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Chuong 1

DONG HOC

1.1 Poéng hoc diem

+ Chuyén dong ciia vat 1a sit thay doi, theo thoi gian, khoang céach giita
vat va cac vat "ding yén" trong khong gian. Nhiing vat ding yén goi la hé
quy chiéu.

+ Chat diém la nhitng vat c6 kich thuée khong dang ké so véi chuyén
dong ctia ching. Trong dong hoc ta thudng goi chat diém 14 diém nhim nhan
manh khia canh hinh hoc ctla viéc khéo sat.

+ Vi tri ctia diém M tai thdi diém ¢ 14 diém hinh hoc P ciia khong gian
tring véi M lac t. Goi O 1a @n gan véi hé quy chiéu. Vi tri ciia diém M
duge xac dinh béi vecto r =OM. Chuyén dong ctiia M duge xac dinh néu
biét ham vecto u(t) sao cho

r =u(t). (1.1)

Phuong trinh (1.1) goi 1a luat chuyén dong ctia diem.

+ Quy dao ctia M la tap hop tat ca cac vi trf cia M trong khoang thoi
gian khéo sat.

+ Van toc la dai luong dac trung su thay ddi vi tif ciia diém theo thoi
gian, bang dao ham ctia ham vecto r,

r(t+ At) —r(t)

=r=li ) 1.2
veislm T (12)
Vecto van téc c6 phuong 1a tiép tuyén véi quy dao tai vi tri dang xét.
+ Gia toc 1a dao ham ciia vecto van toc,
wW=vVv=F. (1.3)

~ 2 ~ £ [ TN A ~ 2 2
M6 dun cua vects van toc, v = |v|, goi la toc do cia diem.
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Vi

V=v- v ui=v-w

neén tich vé huéng v - w ciia van téc va gia toc thé hien sy nhanh cham cia

chuyén dong

> 0 nhanh dan
v-w=0v0{ <0 cham dan (1.4)
=0 deéu

1.1.1 Heé toa do

Toa d0 Descartes Toa d6 tru Toa d6 ciu

Hinh 1.1: Vecto co sé dia phuong.

+ Hé toa do Descartes:

M(z,y,z) & r=zi+yj+zk (1.5)
= dr = (dzv)i+ (dy)j + (dz2)k

+ Hé toa do tru:

M(r,p,z) & r=re, +ze,
= dr = (dr)e, + (rdy)e, + (dz)e, (1.8)

trong do e,, e, e, la cac vecto co s6 dia phuong ctia toa do tru tai M.
+ Hé toa do cau:

M(r,¢,0) < r=re, (1.9)
= dr = (dr)e, + (rdy)e, + (rdf)eq (1.10)

trong do e,, e, ey la cac vectd cd sé dia phuong clia toa do cau tai M.
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Heé toa do | Quan hé véi toa do | Vecto co s6 dia phuong
Descartes
Tru T =1rCcosp e, = Cos pi + sin ¢j
(ryp,2) |y=rsing e, = —sin ¢i + cos ¢j
z2=2z e, =k
Cau x =rsinfcosp e, = sinf(cos pi + sin pj) + cos bk
(ryp,0) | y=rsinfsinep e, = sin §(— sin i + cos ¢j)
z =rcosf ey = cos 6(cos i + sin @j) — sin k

Bang 1.1: Lién heé giita toa do try, cau véi toa do Descartes.

+ Toa do tu nhién. Cho truéc duong cong C, chon diém M, lam gbc va
mot chiéu duong tréen C. Hoanh do cong cia diem M trén C la sb dai s6 s
c6 tri tuyet doi bang chiéu dai cung MyM va lay dau cong néu chiéu ti M,
dén M la chieu duong, dau trit néu ngudc lai.

Néu da biét quy dao ctia diéem M thi vi tri cia M dudc xac dinh bsi
hoanh do cong s,

M(s) & r=r(s) (1.11)
= f:s'%zét, v=5s. (1.12)
Vecto
dr
t=— 1.13
R (1.13)

dude goi 1a vecto tiép tuyén don vi tai M.
Vecto phap tuyén don vi n dugce xac dinh sao cho

dt 1
— = kKN = —n, (1.14)
ds p

trong d6 K = 1/p la do cong, p 1a ban kinh cong (cia dudng cong) tai M.
Chu ¥, vecto phdp tuyén don vi n luoén hudng vé bé lom cia duong cong C.
Y nghia hinh hoc cda dé cong. Tt phuong trinh (1.14) ta c6

< — lim t(s + As) — t(s) '
As—0 As

Ti s6 (ky hicu At = t(s + As) — t(s))
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t(s)

As
t(s) 1 As /
As t(s+As, / AN
4&‘\( : ) |t \t(+AS)
W ) / \
p he

Hinh 1.2: Cung cang cong |At| cang lén.

cho do cong trung binh clia cung giita hai diém r(s), r(s + As) (Hinh 1.2).
Khai trién ham vecto r(s) trong lan can diém M (0)*

r(s) = r(0)+s {%} B + %SQ {%} B +0(s%)

1
= r(0)+st+ <§/~£52> n+ O(s®) (1.15)
trong d6 r(0) 1a vi trf diém M, t,n, k duge tinh tai diém M.

Nhu vay, gan M, dudng cong C' nam trong mit phang qua M c6 hai vecto
chi phuong 1a t va n. Dung céc cong thiic xap xi

1
sin(ks) ~ ks, 1 — cos(ks) ~ 5(/@3)2
va dit p = 1/k, phuong trinh (1.15) c¢6 thé viét lai
r(s) = r(0) + pn + p[sin(ks)t — cos(ks)n] + O(s%) (1.16)

nghia 14 dudng cong C' dugc xap xi béi duong tron tam tai diém xac dinh
béi r(0) 4+ pn ban kinh p.

Gia toc:
dt
r st+s s ( )
’02
= 5t + ké’n =0t + —n. (1.18)
p

Gia toc gom hai thanh phan: gia toc tiép wy = 0, gia toc phap w, = v?/p.
Cong thic tinh ban kinh cong (ky hiéu w = |¥):

2

v

- _ 1.19
P (1.19)

IPé don gian viec trinh bay ta xét diém M c6 hoanh do cong s = 0.
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Phuong phép | Luat chuyén dong | Van tbc Gia toc
Vecto r = f(¢) I ¥
Descartes v = f(t) s .
(i, k} y = g(t) (#,9,2) (2,9, 2)
T z = h(t)
ro= f(t)
{éu e, k} v = g(t) (Frd,2) | (F—rd? 210 + 1, £)
e z = h(t)
T, T r—rp2ro+r
{e,, e(p} { o = gt (7, 1¢) ( ¥ 290 )
Tu nhién _ . LUt
{t,l’l,b} S—f(t) ('U,O), v=3Ss <Ua p)

Bang 1.2: Luat chuyén dong - Van tbc - Gia toc.

Vecto ludng phap tuyén don vi:
b=t xn. (1.20)

Cac vecto {t,n,b} la co sé dia phuong clia dudng cong c¢6 phuong trinh
tham s6 r = r(s) (hinh 1.7).

Hinh 1.3: Vecto co s6 dia phuong ciia toa do tu nhién.

1.1.2 Vai chuyén dong quan trong

x Chuyén dong tron. Diém M chuyén dong tron trong Ozy quanh O. Ky
hiéu: r - vecto dinh vi diém,

r = R(cos i + sin ¢j),

trong d6 R la ban kinh vong tron, ¢ la goc quay.
Van toc:

v = R(—sinpi+ cosyj)p = w X r, (1.21)
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Hinh 1.4: Chuyén dong tron.

trong d6 w = ¢ - van toc goc, w = wk - vecto van toc goc.

