € R3), vecto ED) duac

goi la vecto-vi-tri cla diém P.

Nhu vy ta cé thé déng nhit khéng gian Euclide véi khéng gian cic

vecto-dai-s6, vi mdi diém P(ay, ..

.,an) € R" tuong ing 1-1 véi vecto-

— 7
vi-tri OP, dugc dai dién bdi vecto-dai-sb @ = (a1,...,3an).
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Dudng & M3t Dao ham riéng & Sy kha vi

1.1. On tap & M& rong kién thic hinh hoc toa dd

’ Hinh bén trinh bay
—
position d=0P= (a1, a2, a3) 1a vecto vi
vector of P tri cla diém P(ay, a2, a3) trong
5ne o A= AR oa
\ Pl(a,,a,,a3) khong gian. Neu @ = AB, vdi

o A(x,y,z) va B(xy,y1,21), thi ta cé
0 X1 =Xx4+ a1, y1 = x + ao,
o zZ1 = Z + as.

y
B('Y + a,y + as, z + a})

X A(x,y,z)

Cong thic tinh toa do cho vectd-hinh-hoc

Véi hai diém A(x1, y1,z1) v3 B(x2, y», 2), ta c6 vecto-dai-sb @ dai dién
—>

cho vecto-hinh-hoc AB nhu sau

—
AB=3 = (xo—x1,y2 —y1,.20 — 21).
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Dao ham riéng & Sy kha vi

Duding & Mit

1.1. On tap & MG rong kién thitc hinh hoc toa do

Céac cong thirc khac vé vectd

7 —> \
o Néu @ = (a1, a) vd b = (by, by) (hai chiéu), k € R thi

J

a4+ b = (ay+br,a+ by)
d— b = (a;—by,a— by)

kd = (ka1 kap) va [@| = \/af + a%

o Tuong tu trong trudng hop ba chiéu, ta cé

=

9
3+ b = (a1 + b1,a + by, a3 + b3)
?— = (al—b1,32—b2va3_b3)

k3 = (kay, kas, kas) va [3| = \/m

GIAI TiCH B2
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Dudng & Mat Dao ham riéng & Sy kha vi

1.1. On tap & MG rong kién thitc hinh hoc toa do

YA
(07 1)_'\
J
0l i T
(1,0)

Vecto co s& don vi
T Y e . .
Trudng hgp hai chiéu, i = (1,0) va j = (0,1) dugc goi la hai vecto
2 A pY by 9_
co s6 (chuén tac). Trudng ba chiéu, ba vecto co s6 gom i = (1,0,0),
ﬁ

7 =1(0,1,0) va kK = {0,0,1). Néu 3@ = (a1, a) (hoiic (a1, as, a3)) thi

— — — — —
d=ai +ax J hosc @ = a; i +axj +azk.
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Dudng & Mat Dao ham riéng & Sy kha vi

On tap & M@ rong kién thirc hinh hoc toa dé

C4c tinh chit vé vecto

z — A N
Néu @, b va € 13 cic vecto trong R” va s, t 13 hai sb thuc, thi

QF+b=b+3 Qs(B+b)=s3+sb
QO (F+b)+€=3+(b+2) O (s+)d =58 +13
03+0=3 Q (st)F = s(t7)
QF+(-a)=10 013=3
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Duding & Mat Dao ham riéng & Sy kha vi

1.1. On tap & MG rong kién thitc hinh hoc toa do

Dinh nghia tich vo6 hudng
A s T S s A oot .=
Néu @ = (a1,...,an) vd b = (by,.... b,) thi tich v6 hudng cia @ va

- N A — - . 2
b 13 s6 thuc @ - b dugc dinh bdi

?-T))zalbl—i--'-—i-a,,bn

Tinh chit cha tich vé hudng
7 — 7
Néu &, b vd € I3 cic vects trong R” va t |3 mdt sb thuc thi
Q d-a=[ap
03 -b=b-3
03 (b+¢)=3-b+3-¢
Q (t3)- b=t@-b)=3-(th)
©0.-3=0
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Duding & Mit

1.1. ﬁn_tép & M4 rong kién thic hinh hoc toa do

Dinh ly
N&u 6 13 sb do géc giita hai vects @ va T; thi
s =
— — - b
a-b =|d||b|.cosf; hay cosh = a —
@b

Dods: 3 LB <3 -b=0

Dao ham riéng & Sy kha vi

GIAI TiCH B2
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Dudng & Mat Dao ham riéng & Sy kha vi

1.1. On tap & MG rong kién thitc hinh hoc toa do

Chirng minh. Ap dung dinh ly cosin trong tam gidc ABC trong hinh trén,
ta dugc
B? = OA? 4 OB? —2.0A.0B. cos ) (1.1)

Nhung AB = |b — 3|, OA= 3| va OB = b, do dé (1.1) tr thanh
2 2 2 e
b — B2 =317+ |b2—2F|b|cosb (1.2)

Nhung theo tinh cht 1, 2, 3 clia tich v6 hudng thi vé tréi clia (1.2) dugc
viét lai nhu sau

B-3P=(b-3)-(b-3)
=32 -23|b|+ b (1.3)

Tur (1.2) va (1.3), ta c6 diéu phai chitng minh.
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Duding & Mt Dao ham riéng & Sy kha vi

1.1. On tap & MG rong kién thitc hinh hoc toa do

proj, b

Hinh chiéu clia mét vectd trén mét vectd khac
Ve Y % H Y n H s 7 A N
Xét & = % va b = PR nhu hinh trén. Vecto PS, véi ky hiéu I3

. - RN N A > - A —
roj— b, dudc goi |a vects hinh chiéu cta b 1én a.
proj— g
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Duding & Mat Dao ham riéng & Sy kha vi

1.1. On tap & MG rong kién thitc hinh hoc toa do

Thanh phin cha b trén 3 13 dé dai dai

s6 (do dai c6 dAu) cia proj b trén &,

dugc tinh bdi |TJ)| cos @, trong dé 0 la gbc

tao bdi @ vd b. Thanh phin ndy dugc ky

b higu béi comp b. Khi 6 13 géc i thi
|b| cos # = comp, b compz B <0.

Cong thuc

> 3.5
ocomp—a>b=ﬁ
— —
N a-b\d d-b
i b= ()2 = i
S PRE (|3’|)|—a>| Eioh
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Duding & Mt

1.1. On tap & MG rong kién thitc hinh hoc toa do

CONG CcUA LUC

R

35°

N —
Trong hinh trén bén trdi, thanh phan cla luc F c6 cdng tham gia vao viéc
? 7 2 ﬁ 9
dich chuyén vat tir P dén Q dugc biéu thi bdi PS. Do dé cbéng cla luc F
? %
tham gia viéc dich chuyén vt theo d6 dsi D Ia

W = ((F|cos§)|PO| = F - D.

. — _

Néu 6 la gbc tu thi cong s€ 4m, nghia |13 luc F c6 cdng can trd vat dich
. —

chuyén theo huéng D.
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Duding & Mat Dao ham riéng & Sy kha vi

On tap & M@ rong kién thdc hinh hoc toa do

Cac goc va cosine chi hudng cua vecto
M3i vects @ # O s& hop véi huéng
ducng cta ba truc Ox, Oy, Oz cic gbc
a, B va y (trong khodng [0, 7r]), dugc goi
la cdc géc chi hudng; va cosa, cosf va
c_o)s y dugc goi la cac cosine chi huéng cla
a.

Dinh Iy
Néu @ = (a1, ap, a3) thi (cosw, cos B, cosy) = |?|? I3 vecto don vi

1

cling huéng véi @, vi

=
ERN a a a3

coseg = ——— = ; tuong tu cos B =
—
EIHEREL
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Duding & Mit

1.1. On tap & MG rong kién thitc hinh hoc toa do

Dinh nghia tich hiru hudng
Z —
Néu 7 = (a1,a2,a3) va b = (b1, bo, b3) 1a hai vects thi tich hitu
—
huéng cia @ vd b 13 vects méi dusc dinh béi

Fxb = (axb3 — azbo, azby — ai1b3, arby — azby)
- = -

i .
= |a; a» a3| (V& hinh thifc, tinh nhu dinh thiic)
by by b3

Dinh ly

9 n Ve 7, d . b % ~ b
Vectd @ x b vudng géc véi c3 hai vecto @ v b, nghia I3
%

?~(?x7)))=0 va Z)(?x b) =0.
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Duding & Mat Dao ham riéng & Sy kha vi

1.1. On té_i—p & M4 rong kién thic hinh hoc toa do

Dinh ly

z —>
O Né&u 6 13 géc giita @ va b
(0 <6 <) thi

3 x b|=[3|[b]|sin6.

—
Suy ra, |@ x b| bing dién tich

Hudng cha vecto a x TJ) dudc xac ﬂ"h binh hanh sinh béi @ va

dinh theo qui tic ban tay phai nhu . —
hinh vé trén. Qawvb cung phuaong khi va

chikhi 3 xb =0.
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Duding & Mit

1.1. On tap & MG rong kién thitc hinh hoc toa do

Dinh Iy
N&u B, b va € I3 cic vecto, ¢ I3 sb thuc thi
07x77>=—7;x7

Q@ (t3)x b =t(@xb)=7x(th)
O?X(T))—F?):?XT;—I—?X?

o (_a)-i-TJ))X_C):_a)X_C)-i-TJ)X_C)

Tich hén hap

Dao ham riéng & Sy kha vi

. — x
Trong muc 5 cda dinh Iy trén, s6 @ - (b x €) dudc goi tich hdn hop

—)
clia ba vects @, b vd €.

GIAI TiCH B2
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Duding & Mit

1.1. On té_i; & M4 rong kién thic hinh hoc toa do

bXxc ﬁ ?
i Céng thifc thé tich hinh hop
/ —
nllo/a / Ba vecto 3} = (81,32,33),
e — -~ (b1, by, b3) va € = (c1,, c3) sinh ra

- hinh hép cé thé tich cho bdi
Trong hinh trén, thé tich hinh — a1 a2
\ ! V=|a-(bx7?)|=|bh b
hop bing dién tich hinh binh [a-(bx ) Cl C2
1 2

—
hanh ddy S = | b x €| nhan db
cao h = |a|cosb.

Dao ham riéng & Sy kha vi

b =

as

a3

GIAI TiCH B2
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Duding & Mit

Dao ham riéng & Sy kha vi

1.1. On tap & MG rong kién thitc hinh hoc toa do

Mo6-men xoan

Huéng cla vects T tién
theo truc quay. Véi cung do
[6n cda luc 7—2 sb do 6 13
bao nhiéu thi cusng do
mé-men quay I6n nhit?

Y tudng cho khii niém tich hitu hudng bit
nguén tur vat ly. Cu thé, ching ta xét mot
luc T—z tdc dbng lén vat thé ciing tai mét
diém dit c6 vecto vi tri F, chﬁmg han nhu
chiing ta xiét bu-loong bing cich ap mét
luc I&n chia khéa van nhu hinh bén, khi dé
s& xult hién hiéu dng quay. Mé-men quay
quanh gf“)c O dugc dinh nghia I3 vecto
T=TFxF,
né ndi lén xu hudng quay cla vat thé quanh
tdm O manh hay yéu.
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Duding & Mat Dao ham riéng & Sy kha vi

1.1. On tap & MG rong kién thitc hinh hoc toa do

Phuong trinh dudng thing

Néu P thudc dudng thing L di qua P,
vGi vecto chi phuong vV = (a, b, c), thi
7 thda phuong trinh

T=H+tVv. teR  (14)
Trong hinh trén, diém
Po(x0, yo. 20) va P(x,y,z) lan

luct cé vecto-vi-tri 13 g va
— Xx=xo+at y=y+bt z=2zy+ct

r (1.5)
Phuong trinh (1.4) va (1.5) dugc goi la phuong trinh vecto va phuong
trinh tham sb cta dudng thing L.

nghia la x, y, z thda
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Duding & Mt Dao ham riéng & Sy kha vi

1.1. On tap & MG rong kién thitc hinh hoc toa do

y

o Phuong trinh vects biéu dién doan thing ndi Py va P I3

T=T+tv, 0<t=<1
o Khir t trong phuong trinh (1.5), ta c6 dang chinh tic ctia dudng

thin
& X—X0 Y—Yo Z—20

a b c
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Duding & Mat Dao ham riéng & Sy kha vi

1.1. On tap & MG rong kién thitc hinh hoc toa do

Phuong trinh mat phang
Trong khéng gian toa d& Oxyz, néu mit phing («) di qua diém
P(x0. yo. 20) VA vudng géc véi 1 = (a, b, c) thi phuong trinh clia m3t
phing («) 13 mét trong cic dang sau

0 a(x —xp) + by —yo) + c(z—2) =0

@ ax+ by + cz—(axp + byo + czp) =0

@ ax + by + cz+ d =0, trong dé d = —(axo + byy + cz0)

@ ax + by + cz = axg + by + ¢z
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Duding & Mat Dao ham riéng & Sy kha vi

1.2. Mat tru va mat bac hai

Mat tru & Mat bac hai

3 bac phd théng, sinh vién d3 biét m3t phing vd mit cAu. Sau day, ching
ta s& tim hiéu mat tru (cylinder) va mit bac hai (quadric surface)

Dinh nghia

o Mit tru 13 mit bao gdm cac dudng thing song song (ta goi la cac
dudng ké, rulings) véi mét dudng thing cho trudc va cac dudng
ké nay tua Ién mot dudng cong phang cho truéec.

o Mt bac hai 13 mit chifa cic diém c6 toa d6 thda mét phucng
trinh bac hai va chita di ba bién x, y va z.
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Duding & Mt Dao ham riéng & Sy kha vi

1.2. Mat tru va mat bac hai

A c -
il Lhay

N . o 2 iR . .

,“ I"“:f““:\ Céch hitu dung dé hién thi hay phac hoa
i ,2:2.‘.:‘2:?3?‘}\\%\\\ mdt mit cong la xac dinh phan giao cia
411 X 2 .8 2 < 2 P

AR né v6i cdc mit phing song song véi cac

m3t toa do. Cac dudng giao tuyén cong
nay dudc goi la vét (trace) va tao nén
hinh anh cta luéi (gridlines)

Tiép theo 13 cac vi du.

