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e Ki vong cla bién ngau nhién lién tuc

e Bién ngau nhién phai sinh va ki vong
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 Cac tinh chat cia phuong sai

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Gidi thiéu ki vong
Ngbn nglr doi thuong
* M6t 16p hoc gdm 20 SV ¢d diém mén TKMT&UD nhu sau

Diém 41 6 /71 8| 9| 10
S6SV| 4| 5 5| 3| 2 1

* HAi: diém trung binh mén TKMT&UD ctia I1&p la bao nhiéu?

 Trd |&i: diém trung binh I3
4X4+6X5+7X5+8X3+9%x2+10%x1

20 B
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Gidi thiéu ki vong
Ngon nglr xac suat

* Chon ngau nhién mét SV trong 1&p, khao sat X 1a “diém mon
TKMT&UD”. Ta cd X |a b.n.n r&i rac véi ham xac suat
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* Hoi: ki vong cua X la bao nhiéu?

 Tra loi: ki vong cua X la
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Gidi thiéu ki vong
Ngbn nglr doi thuong

* M6t hé gom 2 thanh dong chat duwoc han dinh véi nhau nhu hinh sau.
Thanh th& nhat dai 1m, nang 1kg. Thanh th hai dai 1m, nang 2kg.

1kg 2kg

4 1m 4 I 2m

Om
* Hoi: diém can bang cta hé Ia vj tri nao?

e Tra loi:
* Diém can bang cla thanh th& nhat & vj tri 0.5m, cla thanh th& hai & vi tri 1.5m.
* Theo “quitacdonbady”tacod: 1 x1=2x(1—1) =>1i_l:%=§:> [=2/3

* Vay diém cidn bangchahé &vitri0.5 +2/3 ~ 1.17m
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Gidi thiéu ki vong

Ngon nglr vat ly
* Ta c6 mat d6 khoi lvgng cla chat diém tai vi tri x mét (0 < x < 2) la:
1k
1m§t 0<x<1
Fo0 = e
— 1<x<?2
klmet

* Trong tam cua hé la vi tri:

1 (% 1/ 1 2 1/1
—f xf(x)dx == jxxldx+jx><2dx =—|=+3]=1.17m
3, 3\J, ) 3\2
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Ki vong cla bién ngau nhién rdi rac

* Cho b.n.n roi rac X vai ham xac suat f, ki vong (mean) cta X, ki hiéu
E(X), la s6 thuc dwgc tinh bdi (néu tinh duoc):

E(X) = Z xP(X = x) = z xf ()

X X
* Ki vong cua X 1a gid tri trung binh cla cdc gia tri ma X c6 thé nhan voi
trong soO la xac suat dé X nhan cac gia tri twong &ng doé

* Vidu: cho X ~ Bernoulli(p), ta co:
E(X) = Z xP(X =x) = 0X P(X = 0) + 1 x P(X = 1)

x€{0,1}

=0X(1—-p)+1xXp=p
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Ki vong cla bién ngau nhién rdi rac
Vi du

e Xét thi nghiém tung mot dong xu (ddng chat) 2 1an, dat X 13 s6 lan
dugc mat nglra. Khi dé X la b.n.n roi rac cé tap gid trila {0, 1, 2}. X c6
ham xac suat duwoc cho béi bang sau:

X 0 1 2
P(X = x) 1/4 1/2 1/4

* Ta co ki vong cua X la:

1 1 1
E(X) = z XP(X=%x)=0X—-41X=4+2%x==1

4 2 4
x€{0,1,2}
* Viy: trung binh 2 Ian tung thi duwoc 1 1an ngira
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Ki vong cla bién ngau nhién lién tuc

* Cho b.n.n lién tuc X v&i ham mat do xac suat f, ki vong (mean) cua X,
ki hiéu E'(X), la so thuc duoc tinh béi (néu tinh duwoc):
CO

E(X) =f xf(x)dx

e Ki vong cta X la trong tdm (hay diém can bang) cla phan phéi cia X

* Vidu: cho X ~ Uniform(0, 1), ta fé: ,

E(X)=f xf(x)dxzj (xxl)dxzx— X

oo 0 2
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Ki vong cla bién ngau nhién lién tuc
Vi du

* Cho X la b.n.n lién tuc v&i hérfn mat do xac suat cé dang:

X

* Ta co ki vong cua X la:
3

> tox X" |x =4
E(X)—J_ocxf(x)dx—fo xgdx—ﬁ =0

e Vay: trong tdm (hay diém cin bang) cda phan phdi cla X 1a

wlo W] 00
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Bién ngau nhién phai sinh va ki vong

e ChobnnX: Q> Rvahamsdr:-R—-> R,tandiY:Q - Rlab.n.n
phai sinh tir b.n.n X qua hamso r, ki hiéuY = r(X) néu Y duoc xac
dinh boi:

Y(w) = r(X(a))),a) €

e Vidu:
* Goi [ Ia chiéu dai ctia hinh vudng va s la dién tich cda hinh vudng thi s |3 dai
lvong phai sinh tir dai lwgng [ qua ham s& 7, v&i r(x) = x2. Ta ki hiéu: s =
r(l) = 1?
* Bay chlr, néu chon ngau nhién mdt hinh vuéng, goi L, S |a chiéu dai va dién
tich cha hinh vuéng dé thi S 1a b.n.n phai sinh tir b.n.n L qua ham s6 r. Ta ki
hiéu: S = r(L) = L?
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Bién ngau nhién phai sinh va ki vong
Vi du

* Nha cai rung hai dong xu (déng chat). Nguoi choi sé dugc 1S néu
khong ra nglra, mat 1S néu ra hai ngtra va khong dwoc/mat gi néu ra
mot ngua:

« D3t X la s6 mat nglra
* Dt Y la s6 tién ngudi choi kiém duoc thi Y la b.n.n phai sinh tir b.n.n X qua
ham sO r duoc xac dinh badi:

(1 x=0
r(x)=<0 x=1
K—l x =2

* Takihiéu: Y = r(X)
e Cau héi: trung binh moi Ian choi thi nguwdi choi dwgc/mat bao nhiéu?
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Bién ngau nhién phai sinh va ki vong
Vi du

* Traloi: X 1a b.n.n roirac cé tap gia tri la {0, 1, 2} v&i ham xac suat:
X 0 1 2
P(X = x) 1/4 1/2 1/4
* Y Iab.n.nroiraccd tap gid trila {—1, 0, 1} véi ham xac suat:
PY=-1)=PX=2)=1/4
PY=0)=PX=1)=1/2
PY=1)=PX=0)=1/4

* KivongcuaY la: ) ) .
E(Y) = z JP(Y =y) = —1X=4+0X=+1x~=0%

4 2 4
ye{—1,0,1}
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Bién ngau nhién phai sinh va ki vong

* Cong thire tinh ki vong cho b.n.n phai sinh: Cho X lab.n.nva Y = r(X) thi
ki vong cla Y c6 thé du‘c_)'cﬂ;inh tlr phan phdi cda X bang cong thirc:

z r(x)f(x) néuXlab.n.nroirac
EY)=E(rX)) =4 =*
f r(x)f(x)dx néuXlab.n.nlién tuc
\/ — 00

e O vi du trén ta cé thé tinh trung binh s& tién dwoc/mat nhu sau:

E(Y)=E(r(X)) = Z r(x)PX =x) =1 x%+0x%+(—1) x%
B 0$ x€{0,1,2}
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Bién ngau nhién phai sinh va ki vong
Vi du

Chon ngﬁu nhién mot hinh vuéng cé chiéu dai trong khoang [0, 1]m. Tinh trung
binh dien tich hinh vuéng dwogc chon?

Goi L la chiéu dai cua hinh vuéng dugc chon thi L ~ Uniform(0, 1) nén L cé ham
mat do xac suat la:

0 khac

Goi S la dién tich cda hiph vudng dugc chon thi S 1a b.n.n phai sinh tir b.n.n L qua
ham s6 7, v&i r(x) = x?. T d6 ta cd ki vong cda S Ia:

0 1
E(S) = E(r(L)) :j r(Df(Ddl =f (12 x 1)dl = %mz
—00 0

Lwu y: dé bj truc giac Itra I3 %mz (S 13 b.n.n lién tuc trén [0, 1]m? nhung khéng cd
phan phoi déu)

f(l):{l khio<l<1

15
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Céc tinh chat cua ki vong

* V&ia,blahaihang sd thuc, X lab.n.nvaY = aX + b (nghiala Y Ia
b.n.n phai sinh tr X qua ham sé r, v&i r(x) = ax + b) thi:
E(Y) =E(@X+b)=aEX)+b

e Hé qua: néu X = c (vdiclahangsd)thi E(X) = E(c) =0
e Vi du: chon ngau nhién mot thanh cé chiéu dai trong khoang [0, 1]m.