Gia toc:
dwx fw X r
W = — Xr4+wx—
dt dt
= exr+wx(wWxr)=exr+ (w-r)w—w’r
=0
= exr—uwr, (1.22)

trong d6 € = dw/dt - vecto gia toc goc.

Néu chuyén dong déu w = const thi v = wR (w = const) va gia tdc huéng
tam w = w?R.

*x Chuyén dong cé gia toc zuyeén tam. Diém chuyén dong cé gia tc xuyen
tam néu duong thang di qua diém c6 phuong gia tdc luon luon di qua diém
c6 dinh O.

Ta co

Nhu vay,

Diém chuyén dong

; = t y dao phang. (1.2
¢6 gia tc xuyen tam & r X v = c(const) = Quy dao phang. (1.23)

Trong méit phing chuyen dong ding toa do cuc. Néu chon diém dau Py cia
M lam gbe thi vi trf cia M c6 thé duge xac dinh béi s6 dai s6 o, ¢6 gia tri
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tuyet doi bang dién tich phan mat phing gidi han béi tia OF,, OM va quy
dao, lay dau cong néu chiéu tit Py dén M la chiéu duong, dau trit néu ngude
lai. Vecto o = ok duge goi 1a vecto dién tich.

Ta co, v6i At bé,

o(t+ At) — U(t)k _Lr(t) xr(t+ At)
At T2 At
suy ra
. ot+A)—o(t), 1
o= Aliglo A7 k = gF X v(const) (1.24)
la vecto van toc dién tich.
Ae
At
G
%\ +A
rrAr
A
P, \;L\/
P, P,

Hinh 1.5: Vecto van téc dién tich.

Luat dién tich. Van téc dien tich cia diém chuyén dong cé gia toc zuyén
tam la hang.

1.2 Pong hoc cbd thé

+ He chat diém 13 tap hop céc chat diém tuong tac 1an nhau va véi cac
vat bén ngoai. Néu khoang cach giita hai diém bat ky thuoc hé khong thay
d6i trong sudt thoi gian khao sat ta goi he 1a ¢b thé.

+ Ky hieu ¢b thé 1a S. Anh xa v : S — R3, tuong ing méi diém M € S
v6i van téc v(M) clia n6, goi 1a truong van toc clia S.

1.2.1 Trudng van tbéc cia cb thé

Ta chitng minh dudc rang,
Truong van toc cia mot c¢o thé S la truong ddang chiéu, nghia la

v(M)- MN=v(N)- MN VM,N € 8. (1.25)



CHUONG 1. DONG HOC 8

Cac truong hop dac biét:

* Chuyén ddng tinh tién. Chuyén dong ctia ¢6 thé S goi 1a chuyén dong
tinh tién néu
VM,N € §: MN= const.

Ta ching minh dugc:

Néu co thé S chuyén dong tinh tién thi truong van toc va gia toc clia né
la cdc truong deéu.

Néu truong van toc cia hé S la truong déu thy S la c¢o thé chuyén dong
tinh tién.

Néu truong gia toc ciia cé thé S la truong déu thi chuyén dong cia nd la
chuyén dong tinh tién.

Nhu vay, trong chuyéen dong tinh tién, chuyén dong clia moi diem cé thé
suy ra tit chuyén dong ctia mot diem dic biet. Qui dao ctia ching duge suy
ra tit quy dao ciia diém dic biét bang phép tinh tién theo vecto thich hgp;
van tbc, gia toc clia ching bing van toc, gia toc clia diém dic biet.

* Chuyén déng quay quanh mdt truc. Chuyén dong ctia c6 thé S goi la
chuyén dong quay quanh mot truc néu ton tai hai diem A va B cb dinh.
Dudng thing AB goi la truc quay. Ta ching minh dugc:

Néu co thé S chuyén dong quay quanh truc A thi:

(i) Moi diém thuoc A c6 dinh.

(il) Moi diém nam ngoai A chuyén dong trén vong tron nhan A lam truc
vdi cung van toc goc.

Chon mat phang c6 dinh 7y di qua A lam gbc. Xét mit phang 7 di qua
A va gin véi S. Ky hiéu ¢ 1a s6 do géc phang nhi dien (7, A, 7), va goi 1a
goc quay.

Phuong trinh chuyén dong ctia c6 thé:

0 = olt). (1.26)

Lay O € A va goi k 1a vecto don vi clia truc quay, dude chon sao cho
nhitng diém thuoc cb thé chuyen dong theo chiéu thuan. Vecto w = wk,
w = ¢, duge goi 1a vecto quay (vecto van toc goc).

Ap dung cong thitc tinh van téc trong chuyén dong tron, trudng van toc:
v(M)=wxr. (1.27)

Ta c¢6 thé chitng minh:

Truong van toc la truong tron zoay doi vdi truc quay A\, nghia la truong
van toc bat bién doi vdi phép quay quanh truc A.

Truong gia toc:

w(M)=€exr+wx (wxr), (1.28)
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‘N
-

Hinh 1.6: Géc quay.

trong d6 € = ¢k 1a vecto gia toc goc. Gia toc tiép w; = € x r, gia tdc phap
W, =w X (w Xr).

* Chuyén déng t8ng quat. Chuyén dich bat ky clia ¢b thé tit vi tri nay
sang vi tri khac, trong khoang thoi gian At kha bé, c6 thé duge thuc hién
nhd chuyén dong tinh tién, tuong @ng véi chuyén dich ctia mot diém A, va
chuyén dong quay quanh truc di qua diém ay. Xét M € S, chuyén dich cia
M trong khoang thaoi gian At:

Ar = Ary + wPAtx AM
Cho At — 0,

. Ar . AI‘A
v = g 35 =t (5

+ w'x AM) =v(A)+wx AM .
Ta néi chuyén dong tic thoi ctia cb thé lac ¢ 1a hop hai chuyén dong tinh tién
va quay quanh truc, hay tai thoi diém ¢ chuyen dong ciia ¢ thé tiép zic véi
hop hai chuyén dong tinh tién v quay.

Truong van toc ciia co thé trong chuyén dong tong qudt (cong thite Euler):

V(M) = v(A) + w(t)x AM . (1.29)

trong do w(t) la vecto quay tic thai tait.

Khi ¢ thay doi, truc tiic thoi A(t) vé mat X ddi véi he quy chiéu Oxyz ¢
dinh, goi 1a axoid ¢6 dinh, dong thoi vé mit Xy déi véi hé quy chiéu AXY Z
gan véi ¢ thé, goi la axoid dong. Chuyén dong ctia ¢d thé chinh 1a chuyén
dong ctia X d6i véi X.
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Hinh 1.7: Chuyén dong tong quét.

Trong chuyén dong lan ctia éng tru trén mat phang ¢ dinh (hinh 1.8a)),
truc A(t) vé mat phang ¥ d6i véi hé quy chiéu c6 dinh, va mat tru 3o doi
v6i he quy chiéu dong gén véi dng tru (hinh 1.8b)).

Hinh 1.8: a) 6ng tru lan trén mit phang, b) Axoid ¢6 dinh va dong.

1.2.2 Vai chuyén déng quan trong

* Chuyén déng dinh 6c. C6 thé S ¢6 chuyén dong dinh ¢ néu ¢6 truc A
gan v6i S trugt trén truc c6 dinh Oz trong khi ¢ thé quay quanh truc A véi
van tdc goc w, van toc truct ti 1 véi van toc goc ciia chuyén dong quay. A
goi 1a truc dinh 6c ctia chuyén dong.

