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Bai toan luong cwc dai
Maximum Flow Problem
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NOI DUNG

= Bai toan luong cwc dai trong mang.

= L&t cat, Puwdng ting ludng.

= Pinh ly ve luong cwe dai va lat cat hep nhat.
* Thuat toan Ford-Fulkerson
* Thuat toan Edmond-Karp.
= Cac wrng dung
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L. R. Ford; D. R. Fulkerson (1962). Flows in
Networks. Princeton, NJ: Princeton University Press.
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Lester Randolph Ford, Jr (1927 ~)

Lester Randolph Ford, Jr. (born September 23, 1927), son of
Lester R. Ford, Sr., is an American mathematician
specializing in network flow programming. His 1956 paper
with D. R. Fulkerson on the maximum flow problem
established the maxflow-mincut theorem.
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Delbert Ray Fulkerson
(August 14, 1924 - January 10, 1976)

Delbert Ray Fulkerson was a mathematician who co-
developed the Ford-Fulkerson algorithm, one of the most
used algorithms to compute maximal flows in networks.

“*Ph.D, Univ. of Wisconsin-Madison, 1951.

“*In 1956, he published his famous paper on the Ford-
Fulkerson algorithm together with Lester Randolph
Ford.

“*In 1979, the renowned Fulkerson Prize was established
which is now awarded every three years for outstanding

papers 1n discrete mathematics jointly by the
Mathematical Programming Society and the American
Mathematical Society.
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Network Flows

Ravindra K. Ahuja, Thomas Magnanti and James Orlin. Network
Flows. Prentice Hall, 1993.
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MANG (Network)

Mang 1a d6 thi c6 huwéng G = (V,E) :

= C6 duy nhat mot dinh s khong c6 cung di vao goi
la dinh phat (nguén) va duy nhat mot dinh ¢
khong c6 cung dira goi la dinh thu (dich).

= Mbi cung e cua G dugce gan voi mot so khong am
c(e) duoc goi la kha nang thong qua cua e.

Vi du:
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LUONG TRONG MANG

Dinh nghta. Ludng f trong mang G=(V,E) 1a phép gan sb f(e) cho méi canh e ( fie) dwoc goi la ludng trén canh e) thoa
man cac diéu kién:
1) Han ché vé kha ndng théng qua (Capacity Rule):

Vé&i mdicung e, 0 < f(e) < c(e)

2) Diéu kién can bang lubng (Conservation Rule): V&i mbi v # s, ¢

D, fle=) fle)

ek (v) e€E™ (v)
trong do6 E-(v) va E*(v) twong rng la tdp cac cung di vao va di ra khoi
dinh v.

Pinh nghia. Gia tri ctia ludng 1 1a
(*)
val(f)= D, fle)= D, f(e)

e€E™ () ecek (1)

(Pang thirc (*) thu dwoc bang cach cong tat ca cac diéu kién can bang ludng.)
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LUONG TRONG MANG - Vi du

Vi du:

" Trong 2 s6 viét bén mo1 canh: gia tri ludng trén canh la s6 mau
do, s con lai 1a kha nang thong qua.

= Cic dicu kién 1) va 2) duoc thoda man => £ 14 ludng trén mang.

* Gia tri luong 1a:

8= fls,v) + f(s,u) + fs,w) =f(v,t) + f(w, 1) + f(z,1)
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Bai toan luong cwec dai

Ludng trong mang G dwoc goi
la luéng cwc dai néu trong so
tat ca cac luong trong mang G
né la luéng cé gia tri I&n nhat

Bai toan tim luong cwc dai
trong mang G dwec goi la bai
toan luéng cuwc dai

Lubng cuc daicégidtril0=4+3+3=3+3+4
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Mang

Mang: G=(V,E,s, t,c).

= (V, E) = do thi c6 hwéng, khéng ¢oé cung lap.

* C6 hai dinh dic biét: s = phat/nguon (source), t = thu/dich (sink).

= c¢(e) = kha nang théng qua (capacity) cua cung e.