Kéo dan thanh dai gdp doéi va ndi thém 0.5m thi dwoc thanh cé chiéu
dai trung binh la:

E(Y) = E(2X +05) = 2E(X) + 0.5 =2 % 0.5+ 0.5 = 1.5m
(v&i X ~ Uniform(0, 1) Ia chiéu dai ban dau ctia thanh va Y la chiéu
dai sau khi bién d6i cta thanh)
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Céc tinh chat cua ki vong

*VoiX,Y lahaib.n.nvaZ =X +Y (nghia la Z la b.n.n phai sinh tw
X,Y quahamso 2 biénr, védir(x,y) = x + y) thi:
E(Z)=EX+Y)=EX)+E®)

e Hé qua:néuE(aX +bY +¢c) =aE(X)+ bE(Y) + ¢

e Vi du: chon ngau nhién hai thanh cé chiéu dai trong khoang [0, 1]m.
Kéo dan thanh th& nhat dai gdp d6i, cat bd mdt nlra thanh th hai,
noi lai thi dwoc thanh co chiéu dai trung binh la:

E(Z)=EQX +Y/2) =2EX) + E(Y)/2 =2 X 0.5 + 0.5/2
= 1.25m
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Céc tinh chat cua ki vong

e Hai b.n.n X, Y duoc goi la doéc 1ap (nhau) néu védi moi 4, B c R ta co:
P(X€eA)n(Y€B))=P(X e AP(Y €B)

* Nghta la viéc X nhan gid tri nao cling khong anh hudng dén kha nang nhan gia tri nao
dd cha Y (va nguoc lai)

* V&i X,Y la hai b.n.n doc lap va Z = XY thi:
E(Z) =E(XY) =EX)E(Y)
* Vidu: chon ngau nhién mot thanh c6 chiéu dai trong khoang [0, 1]m, chon

(doc lap) ngau nhién mot hé s6 trong khoang Ll ,2], kéo dan't anh theo hé
s6 d3 chon thi dwoc thanh ¢ chiéu dai trung binh EY

E(Y) = E(RX) = E(R)E(X) = 1.5 X 0.5 = 0.75m

(v&i X ~ Uniform(0, 1) 1a chiéu dai ban dau cta thanh, Y la chiéu dai sau
khi bién d6i cla thanh, ~ Uniform(1, 2) Ia hé so6 chon ‘duoc)
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Phuong sai

* M6t 1dp hoc gdbm 20 SV ¢6 “phd diém” cdc moén Toan, Ly, Héa nhu sau:

Piém| 1| 2| 3| 4| 5| 6| 7| 8| 9| 10
Toan| O/ O| O| O] 10| 10y Of O 0| O
ly| 10| 0| 0| O o, 0] O] 10
Hoéa| 2| 2| 2| 2| 2| 2| 2| 2| 2| 2

* Diém trung binh cdc mon la:
« Toan: (5 X 10 + 6 X 10)/20 = 5.5
e Ly: (1x 10 +10 x 10)/20 = 5.5
e Héa: (1 + 2+ +10) x 2/20 = 5.5

e Piém trung binh khdéng thé hién duoc su phan tan cdia phd diém

19
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Phuong sai

* Xét cic b.n.n lién tuc Xy, X5, X5 c6 clung tap ho tro [—1, 1] v&i cdc ham
mat do xac suat lan luot 13 f1, fo, f3 duoc cho boi:

3x% 3 x? 1

f1(x) =~ T f2 (x) =T' f3 (x) =5

* Ki vong cua cac b.n.n la: £,()
cEX) =" xfl(x)dxzflx( 3x7 E) x =0 /

= ‘1 x24 4 f:0)\ T\
CE(X) = [ xﬁ@ﬂx=fx(2) f(yx\/&\
e E(X3) —f xf3(x)dx —f x(%) x =0 I ]
* Ki vong khdng thé hién duoc su phan tan cda phan phdi