Chuyén dong dinh 6c¢ 1a hop ciia chuyén dong tinh tién (trugt theo truc
Oz) va chuyén dong quay quanh truc A.

Liy A € A, dua vao hée toa do AY Z gan v6i S. Goi ¢(t) 1a s6 do goc
phang nhi dién tao bdi 2 ntta mat phang AXZ(X > 0), Ozz(z > 0) tai thoi
diém ¢. Xét diem M € S, goi (o, o, 20) 12 toa do tru ctia M doi véi hé quy
chiéu AXY Z va (r,0, z) 1a toa do tru cia M d6i véi he quy chiéu Ozyz, ta
co

r=ro(=const), 0=~0+¢(t), z=0A+ z.
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Theo dinh nghia chuyén dong dinh éc, ¢ = w la van toéc géc chuyen dong
quay ctia S quanh truc A = o(t) = wt, van toc trugt 1a dOA/dt = hw
(h =const, he s6 ti 1¢).

Vay phuong trinh (luat) chuyén dong ctia M trong hé toa do Descartes:

x =rgcos(wt +60y), y=rosin(wt+0y), 2z = hwt+ 2.
Quy dao ciia né 1a duong dinh 6¢. Hinh 1.9 thé hien quy dao ctia diém M c¢6

toa do tru trong hé quy chiéu gan véi ¢d thé 1a (1,0,0), v6i w = 7/16 (s71),
h=1.

Hinh 1.9: Quy dao ctia diém trong chuyén dong dinh bc.
Truong van toc:
T = —rowsin(wt + 6y), vy = rowcos(wt +6y), 2Z=hw.

Néu dung cong thitc Euler (w = wk) ta co:

v(M) = hw+wXxr (1.30)
C 0 i j k
= 0 + 0 0 w
hw rocos(wt + 6g) rosin(wt + 60y)  hwt + 2o

[ —row sin(wt + 6p)
= row cos(wt + 6y)
hw
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x Chuyén déng cha cb thé c6 mét diém cb dinh. Néu ¢b thé S ¢6 mot diém
¢ dinh (O) thi chuyén dong titc thai tai moi thoi diém 1 chuyén dong quay
quanh truc titc thoi A(¢) véi van toc goc tie thoi w(t). Truong van toc tic
thoi:

v(M)=w(t) xXr. (1.31)
Trong chuyén dong nay cac axoid Yo, ¥ 1a nhitng mat nén c¢é cuing dinh.

Biéu thic clia vecto quay. Dé khéo sat chuyén dong ctia ¢6 thé S dbi véi
hé quy chiéu c6 dinh Oxyz ta dua vao hé quy chiéu Ox,y,2, gan véi S. Goi
Ou 13 giao tuyén ctia Oxy v6i Ox1y; 2.

Dat:

¥ = (Oz,Ou) goi la géc chuong dong,

0 = (Oz,02z) goi la goc tién dong,

v = (Ou,Oxq) goi la géc quay rieng. Céc gbc nay goi chung la cac goc
Euler (hinh 1.10).

. - - /

T T

- —

u

Hinh 1.10: Céac géc Euler.

Céc goc Euler hoan toan zdc dinh vi tri cia hé quy chiéu Oz 1y, 21 doi vdi
hé quy chiéu Oxyz co dinh.

That vay, ta c6 thé di chuyen hé quy chiéu Ozyz dén hé quy chiéu Oz1y; 21
bing cac phép quay céac goc Euler. Cu thé:
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)

Hinh 1.11: Hé quy chiéu c¢6 dinh va dong, géc quay ).

(1) Phép quay truc Oz, goc quay ¢ dua truc Oz dén trung véi Ou,
Ozyz — Ouvz.

(2) Phép quay truc Ou, goc quay 6 dua truc Oz dén trung véi Oz,
Ouvz — Ouv'z;.

(3) Phép quay truc Oz, goc quay ¢ dua truc Ov' dén trung véi Oy,
Ouv'zy — Oxyyr21.

Goi M € Stacor=r(v,0,p), suy ra
or . Or.
3 ww + 3 09 +

or

v(M) = o (1.32)

Ta thay ngay g—;@b Ja thanh phan van toc cia M trong chuyén dong quay ciia
¢b thé quanh truc Oz véi vectd quay w = 1k nén

or - .

—1Y =yYk Xr.

B wﬁb (G

Tuong t,
or . . or
—0 = Ou x —¢ = pk; Xr.
R P S
Tw day ta suy ra

w = Uk + Ou + ok;. (1.33)
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’Zl

Hinh 1.13: Ouvz — Ouv'z.

14
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@

Z

Y1 (v

X,

()

(V)

Hinh 1.14: Ouv'z; — Oxyy121.

* Chuyén déng song phing. Trong chuyén dong ciia ¢b thé S, néu ton tai
mat phang 7 gin véi S truct lén mat phang 7 ¢6 dinh thi ta néi S chuyén
dong song phang.

Moi diém M € S vé qui dao trén mat phang song song hodc tring véi 7.
Mudn biét chuyén dong ctia moi diém thuoc S ta chi can biét chuyén dong
ctia moi diém thudc my, nghia la chuyén dong ctia my ddi véi .

Chuyén dong titc thoi ciia chuyén dong song phang la hop clia chuyén dong
tinh tién trong mat phang T va chuyén dong quay quanh truc A(t) vuong géc
Vo T

Truong van toc:

v(M) = v(A) + w(t)x AM .

trong d6 A € my.

Goi I € 7 la giao diém ctia truc quay tic thai A(t) véi mat phang
(hay mp) thi v(I) = 0 va I € A(t) duge goi la tam quay tic thoi. Néu lay
A = I trong cong thiic truong van toc ta co

v(M) = w(t)x IM . (1.34)



CHUONG 1. DONG HOC 16

Tich hitu huéng hai vé véi vecto w (chu § M € mp) ta co6
w(t) x v(M) = w(t) x (w(t)x IM)
= —w? M= —u? OT] +w? W,
suy ra (lay M = O)

(t) x v(0)

o1="% (1.35)

2
Chi ¥, 6 day ta phai hieu v(O) la van téc clia diem thuoc co the tring véi
O lic t. Cong thic (1.35) cho phép xéc dinh tam van toc.

Khi ¢ thay doi, I vé duong cong y déi véi 7, goi 1a dudsng day, dong thoi
vé duong cong o doi véi mp, goi 1a duong lin. Chuyén dong ctia m déi véi
chinh la chuyén dong ciia duong lan déi véi duong day.

1.3 Hodp chuyén dong

Xét chuyén dong ctia c6 thé S ddi v6i cac he quy chiéu khac nhau.

e Hé quy chiéu c¢6 dinh (T') = Ozyz, chuyén dong ctia M ddi véi (T) goi
14 chuyén dong tuyét déi. v,, w, - van toc, gia toc ctia M ddi véi (T),
goi 1a van toc, gia toc tuyet doi ciia M.

e Hé quy chiéu dong (T1) = Oiz13121 ((T1) chuyén dong ddi véi (1)),
chuyén dong ctia M d6i véi (T}) goi 1a chuyén dong tuong déi. v,, w,
- van téc, gia toc cia M doi véi (T1), goi 1a van toc, gia toc tuong doi
cua M.

e Chuyén dong ctia Ty d6i véi (T') goi la chuyén dong theo. Chuyén dong
clia diem P, gan v6i (Ty) trung véi M tai thoi diém dang xét, doi véi
(T) goi la chuyén dong theo ctia M. v,, w, - van toc, gia toc ctia P d6i
véi (T), goi la van toc, gia toc theo clia M.