GIAI TiCH B2 40/7?



Duding & Mat Dao ham riéng & Sy kha vi

1.2. Mat tru va mat bac hai

Vi du

Mb t3 va phic hoa mit (S) cé phuong

trinh z = x2.

Luu y phuong trinh nay khdng chda bién
y, ¢6 ngha ring moi diém P(x, y, z) thudc
mit cong (S) c6 hinh chiéu 1én m3t-xz s&
thubc parabol “z = X2,

N6i cach khéc, vét (cit) clia mit phing y = k véi mit (S) 13 mét parabol
(m3t y = k song song v6i mit-xz). V&t clia mit x = k hay z = k véi (S)
I3 cac dudng thing song song véi truc Oy (ta goi |3 cac dudng ké,
rulings). Vay (S) cé dang mét long mang parabol, va la mét tru.

X y
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Duding & Mt Dao ham riéng & Sy kha vi

1.2. Mat tru va mat bac hai

Vi du
2 .2

Phac hoa mat cong z = y* — x*.

{/N
\
\
o

s\ /

=7 y

Nt — |

y

X -1
0
1 N <A 2 7 A
i Hinh chiéu cta cac vét trong mat
Cac vét trong mdt x = k x = k 1&n m3t-yz |a cac parabol

Z=y2_k2
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Dutding & Mt Dao ham riéng & Sy’ kha vi

1.2. Mat tru va mat bac hai

ZA

\ /1N .
P T

Hinh chiéu cla cic vét trong mit
y = k |én mat-xz |3 cac parabol
z=k?>—x?

Céc vét trong mit y = k
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Dutding & Mt Dao ham riéng & Sy’ kha vi

1.2. Mat tru va mat bac hai

20 N\
>/

X p
”,’\ Hinh chiéu clia cic vét trong mit

z = k [én mat-xy 13 cic hyperbol
k = y2 _ X2

l
\

Céc vét trong mit z = k
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Duding & Mit Dao ham riéng & Sy khi vi

1.2. Mat tru va mat bac hai

Hinh phac hoa clia mit z = y? — x?
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Duding & Mit Dao ham riéng & Sy kha vi

1.2. Mat tru va mat bac hai

Phan loai mat bac hai

Ellipsoid
Ellipsoid cé phuong trinh
2 2 2
X y z
2Tpta=!

Céc vét déu 13 dudng é-lip.

Trudng hgp a = b = ¢ thi Ellipsoid Ia
mat cau.
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Duding & Mit Dao ham riéng & Sy kha vi

1.2. Mat tru va mat bac hai

Cone (Nén)
Phuaong trinh mat nén la

Céc vét ngang déu 13 dudng &-lip.

//’ 7 2
X Vét ding t S mit phd = k
y o ét diing trong cdc mit phing x ,
/’//”I""w y = k, v6i k #£ 0, la cdc dudng hyperbola.
GHARRAXNA Né&u k = 0 thi vét I3 cac cip dudng thing.
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1.2. Mat tru va mat bac hai

D Elliptic Parboloid
i

) M3t Elliptic Paraboloid cé phucng trinh

W

:

Céc vét ngang 13 cac dudng &-lip.

Vét dimng 13 cic parabola.

Bién bac nhit cha phuong trinh xac dinh
truc cta mat Elliptic Paraboloid.
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Dutding & Mt Dao ham riéng & Sy’ kha vi

1.2. Mat tru va mat bac hai

Hyperbolic Paraboloid

M3t Hyperbolic Paraboloid c6 phuong

trinh
z 2y

c a2 B

Céc vét ngang 13 cac dudng hyperbola.

Vét ditng 13 c4c parabola.

Bién bac nhit cla phuong trinh xac dinh
truc ctia mat Elliptic Paraboloid.

Hinh bén minh hoa cho trudng hgp ¢ < 0.
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Duding & Mit Dao ham riéng & Sy kha vi

1.2. Mat tru va mat bac hai

Hyperboloid Of One Sheet

Mat Hyperboloid-mét-manh c¢é phuaong

trinh
X2 y2 £2

a2 p2 2

Cac vét ngang 13 cac dudng &-lip.

Vét ding |3 cic hyperbola.

N
SN
\ , 4
Q‘:‘\\\\ Truc doi xiing tuong ng vdéi bién mang

o\ A A A
LI hé s6 am.
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Duding & Mt

1.2. Mat tru va mat bac hai

Dao ham riéng & Sy kha vi

Hyperboloid Of Two Sheets

Mat Hyperboloid-hai-manh c6 phuong

trinh

X2 y2 22

2 2
Céc vét ngang trong mit z = k 13 céc
ducang &-lip khi |k| > |c|.

=1

Céc vét ding 13 cac hyperbola.

Hai d4u trir trong phuong trinh cho biét
mat cé hai manh.

GIAI TiCH B2 51/7?



GIAI TiCH B2 52/7?



Duding & Mat Dao ham riéng & Sy kha vi

1.3. Ham vectd mét bién va dudng cong

Ham vectd mét bién & Dudng cong

Ham vecto mot bién

@ Cho n ham sb mét bién fi, ..., f,. V6i mdi gia tri cla bién ¢
(thuéc mét khodng-doan nao dd), ta cb vects trong R” nhu sau

F(t) = (A1), B(L), ... (D))

Vay ta c6 ham vecto mét bién T,

o Néu cic ham sb £ c6 giGi han tai a, ta dinh nghia

I, 70 = fim AG)....fm, o)
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Duding & Mat Dao ham riéng & Sy kha vi

1.3. Ham vectd mét bién va dudng cong

Ham vectd lién tuc

Ham vects ¥ = (f, ..., f,) lién tuc tai a c6
nghia 13

(1) = (f(1), g(1), h(1))
lim 7 (t) = F(a),
t—a

7

N&u 7 13 vects vi tri cia | cling c6 nghia la cdc ham thanh phé‘;n f lién
diém P(f(t).g(t), h(t)) | tuctaia.

thi khi t thay d&i, P s&

vach ra mét dudng cong  Cé mét su lién hé gan giita ham vecto lién tuc
C trong khong gian (v8i  va dudng cong phing hodc dudng cong khéng
gid thiét rang ham vecto  gian (xem hinh bén).

T lién tuc).
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Duding & Mat Dao ham riéng & Sy kha vi

1.3. Ham vectd mét bién va dudng cong

Néu f, g, h 13 ba ham s& mét bién lién tuc trén mét doan-khoang | nio
dé, thi tdp hgp C gdbm cac diém (x, y, z) sao cho

x = f(t), y=g(t), z=h(t) (1.6)
va t thay d8i trén khodng-doan I, 13 mét dudng cong trong khéng gian.

Phuong trinh (1.6) dugc goi 1a hé phuong trinh tham s6 clia C, va t I3
tham sb.
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Duding & Mat Dao ham riéng & Sy kha vi

1.3. Ham vectd mét bién va dudng cong

Vi du

P S z N — - . 7
Phac hoa dudng cong cé phuaong trinh vecto ¥ (t) = cost i +sintj +
%
tk.

Phuong trinh tham s ctia dudng cong 13
X =cost, y=sint, z=1t

Vi x2 4+ y? = 1 nén dudng cong n3m trén mit tru
tron c6 phuong trinh x2 + y? = 1. Diém (x, y, 2)
clia dudng cong c6 hinh chiéu 18n mit-xy Ia
(x,y,0). Khi t ting thi diém (x, y,0) chay ngugc
chiéu kim ddng hd trén dudng tron x2 + y? = 1.
Vi z = t nén dudng cong xo%n b¢ quanh mat tru,
hudng 1én trén khi t tang, né cé hinh [0 xo.
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Dutding & Mt Dao ham riéng & Sy’ kha vi

1.3. Ham vectd mét bién va duong cong

Vi du

Tim phuong trinh vects biéu dién dudng cong giao tuyén clia mit tru
x? 4+ y? =1 vd mit phing y + z = 2.

y+z=2 0,-1,3)

(=1,0,2)

Se—

(1,0,2)

s AL LN NN

0.1.1)

x2+y2:1 .A“ \\ O ‘\‘\‘\“‘;
KRR
SRR/
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Duding & Mit

1.3. Ham vectd mét bién va dudng cong

Hinh chiéu cta dudng cong 18n mit-xy 13 dudng tron x> +y?> =1, z =0,
do dé ta cé thé dit

x =cost, y=sint, 0=<t=<2m

TU phuong trinh y +z = 2, ta suy ra z =2 —sint. Ta ¢6 phuong trinh
tham s0 cla dudng cong la

x =cost, y=sint, z=2-—sint, 0=<t=<2m

Va phuong trinh vectd tuong tng |a

F(t)=costi +sintj +2—sint)k, 0=<t=<2m
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Dao ham riéng & Sy kha vi

Duding & Mit

1.3. Ham vectd mét bién va dudng cong

r(t+h)—r(1)

Su kha vi va Vectd tiép tuyén

V4i ham vecto 7, ta dinh nghia

a7, T +h-T()
— = r'(t) = lim
dt h—0 h

e néu gidi han trén ton tai.

\% nghia hinh hoc dugc trinh bay trong hinh

bén. Néu hai diém P va Q cé vecto vi trf |a
H 2

7 (t) va F(t + h) tuong Gng thi PQ 13 biéu

dién hinh hoc clia 7 (t + h) — 7 (t), xem

\ nhu I3 vecto cat tuyén clta dudng cong.

¥
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Duding & Mat Dao ham riéng & Sy kha vi

1.3. Ham vectd mét bién va dudng cong

Néu h>O0th [F(t+h) —F (t)]/h cé cung huéng véi F (t + h) =T (b).
Khi h — 0, c¢6 vé nhu vecto nay tiép can véi mdt vecto ndm trén dudng
tiép tuyén. Vi ly do ndy ma 7F'(t) ducc goi vectd tiép tuyén véi dudng
cong dinh bdi 7 tai diém P, mién 13 tdn tai 7'(t) vd F'(t) # 0. Tiép
’El)yén véi dudng cong tai P 13 dudng thing qua P ¢6 vecto chi phuong 13
F'(t).

Da&i khi, ta ciing xét vectd tiép tuyén don vi dinh bdi

= P
T(t) = ‘_F/(t)}.

Dinh ly
Néu 7 (t) = (f(t), g(t), h(t)), véi f, g, h1a cic ham sb kha vi, thi

T = (F (.80 H©®) =F ()T +g(t) ] +HBkK
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Duding & Mat Dao ham riéng & Sy kha vi

1.3. Ham vectd mét bién va dudng cong

Qui tic dao ham

Né&u & v ¥ 13 hai ham vecto kha vi, ¢ 13 hing sb thuc, f 13 ham sb
thuc mdt bién kha vi, thi

o %m(t) + V)] =10+ V(0

w0 = B0

d — / —> —>/

a[f(t) u (b)) =f(t)yu(t)+ f(t)yua'(t)

d — —>/ — —> —>/
EW(t)- V()] ="d'(t)- v(t)+ u(t) v'(t)

%[Tl)(t) X V()] =u'(t) x V(t)+ U (t) x V'(t)

© 0 6 o0 o

%[7(7‘(1“))] = f'(tyd’(f (1))
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Duding & Mat Dao ham riéng & Sy kha vi

1.3. Ham vectd mét bién va dudng cong

Hé qua

A == Ix BN 2 . x| \ Y A N ~ 7.t
Néu F 13 ham vecto kha vi va ‘ ¥ (t)| = ¢ (la hang s6 doc lap véi t)
thl 7'(t) 13 vects vudng géc véi F (t), véi moi t.

Chiing minh. T gia thiét, tasuy ra [7(t)|° = 7 (t) - 7 (1) = 2 Ly
dao ham theo t & hai v&, ta dugc

T TR+ TF@)-TF'(t)=0, Vt.

Suy ra 27/ (t)- 7 (t) = 0, nghia 13 7’(t) vubng gbc véi ¥ (t).
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Duding & Mat Dao ham riéng & Sy kha vi

1.3. Ham vectd mét bién va dudng cong

Tai mét diém trén mét dudng cong khéng gian 7 (t) tron (kha vi), c6
\ . . —
nhiéu vecto cling vudng gdc vdi vecta tiép tuyén don vi T (t), ma ta don
— . . —
ctr hai hai trusng hop: Vi ‘T(t)| =1 (hang so6 doc 1ap véi t) nén T'(t)

ﬁ
vudng géc véi T (t). Do dé ta c6 dinh nghia sau

Vectd phap tuyén & Vectd phé phap tuyén (tam dich)
Cho dudng cong khéng gian ¥ (t) kha vi. Cac vecto sau

— ?'(t) — — —
N(t)=—=—— B()=T(@{)xN({)
| T'()]
lan lugt dugc goi 13 vects phap tuyén (don vi) vects phé phép tuyén.
e
. . = F/(t . .
Nhac lai rang T (t) = ‘_>/E ;‘ |3 vecto tiép tuyén don vi clia dudng
r(t

cong.
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Duding & Mt Dao ham riéng & Sy kha vi

1.3. Ham vectd mét bién va dudng cong

Hinh minh hoa cho vecto tiép tuyén, phap tuyén va phé phap tuyén clia
dudng cong

Ghi cha. Hinh trén trich trong J. Stewart, Calculus 6th, Section 13.3.
— .
Huéng cia B(t) nhu hinh trén bi ngugc, 16i in.
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Duding & Mat Dao ham riéng & Sy kha vi

1.3. Ham vectd mét bién va dudng cong

Do dai dudng cong.
Gia st mét dudng cong (trong khéng gian hodc trong mit phing) c6
phuong trinh vecto la

T () = (F(t), g(t), h(t)) hoic F(t) = (f(t),g(t)), véi a <t < b,
trong dé cac dao ham f’, g’, A’ lién tuc trén [a, b]. Hon nifa, khi t ting
tir a dén b, diém P(f(t),g(t). h(t)) (hodc 1a P(f(t),g(t))) khéng di

qua khodng ndo clia dudng cong nhiéu hon mét 1an. Khi d6, dé dai cla
dudng cong dugc dinh nghia bdi céng thiic sau

b b
L= [ Pole= [ VFOP+EOP:  (17)

b
hodc la L = / VIFOPR + [g/ (D + [0 (t)]2dt. (1.8)
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Duding & Mt

1.3. Ham vectd mét bién va dudng cong

ZA

Y tudng dé thiét lap

cdng thic tinh do dai

dudng cong &

(1.7)-(1.8) 13 lay giéi

0 han téng do dai cac
doan thang gap khic
ndi cc diém lién tiép

Y trén dudng cong, khi sb
diém dan dén vé han.
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Duding & Mat Dao ham riéng & Sy kha vi

1.3. Ham vectd mét bién va dudng cong

Cong thiic d6 dai doc 1ap véi cach tham sb héa

Mét dudng cong dudc biéu didn bdi phuong trinh vects, hay tham sb
theo nhiéu cich. Vi du, moét dudng cong don C c6 hai cach biéu dién
sau

Ti) = (t.t5t3) 1<t<?2
To(u)= (e, e, e 0<u<In2

Néu ta dung cong thic tinh dé dai dudng cong & (1.8) theo hai cach
tham s6 hoéa trén thi ta cé cung két qua.