/Qj\
10 4
> ° :<3>\
- > 4
Capacity — 15
4
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Ludng

Luong tir s dén t 1a ham f: E - R thoa man:

* V&iméie€ E:

0 < fle) <c(e)

(han ché kntq)

" VéimdiveV-{s1: Y fle)= ) f(e (can bang
|u6ng) e vao v e rakhodi v
Y fle= 3  fwy) D flo:= 3  fow
ecE (v) w:(w,v)EE e€E™ (v) w:(v,w)EE
5
. \ .
10 15 0 10
0 y 4 \ 4
s 5 »(3) 8 ~(6) 10
\ | .
kntq | .5 50 10
Capacity 0 \\\\\\\\r
ing /- \Q_ %
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Ludng

Bai toan luong cwc dai: Tim luong c6 tong luong trén cac canh dira
khaoi dinh phat la I&n nhat:

val(f)= D fle) = D, f(e)

e€E™ ()
2
. \
10 4 4
0 ) 4
= ° :<3>\
kntq —___ > 15 4 0
Ludng >0
4
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Ludng

Ludng c6 gia tri 24 trong mang:

s 5 3 ~6) 10
\ 1 10
Knt 15 4 0 6 150 10
"qf.“ \ Gia tri = 24
Ludng 4 30 (7
11
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Ludng

Ludng co6 gia tri 28 trong mang:

10 40 15 150 10
4 ) 4 8 \' 9
s 5 -(3) 8 ~(6) 10
\ 4 o 10
4 0 6
kntq — 15 10 ————
Gia tri = 28
/’ 14 :
Luong 4 30 (7
14
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Ludng trong mang

Mang

truyén thong

Pinh

tram giao dich,

Cung

cap noi, cap quang,

Ludng

voice, video,

may tinh, vé tinh packets
mang dién cong, registers, day dan dong dién
processors
co khi joints rods, beams, springs | heat, energy
s ho chira, tram bom, Z dong nwérc,
thuy loi A . dwong ong £ox2
nguon nwéc chat long
tai chinh nha bang giao dich tien
: n san bay, ga tau, dwéng cao toc, ray, hang hoa’.A
giao thong 20 16 dwena ba phwong tién,
glaofc g bay hanh khéch
hoa hoc sites bonds energy
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Ludng trong mang

Mang

communhnication

Pinh

telephone exchanges,

Cung

cables, fiber optics,

Ludng

voice, video,

computers, satellites | microwave relays packets
circuits gates, registers, wires current
processors
mechanical joints rods, beams, springs | heat, energy
: reservoirs, pumping o . .
hydraulic S e e pipelines fluid, oil
financial stocks, currency transactions money
: airports, rail yards, highways, railbeds, frelght,
transportation i : : vehicles,
street intersections airway routes
passengers

chemical

sites

bonds

energy
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Cac irng dung/qui dan

" Network connectivity.
= Bipartite matching.

* Data mining.

* Open-pit mining.

= Airline scheduling.

" Image processing.

" Project selection.

= Baseball elimination.

Toan r&i rac — Fall 2005

Network reliability.

Security of statistical data.
Distributed computing.
Egalitarian stable matching.
Distributed computing.

Many many more . ..

NGUYEN BU'C NGHIA
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Lat cat — Pwérng tang luong




Lat cat (Cuts)

Lat cat 1a cach phan hoach tap dinh (S, T) saochos €S, te T.
* Kha nang théng qua cap(S,T) cla lat cat (S, T) la so:

cap(S,T) = Z c(e),

eeS—T

trongdo S— T :={(v,w)eE:veS,weT}

Lat cat nhé nhat (hep nhat) 1a 1at cat véi kntq nhé nhat.

9 ®

10 15 15 10

15

kntq = 30

4
5 —Q®) 8 ® 10 ®
4
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Lat cat

Lat cat (S, T4), S:={s,2,3,4}, T={5,6,7,t) c6 kha nang théng qua 62:

Toan r&i rac — Fall 2005

N
15 15
8
6 15

30 »(7)

10

10 ®

10

cap(S,.T,)= 62

NGUYEN BU'C NGHIA
B6 moén KHMT

23



Lat cat

Lat cat (S,, T,), S,={s,3,4,7}, T,={2,5,6,t) c6 kha nang théng qua 28:

10

S

10
NLY cap(S,,T,) =28
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Ludng va lat cat

B6 dé 1. Gia sirf 1a ludng, va (S, 7) 1a lat cit. Khi a6 gia tri luong
chay qua lat cat chinh bang gia tri caa luong:

=D, f(e) =val(f)

e€E™ (s)

trong do S — T = {(v,w)EE: v€S, weT} va T- § = {(vyw)EE: v€T, w €S}

6
/@ 9 ®
10 6
Gia trj = 24 0
: 10 4 4 15 150 10
4 8 8
5 —®) 8 ® 10 ®
0 10
15 4 0 6 15 0 10
10\@
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Ludng va lat cat

B6 dé 1. Gia sirf 1a ludng, va (S, 7) 1a lat cit. Khi d6 gia tri luong
chay qua lat cat chinh bang gia tri cia luong:

6
9 20,
Gia trj = 24 N 0 y
15 15 0 10
8 8
8 10 ®
0 10
30 10)
10
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Ludng va lat cat

Bo dé 1. Giasirfla luong, va (S, 7) 1a 1at cat. Khi d6 gia tri luong
chay qua lat cit chinh bang gia tri cua luong

6
9 ®
10 0 6
Giatri=24 10 ? 4 15 15 0 10
4 8 8
5 > 8 »(6) 10
0 10

10
30

—q1 N
v
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Ludng va lat cat

Chirng minh b6 dé: Gia str f 1a ludng con (S, T) la 1a cat. Khi do
D fle- ) fle) =) [fle) =val(f)

eeS—>T eel— S e€E" (s)

CM. Cdng tat ca cac rang budc can bang luéng theo moi veS, don
gian biéu thirc ta thu dworc:

0=3( 3 fle)- 2 f(e)

VES e€E" (v) e€E” (v) @
=2 f@-| X fle- Y fl) ">
e€E™ (s) ecS—>T eET—> S
tbng theo cac t6ng theo cac
cung xanh cung tim S T

ttr d6 suy ra dang thirc can chirng minh
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Ludng va lat cat

Bo dé 2. Gia st flaludng, con (S, T) la lat cat. Khi dé, val(f)< cap(S, T).

CM.

val(f)

> fle- Y fle

eeS—>T ecT— S

> f(e)

ecS—-T

D, (e

eeS—>T

= cap(S,7T)

IA

IA
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Luong cwc dai va lat cat nhé nhat

" Max Flow and Min Cut

Hé qua. Gia st f la luong, con (S, T) la lat cat.
f la luébng cwc dai con (S, T) la Iat cat hep nhat.

Néu val(f) = cap(S, T), thi

CM. Xét ¥ 1a ludng bat ky va (S’,T’) la lat c&t bat ky. Theo b dé ta c6

val(f’) < cap(S,T) = val(f) < cap(S’,T’).

10
10

kntq cua lat cat = 28

Gia trj luong = 28

Toan r&i rac — Fall 2005
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Dinh ly vé luong cwc dai va lat cat nhé nhat

Max-Flow Min-Cut Theorem

Dinh ly (Ford-Fulkerson, 1956): Trong mang bat ky, gia tri cGia luong
cwc dai luén bang kha nang théng qua cua lat cat nhé nhat.

* Proof (mudén horn).

10
10

Flow value = 28

Cut capacity = 28
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Y twéng thuat toan

Thuat toan tham lam:
= Bat dau tir luong 0 (Ludng cé gia tri = 0).
* Tim dwérng di P tir s dén t trong dé méi cung thoa man f(e) < c(e).
* Tang luong doc theo dwéng di P.
= Lap lai cho dén khi gap bé tac.

o
© h~O
o

NN

Luong c6 gia tri = 0

NGUYEN BU’'C NGHIA
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Y twéng thuat toan

Thuat toan tham lam:
= Bat dau tir luong 0 (Ludng cé gia tri = 0).
* Tim dwérng di P tir s dén t trong dé méi cung thoa man f(e) < c(e).
* Tang luong doc theo dwéng di P.
= Lap lai cho dén khi gap bé tac.

4 4
H 10 K 10 E 10
s 10 @/ 13 O 1o\=®

PO pO

Gia tri luong = 10

NGUYEN BU’'C NGHIA
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Y twéng thuat toan

Thuat toan tham lam:
= Bat dau ttr luong 0 (Luong c6 gia tri = 0).

* Tim dwdng di P tir s dén t trong dé moéi cung thoa man f(e) < c(e).

* Tang luong doc theo dwéng di P.
= Lap lai cho dén khi gap bé tac.

0
4 0 4
4
10 10 10
s 10 =<2>/ 13 *3) 10 > t

Thuat toan tham lam cho luéng vé&i gia tri 10.

Toan r&i rac — Fall 2005
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Y twéng thuat toan

=D A m

«‘»Thuat toan tham lam khong cho |oi giai toi wu. TT tham lam:
Gia trj luong = 10

0

4 4

10 10 10
@/10 =@/ 13 10 <

Toi wu:
Gia tri luong = 14

PO pO
o

) 4
@

4
4

4

4

10 6 10
@410 & ® m\@
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Do thi ting luong — Pwdng ting luong
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Po6 thi tang luong — Tap cung

Mang da cho G = (V, E).
* Ludng f(e), e € E.
= Cunge=(v,w) €E. @

D6 thi ting luong: G; = (V, E;).
= “thu lai" luéng da gtri.
= Ei={e:f(e)<c(e)}u{er:f(e)>0}.