Dung cac ky hiéu hinh thic

() () (%)

dé chi chuyén dong ctia S déi véi (T') (chuyén dong tuyét ddi), chuyén dong
clia S dbi véi (T1) (chuyén dong tuong ddi), chuyén dong ctia (77) doi véi
(T) (chuyén dong theo), ta c6 thé viét

(7)-(+)(z)

va n6i (S/T) 1a hgp clia cac chuyén dong thanh phan (S/Ty), (T1/T).
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1.3.1 Coéng thiic hgp van téc, gia téc

Ta c6 lien hé gitta hé toa do tuyet ddi va hé toa do tuong do6i
OM=00; + O,M= ai+ bj + ck + z1i1 + yij1 + 21K

x Cong thiic hop van toc
Dao ham hai vé theo thoi gian, ta c6

g ey
Vo = @ T w
di 11 dJl dkl dﬂfl . dyl le
+x 1d +Yy1— dt +21E+d—l 1+ dtJ1+ i k1. (136)

Van toc tuong dbi ctia M chinh 13 dao ham theo thoi gian clia ham vecto
OlM v6i i17j17k17 tuc la

d 01M dlL’l dyl . le
— — 7 k. 1.
VrE T Tt Tt (1.37)

Ta cling co I
OP=00; +z1i1 + 1y1j1 + z1ka,

Vv6i 1,91, 21 12 hing s6 (P gan v6i he dong) do d6, van téc theo ctia M chinh
la dao ham theo thoi gian ctia ham vecto OP vei 71,1, 21 khong doi, nhung
i1,J1, k1 di dong

_dopP da,  db diy o diy o di

. - _ - 1.38
VST T et T T T (1.38)
Thay (1.37), (1.38) vao (1.36) ta dugc cong thiic hgp van toc
Vo = V, + V. (1.39)
x Cong thic hop gia toc
Dao ham hai vé (1.36) theo thoi gian
d’a, de n dQCk Y d2 . d?j . d’k,
W, = — 2
a2 T T apk T e T A
d?zq >y, A’z
T T g T g
dxq d11 dyl djl dz dky
2 _— 1.4
* ( Qi dr " ddae T ar (1.40)
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Lap luan tuwong tu nhu trén, ta co:

dQJ]l . d2y1 . d221

Wr = et et e )
d*a. d?b. dPc d?*i; d2j1 d*k,
We = = nitoplt gkt n gy tuigs ey (142)

Vi chuyén dong ctia (T3) d6i v6i (T) 1a chuyén dong clia c¢b the, trong
truong hop tong quat, 1a hop ctia chuyén dong tinh tién va quay véi vecto
van téc goc w nén

dil . djl . dkl

— =wXi —— =w X — =wxk
dt 1, dt Ji, dt 1

tit d6 s6 hang con lai cia (1.40) c6 thé viét lai

o dl‘l dil dy1 djl le dkl B

Thay (1.41), (1.42), (1.43) vao (1.40) ta nhan dugc cong thiic hop gia toc
W, = W, + W, + W, (1.44)

trong d6 w, la gia tdc Coriolis sinh ra do chuyén dong quay ctia (77) dbi véi
(T).

* Cong thic hop vecto quay

Ky hiéu w,,w, va w, lan lugt 1a van téc quay tuyéet doi, tuong ddi va
theo. Ta chiing minh

W, = W, + we. (1.45)

Dé don gian ta gia thiét chuyén dong (S/S;) va (S;/T) 1a chuyén dong quay
v6i vecto van toc goc 1a w, va w..
Truong hop cic truc quay trong chuyén dong (S/S1) , (S1/T) cdt nhau
Gia st truc quay trong chuyén dong (S/S;) (1a gia mang vecto w,) va
truc quay trong chuyen dong (S1/7) (1 gid mang vects w,) cit nhau tai O.
Trugt vecto w,, w, dén O. Xét diem M bat ky clia vat xac dinh béi vecto
ban kinh r tit O. Ta ¢6

V, =W, XT, V.=wW,XT.
Theo cong thitc cong van toc

Vo =V, + Ve = (w, + w,) Xr.
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Nhu vay,
W, = W, + We.

Truong hop cdc truc quay trong chuyén dong (S/S1) , (Si1/T) song song
vdi nhau

Néu cac van tbéc goc w,, w, ciing chidu. Diém dit ctia ching lan lugt 1a A
va B. Ta c6 thé coi AB vuong goc véi w,., w, vi d6 1a cac vecto trugt. Xét su
phan bé van tbc trong mit phang qua A, B va vuong géc véi w,, w.. Trén
dudng thang AB ton tai diém C c6 van téc biang khong. That vay, van toc
tuong doi ciia diém C bang w, AC va van tbc theo bing w.BC va chiéu ciia

ching nguge nhau va
I )
Tm e ¢

A z4fj B

Hinh 1.15: Van tbc diém C' truong hgp w,, w, ciing chiéu.

w. BC
w,AC = w,BC = == = —.
" ¢ we AC
Vay truc qua C song song véi cac vectd w,,w, la truc quay tic thoi tuyét
dbi ctia vat. Tinh van toc tai B. Ta co

v.(B) = ABuw,,
v,(B) = CBuw,

suy ra

Wa

~cB "7 CB

Wy

AB (AC + CB)w, (we )
=(—+1)w =w, + we.

Van toc goc ciia chuyén dong tuyét doi ciing biang tong ciia cac van toc
goc tuong dbi va van toc goc theo (vé mat vecto).

Néu cac van téc goc w,., w, trai chieu. Gia st vé do 16n w, > w.. Lam
tuong tu nhu trén, trén dudng thing AB ton tai diém C c6 van téc bang
khong. That vay, diém C phai ndm bén trai dé cac van téc ngude chiéu nhau
va

BC

w, _ BC
wTAC’—weBC':>w—e— 1c
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Vay truc qua C song song véi cac vectd w,,w,. la truc quay tic thoi tuyét
dbi ctia vat. Tinh van toc tai B. Ta co

v.(B) = ABuw,,
ve(B) = CBuw,

suy ra

wa:_:wr: = o
r

AB (CB—-CA)w, | We o
CB CB W T T e

Ve
og/ | " 1Pe

/VCA B
¥

Hinh 1.16: Van téc diém C trudng hop w,,w. ciing chiéu.

Van téc géc ciia chuyén dong tuyet doi cling bing tong clia cac van toc
goc tuong déi va van toc goc theo (vé mit vecto).

Trudong hop cdc truc quay trong chuyén dong (S/S:1) , (S1/T) chéo nhau

Ky hiéu khodng cach ngan nhat gitta cac truc quay la AB. V6i vecto w,
dit & A, vecto w, 6 B. Ky hiéu Q = w, + w,. Ta phan tich cac vecto w,,
w, thanh téng cac vecto song song véi © va vuong goc véi né nhu hinh 1.17.
Vi cac thanh phan vuong goéc véi © clia w, va w, bang nhau vé do 16n va
ngudce chiéu nén ta ky hiéu ching 14 w vA —w con cac thanh phan cla w,
va w, song song véi 2 ta ky hiéu ching 1a w/ va w’. Hai thanh phan van
toc goe dau, nhu chi ra § trén, duge dan vé mot vecto w, = € song song véi
chiing. Con céc vecto w va —w tao thanh mot ngau, xac dinh chuyén dong
tinh tién (?) véi van toc

vo— wox AT

Van toc tinh tién huéng doc theo vecto w,. Nhu vay, chuyén dong tuyet doi
clia vat 1a sut quay ciia vat quanh truc va dong thoi chuyén dong tinh tién
doc theo truc ay. Tém lai, ta ciing c6 vecto quay la

W, = W, + We.
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b)
Hinh 1.17: Cach phan tich vects van téc goc.