NGi mdt cach tdng quét, sau day ta s& thiy khi cong thiic (1.7)-(1.8)
duoc dung dé tinh dé dai dudng cong, thi két qua sé déc Iap véi cich
tham s héa dudng cong.
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Duding & Mit

1.3. Ham vectd mét bién va dudng cong

Xét dudng cong C cho bdi ham vecto

T =T +80) ] +he)k
as<t<b

trong d6 7’ lién tuc va khi t ting tir a
dén b thi dudng cong dugc vé ding 1 1an
(1 nét, khong trung lai). Ta dinh nghia
ham sb db dai cung s bdi

s(t)=/a| (u)|du—[\/ ZZ —I—(%)zdu (1.9)

Nghia 13 s(t) 13 d6 dai mét phan clia C tir 7 (a) d&n 7 (t) nhu hinh bén.
Theo dinh Iy co ban ciia gidi tich (gi4o trinh gidi tich B1) thi

ds ‘_>
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Duding & Mat Dao ham riéng & Sy kha vi

1.3. Ham vectd mét bién va dudng cong

Ngudi ta thudng tham sé héa dudng cong theo dd dai cung, bsi vi
mét cich tu nhién thi d6 dai cung I3 do hinh dang dudng cong quyét dinh
va khéng phu thudc vao hé théng toa dé ndo c3. Néu dudng cong 7 (t)
cho trudc theo tham sb t va s(t) 1a d6 dai cung cho bdi (1.9), thi ta c6
thé gidi t nhu 13 mét ham bién s: t = t(s). VAy ta tham s héa lai dudng
cong (tham sb s)

C:V(s) =T ()
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Duding & Mat Dao ham riéng & Sy kha vi

1.3. Ham vectd mét bién va dudng cong

Vi du

= A 4 0 o 5 — == - =
H3y tham s6 héa lai dudng 16 xo F(t) = costi +sintj + tk theo
d6 dai cung dugc do tur (1,0, 0) theo hudng ting cla t.

Giai. Diém diu (1,0,0) tuong tng véi t = 0. Ta c6

= |7'(t)] = \/(—sin2 t)2 4 cos? t + 12 = /2

t t
do d6 s =s(t) = / ‘_r)/(u)‘du = / V2du = tv/2. Thay t = s/+/2, ta
0 0
c6 tham sb héa clia 6 xo theo dé dai cung nhu sau

_r)(t(s))zcos s l + sin — > _> iT() s>0 O

V2 2 TA
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Duding & Mat Dao ham riéng & Sy kha vi

2.1. Ham so6 nhiéu bién

Ham so hai bién

o Ham sb hai bién f 13 mét qui tic gdn mdi cip sb thuc c6 thd tu
(x,y), thuéc mét tap hgp D, véi duy nhat mot so thuc f(x, y).
Tap hop D dugc goi la mién xac dinh cia f. Mién gia tri cla f
a tap hop cac gié tri ma f c6, nghia 1a tap {f(x,y)|(x.y) € D}.

o Ta thudng viét z = f(x, y) d& hién thi gia tri cda f tai mét diém
(x, y) néi chung ctia mién xac dinh.

o Néu f ducc biéu di&n bdi mét bidu thilc ma khéng dugc chi rd
mién xac dinh, thi ta hi€u ngdm mién xac dinh cla f |3 tp hop
cac cdp so (x, y) lam cho biéu thirc ham cé nghia.
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Dudng & Mit Dao ham riéng & Sy kha vi

2.1. Ham so6 nhiéu bién

Ham sb hai bién c6 mién xac dinh 13 tap con ctia R?, mién gia tri trong R.
Do dé, ta cé thé diing so do miii tén sau day dé dién td ham sb f cé mién
xac dinh D Ia mdt phan cla mat phang xy.
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Duding & Mat Dao ham riéng & Sy kha vi

2.1. Ham so6 nhiéu bién

C6 bbn cach biéu difn mst ham sb hai bién
o Dién dat bang I5i
o Trung bang gid tri
o Di2n dat bing cong thiic dai sb

o Biéu didn bing db thi hosc cic dudng déng muc.
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Duding & Mat Dao ham riéng & Sy kha vi

2.1. Ham so6 nhiéu bién

Vi du

Ham sb trong mdi cau sau ducc biéu dién bdi cdng thic dai sb. Hay

tinh £(3,2) va tim mién xac dinh clia né.
JXx+y+1
(3) fley) =xInG2 —x) () Fixy) = XS

=
Giai
(a) f(3,2) =3In(22—3) =3In1 =0. y
Vi In(y? — x) chi xac dinh khi
y? —x >0, nghia 13 x < y?. Do d6 mién ﬁ

x4c dinh 13 {(x.y)|x < y?}. Day Ia tap
hgp cac diém n3m bén trai parabola
x = y? nhu hinh bén.
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Dudng & Mit

2.1. Ham so6 nhiéu bién

V3+2+1 6
(b) £(3.2) = = %
Biéu thiic clia ham f c6 nghia khi m3u
khac 0, biéu thic trong can khéng am. Do

dé mién xac dinh clia f 13
X +y+120, x# 1},

B4t ddng thifc x + y +1 > 0, hay

y > —x—1, md ti cc diém (x, y) nim
trén hodc phia trén dudng thing

y = —x — 1, trong khi x # 1 néi 1én ring
dudng thing x = 1 bj loai khdi mién xac
dinh.

Dao ham riéng & Sy kha vi

=
Il
—_
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Dutding & Mit

2.1. Ham so6 nhiéu bién

Dao ham riéng & Sy kha vi

Vi du. Chi-sb-lanh-cam-tinh 13 dai lugng W phu thudc vao nhiét d6 T va
van tdc gi6 v, ta viet W = f(T,v). Ham s f duoc didn ta bing bang gi3
tri sau (vi du, f(—5,50) = —15)
Wind speed (km/h)

T v 5 10 15 20 25 30 40 50 60 70 80

4 3 2 1 1 o -1 -1 -2| —-2| -3

) 0| -2 -3| 4| -5 -6 6| —-7| —8| -9 —-9|-10
o =5 -7 -9 |—-11|—-12|—-12|—-13 | —-14| —15| —16 | =16 | —17
é -10| -13 | =16 | =17 | =18 | =19 | =20 | =21 | =22 | —23 | =23 | —24
;‘- —-15| —-19 | =21 | —=23 | =24 | =25 | =26 | =27 | —29 | —30 | =30 | —31
;i 20| —24 | —27|—-29|-30 | —32| —-33 | 34| 35| —36 | —37 | —38
§ —25|—30 | =33 | =35 | =37 | =38 | =39 | —41 | —42 | —43 | —44 | —45
=30 | —36 | -39 | —41 | —43 | —44 | —46 | —48 | —49 | =50 | =51 | =52

—35| —41 | —45| —48 | —49 | =51 | =52 | —54 | —56 | —57 | —58 | —60

—40 | —47 | =51 | =54 | =56 | =57 | =59 | =61 | —63 | —64 | —65 | —67
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Duding & Mat Dao ham riéng & Sy kha vi

2.1. Ham so6 nhiéu bién

ZA

bién S
Néu ham sb hai bién I
f c6 mién xac dinh
D thi do thi cha f
13 t3p hop cic diém

(x,y, z) trong R3 sao flx,y)
cho z = f(x,y) va N
(x,y) thudéc D. Noéi
chung, dd thi nay cé
dang mit cong. X (x,y,0)

D& thi ham sb hai /xyfxy
w
I
|

GIAI TiCH B2 78/7?



Duding & Mt Dao ham riéng & Sy kha vi

2.1. Ham so6 nhiéu bién

Vi du. Ham s6 f dinh bdi f(x, y) = sinx + siny ¢ db thi nhu hinh sau
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Duding & Mat Dao ham riéng & Sy kha vi

2.1. Ham so6 nhiéu bién

Cac dudng dong miic
Céc duong dong mic cla
mdt ham sb f, c6 hai bién,
la nhitng dudng cong (trong
mit phing xy) <6 phuong
trinh f(x,y) = k, véi k la
hing sb thudc mién gis tri
cla f.

N&i c4ch khac, vét cia db thi Sl =20

ham f véi ”jét ngang z = k Tap hop cac dudng ddng miic trong

c6 hinh chi€u |&n mat-xy la = mit-xy dugc goi la contour map, mét

dudng dong miic. thut ngif cha nganh dia ly, dung d& mé t3
dia hinh trén ban do.
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Duding & Mat Dao ham riéng & Sy kha vi

2.1. Ham so6 nhiéu bién

Hinh bén trinh bay cac N
dudng ddng miic trong ban
dd dia hinh cla ndi
Lonesome, md td dd cao
cla cac vj tri khac nhau so
v3i mat nudc bién. B& mat
dia hinh xem nhu dd thi cla
ham sb hai bién.

Tuong tu, trong nganh
dia ly ciing c6 ban dé céc
dudng ding 4p (isobars),
dudng ding nhiét
(isothermals).

ee
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Duding & Mit Dao ham riéng & Suf kha vi

2.1. Ham so6 nhiéu bién

Ban db trén trinh bay cic dudng ding nhiét, mé ta nhiét dé trung binh
clia mit nudc bién trén thé gidi (d6 Celcius) vao thing Giéng, 1989.
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Duding & Mt

2.1. Ham so6 nhiéu bién

Dao ham riéng & Sy kha vi

RN Vi du
ﬁ / \\ [\ \ Hinh bén 13 contour map clia ham s6 hai

/ / bién f. Dua vao dé, hiy udc doan gia tri
>50< 0 cta f(1,3) va f(4,5).

I N N
B —
L] S
O
—

80
70

60 60 . . .

N T Giai. Diém (1,3) nim & phan giifa hai

. 2 3 4 5 X dudng déng mirc c6 gia tri z 1a 70 va 80.
Ching ta uéc doén

f(1,3) ~ 73
Tuong tu, ching ta udc doén

f(4,5) ~ 56.
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Duding & Mt

2.1. Ham so6 nhiéu bién

Vi du

Hay phac hoa vai dudng ddng miic
va db thi clia ham sb h(x,y) =
4x° + y2.

Giai. Cac dudng dong mic I3

2

2
X y

4> +y?> =k hay — + 2— =1,
X" +y ay k/a + P

v6i k > 0, md tad ho cic duong &-lip

véi d6 dai cac truc 13 Vk/2 va Vk.
Hinh bén I3 cic duong é-lip véi
k=10,25; 0,5; 0,75; ...; 4.

Dao ham riéng & Sy kha vi

/

Nang cac dudng
ddng mdc 1én d6
cao k tuong (ng
thi ta dugc cac vét
clia db thi véi mit
z=k.
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Duding & Mat Dao ham riéng & Sy kha vi

2.1. Ham so6 nhiéu bién

Ham so ba biéen

o Ham s6 ba bién, £, 13 mét qui tic gan mdi bd ba sb thuc cé thir
tu (x, y, z), trong mién xac dinh D C R3, véi duy nhit sb thuc
dugc ky hiéu la f(x, y, z).

o Ta khéng thé biéu didn db thi cia ham s ba bién béi hinh v&.
Tuy nhién ta c6 thé biéu didn cadc mit ddng mirc cla f, 13 cic
mit cong c¢6 phuong trinh f(x, y,z) = k, v6i k thudc mién gij tri
cla f.

Vi du, nhiét d6 T tai mdi diém trén mit dat phu thubc vao kinh dé x, vi
d6 y va thoi diém t. Vi the, ta cb thé viet T = f(x,y, t).
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Dutding & Mit Dao ham riéng & Sy kha vi

2.1. Ham so6 nhiéu bién

Vi du

Tim cic mat déng mic cla ham sb
ba bién f(x,y,z) = x> + y?> + 2°.

Giai. Cic m3t déng muc la

x>+ y?>+ 22 =k, k>0. Ci
phuong trinh nay mé ta ho cic mat
cAu dong tam tai gbc 0, ban kinh
Vk. Khi diém (x, y. z) chay khip
m3t cAu bat ky tam tai gbc 0 thi gis
f(x,y,z) khéng d&i.
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Duding & Mat Dao ham riéng & Sy kha vi

2.1. Ham so6 nhiéu bién

Ham so n bién

o Ham sb n bién, f, 13 mét qui tic gan mdi bd-thd-tu-n-sb
(n-tuple) thuc (x1, x2, ..., Xp), v6i duy nhit mét sb thuc
z = f(x1,x2,...,%p). Ching ta ky hiéu khéng gian Euclide R" |a
tdp hop cac n-tuple.

o M&i phan tir trong khéng gian Euclide R” c6 thé dugc ky hiéu

ngin gon 13 diém P, c6 toa d6 (x1, %o, ..., xp), hodc tucng iing
1-1 v6i mét vecto vi tri X = 55 = (x1,x2,...,X%p). Do dé, ta cé
ba cach nhin v& mét ham sb f xac dinh trén mét tap con cia R”
nhu sau:

o D6 13 ham s phu thudc n bién thuc x1., xa, . . ., Xp

o D6 13 ham s& mét bién 13 diém, z = f(P)
o D6 13 ham sb mot bién 13 vectd, z = f(X).