= Kha nang théng qua @

c(e)- f(e) néu e€kE
Cf (e) — A R
f(e) néu e €FE

~— Kntq

e = (u,v) = eR=(v,u)

Toan r&i rac — Fall 2005
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P6 thi tang luong - Vi du

Po thi tang Iuong Gs= (V, E;). cf(e) :{c(e)' f(e) néu e€kFE

f(e) néu e" ek

= E;={e:f(e)<c(e)} U {eR:f(e)> 0}.
= c¢e) cho biét lwgng I&n nhat c6 thé tang ludong trén cung e.

= c¢er) cho biét Iwong I&n nhat cé thé giam luéng trén cung e.

0
4 0
0 4
O/ // ) 10 10
*2) 13 *3) 10 aC:
/QD\ 4
4
r/ )
10 =\\3J< 10 t
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Pwdng tang luong

Pwéng tang luong = dwong di tir s dén t trén do thi tang luong G..
Kha nang thong qua cua duwong di P la
c/(P)=min {c;(e):e € P }.

1N
TN

)
®\

S

NP
Zs/h

N
#
P
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Pwdng tiang luong

Pwdng tang luong = dwdng di tir s dén t trén do thi tang luong.
* Luong la cwec dai < khéng tim dwoc dwdng ting luong???

<
e

4
4 4
4 4
4 6 10
13 »3) 10 g

Gia trj luong = 14

\>@@\

4
4
6 3 10 t
7
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Dinh ly vé luéng cwc dai va lat cat nhé nhat

Dinh ly dwong téng luong (Ford-Fulkerson, 1956): Luong la cwc dai khi
va chi khi khéng tim dwo'c dwéong tang luong.

Dinh ly vé luong cwc dai va lat cat nho nhat (Ford-Fulkerson, 1956): Gia
tri cua luong cwc dai bang kha nang théng qua cua lat cat nhé nhat.

Ta sé chirng minh dinh ly tong hop sau:

Dinh ly. Gia st f 1a luong trong mang. Ba ménh dé sau la twong dwong

(i) Tim dwore lat cat (S, T) sao cho val(f) = cap(S, T).
(ii) f 1a luong cwc dai.
(iii) Khéng tim dwoc dwdng ting luong f.

Toan r&i rac — Fall 2005 NGUYEN BUC NGHIA
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Chwrng minh dinh ly

Chirng minh.

(i) = (i)

= Suy ttr hé qua cua B6 deé 2.

(i) = (iii)
* Chirng minh bang lap luan phan deé (contrapositive): Néu tim dwoc
dwdng tang thi f khong l1a luong cwe dai.
* Thwe vay, néu tim dwoc dwérng tang P, thi ting luong doc theo P
ta thu dwoc luong f’ véi gia tri I&n hon.

Toan roi rac — Fall 2005 NGUYEN BUC NGHIA
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Chwrng minh dinh ly

(iii) = (i)

= Gia thiét: f 1a luong va G; khéng chira dworng di tir s dén t.

= Goi S la tap cac dinh dat t&i dwoc tir s trong Gs.
* Theo dinh nghia s € S, va theo gia thiétt ¢ S

* Taco

fle) =0, e € T-S,
fle) =c(e), e € ST

= Twrdoé suyra

val(f)

Toan r&i rac — Fall 2005

Mang da cho G
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Thuat toan Ford — Fulkerson

Tang luong f doc theo dwdng ting P

Augment (£, P)

b « c.(P) ,

FOR e € P DO VI du

IF (e € E) THEN // canh thuén
f(e) « £(e) + b

ELSE // canh nghich

f(ef) « f(e) =D
RETURN £ Thuat toan Ford-Fulkerson

Ford Fulkerson(G,c,s,t);

FOR e € E DO // Khéi tao ludng 0
f(e) « 0

G, « dd thi tdng luédng f

WHILE (tim duoc dudng tdng ludng P) DO
f « augment(f, P)
Stta lai G,

Toan r&i rac — Fall 2005 RETURN £
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../../demo-max-flow.ppt

Thoi gian tinh

Gia thiet: tat ca cac kha nang thong qua la cac so nguyén trong
khoang tir 0 den C.

Bat bién: méi gia tri luong f(e) va moéi kha nang thdong qua c;(e) luén
luén 1a s6 nguyén trong qua trinh thwe hién thuat toan.