Toéng quat: chuyén dong (T, /Tp) 1a hop ctia cac chuyén dong (Ty/Ty),
(TQ/Tl)’ SRR (TN)/Tn—l)’ (TR/T)v

T\ (T (T T,
o) \Tv) \T T
Trong chuyén dong (T;/T;_1), ky hiew: v;; (M) 1a van téc ctia diem

thuoc (T;) tring v6i M tai thoi diém ¢ trong chuyén dong cta (T;) ddi véi
(Ti—1), wii—1 la vecto quay tuong tung, ta co:

v(M) = Z Vi1 (M), (1.46)

w = Zwi,i,l. (147)

1.3.2 Chuyén déng ngudc

Hai ¢6 thé S;, S, chuyén dong dbi véi nhau. Nhitng chuyén dong (S;/Ss) va
(S3/81) dudc goi 1a nhitng chuyén dong nguge tuong hd.
Ta cb

vip(M) = —va.1(M), (1.48)

Wi = —Wwar, (1.49)

truc tic thoi cia ching trung nhau.
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1.3.3 Chuyén déng ctia hai cb thé tiép xic

Cho hai ¢6 thé S;, S, chuyén dong va luon tiép xtc v6i nhau. Goi I la tiép
diém tai thoi diém ¢. Goi I; 1a diém gin véi S trimg véi I lac ¢, I, 1a diém
gan v6i Sy trimg véi I lic t. Van toc ciia I; trong chuyén dong ctia S; (i = 1,2)
dugc ky hieu la vig(17), voo(l2). Hiéu

v =vig(l1) — vao(l2)

dudc goi 1a van téc trudt ctia S; doi v6i Ss.

Van toc trugt khong phu thuoc vao hé quy chiéu c¢d dinh va néu khac
khong vecto nay nam trong mat phing tiép xic ciia hai ¢ theé tai thoi diém
doé.

Bai tap chuong 1
Bai tap on vé vecto
1.1. Trong hé toa do Descartes, cho ba vecto:
a=2i—j—2k, b=3i—4k, c=1i-5j+ 3k.

a) Tim 3a + 2b — 4c va |a — b|2.
b) Tim |a|, |b| va a-b. Suy ra goc gitta a va b.
¢) Tim thanh phan ciia ¢ theo huéng cia a va theo hudéng cia b.
d) Tima x b, b x cva (ax b) x (b x c).
e) Tim a- (b x ¢) va (a x b) - ¢ va chi ra rang ching bang nhau. Tap dugc
sap {a, b, c} 1a he vecto thuan hay nghich?
f) Kiém dong nhat thitc (cong thiic Gibss): ax (b xc) = (a-c)b—(a-b)c.

1.2. Tim gobc gitta hai dudng chéo khoi 1ap phuong trén hinh 1.18.

1.3. Cho ABCD la hinh bén canh téng quat (léch) va cho P,Q, R, S 1a cac
trung diém ctia cac canh AB, BC, CD, DA tuong tng. Chiing minh PQRS
la hinh binh hanh.

1.4. Trong hinh t dién, vé cac dudng ndi trung diém ctia mdi canh véi trung
diém ctia canh déi dien. Chitng t6 ring ba dudng nay cit nhau tai mot diem
chia doi ching.
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Hinh 1.18: Bai tap 1.2

1.5. Cho tit dien ABCD va cho P, Q, R, S 1a trong tam clia cac mat doi dien
véi cac dinh A, B, C, D tuong ting. Chiing t6 rang cac duong AP, BQ,CR, DS
dong quy tai mot diém goi la trong tam (centroid) ctia t1t dién, né chia mdi
duong theo t1s6 3 : 1.

H.D. Diém M chia doan AB theo ti s6 k SMAMB= k.

1.6. Ching to ring ba duong cao ciia tam giac dong quy tai mot diém.
H.D. Chon O la giao diém ctia hai dudng cao.

1.7. Chtng minh cic dong nhat thic:
a) (axb)-(cxd)=(a-c)(b-d)—(a-d)(b-c).
b) (ax b) x (¢ xd) = [a,b,d]c — [a,b,c|d.
c)ax (bxc)+cx(axb)+bx(cxa)=0 (dong nhat thitc Jacobi).

1.8. Cho vecto v 1a ham clia thoi gian ¢ va k 14 vecto hang. Tim dao ham
theo thoi gian ctia: a) [v|*; b) (v -k)v; ¢) [v, v, k].
D.S.a)2v-v;b) (Vv -k)v+ (v-k)v; c) [v,V,k].

1.9. Tim vecto tiép tuyén don vi, vecto phap tuyén don vi va do cong clia
vong tron: x = acosf, y = asinf, z = 0 tai diem c6 tham s6 6.
DS. t = —sinfi+ cosfj, n = —cosbi —sinbj, k = 1/a.

1.10. Tim vecto tiép tuyén don vi, vecto phap tuyén don vi va do cong clia
dudng xoén 6c: x = acosf, y = asinb, z = b tai diém c6 tham so 6.

D.S. t = (—asinfi + acosfj + bk)/(a® + b*)'/2, n = —cosbi — sinbj, k =
a/(a® + b?).

1.11. Tim vecto tiép tuyén don vi, vecto phap tuyén don vi va do cong clia
parabol x = ap?, y = 2ap, z = 0 tai diém c6 tham s6 p.
D.S. t = (pi+j)/(P* + 1) n=(i—-pj)/(p*+1)"? k=1/2a(p” + 1)**.
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1.12. Chiing minh: diéu kién can va dt dé ham vecto u(t) c6 mo dun khong
doi la u L u.

1.13. Trong mat phang Oxy, vectd don vi u c¢6 goc 1a O, goéc dinh hudng
¢ hgp béi chiéu duong truc hoanh véi vecto u, duge goi 1a goc cie clia u.
Chitng minh dao ham ctia vects don vi u(y) theo goc cuc, du/dyp, nhan duge
bang cach quay u mot goc /2.

1.14. Trong hé toa do Descartes toan tit gradient:

0 0 0
v— <a_x7a_y7$>.

Viét toan ti gradient trong toa do try, cau.

1.15 (Toa dd cong téng quat). Mot tap cac s6 ¢, %, ..., ¢" xac dinh vi
trf mot diém trong khong gian R" dudc goi 1a toa do cong ciia né. Quan he
gitta toa do Descartes va toa do cong duge biéu dién béi cac phuong trinh

T :xs(ql,cf,...,q") (1.50)

hay & dang vecto

r=r(¢',¢%...,q"),
trong do r 1a vecto ban kinh. Cac ham (1.50) duge gia thiét lien tuc trong
mién xac dinh clia n6 va c6 cac dao ham rieng dén cap ba. Chiung phai gidi
duge ddi véi ¢t ¢?, ..., ¢". Diéu nay tuong duong véi Jacobian

0x,
oqgk

(1.51)

khac khong.

Phuong trinh (1.50) xac dinh n ho siéu mit toa do ¢" = ¢j;. Bat ky n — 1
sieu mat toa do, thuoc vé cac ho khac nhau, giao nhau theo mot duong cong
nao do goi la duong toa do.