Ca ba céch nhin trén déu hitu dung theo tirng ngit canh.

GIAI TiCH B2 87/77



Duding & Mat Dao ham riéng & Sy kha vi

2.2. Gidi han va Su lién tuc

Dinh nghia gidi han

Cho f 13 ham sb hai bién xac dinh trén D va (a, b) 13 diém tu cla D,
nghia 13, D ludn chita nhitng diém c6 thé gin (a, b) tiy y. Ta néi ring
Gi6i han ctia f(x,y) khi (x, y) tién vé (a, b) bing L, va ta viét

lim  f(x.y) =L, 2.1
LA (x.y) (2.1)

cé nghia la véi moi s6 & > 0 cho trudc, theo dé c6 mét sb § > 0 sao
cho

néu (x,y) € Dva0 < (x—a)2+(y—b2<8th |[f(x.y)—L|<e

Nhing cach viét khac cia (2.1) I3
)!i_r;na f(x,y) =L hodac f(x,y)— Lkhi(x,y)— (a,b)

y—b
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Duding & Mat Dao ham riéng & Sy kha vi

2.2. Gidi han va Su lién tuc

Luu y ring |f(x,y) — L| 13 d& 16n sai sb giifa f(x,y) va L,
V(x — a)2 + (y — b)? 12 khodng cich giita hai diém (x, y) va (a, b). Do
dé, dinh nghta trén dugc hiéu dai khai ring sai sb gitta f(x,y) va L c6 thé
nhé thy y, mién 13 diém (x, y) d0 gin (va khdng trung) diém (a, b). Hinh
dudi minh hoa y dé

v

(x,y)
b | B
(a,b) f

0 X 0 L—e L L+eg z

V6i ¢ > 0 cho truédc, theo d6 ta tim dugc dia tron Ds tAm (a, b), ban kinh
8 sao cho moi diém trong dia tron dugc f anh xa vao khodng (L—e¢, L + ¢).
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Duding & Mat Dao ham riéng & Sy kha vi

2.2. Gi6i han va Sy lién tuc

Mt cach khdc minh hoa dinh nghia z

gi6i han 13 véi sb £ > 0 cho truéc, L+s
theo dé ta tim dugc dia tron Ds sao L,{; S

cho khi (x, y) n3m trong dia Dy thi

phan tuong Gng cha db thi n3m giita ||
hai m3t phing ngang z = L — ¢ va P : :
z=L+e 0 Ly
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Dudng & Mit

2.2. Gidi han va Su lién tuc

Dao ham riéng & Sy kha vi

D&i véi gidi han ham sb mét bién, lim f(x), thi x tién v& a theo hai
X—>a

hudng, trai va phai. Nhic lai ring gidi han lim f(x) ton tai khi va chi khi
X—>a

ton tai lim f(x) = lim f(x).
X—>a— x—>a+

D&i véi gisi han ham hai bién,  lim
(x,y)—>(a,b)

f(x,y), thi (x,y) c6 thé tién

vé (a, b) theo vd sb hudng, min 13 (x, y) vin trong mién xac dinh cda f.

Do dé

Hé qua cua dinh nghia gidi han

Néu f(x,y) — L; khi (x,y) — (a,b)
doc theo dudng cong Ci; f(x,y) — Lo
khi (x,y) — (a, b) doc theo dudng cong
Gy, trong dé Ly # Ly, thi khéng ton tai

lim f(x).
(x,y)—>(a,b) )
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Duding & Mat Dao ham riéng & Sy kha vi

2.2. Gidi han va Su lién tuc

Vi du
2_ 2

P . Y o /0 . X" =Yy A 2 .
Chiéng minh rang gidi han lim ———— khéng ton tai.
& & B D00 X+ 2 & '

2 - 2 7 7 N
Giai. Dat f(x,y) = % Trudc hét, cho (x,y) tién vé (nhung khong
X“+y

tring) (0,0) doc theo truc Ox. Khi d6 y = 0 din dén
f(x,0) = x?/x*> =1, do dé

f(x,y) =1 khi (x,y) = (0,0) doc theo Ox.

Tiép theo, cho (x, y) tién vé& (khong triing) (0, 0) doc theo truc Oy bing
cach 13y x = 0. Khi d6 £(0,y) = —y?/y? = —1, suy ra

f(x,y) > —1 khi (x,y) — (0,0) doc theo Oy.

Vi f cé hai gidi han khac nhau doc theo hai hudng khic nhau nén gigi han
da cho khéng ton tai.
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Duding & Mt

2.2. Gidi han va Su lién tuc

s
Vi dy ",
Che I &6 floey) = 0 fl
x2 + y?
Khdo st |lim  f(x,y).
(x9)—(0.0)

Hinh bén I3 dd thj ham sb f, khéng
xac dinh tai (0,0). C6 vé nhu khi
(x, y) tién dan v& (0,0) thi diém
P(X,y, f(x,y)) trén db thi khéng
tién dan v& mdt dé cao nhit dinh
nao. Sinh vién tu chiting minh
khéng tdn tai gi6i han trén.

Tuong tu, hdy khdo sat
2
lim
()= 0,0 X2 + y*

Dao ham riéng & Sy kha vi
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Duding & Mat Dao ham riéng & Sy kha vi

2.2. Gidi han va Su lién tuc

Vi du
Kh3o sat gidi h li f(x,y) véi f(x,y) 3y
ao sat gidi han im x,y)Vvéi f(x,y) = ———.
B s Y Y=gy

Giai. Véi moi (x,y) # (0,0), ta cé
3x%y x?
|F(x,y) = 0] = |ﬁ\ —3lyl 5 <3y =3VX2 +y2  (22)
X“+y X“+y

Tir d6, ta d& doan ring ton tai gidi han lim  f(x,y) =0. That vay,
(x,y)—(0,0)

cho truéc sb & > 0 tly ¥, ta thiy sb duong § = ¢/3 thda diéu sau, dua vao
(2.2),

néu 0 < /(x —0)2 + (y — 0)2 < § thi

f(x,y)—0| <38 =e¢,

nghia 13 ta dua vao dinh nghia gidi han dé ching minh

lim f(x,y) =0.
(x,y)—(0,0) (x.)
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Duding & Mat Dao ham riéng & Sy kha vi

2.2. Gidi han va Su lién tuc

Céc tinh chit b3o toan phép tinh cda gigi han (vi du nhu gidi han cla
tong bing tong cac gi6i han, néu ton tai, v.v...) trong ham sb mdt bién
cling ding cho ham s6 hai bién. Dinh ly giéi han kep ciing véy:

Dinh ly gidi han kep
Gia st
o ton tai cic giéi han  lim  g(x,y)= lim h(x,y) =1L
(x,y)—>(a,b) (.y)—>(a,b)
@ g(x,y) < f(x,y) < h(x,y), ding v6i moi (x, y) trong mét dia
tron nao do6 cé tam (a, b).

Khi dé, lim f(x,y) = L.
(x,y)—>(a,b) x.)
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Duding & Mat Dao ham riéng & Sy kha vi

2.2. Gidi han va Su lién tuc

Dinh nghia su lién tuc
Ham sb £ hai bién, x4c dinh trén D, ducc goi la lién tuc tai diém (a, b)
cé nghia la

lim  f(x,y) = f(a, b) (duong nhién (a, b) € D)
(.y)—>(a,b)

Ta néi f lién tuc trén D (hodc néi vin tit 13 lién tuc) nghia a f lién tuc
tai moi diém thudc D.
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Duding & Mat Dao ham riéng & Sy kha vi

2.2. Gidi han va Su lién tuc

Dinh Iy 1

@ Né&u cic ham sb (hai bién) lién tuc thi t8ng, hiéu, tich va thuong
(néu thuong c6 nghia) cta ching ciing |a mét ham s6 lién tuc.

@ Né&u f 13 ham sb hai bién lién tuc (hoc lién tuc tai (a, b)) va g I3
s6 mét bién lién tuc (hodc lién tuc tai f(a, b)) thi ham hop go f
la ham hai bién lién tuc (hodc lién tuc tai (a, b)).

Vi du. Ham sin I3 ham s& mdt bién lién tuc, va ham f dinh bgi
f(x,y) = x + y cling lién tuc (sé néi sau). Khi d6 ham hop
sinof (x,y) = sin(x + y) cling lién tuc.
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Duding & Mat Dao ham riéng & Sy kha vi

2.2. Gidi han va Su lién tuc

D&i v&i ham sb hai bién f lién tuc tai (a, b) thi viéc tinh gidi han cla
f(x,y) khi (x,y) tién dén (a, b) rit don gian, bing cich thé (x, y) bdi

(a, b). VAn dé d3t ra |3 nhitng dang ham ndo 13 lién tuc. Ta bst du véi ba
ham don gidn nhit

Dinh ly 2
Ham hang cling véi hai ham hinh chiéu p; va po dinh bdi

pi(x,y) = x; p2(x.y) =y,

l[a cac ham lién tuc.

Sinh vién tu kigm chiing didu trén, dua vdo dinh nghia giéi han va hai bAt
ding thic sau

x| < VX2 +y2 vl = VX34 y2
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Duding & Mat Dao ham riéng & Sy kha vi

2.2. Gidi han va Su lién tuc

Ham so cip hai bién

Céc ham so cAp mdt bién, cac ham trong dinh Iy 2, két hop véi dinh Iy
1 s€ tao ra cdc ham hai bién mdi lién tuc tai moi diém thudéc mién xac
dinh, ma ta tam goi la cdc ham hai bién so cap.

Vi du. Céc ham sb f, g sau day 13 cac ham so cip, dugc thanh 1ap theo
cach néi trén

X~y A .
f(x,y) = 2x2—+y2 f lién tuc tai (x,y) # (0,0)

gx,y)=1In (x;y2) lién tuc tai (x,y) # (0,0) sao cho x > y

2x2+y
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Dudng & Mit

2.2. Gidi han va Su lién tuc

Vi du
Khdo sat su lién tuc cha ham f va g dinh bdi
3X2y .
a) flx,y)=1x2+y2 U (x,y) # (0,0)
0 néu (x, y) = (0,0)

3x%y a
————  néu (x, 0,0
b) g(x,y) = { x> + y? oy # 0.0

2 néu (x,y) = (0,0)

Giai. Tai diém (a, b) # (0,0) thi ca f va g déu lién tuc, vi ching 13 ham
so cAp trén tap R?\ {(0,0)}. Sau day, ta khao sét tinh lién tuc tai (0,0).
Trong vi du truéc, ta di ching minh ring khi (x, y) — (0, 0) thi

f(x,y) > 0= 1(0,0) va g(x,y) > 0# 2 = g(0,0). Vay f lién tuc tai
(0,0) va g khong lién tuc tai (0, 0).
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Duding & Mat Dao ham riéng & Sy kha vi

2.2. Gidi han va Su lién tuc

Gidi han va Su lién tuc cha ham n bién

MBi phan tir (x1,....X,) cha R" c6 thé déng nhit véi diém P (c6 toa
dd (x1,...,Xpn)) hodc dong nhat véi vecto X = (x1,...,Xn). Néu xét thém
phan ti khac 13 A(ay,...,a,) hoic = (a1,...,an), ta ky hiéu

o AP =|X —a|=+v0a—a1)?+ -+ (xo — an)?
© P— A hoic X — @, cénghiala AP=|X —a|—0.
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Duding & Mat Dao ham riéng & Sy kha vi

2.2. Gidi han va Su lién tuc

Dinh nghia gidi han va su lién tuc cha ham n bién
Cho 13 mét ham sb x4c dinh trén tap hop Df, con clia R”.
@ Cho diém A, dugc ddng nhit véi vecto vi tri &, 13 diém tu cia
Dr, theo nghia Dr ludn chita nhitng diém P (ddng nhAt véi X)
gan véi diém A mét cich tly y. Khi d6, ky hiéu _lim f(X) = L,
X —>a

hoac Pli_n:A f(P) = L, c6 nghfa |3 véi moi sb & > 0 cho trudc, theo
dé tdn tai sb § > 0 sao cho
nfu X eDr va 0<|X—-3|<§ th |[f(X)-L|<e
Q Gid st A€ Dr. Ta néi f lién tuc tai A cé nghia la

_lim_f(X) = (@), hodc Jlim £(P) = f(A).

X —a
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Duding & Mat Dao ham riéng & Sy kha vi

2.3. Dao ham riéng

Dinh nghia dao ham riéng

Cho f 13 ham sb hai bién x va y. Néu ta xem y nhu hing sb va 1y dao
ham theo x, ta dugc dao ham riéng cla f theo x, ky hiéu bdi f,. Tucng
tu, ta dugc dao ham riéng cla f theo y, ky hiéu bdi f,. Néi cach khic,
fe va f, la cdc ham s6 dudc dinh bdi

f(x+ h,y)—1f(x,y)

fo(x,y) = A[po

h
. f(x,y+h —~f(x,y)
. y) = i!l—q]o h ’

mién |3 cic gidi han trén ton tai.