Dinh ly: Thuat toan dirng sau khdng qua val( f *) < nC lan lap.
CM. Sau méi lan tang ludng, gia tri ctia luéng tang thém it nhat 1.

Hé qua. Théi gian tinh cua thuat toan F-F 1a O(m.n.C)

Hé qua: Néu C = 1, thi thuat toan doi héi théi gian O(mn).

Toan r&i rac — Fall 2005 NGUYEN BUC NGHIA
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Thoi gian tinh

Gia thiet: tat ca cac kha nang théng qua la cac so nguyén trong
khoang tir 0 den C.

Bat bién: madi gia tri luong f(e) va méi kha nang théng qua c; (e) luén
luén 1a s6 nguyén trong qua trinh thwe hién thuat toan.

Dinh ly: Thuat toan dirng sau khdng qua val( f *) < nC lan lap.
CM. Sau méi lan tang ludng, gia tri ctia luéng tang thém it nhat 1.

Hé qua: Néu C =1, thi thuat toan doéi héi thei gian O(mn).

Dinh Iy vé tinh nguyén: Néu kntq la cac s6 nguyén, thi luén ton tai
ludng cwc dai véi gia tri luong trén cac cung la cac s6 nguyén.

Chu y: Thuat toan cé6 thé khéng dirng néu kntq la khong nguyén. Hon

thé nira thuat toan con khéng hoi tu dén I&i giai toi wu.

Toan r&i rac — Fall 2005 NGUYEN BUC NGHIA
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Thuat toan Ford-Fulkerson: Thoi gian ham mi

* Question: Thuat toan Ford-Fulekerson c6 phai la thuat toan da thirc?
(thuat toan v&i thoi gian tinh bi chan b&i da thirc bac co dinh cta dé
dai div liéu vao)

= Answer: Khéng phai. Néu kntq I&n nhat la C thi thuat toan cé thé phai
thwc hién c& C bwére lap.
= Vidu:

Toan roi rac — Fall 2005 NGUYEN BUC NGHIA
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Thuat toan F-F khong la thuat toan da thirc

0 0
10° 10°
0 >9
10° 10°
0 0
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Thuat toan F-F khong la thuat toan da thirc

1
X 0
10° 10°
1
1 R
10° 10°
0 X1
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Thuat toan F-F khong la thuat toan da thirc

1 0
10° 10°
1 >‘@
10° 10°
0 1
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Thuat toan F-F khong la thuat toan da thirc

1 X 1
10° 10°
0
1 X
10° 10°
1 X 1
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Thuat toan F-F khong la thuat toan da thuoec

10

2x10° lan lap.

Toan r&i rac — Fall 2005
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Vi du

Zwick xay dung vi du sau day cho thay thuat toan F-F co
thé khong ding, néu nhu kha nang thong qua 1a sd vo ty

Co6 6 cung vo1 kha nang thong qua X, 2 cung kha nang
thong qua 1 va mot cung kha nang thong qua
¢ = (sqrt(5)-1)/2~0.618034...
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* Pé chi ra thuat toan khong du:ng, ta c6 thé theo doi kha
nang thong qua ctia 3 cung nam ngang cua do thi ting
ludng trong qua trinh thuc hién thuat toan. (Kha ning thong
qua ciia 6 cung con lai it nhat 1a X-3).
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Thwe hién thuat toan FF

** Thuat toan FF bat dau boi
viec st dung duong tang
luong trung tAm trong
hinh v& trén. Gi4 trj luong
taing thém duoc 1.
Val(f)=1.

“* Trén d6 thi ting ludng:
Cac cung nam ngang theo
thr tu tur tra1 sang co kha
nang rat gonla 1, 0, ¢
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Thwc hién thuat toan FF

A
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Thwe hién thuat toan FF

* Gia str & dau lan ldp k cac cung d6 c6 kha niang thong qua 1a ¢!, 0, ¢+. Khi do
1) Tang ludng doc theo B thém ¢, kntq cta chung tré thanh @1, ¢, 0
2) Tang luéng doc theo C thém ¢*, kntq ctia chung trd thanh ¢++1, 0, ¢,
3) Tang luong doc theo B thém ¢+1, kntq ctia chiing trd thanh 0, ¢+, g2,
4) Tang ludng doc theo A thém ¢+1, kntq ctia chtng tré thanh @1, 0, @2,
* Sau 4 lan ting, gia tri cia ludng ting thém 13 2( gt gh1)=2 g2
* Sau 4n-+1 1an tang luong, kha ning thong qua sé& 1a ¢2+2, 0, ¢2»-1, Khi s6 lan ting
ludng ra vo cung, gia tri ciia luong sé& 1a

<&

L)

L)

<&

L)

L)

** Mic du dé thay 1a gia fri cua ludng cyc dai trong mang nay 1a 2X+1.

1+2) ¢' :1+i¢ =4+.5<7.