Ky hiéu ry, = Or/0q", ta c6

dr = Z rpdg®
k=1

suy ra
n

ds®> = dr - dr = Z (rs - 13)dg°dg.

s,k=1 Gk
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Cac dai lugng g4 = r, - rj xac dinh mot metric trong hé toa do cong.
Heé toa do cong dudc goi 1a toa do cong triyc giao néu

0, s#k
Ik =1 H2, s=k
Cac dai lugng H? duge goi 1a cic he s6 Lamé. Ta c6: Hy = |ry| va
ds* = ZHg(quf.
k=1

Toa do elliptic trong R3:

¢ =X\ ¢=p =z

dugce xac dinh bdi cong thic
r=ch\p, y=c/(N =11 —-p?), 2=z

trong do6 c 1a thita s6 ti le.
(a) Tim cac mit toa do ctia hé toa do elliptic.
(b) Tinh céc he s6 Lamé.

Bau tap vée van toc, gia toc va vian toc goc

1.16. Mot diém P di chuyén doc theo truc z; chuyén dich ctia né tai thoi
diém ¢ dugce cho béi # = 6t —t3 41, trong dé = do bing mét, ¢ do bang giay.
Tim van tbc, gia toc ctia P tai thoi diém ¢. Tim nhing thoi diém P dimg va
vi trf ctia P tai nhitng thoi diém do.

1.17. Mot diém P di chuyén doc theo truc z véi gia téc tai thoi diém ¢t duge
cho béi a = 6t —4 ms~2. Ban dau P & diém = = 20 m va c¢6 van téc 15 ms™!
vé phia z am. Tim van téc va chuyen dich ctia P tai thoi diem ¢. Tim thoi
diém P ding va chuyen dich ctia P tai thoi diém do.

1.18. Mot hat mang dién di chuyén trong tit truong theo luat
r = bcos Qti + bsin Qtj + ctk,

trong dé b, ) va c la cac hing s6 duong. Ching t6 ring diém di chuyén véi
téc do khong doi va tim do 16n clia gia tdc ciia hat.
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1.19. Mot con con triing bay trén quy dao xoan 6c¢ sao cho toa do cic clia
n6 tai thoi diem ¢ 1a

r=bet, 0=,
trong d6 b va  1a céc hang sb duong. Tim cac vecto van toc va gia toc clia
con con tring tai thoi diém ¢. Ching té ring goc giita cac vecto nay luon
luon bang /4.

1.20. Mot hat P chuyén dong sao cho vecto dinh vi ctia né, r théa phuong
trinh vi phan

r=cxr,
trong d6 c la vecto hing. Ching minh P chuyén dong véi toc do khong doi
trén mot duong tron.
H.D. Tut phuong trinh vi phan ta suy ra

. dr? :
rJ_r:>E:2r-r:O:>r:R(const) (a)
1"J_c:>d(z;fc):1"-(::0:>r~c:const (b)

Tit dang thic (b) ta thiy hinh chiéu ctia P lén truc di qua O c¢6 vecto
chi phuong c 1a diém cb dinh, goi 1a Q; hay néi cach khac, P luon luén nim
trén mat phing ¢ dinh di qua diém @ va nhan ¢ lam phéap vecto. Cung véi
dang thic (a) ta rat ra quy dao ctia P la dudng tron.

Ky hieu v = 1 1a van téc va w = 1 1a gia tdc. Ta c6 [bang cdch lay dao
ham hai vé phuong trinh vi phan]

r=rxc=v-w=0.
Vay P chuyén dong véi téc do khong doi.
1.21. Ching minh cong thic (1.19).

1.22. Chitng minh cong thic Frenet

t 0O k O |t
d
d—n:—kOT n |,
51 b 0 —7 0| |Db

trong d6 7 1a do xoan.
T cong thiic db/ds = —7n chi ra § nghia hinh hoc ctia do xoan.

1.23. Cho vong tron tam O ban kinh R. Chon diém (R, 0) 1a gbc tinh hoanh
do cong. Xac dinh co sé dia phuong ctia duong cong. Tinh do cong cia duong
cong.
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1.24 (Cong thiic dong hoc Euler). Ky hieu (pi1, ¢i, 1) 1a thanh phan toa do
clia w trong he quy chiéu Oz1y;121, (p, ¢, 7) 1a thanh phan toa do clia w trong
hé quy chiéu Oxyz. Chiing minh:

P = écosgo+¢sinesingo,

q = —ésin<p+@/}sinﬁcoscp,

r = ¢+cosh. (1.52)
— fcosth + ¢sinfsin i,
= ésinw—gbsinﬁcosw,
= pcosh + . (1.53)

HD. Theo cong thitc (1.33)
w =k + fu + ¢,

dé tinh hinh chiéu vecto w lén cac truc cua he truc di dong Oz1y,21 ta chiéu
cac vecto wM) = ¢k;, w?® = Yk, w® = fu xudng heé truc toa do Ozxiy; 2.
Vi vecto w; hudng theo k; nén

w =0, w® =0, wg) = ¢.

Z1 Y1

Dé tim cac hinh chiéu vecto w® ta dung mit phing di qua 2 va z va ky
hiéu giao tuyén clia n6 véi mat phang z1y; 13 OM (hinh 1.19). Khi d6 truc
21 va dudng thfmgg OM vuodng goc véi nhau. Ta phan tich vecto w® thanh
hai thanh phan wz?) doc theo truc z; va cu](\? doc theo OM

w® =Pk, + w](\?U,
trong d6 U la vecto don vi clua W,
wg) = 1) cos b, wg\? = 1 sin 6.
Dé ¥ ring, duong nit ON vuong goéc véi mit phang 2z nén né vuong goc
v6i dudng thang OM va vi vay goc giita truc x va duong thang OM bing

/2 — . Nhu vay,

w? = w](é)singz):zbsinﬁsingo,

w? = wﬁ) sin@:¢sin0cosw,

w? = 4)cosb.
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Z1

Y1

Hinh 1.19: G6c Euler.

Dé tim cac hinh chiéu vecto w® ta luu ¥ ring né nam trong mit phing
x1y; nén hinh chiéu ctia n6 lén truc z, bing khong. Ngoai ra, vi vecto w®
huéng theo duong nat ON nén goc gifta né véi truc x; bang o, con véi truc
y1 bang ¢ + /2. Tu do, suy ra

3 3 )
wu,([/,l) = w®cosp =0 cosp,
™ -
wg’) = w®cos <gp + 5) = —0Osingp,
w® = 0.

zZ1

Lay tong cac hinh chiéu tuong tng ta ducc két qua.
Phan con lai lam tuong t.

1.25. Cho co cau thuée vé elip gom thanh O A quay quanh O véi goc ¢ = wt,
thanh BC c6 hai dau chuyén dong trén hai truc z, y. Cho OA = AB = AC =
2a. Viét phuong trinh chuyén dong, quy dao ctia diém M (AM = M B) (hinh
1.20). Xac dinh van toc, gia toc, gia toc tiép, gia toc phap cia diem M tai
thoi diém bat ky.

H.D. [Chii §f dén cdc moi lién hé gitta diem M (can khdo sdt) vdi cdc diém
ma gid thiét ciia bai todn cho biét chuyén dong. Dung toa do descartes.]

Ta co:

OA = (2acoswt,2asinwt),
OB = (2x4,0) = (4acoswt,0).
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Suy ra
OM= %(ﬁ + OB) = (3acoswt, asinwt).