Tuy nhién, cdc cobng thiic dao ham mét bién van ap dung dugc néu cé
thé.
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Duding & Mat Dao ham riéng & Sy kha vi

2.3. Dao ham riéng

Cac ky hiéu ciia dao ham riéng
Né&u viét z = f(x, y), ngudi ta ciing cé nhiéu ky hiéu khac cho dao ham
riéng nhu sau

of 0z
fk=— =— =f = Dif = D,f

ox  0x ! !

of 0z
f,=—=—="f=Df=D,f
y ay ay 2 2 y

Vi du. Véi f(x,y) = x3 + x?y3 —2y?, tim £.(2,1) va £,(2,1) nhu sau:
Xem y 13 h3ng sb, 1y dao ham theo x, ta dugc

f(x,y) =3x%>+2xy3, suyra f£(2,1) =3(2%) +2(2)(1%) =16
Tuong tu, ta cé
f(x,y) = 3x%y? —4y, suyra £(2,1) = 3(2%)(1%) — 4(1) = 8.
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Duding & Mat Dao ham riéng & Sy kha vi

2.3. Dao ham riéng

Vi du
Tim £, va f, véi f dinh bdi

Xy

— 2 nd X, 0,0
oo = {7 (x.y) # (0.0

néu (x,y) = (0,0)

Giai. D& tinh £(0,0), ta dung dinh nghia

h0/(h* +0%)—0 _ 0

f(h,0) —£(0,0) ~im

£(0,0) = 1i
©,0) h@o h h—0 h

Tai diém (x, y) # (0,0), ta c6 thé xem y nhu h3ng sb va tinh dao ham
theo x nhu ham mét bién va ta dugc
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Duding & Mat Dao ham riéng & Sy kha vi

2.3. Dao ham riéng

y3—x%y

ooy = Loaayep M) #0.0
0 néu (x,y) = (0,0)

Vai trd clia x v3 y gibng nhau trong biéu thic f, ta d&i vai trd clia x va y
trong biéu thirc f, sé dugc

X3 — _)/2X .
fay)=102+x02 o (x.y) # (0,0)
0 néu (x,y) = (0,0)
Ghi chd. Thay y =0, x tuy y, ta c6 f(x,0) =0, Vx € R. Do dé

f(x,0) = 0, suy ra £(0,0) = 0 thay vi dung dinh nghia dao ham nhu
trén. Tuong tu £,(0,y) = 0.
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Dudng & Mit

2.3. Dao ham riéng

Dao ham riéng & Sy kha vi

Vi du: dao ham riéng ciia ham an

Phuong trinh x> + y® + z° + 6xyz = 1 13 phuong trinh clia mdt m3t
cong trong khéng gian Oxyz. Néu m&t manh nhd ndo dé clia mit cong
13 d& thi cia mét ham sb z = f(x,y), f 13 An ham, h3y tim 9z/9x va
dz/dy.

Giadi. Xem y nhu hing sb, 14y dao ham hai vé& clia phuong trinh theo x,
va luu y z van phu thudc x nhu 13 ham s6, ta ¢é

5 50z 0z
3x° + 3z —+6y(z—|—x—) =0
0x ax

Gidi phuong trinh trén dé tim 9z/0x, ta dudc

0z x? 4 2yz . , 0z y? + 2xz
— =—————; tuong tu ta cling c6 — = —"—F——.
dx z2 + 2xy dy z2 4+ 2xy
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2.3. Dao ham riéng

Y NGHIA CUA DAO HAM RIENG

Ta b3t dau véi vi du sau: néu f(x,y) = 4 — x> —2y? thi £(1,1) va £,(1,1)
mang y nghia gi? Ta c6

fi(x,y) = =2x, f,(x,y) =—4y, suyra f(1,1)=-=-2, £f,(1,1)=—4.

D thi cla f 13 mit paraboloid. Vét clia db thi v6i mit y = 1 1a duodng
parabola z = 2 — x?; véi mit x = 1 13 dudng parabola z = 3 — 2)°.

GIAI TiCH B2 108/7?
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2.3. Dao ham riéng

Trong m3t phing y =1, du’dng parabola Ci:z=2—x? ) c6 tiép tuyén
tai diém (1,1, 1) véi d6 dbc (hé sb goc) la f, (1 1) = —2; vét parabola
G:z=3- 2y trén mit x = 1 ¢6 tiép tuyén tai diém (1,1,1) véi d6 dbc
5 £(1,1) =
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2.3. Dao ham riéng

Y nghia hinh hoc cha dao ham riéng

Cho S 13 dé thj ctia z = f(x, y) va diém P(a, b,c) € S, véi ¢ = f(a, b).
Goi C; = SN{y = b}, xem nhu |3 db thi ham mét bién g(x) = f(x, b);
Goi G, = SN {x = a}, 13 dd thi ham mdt bién G(y) = f(a y). Vay

g'(a) = fi(a, b) va G'(b) = f,(a, b) 13 d6 dbc clia cic tiép tuyén Ti va
T2 déi véi C; va G tuong Ung, tai diém P(a, b, ¢), bén trong cidc mit
phing y = bva x = a.
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Dudng & Mit

2.3. Dao ham riéng

Dao ham riéng & Sy kha vi

Dao ham riéng cia ham n bién

Déi v6i ham nhiéu hon 2 bién, u = f(x1,x0,...,Xn), ta cling dinh nghia
dao ham riéng theo bién x; theo cich tuong tu trén
au F(X1s e Xim1, X+ Ay Xig 1, oaXn) — (X1, oo Xy e ooy Xp)

— = |lim
0X; h—0 h

Ngoai ra ta cling c6 cac ky hiéu khac

du  Of
8X,' - 8X,' -
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2.3. Dao ham riéng

Dao ham riéng bac cao

Néu f I3 ham sb hai bién, f, va f, ciing 13 cic ham sb hai bién, vi thé
cac dao ham riéng clia ching la (f)x, (f),. (f)x va (f,), dugc goi la
cac dao ham riéng cap hai. Néu viét z = f(x, y) thi ta c6 cic ky hiéu
sau

2
(F)x = fix = 1 = 8%(%) = g—x;;
Be= == 2 (3) = 2L
(f)y = fy = f2 = %(a—;) = 2272
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2.3. Dao ham riéng
Dinh ly Clairaut (cting goi la dinh ly Schwartz)
Né&u f x4c dinh trén mét dia D tAm (a, b) sao cho tdn tai hai dao ham

fy va f,x cung lién tuc trén D. Khi dé

fxy(Xa}/)=7§/x(X7}/) V(va)eD,

nghia la dao ham riéng cép hai hdn hop khdng phu thudc thif tu Iéy dao
ham theo céc bién, mién I3 ching lién tuc.

Ghi chii. Ta ciing ¢6 thé dinh nghia cic dao ham riéng cp 3 hojc cao
hon, vi du

d ( 0f ) . 03f
dy T 0y20x’
St dung dinh Iy Clairaut, néu cic dao ham riéng fayy: fyxy Va fx clng lién

tuc thi chdng bE”mg nhau (dinh ly Clairaut mé réng cho dao ham bic cao
hon).

foy = (fy)y = 3y
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2.4. Sy kha vi

Nhu d3 biét & muc 2.3, hai dao ham
riéng £ (xo0, yo) va f,(xo, yo) xem nhu
13 d6 dbc cla hai tiép tuyén Ty va
T», tuong dng véi vét
G=5N{y=yjva

G = S N {x = xp}, tai diém
P(x0, Yo, 20) trén dd thi S cla ham
s6 z = f(x, y). Trong hinh bén, ta
“c6é cam giac’ mit phing chira Ty
va T» tiép xtic véi mit cong dd thi S.
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2.4. Sy kha vi

Tuy nhién, néu ta xét vi du sau thi hinh
anh khic h3n: V&i ham sb f dinh béi

Xy 4
———— néu (x,y 0,0
foey) = |2 +y2 "N F OO
0 néu (x,y) = (0,0)

Vi du trudc day da chirng minh

£.(0,0) = £,(0,0) = 0. V&t clia hai m3t
phing ditng Oxz va Oyz véi db thi ham
f chinh 13 hai truc Oy va Ox. Tuy nhién,
hinh bén cho thy mit phing chia hai
truc nay 13 Oxy ching c6 vé gi tiép xic
véi dé thi tai diém 0(0,0,0).

20 ham riéng & Sy kha vi
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2.4. Sy kha vi

VAy su ton tai hai dao ham riéng khdng di dé ta néi mit cong db thi clia
ham hai bién c6 mit phing tiép xtc véi né. Do dé, ngusi ta dua ra khéi
niém kha vi sau day

Dinh nghia su kha vi

Cho ham sb hai bién z = f(x, y) va diém (a, b) 13 diém trong ciia mién
x4c dinh, theo nghia c6 mét dia tron tdm (a, b) n3m lot trong mién xac
dinh. Ta ky hiéu Ax = x—a, Ay =y —bva Az = f(x,y) — f(a, b).
Ta néi f kha vi tai (a, b) c6 ngha 13 ton tai fi(a, b) va f,(a, b) sao cho
Az c6 thé biéu didn dudi dang

Az = f(a,b)Ax + f,(a, b)Ay + e1Ax + e2Ay (2.3)

trong d6 e1 va &5 cling tién vé& 0 khi (x,y) — (a, b) (cling c6 nghia la
(Ax, Ay) — (0,0)).
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2.4. Sy kha vi

Y nghia cia su kha vi.
O Né&u viét lai déng thic (2.3) duéi dang

f(x,y) = f(a, b)+1(a, b)(x—a)+1,(a, b)(y—b)+e1(x—a)+ex(y—b)

thi ham tuyén tinh (bac nh4t) hai bién
L(x,y) = f(a, b) + fi(a, b)(x —a) + f,(a, b)(y — b) la x4p xi “tbt" cho
f(x,y) khi (x,y) gin véi (a, b). Him L(x, y) con goi 13 tuyén tinh
héa cla f tai (a, b).

@ Theo nghia x4p xi tbt & trén thi dd thi cla L duoc goi la mat phﬁng
tiép xiic véi db thi cta f (néi chung 13 mit cong) tai diém
P(a, b, f(a, b)). Néi cach khac, phuong trinh m3t phing tiép xiic véi
db thi clia f tai diém P I3

L(x,y)—z=0.
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2.4. Sy kha vi
Tir dinh nghiia kha vi va ddng thitc (2.3), ta d& dang suy ra

Dinh ly
Néu ham sb f kha vi tai (a, b) thi f lién tuc tai (a, b).

Trong pham vi cla gidi tich B1, chidng ta thira nhan dinh ly sau

Dinh ly (diéu kién di dé kha vi)
Néu cic dao ham riéng f, va f, ton tai trong mét 1an cin ciha (a, b) va
lién tuc tai (a, b), thi £ kha vi tai (a, b)

Chii y. VAn ton tai ham s& c6 cac dao ham riéng va cac dao ham riéng
nay khoéng lién tuc tai (a, b), nhung ham d3 cho van kha vi tai (a, b).
Ching ta sé c6 mét vi du vé ham nhu viy trong cic trang sau.
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2.4. Sy kha vi

Vi du. Ham sb f(x,y) = 2x° —I—y c6 cac dao ham riéng £ (x,y) = 4x va
f,(x,y) = 2y la cidc ham so cAp, lién tuc tai moi diém (a, b) € R?, do d6 f
kha vi moi noi.

Ta xét diém (1,1, 3) thudc dd thi caa f, £(1,1) =4, f,(1,1) = 2 va ta
c6 phuong trinh mit phing tiép xdc tai (1,1,3) 13

z=3+4x-1)+2(y—-1).

Hinh & trang sau trinh bay db thi clia f cling véi mit phing tiép xuc tai
1,1,3).

GIAI TiCH B2 119/7?



Dutding & Mit Dao ham riéng & Sy kha vi

2.4. Sy kha vi

Chiing ta thy ring khi cang nhin
gan diém (1,1, 3), mit cong db thi
chia f va mit phing tiép xdc (db thi
chia L) dudng nhu gn sat nhau hon,
do d6é méi néi

Lix,y) =34+4x—-1)+2(y—1) la
x4p xi tbt cho f khi (x,y) gin (1,1).
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2.4. Sy kha vi

Vi du
Cho ham f dinh bdi

(x% + y?)sin (ﬁ) néu (x,y) # (0,0)

0 néu (x,y) = (0,0)

fx.y) =

Ching minh £, khdng lién tuc tai (0,0), tuy nhién f vin kha tai (0, 0).

Giai. Gidi han sau ton tai

f(h,0) — f(0,0) ~ iim l(hzsin 1 )

£(0,0) = lim

h h—0 h /h2 ¥ 02
. .1
= Jim (hsin i) = .
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2.4. Sy kha vi

Dao ham riéng & Sy kha vi

.z 1
I3 do bat dang thic 0 < |hsin m‘ < |h| va dinh ly gi6i han kep. Tuong tu

£,(0,0) = 0. Néu dit Ax = x—0, Ay =y —0, Az = f(x,y) — £(0,0),
1 1 .
€1 = X sin ——— va &y = y sin ——— thi dang thdc (2.3) théa,
/X2 +y2 /X2 +y2 ( )
ddng thdi &1 va &5 ciing tién vé 0 khi (x, y) — (0,0). Vay f kh3 vi tai
(0,0). Ngoai ra

1 X 1
2x sin — cos , (x,y) #(0,0)
f(x,y) = VXi+y? x4y xRy

0 , (x,y) =(0,0).

? 1 N\
Véi day diém (M,,(—, 0)) hai tu v& (0,0) khi n — oo, ta thay vio £
2nmw neN
thi £, (M,) = —1 A £.(0,0) khi n — oco. Viy £, khéng lién tuc tai (0, 0).
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2.4. Sy kha vi

Vi phan cha ham hai bién

Gid st f kha vi tai diém (x,y) ndo dé. Ta ky hiéu dx va dy 13 hai sb
tuy y (thudng la nhd) va dit Az = f(x + dx,y + dy) — f(x, y). Theo
dinh nghia cta su kha vi, ta cé

Az = f(x, y)dx + f,(x, y)dy + e1dx + eady

trong dé 1 va g5 — 0 khi (dx, dy) — (0, 0).
Biéu thic

af af
df = dz = f(x,y)dx + f,(x,y)dy = &dx + @dy (2.4)

dugc goi 13 vi phan clia f. Néu dx va dy mang gié tri rit nhd thi

Az ~ dz (2.5)
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2.4. Sy kha vi

Nhan xét.
Néu f kha vi tai (a, b) va véi (x,y) gan (a, b), ta dit dx = x — a,
dy =y—b, Az = f(x,y) — f(a, b) thi (2.4)-(2.5) cho
f(x,y)—f(a,b) = Az ~ dz = f(a, b)(x — a) + f,(a, b)(y — b)
hay cach viét khéc 13 phép x4p xi tuyén tinh

f(x,y) =~ f(a,b) + dz, nghia la f(x,y) ~ L(x,y)

trong dé L(x, y) |a tuyén tinh héa cla f d3 dugc dé cip & sau dinh nghia
cla su kha vi.
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2.4. Sy kha vi

Minh hoa cho Az ~ dz

z

(a+Ax,b+ Ay, f(a+ Ax,b+ Ay))

surface z = f(x, y)

(a,b, f(a,b))

tangent plane

zZ— f((l, b) = fx(a’ b)(-x - d) + fv(a’ b)(y - b)

GIAI TiCH B2

125/77



Dudng & Mit

2.4. Sy kha vi

Vi du

Mt hinh nén cé ban kinh ddy 10cm, d6 cao 25cm. Gid si sai sb cha
phép do db dai khéng qua 0,1cm. Dung vi phan, h3y udc tinh sai sb khi
tinh thé tich hinh nén theo ban kinh va chiéu cao néi trén.