20
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Phuong sai

* Cho X la b.n.n co kivong u = E(X), phuong sai (variance) cua X, ki hiéu
Var(X), la s6 thyc duwoc tl'r}h boi (néu tinh duoc):

Z(x —wW4*f(x) néuXIlab.n.nroirac
Var(X) = E((X —w)?) =4 *
f (x — w)?f(x)dx néuXlab.n.nlién tuc
\ Y — 0o

e Khi dé ta ciing ndi \/Var(X) la d6 1éch chuan (standard deviation) cia X.
Lwu y: do léch chuan co cung don vi voi X nhwng phuong sai thi khong

* Ta con ki hiéu phwong sai la % va dd l1éch chuanla o
* Phuong sai (hay d6 léch chuan) phdn anh sy phan tan cta phan phdi


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Phuong sai

Vi du

* M6t 1dp hoc gdbm 20 SV ¢6 “phd diém” cdc moén Toan, Ly, Héa nhu sau:

Piém| 1| 2| 3| 4| 5| 6| 7| 8| 9| 10
Toan| O/ O| O| O] 10| 10y Of O 0| O
ly| 10 0| O O O} O O 0| O} 10
Hoéa| 2| 2| 2| 2| 2| 2| 2| 2| 2| 2

e Diém trun% binh cdc mdn déu 13 5.5. Nhuwng d6 1éch chuan khac nhau: Toan
30.51, Ly 1a 4.62, Hoa I3 2.95

* Ta mO ta diéu nay bang céch ndi: diém Toan la 5.5 + 0.51, diém Ly la 5.5 +
4.62, diem Héala 5.5 + 2.95

* Nhu vay: phd diém mon Ly rdng nhat va pho diém mén Todn hep nhat

22
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Phuong sai
Vi du

* Xét cic b.n.n lién tuc Xy, X5, X5 c6 clung tap ho tro [—1, 1] v&i cdc ham
mat do xac suat lan luot 13 fi, f5, f3 duoc cho boi:

3x% 3 3x? 1
—_— —_——_— -|— —, = —, g
A0 =-S+5 RO=T f@=5
« Cac bién cé cung ki vong la 0 nhung khac phuong sai: /
« Var(Xs) = [ (x — 0)?f3(x)dx = f_llx;dx =§ f30) /TN
e Var(X,) =7 (tu’ tinh nha) fl(x)/\A
e Var(X;) = — 1

* Nhuw vay: phan phoi clia X, la rong nhat va phan phoi cha X, Ia hep
nhat

23
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Céc tinh chat cla phuong sa

 Cho X la b.n.n c6 phuong sai. Ta co:
* Var(X) = E(X?) — (E(X))?
e Var(X) =0
» Var(X) = 0 khi va chi khi P(X = ¢) = 1 v&i c l1a hang s6 nao dé
 Cho a, b 13 hai hang s6 thi:
Var(aX + b) = a*Var(X)
* Vidu: chon ngau nhién moét thanh cé chiéu dai trong khoang (gO 1]m. Kéo dan

thanh dai gdp d6i va néi thém 0.5m thi duoc thanh ¢cé chiéu dai vai d6 1éch
chuan la:

o =+Var(Y) =/Var(2X + 0.5) = /22Var(X) = \/4x 1/12 = 0.58m
* Luuy: X ~ Uniform(0, 1) thi

2 1 1 ? 1
Var(X) = E(X?) - (E(X))" = j (x2 x 1)dx — (J (x X 1)dx> =-—
0 0 3
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Céc tinh chat cla phuong sa

* Néu X, Y la hai b.n.n doc 1ap c6 phuwong sai thi:
Var(X +Y) =Var(X) + Var(Y)

e Vi du: chon ngau nhién (ddc 1ap) hai thanh cé c’hi‘éu dai trong khoang
[0, 1]m. Kéo dan thanh th& nhat dai gdp do6i, cat bd mdt nira thanh
th& hai, ndi lai thi duwoc thanh cé chiéu dai vdi do 1éch chuan Ia:

o =+Var(Z) = |Var(2X +Y/2) = {J4Var(X) + Var(Y)/4

1 1 1

= [4X-—=+=-X-—==0.60
\J 12 73712 m
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