Phuong trinh chuyén dong ctia M:

r = 3acoswt
y = asinwt

Quy dao (khit ¢ tit phuong trinh chuyén dong):

2 2

x

2y

9a?  a?
Van toc:

T = —3awsinwt, Y = aw coswt.
Gia toc:
&= —3aw?coswt, i = —aw’sinwt.

Dé tinh gia tdc tiép ta can tinh téc do (modun vectd van toc)

v = alw|V1+ 8sin® wt.

Gia toc tiép:
4a|w|w sin 2wt

V1 + 8sin®wt

Dé tinh gia téc phép ta can dén modun vecto gia tdc:

w = aw’V'1 + 8 cos? wt.

Wy =V =

Gia toc phap:

aw?\/9 — 12sin? 2wt

V1 + 8sin® wt

Chii v, gia toc phdp luon luon la s6 duong!

W, = Vw? —wi =

1.26. Mot banh xe ban kinh R chuyén dong lin khong trugt trén duong
thang véi van tdc 6 tam bang vo. Viét phuong trinh chuyén dong ciia diém
M nam trén vanh banh xe. Xéc dinh van téc, gia téc diém M, ban kinh cong
p cua quy dao. Khao sat sy nhanh cham ctia chuyén dong.

H.D. Chuyén dong ciia tam C' la chuyén dong théng déu van tbc vy. Do banh
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a
nC

-5
Wy
VX

Hinh 1.20: Bai tap 1.25.

xe lan khong trugt nén Ry = vot (gid thiét lic ¢t = 0 diém M niam & goc toa
do O).
Hé thuce lien hée OM vé6i OC
OM=0C + CM .

Chiéu heé thitc vecto xudéng cac truc toa do

r = zc+ Reos (2 — ) ST = vot — Rsin 42
y = Yo+ Rcos(m — o) y = R— Rcos%

Van toc:
. Vot . . ot Vot
i =y [ 1— cos— , =ypsin — = v =1v94/2|1—cos—].
Gia toc: ) ) )
(o Vot (o Vot (o
i=-Cgin—, j=-2cos— = w= -2
R R VTR™R R
Dé tinh ban kinh cong ta can biét gia toc tiép,
SHE
Wt = v =
— Cos ”Ot

gia toc phap

Suy ra
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y

Hinh 1.21: Bai tap 1.26.

1.27. Diém M chuyén dong theo phuong trinh
r=at, y=>bt> (a,blahing sd).

Xac dinh quy dao, luat chuyen dong ctia diém trén quy dao. Tinh van toc,
gia toc clia diem va ban kinh cong ctia quy dao tai thoi diém ¢ = 0.

1.28. Diém M chuyén dong theo phuong trinh
— at _ —at N P3
T = x0e™, Yy =1ype (%0, Yo, @ 1& hang s0).

Xac dinh quy dao, van toc, gia toc, gia tdc tiép va gia tdoc phap cla diem.
Tim béan kinh cong ctia quy dao ciia diém.

1.29. Mot banh da ban kinh R = 2 m quay nhanh dan déu tit trang thai ding
yen. Sau 10 s mot diém trén vanh banh xe c6 tri s6 van téc v = 100 m/s%.
Xac dinh van tdc va gia toc clia diém tren vanh banh da 6 thoi diém t = 15 s.

1.30. Mot dau sgi day khong gian buodc vao vat A, con dau kia quan vao rong
roc ban kinh R = 10 ¢m quay quanh truc O ¢6 dinh. Cho diém A chuyén
dong di xubéng véi phuong trinh z = 1002, (xz(cm), t(s)). Xac dinh van toc
goc va gia téc goc clia rong roc, dong thoi xac dinh gia tdc ctia diém B trén
rong roc (OB =5 cm).

1.31. Cho co cau chuyén dong nhu hinh 1.23. Biét vat (1) chuyén dong véi
phuong trinh x = 70242 (z(cm), t(s)), Ry = 50 cm, 5 = 30 cm, Ry = 60 cm,
rs = 40 cm. Xéac dinh van toc, gia toc tiép, gia téc phap va gia tdc toan phan
ctia diém M khi vat (1) di duge mot doan s = 40 cm.

H.D. Van toc ctia (1): @ = 140t (cm/s).
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Hinh 1.22: Bai tap 1.30.

Do dai chuyén, banh xe (2) chuyén dong quay véi van téc goc wy thoa
wory = 140t suy ra wy = 14t/3 (s71) [van toc ciia diém trén vanh binh ze (2)
bang van toc cia vat (1)].

Banh xe (3) chuyén dong quay véi van tdc goc ws thda wy Ry = wy Ry suy
ra w3 = Rows/Ry = 35t/9 (s7') [bdnh ze (3) va banh ze (2) noi vdi nhau
bang dai chuyén. Diung cong thic chuyén dong.

Diém M gin véi banh xe (3) chuyén dong quay quanh truc. Van toc
cia M la v = wsry = 1400t/9 (ecm/s). Gia téc goc clia banh xe (3) la
€3 = 35/9 (1/s%) nén gia toc tiép clia M 1a w; = ezry = 1400/9 (cm/s?) va
gia toc phap cia M 1a w, = wirs = 19000¢?/81 (cm/s?) [xem lai cic cong
thite lién quan dén chuyén dong ciia co thé quanh mot truc.

Thai diém (1) di duge s = 40 (cm) la t = 2/4/7, thay vao cac biéu thiic
trén ta duge két qua can tim.

[Chii y, két qud tinh van toc, gia toc tiép, gia toc phap cia diém M chi
la do lon. Dé zdc dinh hudng clia cdc vecto nay ta can xét thém chiéu quay
ctia cdc banh ze lien két vdi nhau]

Chai thich. Bai toan chuyén dong gom cic banh xe quay quanh cac truc va
¢6 lien he v6i nhau (dn khép bang riang, tiép xic khong trugt, ndi véi nhau
bing cac dai chuyén). Ti s6 chuyén dong gitta ching

w1 Ry

Ky =—

22
%) Ry 21 ’

(1.54)
trong d6 w;, R; va z lan lugt 1a van toc goc, ban kinh va s6 rang clia banh
xe thua i.

Bai tap vé hop chuyén dong

1.32. Mot hinh nén quay déu quanh truc OA véi van toc goc w. Diem M
chuyén dong déu theo dudng sinh ctia hinh nén tit dinh dén day véi van toc
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Hinh 1.23: Bai tap 1.31.

v,; goc ZMOA = . Tai thoi diem dau t = 0, diém M & vi tri My (OM, = a).
Tinh gia gbc ctia M tai thoi diém t.
H.D. Chuyén dong tuong déi cia M ddi v6i hinh nén (hé toa do dong) 1a
chuyén dong thing déu nén gia téc tuong déi w, bang khong.

Chuyén dong theo 1a chuyén dong tron véi van téc goc w khong doi nén
van toc theo ciia M 1a v, = & x r, trong d6 & = wk, r =OM. Gia tbéc theo
(dung cong thic Gibbs):

dve - - 2
W, = = (0 r)d —wr.
dt
Dé y rédng & - r = —wr cos a nén
w, = —w?r cos ak — w?rr,

trong dé ry 1a vecto don vi ctia r. Néu phan tich vecto ry thanh
ro = — cos ak + sin au
v6i u 1a vecto don vi trie giao véi k (truc z) v nam trong mat phang (AOM),
thi
w, = —w?rsin au.

Gia toc Coriolis ctia M:
W, = 20 X Vv, = 2w, sin av,

trong do v la vecto don vi cua vectd k X v,., vectd nay vuodng goc véi mit
phang (AOM).
Ap dung cong thiic cong gia téc,

W, = —w’rsin au + 2w, sin av,
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gia t6c nay nam trong mat phang vuong goc véi OA. Tai thoi diem ¢, r =

vt + a,
w, = —w?(v,t + a) sin au + 2w, sin av.