GIAI TiCH B2 126/77

Dao ham riéng & Sy kha vi



Duding & Mat Dao ham riéng & Sy kha vi

2.4. Sy kha vi

Giai. Ky hidu r va h 13 ban kinh d4y va chiéu cao chia hinh nén, thi thé
tich hinh nén 13 V = f(r, h) = nr?®h/3, f, = 27rh/3 va f, = nr?/3. Béan
kinh va chiéu cao do dugc 13 10cm va 25cm, bén kinh va chiéu cao chinh
xac (khdng thé biét) 13 10 + dr va 25 + dh. Khi d6, sai sb thé tich I3

|AV| = |£(10 4 dr, 25 + dh) — (10, 25)| ~ |dV/|

|dV| = |£.(10,25)dr + £,(10,25)dh| = |500” dr + 10;” dh
500J'r|dr| 10071|dh|
Gia thiét cho |dr| < 0,1 va |dh] <0,1. Do dé
|AV| ~ |dV| < ﬂ(o 1) + %(o 1) = 207

Vay sai s thé tich (dugc uéc tinh) khéng qué 20 cm® ~ 63 cm?.
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2.4. Sy kha vi

Mét cich tuong tu, ta ciing ¢6 dinh nghia sy khd vi cho ham n bién.

Dinh nghia
Cho ham sb n bién z = f(x1,...,x,) xac dinh trén D con cla R".
Xét (a1,...,an) la diém trong cha D, theo nghia cé s6 § > 0 sao cho

Virl <8, (ar+r,....,an+r) € D.Véi i = 1,n, dit Ax; = x; — aj,
Az =f(x1,...,Xn)—f(a1,...,an). Ta néi ham f kha vi tai (a1,...,an)

c6 nghia la ton tai cadc dao ham riéng f.(a1,...,an) Véi i = 1,n sao
cho Az cé dang

n

n
Az = Z fX,.(al, ..., an)Ax; + ZS,’AX,’,
i=1 i=1

trong d6 (e1,...,&n) = (0,...,0) khi (Axq,...,Ax,) = (0,...,0), hay
(x1,...,%n) = (a1,...,an).
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2.5. Quy tac mat xich va Dao ham cta ham an

Quy tac mat xich (The chain rule), hay dao ham ham hgp
Gid sl z = f(x1,...,xn) 12 ham s& nhiéu bién kh3 vi. Khi dé
QO Néui=T1,nx = gi(t), nghia la cac bién cii x; phu thuéc mot
bién méi t, va néu cdc ham g; cling kha vi thi

dz . dz dxy 0z dxz oo dz dx,
dt  Ox; dt = Ox dt dx, dt

Q Néui=T1nxi=git,..., tm), nghia 13 n bién cii x; phu thudc
vao m bién mdi tx, k = 1, m, va néu cic ham g; (m blen) ciing
kha vi thi

0z . dz 0xy dz 0xo P 0z 0x,
Otk - 0xy 0tk x> Otk 0x, 0tk

véi k=1, m.
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2.5. Quy tac mat xich va Dao ham cta ham an

Vi du

Néu z = x%y + 3xy*, trong d6 x = sin2t va y = cos t, tim dz/dt khi
t=0.

Giai. Quy tic mit xich cho
dz dzdx  0zdy
dt  dxdt Oy dt
= (2xy + 3y*)(2cos 2t) + (x* + 12xy®)(—sin t).

Khong can thiét phai thay x va y theo t, chi can biét ring khi t = 0 th
x=0vay=1. Do dé
dz

2o = 0+ 3)(2c0s0) + (0 +0)(—sin0) = 6.
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2.5. Quy tac mat xich va Dao ham cta ham an

Vi du

Néu g(s, t) = (s> — t?, t> — s%), trong d6 f 13 ham sb hai bién kha vi,
0 d

h3y chiing minh g thoéa phuong trinh ta—i + sa—i =0.

Giai. Dit x = s> — 2 va y = t? — 52 thi g(s,t) = f(x,y) va quy tic mit
xich cho

b OFdx  afdy  of of
og _ofox  ofoy O,y 4 9o
bs ~ 9xds T ayas  ax DTy, (729
dg 9 dx  ofdy  of of

og _ofox  ofoy O o4 %
bt ~axor Tayar - ax 2D Ty,

og og of of of of
t— — = (2st— — 2st— —2st— 4+ 2st— ) = 0.
5+St (Sax Say)+( 58x+58y)
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2.5. Quy tac mat xich va Dao ham cta ham an

DAO HAM CUA HAM AN

VAn dé tinh dao ham clia ham 3n d3 duoc biét qua vi du & sau dinh
nghia su kha vi, ciing nhu & phan gidi tich B1. Ta s& nh3c lai né theo cach
nhin clia quy tic mét xich (dao ham ham hop) dé di dén hai cbng thiic
(2.6) va (2.7) dugc dé cap & trang sau.

Ghi cha.

Khi thuc hanh, ta cé thé tinh toan truc tiép nhu trong vi du trudc day,
néu khdng mubn nhé hai cong thic (2.6) va (2.7).
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2.5. Quy tac mat xich va Dao ham cta ham an

Né&u F 13 ham sb hai bién kha vi, thi phuong trinh F(x, y) = 0 biéu di&n
mét dudng cong phing ndi chung. Gid sir mét phan clia dudng cong nay
I3 dd thi chia ham sb y = f(x), f 13 4n ham chua biét (diéu nay x3y ra véi
mot gia thiét cla dinh Iy ham an, khéng néu & day). Ta sé tim f/(x), tic

dy . . .
la d_y Lay dao ham theo bién x & hai vé cla phuong trinh F(x,y) =0

Ix

theo quy tic mat xich, ta dudc

dF dx dFdy 0
Ix dx = dy dx
Vi dx/dx =1 va gid st 0F /dy # 0, gidi tim dy/dx, ta dugc
oF
dy _ 9x
/ _9 __ox
f(x) = ™ oF (2.6)
dy
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2.5. Quy tac mat xich va Dao ham cta ham an

Tuong tu, néu F 13 ham sb ba bién kha vi. Phuong trinh F(x,y,z) =0
biu didn mét mit cong néi chung. Gia sk ring mdt phan clia mit cong 13
dd thi chia mét ham z = f(x, y), f 13 4n ham chua biét (diéu nay xdy ra
véi gia thiét cta dinh Iy ham an, khong dé cap & day). Ta tim 9f/dx va
df /dy. Dung quy tic mit xich, 13y dao ham theo x & hai v& phuong trinh
F(x,y.z) = 0 (xem y la hing), ta dugc
dF 0x dFdy OF 0z ax dy .
—_———t— =+ —— =0; lvuy —=1va = =0 (xe la ha
8x8x+8y8x+828x uyax Y ax (xem y ne)
Gid st 9F /0z # 0, gidi tim dz/dx, dong thdi cong thic dz/dy ciing dat
dugc theo cich tuong tu

aF oF

f Ix f Ay
ofF _ 0z _ _ox. I _0z_ oy (2.7)
dx  Ox oF dy dy dF

9z 0z
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2.6. Dao ham theo huéng va vecto gradient

Xét diém (xo, yo) 13 diém trong cia

mién x4c dinh clia ham z = f(x,y), tai
dé ta dat mét vecto don vi (c6 do dai
1) & = (a, b). Vecto don vi & ciing
duoc viét dudi dang U = (cos @, sin 8),
véi 0 13 gbéc quay tir tia Ox dén tia c6
hudng clia o, con goi 13 gbc chi hudng

e d
Cua u

Dao ham riéng & Sy kha vi

Nhic lai

. % N\ - N 7, 7,
Véi vects V # 0 thi vects don vi cling huéng véi vV 13 ¥ =

s = 1
— V.

sk
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Duding & Mat Dao ham riéng & Sy kha vi

2.6. Dao ham theo huéng va vecto gradient

Trong mit phing Oxy, diém Q'(x,y) = (xo + ah, yo + bh), véi h > 0 thay
déi, s& chay trén tia c6 gbc tai P'(xo., yo) va c6 hudng cﬁa U = (a, b).
Khodng cach giita Q'(x,y) va P'(xo,y0) 12 h (vi d& dai o 13 1). Dat
z0 = f(xp, o) va z = f(x y) Khi dé gi4 tri ham c6 luong bién thién 13
Az = z — zy. Xét hai diém P(xo, yo, z0) v Q(x,y, z) trén dd thi cla f,
dudng thing PQ c6 dé dbc 13

Az _z—2z _ f(xo+ ah yo + bh) — f(x0. y0)
h h h

Néu h — 0 (nghia 13 Q' chay dén P’) thi gii han clia d6 dbc PQ (néu cd)
s& dugc 14y 1am dé dbc cha tiép tuyén tai P theo huéng o (xem hinh
trang sau).
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Duding & Mit Dao ham riéng & Sif kha vi

2.6. Dao ham theo hudng va vecto gradient

P(xg, Yos Z0)
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Duding & Mat Dao ham riéng & Sy kha vi

Dao ham theo huéng va vecto gradient
Céc hinh anh trudc néi Ién y nghia truc quan cla khéi niém sau day

Dinh nghia dao ham theo hudéng

Dao ham theo hudng cha f tai diém (xg, yo) theo hudng clia vects
don vi U = (a, b) 13

f(xo + ah, yo + bh) — f(xo, yo)
h

D f(x0. o) = Jim

mién 13 giGi han trén ton tai.

—
Trudng hop riéng, véi @ = i = (1,0) thi D f tré thanh dao ham

rieng fi; véi ¥ = j = (0,1) thi D f tré thanh dao ham riéng f,.
Y nghia. T mét diém trén mit cong dd thi (giéng nhu bé mit ddi nai),
di v&é mdi hudng s& c6 do dbc riéng, chinh |3 dao ham theo huéng dé tai
diém dang xét.
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Duding & Mat Dao ham riéng & Sy kha vi

2.6. Dao ham theo huéng va vecto gradient

Ghi cha

Dinh nghia trén ciing 4p dung cho ham nhiéu bién véi hinh thiic sau

f(a +hu)—f(a)
h

D-f(P)=D3f(3d) = hlimo

trong d6 @ = (a1,....a,) = P(ay,...,a,) € R".
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Duding & Mat Dao ham riéng & Sy kha vi

2.6. Dao ham theo huéng va vecto gradient

Vi du, ban dd cic dudng
déng nhiét k& bén mé t3
nhiét d6 T (x, y) cla bang
California va Neveda lic
3:00PM vao mgt ngay
thang 10, 1997. Hay udc
tinh t6c d6 bién thién nhiét
dé theo khoang cach tai dia
diém Reno, khi di v& hudng CLasyegas .
Dong-Nam. 0 g

e San Francisco

S S I —
0 50 100 150 200
(Distance in miles)

o Los Angeles
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Duding & Mat Dao ham riéng & Sy kha vi

2.6. Dao ham theo huéng va vecto gradient

Giai. Vecto don vi chi hudng Déng-Nam 13 7 = %(1, —1), tuy nhién ta
khéng cin quan tam d&n biéu thic ndy. Thay vao dé, ta vé dudng thing
qua Reno, huéng vé Déng-Nam nhu trong ban dé. Téc d6 bién thién nhiét
theo khodng céch, khi hudng vé Déng-Nam, tai Reno, tic I3 D+; T (Reno),
ducc xAp xi béi tbc d6 bién thién trung binh cha nhiét do giita hai diém bj
cit béi dudng thing néi trén véi hai dudng déng nhiét T =50 va T = 60.
Khoang cich giita hai diém nay khoang 75 d3m (dya vao ti xich sb trén
ban db). Khi di vé& huéng Déng-Nam, T bién thién tir 50°F dén 60°F, cho
thdy D T(Reno) > 0, 13 téc db ting nhiét. Vay
60—-50 10

D T(Reno) ~ e = 0,13°F/d3m.
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Duding & Mat Dao ham riéng & Sy kha vi

2.6. Dao ham theo huéng va vecto gradient -

Dinh ly

N&u ham sb f kha vi tai (x,y) thi f c6 dao ham theo moi hudng clia
vecto don vi U = (a, b), va dugc tinh theo cong thiic

D4 f(x,y) = fi(x,y)a+ f,(x,y)b (2.8)

Ngudgi ta dua vao ky hiéu sau
grad f(x,y) = VF(x,y) = (f(x, y), f,(x,y)) (2.9)

dugc goi 1a vecto gradient cla f, ciing dugc goi 13 nabla cha f ho3c doc la
“del f". Khi dé céng thic (2.8) dugc viét dudi hinh thitc khac

— —
Dy f(x,y) =gradf(x,y)-u = Vf(x,y)-u (2.10)

Chi y. Cac hinh thic (2.8)-(2.10) cling dugc md réng cho ham f ¢6 n
g af af
bién, véi Vf = <8—X1, ey 8—Xn>
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Duding & Mat Dao ham riéng & Sy kha vi

2.6. Dao ham theo huéng va vecto gradient

Vi du

Tinh D f(x,y) va D3 f(1,2) néu f(x,y) = x> —3xy + 4y* va u 13
vecto don vi ¢ géc chi huéng 6 = 7/6.