1=
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Chon dwdng tang ludong nhw thé nao?

Can hét strc can than khi lwa chon dwdng tang, b&i vi
= M6t s6 cach chon dan dén thuat toan ham mi.
= Cach chon khén khéo dan dén thuat toan da thirc.
* Néu kntq la cac sé vé ty, thuat toan cé thé khong dirng

Muc dich: chon dwéong tang sao cho:
= Cé thé tim dwéng ting mot cach hiéu qua.

* Thuat toan doi héi thwe hién cang it bwéc 1ap cang tot.

Chon dwéong tang véi (Edmonds-Karp 1972, Dinitz 1970)

» kha nang théng qua I&n nhat. (dwong béo - fat path)
= - kha nang théng qua du I1&n. (thang d6 hoa kntq — capacity
scaling)

* s6 canh trén dwérng di 1a it nhat. (dwong ngan nhat - shortest path)

NGUYEN BU’'C NGHIA
B6 moén KHMT
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Thang do hoa kntqg (Capacity Scaling)

Trwe giac: chon dwong di voi kntq Ion nhat sé tang gia tri luong Ién
nhiéu nhat.

* Khéng can quan tam dén tim dwéng v&i kntq Ié&n nhat.

= Chon théng so6 thang dé A.

= Goi G;(A) la do thi con cuta do thi ting luong chi gom cac cung cé
kntq it nhat 1a A.

AN N

110 102 110 102
1
122 170 122 170
2 \@/
G; G, (100)
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Thuat toan Capacity Scaling

ScalingMaxFlow(V, E, s, t, ¢)

FOR e €EE, f(e) « 0
qgq=min { k € 2 : 2 2 C }; A=2d
WHILE (A = 1)

Xay dung dé thi G, (A)

WHILE (tim dugc dudng di P ti s dén t trong G, (A))
f « augment(f, P)
Hiéu chinh G, (A)

A~ A/ 2
RETURN f

Pha nac A
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Tinh ding dan cua thuat toan Capacity Scaling

Gia thiet. Kha nang théng qua cua cac cung la cac s6 nguyén trong
khoang ttr 1 den C.

Tinh bat bién. Moi luong va kha nang théng qua trong suot qua trinh
thwc hién thuat toan luén la s6 nguyén.

Tinh ding dan: Néu thuat toan két thuc thi f 1a luong cwe dai.
Chirng minh.
= Theo tinh bat bién, khi A=1 = G{A) = G;
* Pha nac A = 1 két thuc khi khéng tim dwoc dwérng ting luong
= Vay f 1a luong cwec dai.
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Thoi gian tinh cua Capacity Scaling

B6 dé 1. Vong lap ngoai lap 1 + [log, C] 1an.

CM. Thoat tién C < A < 2C, va A chi con mét nira sau méi lan lap.

Bo deé 2. Gia str f l1a luéng tai thei diém két thic pha nac A. Thé thi gia tri
cua luong cwc dai khong vwot qua val( f) + m A.

CM. Xem Silde tiép theo

B6 dé 3. C6 nhiéu nhat Ia 2m lan ting ludng tai mdi pha nac A.
= Goi f 1a ludng tai cudi pha nac 2A (l1a pha ngay trwéc pha nac A).
- T BD2 = val(f*) < val(f) +m (2A).
= MOi lan tang trong pha nac A tang gia tri cua val( f ) 1én it nhat A.

Dinh ly. Thuat toan Scaling max-flow két thiic sau khéng qua O(m log C)
lan tang luéng va c6 thé cai dat vé&i thei gian O(m2 log C).
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Capacity Scaling: Analysis

Bo de 2. Gia str f la luong tai thoi diém két thuc pha nac A. Thé thi gia
tri cua luong cwc dai khéng vwot qua val( f) + m A.
CM.
= Ta sé chi ra Ia khi két thic pha nac A phai tim dwoc lat cat (S, T)
sao cho cap(S, T) < val(f)+ mA.
= Goi S la tap cac dinh dat t&i dwoc tir s trong Gy(A).
-rorangs € S,vat & S theo dinh nghiacua S

val(f) = D fle) - D f(e)

eeS—>T eeT— §

S

> 3 (cle)-A) - Y A
eceS—-T ecT— S
= Z c(e)- Z A - Z A
eeS—->T eeS—T ecl— S
> cap(S,T) - mAa
Mang da cho
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Vi du