Giai. Cong thirc (2.8) cho
Dgf(x.y) = flx.y) cos = + £ (x.y)sin
/3
2
1 2
— 5[3x V3-3x+ (833 ]

1
= (3x% — 3y) + (=3x + 8y)§

Vi vay

D#£(1.2) = 5[309¥3-3() + 8- 3v3))| = %ﬁ

O
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Duding & Mt Dao ham riéng & Sy kha vi

2.6. Dao ham theo huéng va vecto gradient

Dao ham D f(1,2) trong vi du
truéc dai dién cho téc do bién
thién clia z theo hudng clia o .
D6 13 d6 dbc cha dudng tiép
tuyén véi dudng cong giao tuyén
clia mit z = x> — 3xy + 4y? véi
m3t phing dimg di qua (1,2,0)
theo hudng clia @ nhu hinh bén.
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Dudng & Mit

2.6. Dao ham theo huéng va vecto gradient

CUC DAl HOA DAO HAM THEO HUGNG

Xét ham n bién f va diém X = (x1,....x,) thudc mién x4c dinh. Gia
st ton tai Dﬁf(?) theo moi hudng . Cau hdi dit ra |3 di theo hudng
ndo, gid tri cha f(X) s& thay d&i nhanh nhit, tic 13 gia tri cda DT]f(?)
16n nh4t? CAu tra 18i dugc cho trong dinh Iy sau

Dinh Iy
Giad s f 13 ham s& n bién khd vi. Gi4 tri 16n nht clia D-f(X) I3
|VF(X)|, dat duoc khi & cling huéng véi vects V(X), nghia I3 khi

u = WVf(X)
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Duding & Mat Dao ham riéng & Sy kha vi

2.6. Dao ham theo huéng va vecto gradient

Chirng minh. Goi ¢ 13 géc hop bdi U va VF(X). Tir cong thic (2.10),
ta c6
Dﬁf(T‘)) = V7((7()) U = |Vfﬁ))HTl)} cos ¢
= |[Vf(X)|cos¢p (vi [U]|=1)
< |VF(X)|

DA4u bing x3y ra khi cos¢ = 1 hay ¢ = 0, nghia I3 U clung hudng véi
VF(X), lic d6 D f(X) dat gié tri 16n nhit bing |V£(X)|. O
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Duding & Mat Dao ham riéng & Sy kha vi

2.6. Dao ham theo huéng va vecto gradient

Vi du
Cho ham sb f(x, y) = xe’. Tinh dao ham ciia f tai P(2,0) theo huéng

tir P dén Q(1/2,2). X4c dinh huéng 1am cho dao ham tai P I6n nht.
Giai. Ta c6 Vf(x,y) = (. f,) = (e, xe”); VF(P) = (1,2);
3 34

P_Q> = (—5,2); vecto don vi theo hudng % AW = (—g, g) Dao ham

. —>
cla f tai P theo hudng PQ la

Df(P) = V(P)- T = 1(— g) + 2(%) —1

Dao ham cla f tai P theo huéng VF(P) = (1,2) s& dat gi tri I6n nhit
bing |[VF(P)| = /5 O
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Dudng & Mit Dao ham riéng & Sy kha vi

2.6. Dao ham theo huéng va vecto gradient

Hinh dudi 13 contour map va db thi ctia ham f. Hinh bén phai cho thAy,
néu tai P di theo hudng VF(P) = (1,2), dd thi c6 dé dbc 16n nht.

VA 0

0 1 ;’\ 34X X Y

Nhan xét. Hinh bén tri cho “cdm giac" ring, vects VF(P) = (1,2), theo
hudng dé ham s6 cé toc do bién thién I6n nhat, 1a vecto vudng géc vdi
tiép tuyén tai P cla dudng déng mic qua P. Tai sao? ...
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Duding & Mat Dao ham riéng & Sy kha vi

2.6. Dao ham theo huéng va vecto gradient

MAT PHANG TIEP XUC VGI MAT DONG MUC

Dinh nghia cta su kha vi tai (a, b) cia ham z = f(x, y) ciing cho khai
niém mit phing tiép véi do thi (S) cla f tai P(a, b, f(a, b)), d6 2 mit
phdng db thi clia ham L(x,y) = f(a, b)(x — a) + f,(a, b)(x — b) + f(a, b).

Sau day, ta thiét 1ap khai niém mi3t phing tiép xic véi mit dong miic
clia ham 3 bién, cé phuong trinh dang F(x,y,z) = k, ciing dugc goi I3
phuong trinh dang chinh tic clia m3t cong. Db thi (S) clia ham sb
z = f(x,y) 12 mdt trudng hop riéng, dé mit ddng miic ciia ham sb ba
bién F(x,y,z) = f(x,y) — z, nghia 13 (S) : F(x,y,z) = 0.
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Duding & Mat Dao ham riéng & Sy kha vi

2.6. Dao ham theo hudng va vecto gradient

M3t phing tiép xic

© Cho ham sb 3 bién F(x, y, z) kha vi tai diém P(xo, yo. 20). Vdi
h3ng s& k = F(xo, yo. Z0), phuong tAnh F(x,y,z) = k biéu dién
mdt mit ddng mitc (level surface) (S) di qua diém P. Gia sir
VF(P) = ((P). £,(P). f(P)) # 0. Khi dé, mit phing qua P
nhan VF(P) Iam vecto phap tuyén, cé phuong trinh

K(P)(x —x0) + 1, (P)(y = y0) + (P)(z—2) =0  (2.11)

dudc goi 1a mit phing tiép xic cia (S) tai P.
Q Gia sir ham 2 bién f(x, y) kha vi tai diém P(xo, yo) va
V£ (P) # T)> Kbi do, Idubng déng miic (C) : f(x,y) = k, véi
k = f(P), c6 tiép tuyén tai P dugc dinh nghia 13 dudng thing
qua P, nhdn Vf(P) lam vects phap tuyén, va cé phuong trinh
£ (X0, Yo) (x — x0) + f,(x0, Yo) (¥ — o) = 0.
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Duding & Mat Dao ham riéng & Sy kha vi

2.6. Dao ham theo huéng va vecto gradient

Giai thich. S& di ngudi ta goi mit phing c6 phuong trinh (2.11) 13 m3t
phing tiép xtc véi (S) : F(x,y.z) = k tai P(xo. Y0, 20), k = F(P), la vi ly
do sau: véi moi dudng cong F (t) = (x(t), y(t), z(t)) ndm trong (S), va di
qua P (nghia la c6 to sao cho x(tg) = xo, y(to) o, z(to) = zg), néu
dudng cong ndy c6 tiép tuyén tai P thi tiép tuyén dé ludn vudng géc vdi
VF(P). That vay, vi dudng cong ndm trong (S) nén

F(x(t),y(t), z(t)) = 0 v6i moi t. LAy dao ham theo t & hai v& clia phuong
trinh ndy, ding quy tic mit xich, ta cé

dF dx 0Fdy O0Fdz

=0 h VF-7'(t) =0
8xdt+8ydt+8zdt nd F)

Thay t = tg, ta dusc VF(P) - F'(tp) = 0, nghia 13 vects VF(P) vudng
géc véi vects chi phuong tiép tuyén clia dudng cong tai P.

Gii thich tuong tu cho dinh nghia tiép tuyén cta dudng dong miic
f(x,y) = k. O

GIAI TiCH B2 151/7?



Dutding & Mit Dao ham riéng & Sy kha vi

2.6. Dao ham theo huéng va vecto gradient

Ngusi ciing goi dudng thing qua
P(xo, yo. 29), c6 vecto chi phuong la
VF(P), 1a dudng phap tuyén clia mit
cong (5) F(x,y,z) =k, k= F(P)
tai diém P. PhUOng trinh chinh tic cua
dudng phap tuyén nay 13

VF (x, Y0, Z0)

tangent plane

X —Xo =y—}/0 _ zZ—2
FP) — F(P)  Fu(P)

véi gia thiét cac mAu sb & trén khac 0.

Tuong tu déi v6i ham 2 bién f(x, y), dudng thing qua P(xg, yo) VOi
vecto chi phuong V£ (P) s& vudng géc véi tiép tuyén tai P cla dudng dong
muc f(x,y) = f(P).
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2.6. Dao ham theo huéng va vecto gradient
Vi du
Viét phuong trmh mit phing tidp xdc va phap tuyén véi mit ellipsoid
2
—+y —|—3—3 tai diém P(—2,1,-3).

4
Giai. M3t ellipsoid 13 m3t dong miic véi k = 3
2 2
clia ham 3 bién F(x,y,z) = XI Fy? % Ta 4
c6 VF = (x/2,2y,2z/9), suy ra 2 T
VF(P) = (—1,2,-2/3). Phuong trinh m3t 0 +
phgng tiép xtic va phap tuyén tai P 13 P T
2 -4
—1(x—|—2)+2(y—1)—§(z+3)=0
x+2 y—-1 z+43 - 0
-1 2 —% ?‘M
2 2 0
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Duding & Mat Dao ham riéng & Sy kha vi

2.6. Dao ham theo huéng va vecto gradient
Y NGHiA CUA VECTO GRADIENT

Nhu d3 biét & trudc, vects gradient tai mét diém P(xg, yo) clia ham sb
hai bién f, chi mét huéng ma theo hudng dé gis tri ham sb cé tdc dd ting
16n nhit. Hudng nay vudng gbc véi tiép tuyén tai P clia dudng ddng miic
f(x,y) = f(P). Tai diém (xo,yo, f(P)) trén mét dudng vién clia rudng bac
thang, ta di theo hudng vudng géc véi cac dudng vién rudng bac thang
(tugng trung cho dd thi chia f), ta sé 1én dinh ddi véi d6 déc cao nht.

Y V£ (X, ¥o)

N

P(xg, o)
level curve ™
o curve of
flx,y)=k steepest
0 X ascent 100
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Duding & Mt Dao ham riéng & Sy kha vi

2.7. Cuc tri khéng diéu kién

Trén db thi cia mét ham sb nhu absolute
hinh bén, cé hai dinh ddi va hai A\ "2ximum
thung liing. N&u diém (a, b, f(a, b))
13 dinh ngon dbi thi f(a, b) 16n moi
gid tri f(x, y) gan d6, ta néi f c6 cuc
dai dia phuong tai (a, b). C6 mét
dinh déi cao nhét, tai d6 f dat cuc
dai tuyét dbi, hay gia tri I6n nhit. Ta absolute minimum
ciing c6 khai niém tuong tu cho diém minimum

day thung liing.
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Duding & Mat Dao ham riéng & Sy kha vi

2.7. Cuc tri khéng diéu kién

Dinh nghia

Mét ham sb 2 bién f c6 cuc dai dia phuang (goi tit 13 cuc dai) tai
diém (a, b) c6 nghta I3 tdn tai mét dia tron T tam (a, b) bén trong mién
xac dinh sao cho: Y(x,y) € T, f(a, b) > f(x,y). Sb f(a, b) dusc goi |3
gia tri cuc dai (dia phuong) clia f. Néu bt ddng thitc diing véi moi
(x, y) thudc mién xac dinh clia f thi ta néi f c6 cuc dai tuyét dbi (hay
|3 gia tri 16n nhit) tai diém (a, b).

Néu diu bit ding thdc & trén ddi chiéu, ta cé khéi niém cuc tiéu

dia phuong, cuc tiéu tuyét dbi.

Dinh ly: diéu kién can cta cuc tri

N&u f dat cuc tri dia phuong tai (a, b) thi (a, b) 13 diém dirng (statonary
point) cla f, nghia la f(a, b) = f,(a, b) = 0.
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Dutding & Mit Dao ham riéng & Sy kha vi

2.7. Cuc tri khéng diéu kién

Néu thay f(a, b) = f,(a,b) =0
vao phuong trinh clia mit phing tiép
x(c, ta thdy m3t phing ndy nim
ngang, song song véi mat Oxy.

Chiéu dao cta dinh Iy trén khong
dang. Vi du, xét ham sb
f(x,y) = y?> — x> c6 db thi nhu hinh
bén, thi £.(0,0) = £,(0,0) = 0, nghia
13 (0,0) 13 diém dimg cda f, nhung
tai dé f khéng c6 cuc tri. Ta goi
diém dimg ndy 13 diém yén ngua
(saddle point) cla f.
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Duding & Mat Dao ham rién;

2.7. Cuc tri khéng diéu kién

Dinh ly: diéu kién da cha cuc tri
Gia st f cé cac dao ham riéng cép hai lién tuc trén moét dia tron tAm
(a, b), dong thai (a, b) la diém ding cua f. Dat

o [Bab) fyab)] 2
D(a, b) = det [@X(a’ b) @i(a’ b)] = f«(a, b)f,y(a, b) — [fxy(a, b)]

(a) Néu D(a, b) > 0 va f,(a, b) > 0 thi f(a, b) I3 cuc tiéu dia
phuong.

(b) Néu D(a, b) > 0 va fi(a, b) < 0 thi f(a, b) 13 cuc dai dia phuong.

(c) Néu D(a, b) < 0 thi (a, b) 12 diém yén ngua, nghia I3 f khéng cé
cuc tri tai (a, b).

(d) Néu D(a, b) = 0 thi ta khong c6 két ludn téng quat, tiy bai todn
cu thé ma ta xét.
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Dutding & Mit Dao ham riéng & Sy kha vi

2.7. Cuc tri khéng diéu kién

Vi du
Khao sat cuc tri clia f(x,y) = x* + y* —4xy + 1.

Giai. Sinh vién ty kiém chiing:

s C4c diém dimg clia f 13 (0,0), (1,1)
va (—1,-1).

" D(x,y) = fcfyy — fx2y = 144x%y? — 16.
(a) Vi D(0,0) < 0 nén (0,0) I3 diém
yén ngua.

(b) Vi D(1,1) = 128 va

fix(1,1) =12 > 0 nén (1,1) 13 diém
cuc tidu.

(c) Vi D(—1,—-1) =128 va

fix(=1,—1) =12 > 0 nén (1,1) ciing la
diém cuc tiéu. O

77
A

' i
\\3\! i
\

| \ i
N\ |
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Duding & Mat Dao ham riéng & Sy kha vi

2.7. Cuc tri khéng diéu kién

Vi du

Mot hop chir nhat khéng cé nﬁp, dugc lam tur 12 m? bia cling. Hay tim
thé tich I6n nhit clia hép nay.

Giai. V&i kich thudc nhu hinh bén thi thé
tich hép 13 V = xyz véi diéu kién

2xz 4 2yz + xy = 12. Tir diéu kién nay thi
z = (12— xy)/[2(x + y)], do dé6 thé tich I3

Z

12—xy  12xy — x2y?
2x+y)  2(x+y)
Tim diém ding bing cach giai hé
v y2(12 — 2xy — x?) ~0
x  2x+y? dy  2x+y)?

V =xy

v x2(12 — 2xy — y?) _0
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Duding & Mat Dao ham riéng & Sy kha vi

2.7. Cuc tri khéng diéu kién

Vi x > 0va y > 0 nén ta suy ra dugc x = y. Thay y = x vao phuadng
trinh trén ta duoc 12 — 3x? = 0, diéu ndy cho x = y = 2 va
z=(12-22)/[22+2)] = 1. Vay (2,2,1) I3 diém dirng duy nhit. Hon
nifa, vat lidu hitu han s& cho thé tich hép 16n nhit cé thé, dat duoc tai
diém dirng (2,2, 1) ma thai

Vimax = 2.2.1 = 4(m?) O
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Duding & Mat Dao ham riéng & Sy kha vi

2.7. Cuc tri khéng diéu kién

CUC TRI TUYET DOI

Ta d3 biét cic budc tim cuc tri tuyét dbi chia ham mét bién trén doan
déng [a, b]. D6i v6i ham hai bién, ta dua ra khai niém tuong tu doan déng,
dé6 13 khai niém tap hop déng trong R?, 13 tip hop chita moi diém bién
clia né. Diém (a, b) dusc goi 13 diém bién clia mét tap hop D trong R? c6
nghia |3 moi dia trdn tam (a, b) ludn ¢ diém chung véi ca hai phan: D va
phan bu R?\ D.

A I
| |
| |

- — |

Hinh anh minh hoa hai tdp  Hinh minh hoa ba tap hgp khdng déng
déng
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Dudng & Mit

2.7. Cuc tri khéng diéu kién

Tap hop D dugc goi 1a bi chan nghia [a c6 mét dia tron chia D. Néi cach
khac, tp bi chdn khéng trai dai vé tin, né bi bao quanh bdi mét dudng
tron. Ta thira nhan dinh ly sau

Dinh ly

N&u f 13 ham sb lién tuc trén mét tap D déng va bi chin trong R?, thi

f dat mét cuc dai tuyét déi tai (x1,y1) € D va dat mét cuc tiéu tuyet
dbi tai (x2, o) € D.

Trong dinh Iy trén, néu (x1, y1) khéng n3m trén bién clia D (khéng 13 diém
bién clia D) ma n3m & mién trong (I3 diém trong cla D) thi (x1, y1) phai

3 diém dimng clia f (néu ton tai cac dao ham riéng chia ). Tuong tu cho

diém (xo, y»). Do dé ta 6 cic budc tim cuc tri tuyét déi nhu sau
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2.7. Cuc tri khéng diéu kién

Cach tim cuc tri tuyét dbi
D& tim cuc tri tuyét déi cia mdt ham sb £ lién tuc trén mdt tap D déng
va bi chdn trong R2:
Q Tinh céc gi4 tri cha f tai cac diém dirng bén trong D.
Q Tim cuc tri tuyét dbi ctia f & trén bién cla D.
Q Gié tri 16n nhit va nhé nhét trong 56 céc gid tri 6 cac budc 1 & 2
la cuc dai tuyét doi va cuc tiéu tuyét doi cha f trén toan D.
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2.7. Cuc tri khéng diéu kién

Vi du

Tim cuc dai tuyét dbi va cuc tidu tuyét déi clia f(x, y) = x* —2xy + 2y
trén hinh chit nhat D = {(x,y)|0 <x=<3,0=y< 2}.

Giai. Vi f 13 da thitc, ham so cap hai "o, 2o

bién, nén lién tuc trén D. Hon nita hinh  (0,2) ’ @. (3,2)
chir nhat D bi chdn va déng, do d6 f c6

max va min trén D. L, L
Budc 1: sinh vién tu kiém ching £ ¢6

mét diém dirng duy nhit bén trong D 13 (0:0) L (3,0) x

(1,1 vaf(1,1)=1.
Budc 2: trén canh L ta ¢6 f(x,0) = x2, suy ra
max f(x,00=3%2=9 min f(x,0) = 0% =0.
1 1
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2.7. Cuc tri khéng diéu kién

Trén canh Ly thi f(3,y) =9 —4y, suy ra
max f3,y)=9-40)=9
2
min f(3,y) =9-4(2) =1
2
Trén canh L3 thi
f(x,2) =x>—4x+4=(x—2)% suyra
max f(x,2)=(0-272%=4
3

min f(x,2)=(3-2?2=1.
3

Trén canh L4 thi f(0,y) = 2y, suy ra
max f(0,y)=22) =4
4

rrzin f(0,y) =2(0) =0.

4

Budc 3: so sdnh cac gia tri 6 budc 1 & 2 thi max f(x,y)=1(3,0) =9 va
m[;nf(x,y)zf(0,0)zf(2,2)=0. O
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2.8. Nhan tir Lagrange: cuc tri cé diéu kién

CUC TRI CO MOT DIEU KIEN

Trong mét vi du trudc ddy, ta tim thé tich I6n nhit, V = xyz, cta hép
chit nhat khéng cé nip véi mdt diéu kién 2xy + 2xz 4+ yz = 12. Diéu kién
ndy ndi rang vat liéu 1am hép chi c6 12 m? bia ciing. Trong muc nay, ta
xét bai todn dang dé

@ Tim cuc tri cla ham 3 bién f(x,y,z) v6i mbt diéu kién
g(x,y,z) = k, k 13 hing sb.
@ Tim cuc tri clia ham 2 bién f(x, y) véi mdt diéu kién g(x, y) = k.

Lagrange dua ra mét phuong phap gidi quyét bai toan trén, duoc goi 13
phuong phdp nhan t Lagrange.
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2.8. Nhan tir Lagrange: cuc tri cé diéu kién

Co s6 hinh hoc cta phuong phdp nhan
tlr Lagrange dudc giai thich d& hon trong
truong hgp hai bién: tim cuc tri cha

f(x,y) véi mdt diéu kién g(x,y) = k,
nghia 13 diém (x, y) bi han ché trén

dudng cong g(x,y) = k, (x,y) khéng gx,y
chay tu do trong mit phing. Hinh bén
trinh by cic dudng ddng mic

f(x,y) =c, véi c = 7,11, va dudng
cong mau xanh g(x,y) = k.

Khi (x, y) chay trén dudng xanh, gia tri ¢ = f(x, y) thay déi. Cé vé nhu
khi (x,y) = (x0, y0) lam cho ¢y = f(xg, o) 1a cuc dai, thi tai d6 dudng
xanh va dudng ddng mic tidp xtic nhau. Néi cich khac, tai diém (xo, yo),
vecto phap tuyén cta dudng xanh va dudng dd ciing phuong, nghia 13 ¢6
s6 A sao cho Vf(xo, yo) = AVg(x0, yo). S8 A ducc goi 13 nhan tir
Lagrange.
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2.8. Nhan tir Lagrange: cuc tri cé diéu kién
Co s6 hinh hoc clia phuong phap nhan td Lagrange & trén chi c6 tinh truc
quan. Lap ludn chinh xdc & trong phan chiing minh cla dinh ly sau
Dinh ly: Diéu kién can cita cuc tri c6 diéu kién
N&u ham sb 3 bién f(x, y, z) kha vi va dat cuc tri tai P(x, yo. 20) v6i mdt

A —
diéu kién g(x, y,z) = k, trong dé ham g ciing kha vi va Vg(P) # 0,
thi tdn tai nhan t& Lagrange A sao cho

Vf(x0, 0, 20) = AVg(x0, y0. 20)-
D&i bai toan hai bién, két qua ciing tuong tu.

Chdng minh. Goi (S) l1a mit cong g(x,y,z) = k thi P € (S). Véi dudng
cong bat ky (C) : 7 (t) = (x(t),y(t),z(t)) nam trong (S) va di qua P khi
t = to, nghia 13 7 (to) = (0. yo. Zo), thi ham hop

h(t) = f(x(t),y(t),z(t)) dat cuc tri tai tg. Theo dinh ly Fermat ctia ham
mdt bién thi
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0= h/(tg)
= f(x0, Y0, 20)X (to) + f,(x0, Y0, 20)y’ (to) + f2(x0, Yo, 20)Z’ (t0)
= V£ (x0, ¥0, 20) - ' (to)

Diéu nay cho thiy vecto V£ (xg, yo. 20) vudng géc véi tiép tuyén tai P cla
moi dudng cong (C) ndm trong mdt (S), nghla la VF(xo, yo, 20) cung
phuong véi vecto phép tuyen clia mit phing tiép xiic véi (S) tai P, tic 13
Vg(xo. ¥0. 20). VAy c6 sb A sao cho

Vf(x0. ¥0. 20) = AVg(x0, yo0. 20) O
Can cr vao dinh ly trén, ta c6 cich dé tim cuc tri tuyét déi (dugc gid su

rang ton tai) trén mit cong cla ham s6 3 bién, hodc trén dudng cong cla
ham s6 2 bién
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2.8. Nhan tir Lagrange: cuc tri cé diéu kién

Phuong phap nhan ti Lagrange

Cho hai ham sb 3 bién f v g kha vi. Dé tim cuc tri tuyét dbi cta f
(dugc gid st rang ton tai) trén mit cong (S) : g(x,y,z) = k, ta thuc
hién cac budc sau

(a) Tim tAt ca cac gia tri cba x, y, z va A sao cho
Vf(x,y,z) = AVg(x,y,z) va g(x,y,z) =k

(b) Tinh céc gid tri cla f tai cic diém (x,y, z) tim dugc & budc (a).
Gid tri I16n nhat (nhd nhat) trong s6 cac gia tri nay chinh la cuc
dai (cuc tiéu) tuyét doi cla f trén mat cong (S).

Trong trudng hop hai bién, cich lam tuong tu.
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2.8. Nhan tir Lagrange: cuc tri cé diéu kién

Vi du

M6t hdp chit nhat khéng c6 ndp, duoc 1am tir 12 m? bia citng. Tim thé
tich I6n nhat ctia moét hép nhu vay.

Giai. Su ton tai cha gid tri 16n nhit cha thé tich V = xyz véi diéu kién
g(x,y,z) = 2xz 4+ 2yz + xy = 12 la diéu tu nhién, vi véi vat liéu bia cling
hitu han, khong thé nao lam thé tich 16n tuy y, ma chi dat mot thé tich toi
da can tim.

Trudc hét ta giai hé

Vi=Age V, =g, V.=1g;; g=12 hayla

yz =212z +y) (1)
xz = M2z + x) (2)
xy = A(2x + 2y) (3)
2xz +2yz + xy =12 (4)
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2.8. Nhan tir Lagrange: cuc tri cé diéu kién

Khéng c6 phuong phap téng quat dé gidi hé trén, ma déi khi phai ding
truc gidc. Nhan (1) véi x; (2) véi y; (3) véi z ta dugc

xyz = A2xz + xy) = AM2yz + xy) = A(2xz + 2yz) (5)
Néu A = 0 thi tir (1)-(3) s& cho xy = yz = zx = 0, diéu ndy mau thun
Vi (4). Do dé & # 0, va tir (5) ta suy ra xz = yz, xy = 2xz. Hon nita
X, y, z>0nén tasuy ra x = y = 2z, thay tit c vao (4) ta dugc

4z2+4z2—|—422=12:>z=1véx:y:2

Thé tich 16n nhit cAn tim 13 Vipax = 2.2.1 = 4m?3. O
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2.8. Nhan tir Lagrange: cuc tri cé diéu kién
CUC TRI CO HAI DIEU KIEN

Ta xét bai toan tim gia tri I1én nhit holc
nhé nhit clia ham sb 3 bién f véi hai diéu
kién g(x,y.z) = k va h(x,y,z) = c. V&
mit hinh hoc, diéu nay cé nghia 13 khi
diém (x, y, z) chay trén dudng cong giao c_—+
tuyén C clia hai mit cong g(x,y,z) = k V Vh

v h(x,y,z) = c (hinh bén), vi trf ndo ciia it

(x.y.2) 13m cho f(x, y, z) dat gid tri 16n a=k

nhit (ho3c nhd nhit)?

Gid st vi tri d6 13 P(xo, yo, Z0), thi theo chitng minh cla didu kién cin cuc
tri c6 diu kién & trudc, V£ (P) vudng gbc véi (tip tuyén chia) C tai P,
dbng thdi Vg(P) va Vh(P) ciing vay. Diéu nay cho thiy ba vecto déng
phing. Do d6 ton tai hai nhan tir Lagrange A va 1 sao cho

\VF(P) = AVg(P) + uVh(P)|

h=c Vg
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2.8. Nhan tir Lagrange: cuc tri cé diéu kién

Vi du '

Tim gia tri 16n nh4t va nhd nhit (ndu c6) cta 31
ham sb f(x, y, z) = x+2y+3z trén dudng cong
giao tuyén cha mit phdng x—y+z=1vamit 27 EaRmREE
tru x% + y2 = 1.

[/sfsla]
T
|

Giai. Dudng cong giao tuyén (xem hinh bén) I3 04
tap hop déng (vi mdi diém thubc dudng cong déu a
3 diém bién clia n6), ddng thai bi chin trong R3. _; |
Hon nita ham s £ lién tuc nén f cé max vd min

trén dudng cong nay. Diéu kién Lagrange I3 -2
Vf =AVg + uVh, do dé ta gidi hé -1 0 1

[ElSist
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2.8. Nhan tir Lagrange: cuc tri cé diéu kién

1=A4+2xu (6)

2=—-A+2yu (7)

3= (8)

x—y+z=1 (9)

XX 4+y?=1 (10)

Thay A =33 (8) vao (6)-(7), ta dugc xpu = —1 va 2yu =5, suy ra
x = =1/ va y =5/(2u). Thay tit ca vao (10), ta dugc
1 25 29 /29
T | 2 -7 =47
2 +4,u,2 —H y 2
+2 F5 7
Dodé (x,y)=(—,— ). Tu (9 tasuyraz=1-x+y=1F —.
(x.y) (\/2—9 @) (9) ta suy y 75

Tinh f tai cac gid tri nay, ta c6 maxf va minf 1a 3 & +/29. a
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