C =109; q = 30; A= 2:0= 1 073 741 824; G,(2%) = (V, @)

Toan r&i rac — Fall 2005
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Vi du

Pwong tang luong: s, 4, t

10° 10° 10° 10°
0
1
10° 10° 10° 10°
0 v 0
2
G((22) G
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Vi du

Pwdng tang luong: s, 2, t

4
10° 10°
10° 10° 10° 10°
0
1
10° 10° 10° 10°
10° v 10°
2
G((22) G
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Vi du

Két thuc pha nac 220

4
g o 10° 10°
10 10 109 10°
0
1
1 09 1 09 1 09 1 09
10° v 10°
2
G((22) G
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Vi du

Gi(2v), k = 28, 27, ..., 2, 1 nhw nhau. Cac pha nac 2« két thic ma khéng

tang dwoc luong

g o 10°
10 10 10°
10° 10° 10°

\@/ 10°

G/(2+), k=28, 27, ...,,2,1
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Vi du

Trén G«(1) khéng tim dwoc dwdng di tir s dén t. Thuat toan két thic.

4 4
g o 10° 10°
10 10 109 10°
0
1 1
v 10° v 10°
2 2
G(1) G

Do G/(1) £ G, nén trén G, khéng tim dwoc dwéng di tiv s dén t. Vay
lubng dang c6 trong mang la cuwc dai.
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Chon dwdng tang ludong nhw thé nao?

Can hét strc can than khi lwa chon dwdng tang, b&i vi
= M6t s6 cach chon dan dén thuat toan ham mi.
= Cach chon khén khéo dan dén thuat toan da thirc.
* Néu kntq la cac sé vé ty, thuat toan cé thé khong dirng

Muc dich: chon dwéong tang sao cho:
= Cé thé tim dwéng ting mot cach hiéu qua.
* Thuat toan doi héi thwe hién cang it bwéc 1ap cang tot.

Chon dwéong tang véi (Edmonds-Karp 1972, Dinitz 1970)
» kha nang théng qua I&n nhat. (dwong béo - fat path)
= kha nang théng qua du I1&n. (thang d6 hoa kntq — capacity
q scaling)

= s6 canh trén dwérng di 13 it nhat. (dwong ngan nhat - shortest path)

NGUYEN BU’'C NGHIA
B6 moén KHMT

Toan r&i rac — Fall 2005

70



Edmonds — Karp Algorithm

Edmonds and Karp, JACM 1972
= Néu dudng ting duoc chon la dudng ngan nhat tir s dén ¢,
thi tho1 gian tinh cua thuat toan s€ 1a O(|E2| V).
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Jack Edmonds

Jack Edmonds 1s a Canadian mathematician, regarded as one
of the most 1mportant contributors to the field of
combinatorial optimization. He was the recipient of the 1985
John von Neumann Theory Prize.

From 1969 on, with the exception of 1991-1993, he held a
faculty position at the Department of Combinatorics and
Optimization at the University of Waterloo's Faculty of
Mathematics. Edmonds retired in 1999.
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Richard Karp, 1935~

» “Reducibility Among Combinatorial Problems”, 1972
» Turing Award in 1985.

» Harvard University,Bachelor's degree in 1955, Master's degree in 1956,
and Ph.D. in applied mathematics in 1959.

> IBM's Thomas J. Watson Research Center

» Professor, UC Berkeley, 1968. Apart from a 4-year period as a
professor at the University of Washington, he has remained at Berkeley.
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Thuat toan dwéng ting ngan nhat

Y twéng: Tim dwong tang ludng nhe thwe hién BFS.
= Dé thwe hién.
* Pwérng tang co it canh nhat.

ShortestAugmentingPath(V, E, s, t)

FOREACH e € E
f(e) « 0
G, « db6 thi ting ludng (residual graph)

WHILE (toén tai dudng ting)
tim duong tang P béi BFS
f « augment(£f, P)
hiéu chinh G;

RETURN f£f
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Pwdng tang ngan nhat: Cac két qua

B6 dé 1. Trong sudt thuat toan, doé dai dwong tang ngan nhat khéng
khi nao bi giam.
= CM sau.

B6 dé 2. Sau nhiéu nhat m dwéng tang ngan nhat, dé dai dwéng
tang ngan nhat sé tang ngat.

* CM sau.

Dinh ly. Thuat toan dwéng ting luong ngan nhat doi héi théi gian
tinh O(m2n).

= CM
= O(m+n) th&i gian dé tim dwéng ngan nhat nhe str dung BFS.
= O(m) lan tang déi vé&i dwéng di c6 diung k cung.
* Néu c6 dwdng tiang thi luén tim dworc dwdng tang l1a don.
= 1<k<n
= O(mn) lan tang
= = The&i gian cua thuat toan la O(mn(m+n)) = O(mz2n).
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Phan tich thuat toan DTNN

Po thi mirc L ctia G=(V, E, s).
* Vé&i méi dinh v, xac dinh €(v) 1a dé dai (theo s6 cung) cuia dwdng di
ngan nhat twr s dén v.
= Goi Lg = (V, Eg) 1a d6 thj con cua G chi chira cac cung (v,w) € E v&i
t(w)=1{(v) +1.

t=0 t=1 =2 =3
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Phan tich thuat toan DTNN

Po6 thi mre Lg cia G=(V, E, s).

* Vé&i méi dinh v, xac dinh €(v) 1a dé dai (theo s6 cung) cuia dwdng di
ngan nhat tir s dén v.

= Goi Lg = (V, Eg) la do thi con cta G chi chira cac cung (v,w) € E v&i
t(w) = f(v) + 1.

= C6 thé tinh L v&i th&i gian O(m+n) nh& sir dung BFS.

* P la dwdng di ngan nhat tiv s dén v trén G khi va chi khi né 1a
dwérng di tr s dén v trén L.

{ =

NGUYEN 903.: NGHIA
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Phan tich thuat toan DTNN

B6 dé 1. Trong sudt thuat toan, dd dai dwéng tang ngan nhat khéng
khi nao bi giam.
CM. Gia str f va f' 1a ludng trwéc va sau khi ting luong theo duwdng
ngan nhat. Goi L va L' 1a hai do6 thi mdrc ctia G; va G-
= Chi ¢6 cung nghich dwoc bé sung vao G-
- dwong di véi cung nghich c6 d6 dai I&n hon do dai trwéc =
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Phan tich thuat toan DTNN

BO de 2. Sau nhiéu nhat m dwong ting ngan nhat, d dai dwong
tang ngan nhat sé tang ngat.
CM: C6 it nhat mét cung (cung c6 kntq bé nhat) bj loai khéi L sau moi
lan tang luéng.
* Khdéng c6 cung mé&i dworc thém vao L cho dén khi dé dai dwérng
ngan nhat 1a ting ngit. =
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Pwdng tang ngan nhat: Cac ket qua

B6 dé 1. Trong sudt thuat toan, doé dai dwong tang ngan nhat khéng
khi nao bi giam.

B6 dé 2. Sau nhiéu nhat m dwéng tang ngan nhat, dé dai dwéng
tang ngan nhat sé tang ngat.

DPinh ly. Thuat toan dwérng ting ludong ngan nhat doi héi théi gian
tinh O(m2n).

* O(m+n) th&i gian dé tim dwéng ngan nhat nho sir dung BFS.

= O(m) lan tang déi vé&i dwéng di c6 diung k cung.

* = O(mn) lan tang.

Cha y: ©(mn) lan ting la can thiét doi véi mot s6 mang cu thé.
= CO gang tim cach giam so6 lan tang.
= Cay dong = O(mnlogn) Sleator-Tarjan, 1983
= Y twdng khac = O(mn?2) Dinitz, 1970
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Tong két: Lwa chon dwdng tang

13 1 1

Phwong phap S6 lan tang Thé&i gian tinh
Augmenting path nC mnC
Max capacity m log C m log C (m + n log n)
Capacity scaling m log C m?log C
Improved capacity scaling m log C mn log C
Shortest path mn m?n
Improved shortest path mn mn?

4 qui tac dau doi hoéi kha niang théng qua nam trong khoang tir 0 dén C.
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Lich str phat trién

Tac gia Phwong phap Big-Oh
1951 Dantzig Simplex mn3U
1955 Ford, Fulkerson Augmenting path mnU
1970 Edmonds-Karp Shortest path m?n
1970 Dinitz Shortest path mn?
1972 | Edmonds-Karp, Dinitz Capacity scaling m?log U
1973 Dinitz-Gabow Capacity scaling mn log U
1974 Karzanov Preflow-push n3
1983 Sleator-Tarjan Dynamic trees mn log n
1986 Goldberg-Tarjan FIFO preflow-push mn log (n?/ m)
1997 Goldberg-Rao Length function m**log (n*/ m) log U

mn?3log (n?/ m) log U
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QUESTIONS?
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