Hinh 1.24: Bai tap 1.32.

1.33. Tam giac ABC vuong tai A quay quanh canh AB thang diing c6 dinh
v6i van téc goc w =const. Mot diem M chuyén dong trén canh BC' theo
phuong trinh BM = s = 20t2. Xac dinh van toc, gia toc clia diém M khi M
nam & trung diem BC. Biét BC =40 cm, o = 30°, w =2 s~ L.

nB

1K

Hinh 1.25: Bai tap 1.34.

1.34. Co cau cam c6 dang hinh ném vé6i o = 30° chuyén dong tinh tién trong
mat phang ndm ngang, v6i van téc khong déi v; = 30 cm/s. Cam day thanh
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AB chuyén dong thang ding trong ranh c¢6 dinh K (hinh 1.25). X4c dinh
van toéc tuyéet doi ctia thanh AB va van toéc tuong doi clia né so véi cam.
H.D. He toa do c¢6 dinh Ozy gan véi nén. Hé toa do dong Cs gan v6i mat
nghiéng ctia ném.

Hinh 1.26: Hai vi trf truée va sau ctia ném (bai tap 1.34).

Hinh 1.26 vé hai vi tri cia ném, trong dé hinh vé khong lién nét ting véi
vi trf ban dau ctia ném.

Thanh AB chuyén dong tinh tién, van téc ctia thanh dugce cho béi van
toc ctia A. Diém A’ 1a vi trf ban dau ciia A (trong hé ¢ dinh). Ta co:
HA = Az, Ayy = HAtan o = Az tana, suy ra van toc tuyet doi ciia thanh
AB: v,(A) = vtana, huéng thang ding len trén. Két qud nhdan dugc bing
cdch chia hai vé cho At, roi qua gidi han, At — 0.

Diém A” la vi tri ban dau ctia A trén neém. Ta c6: A’A” = Ascosa,
A'A" = HA = Az, suy ra van toc tuong doi ctia A: v,.(A) = v/cosa, huéng
nguge chiéu véi s. Dung dit lieu s6:

va(A) = 30tan 30° = 10v/3 (em/s), v,.(A) = 30/ cos 30°20v/3 (em/s).

Ta c6 thé gidi bang cong thitc hop van toc. Trudc hét, dé 1 rang van toc cia
ném v la van toc theo cia A, v.(A) = v. Tinh vin toc tuong doi cia A,
v.(A) (nhu trén) roi dung cong thiic hgp van toc tinh van toc tuyét doi clia
A, va(A).

1.35. Mot co cau bon khau gom tay quay O; A = 10 em quay quanh O; véi
van toéc goc w; = 10ws™ !, tay quay O.B = 30 cm quay quanh O, va thanh
AB chuyén dong song phang. Cho 010, = 50 ¢m. Xac dinh van téc goc
thanh AB, van toc diem B va van toc goc tay quay OB khi o = 3 = 60°.

H.D. Goi I, wyp lan luct 1a tam quay tic thoi, van tdc goc tiic thoi cia
thanh AB. Diém I chinh la giao diém ctia O A va O, 5. 0 vitri a = 5 = 60°
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Hinh 1.27: Bai tap 1.35.

tam giac 0110, 1a tam giac deu, suy ra: TA = O11 — O1A = 40 (cm),
IB = O3] — OB = 20 (em). Tit cong thitc van téc clia chuyén dong quay
cua thanh O; A va thanh AB ta c6

10 X 10 = 40wap = wap = 2,57 (1/s).

Diém B chuyén dong véi van toc Vp = 20 x 2,57 = 507 (cm/s).
Van téc goc clia thanh O, B sinh vién ty lam.



Chuong 2

DONG LUC HOC

2.1 Cac dinh luat Newton

Noi dung céac dinh luat, xem Muc 1.2, [1].

2.1.1 Luc

Quan hé gitta Iuc va chuyen dong la noi dung ctia dinh luat thit hai
F = mw. (2.1)

x Luc hap dan. Hai vat khoi luong my, me hit nhau béi e ¢6 phuong 1a
duong ndi khéi tam ctia ching va do 16n bang
mims

dz

trong d6 d 14 khoang cach hai khoi tam va G = 6,67 x 107 m?/s*kg 1a hing
s6 hap dan.

Trong lugng ciia mot vat 1a modun ctia e hit do Trai dat tac dung len
vat.

F=G (2.2)

* Luc ma sdt. Luc ma sat ndm trong mat phang tiép xtc gitta cac vat,
nguoc huéng véi chieu chuyén dong ctia vat hay chiéu ctia luc tac dung vao
vat. Ve do 16n lyc ma sat ti 1é v6i phan Iyc phap tuyén

Fms - 77Rn7 (23)

trong d6 7 1a hé so6 ma sat.

* Luc cdn ciia moi truong. Vat chuyén dong trong moi trudng nhu khong
khi, nuée,. .. luoén luon chiu mot sic can c6 huéng ngude véi huéng chuyén

37
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dong va c6 do 16n ti 1e véi liy thita clia van toc

F = uv®. (2.4)
He s6 ti lé u phu thudc ban chat ctia moi truong, kich thude va hinh dang
ciia vat; a 1a hing s6 phu thuoc vao chuyén dong. Trong cac chuyén dong véi
van toc 16n nhung khong vuot qui van tdc am, thie nghieém cho thay, lic
can ctia moi truong ti 1é véi binh phuong clia van toc (a = 2).

Néu vat roi tu do trong khong khi thi Iiic can F' sé tang dan tit 0 cling
véi sy gia tang van toc. Cudi cuing thi F cling sé bang trong lic mg clia vat.
Sau d6 van toc cuia vat sé khong tang lén nita do khong c6 gia toc. Van toc
khong doi nay, goi 1a van toc gidi han (xac dinh tit phuong trinh F = mg).

x Luc dan hoi. Khi 10 xo bi kéo dan Az = x — x¢ n6 sé tac dung lén vat
gay ra luc kéo mot lyc Fyg, ti lé v6i do gian Az, nguge véi hudng luc kéo

Fdh = —kAx. (25)

He s6 ti1e k goi 1a do ciing ciia 1o xo.

2.1.2 Hai bai toan co ban cua dong luc hoc

Bai todn thuan. Cho chuyén dong ciia chat diém tim luc tac dung lén chat
diém.

Bai todn ngugc. Cho lyc tac dung lén chat diém tim chuyén dong cia
diém.

2.2 Cac dinh ly tong quat cua dong luc hoc
Noi dung cac dinh 1y, xem Muc 1.5, 2.1, 2.2 va 2.3 [1]. Luu y mot s6 khai

niém va cong thic can thiét dudi day.

2.2.1 Dong lugng

* Khoi tam ctia mot hé 1a diém hinh hoc C xéc dinh béi

1
re = M Z mgrg, (26)

trong do6 r; 14 vecto dinh vi chat diém thia k, M = >"my, 14 khéi lugng ctia
toan hé.

* Dong luong ciua hé

P = kavk = MVc.
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Dinh ly 2.1 (Dinh 1y dong lugng ctia he).
P=>"F (2.7)

Dinh 1y dong lp.’(jng ciia hé c6 thé duge phat bieu dusi mot dang khac.
Néu coi dao ham P nhu van t6c diém ngon ctia vecto P ¢6 diém gbc tai diém
O, thi (2.7) c6 thé phat bic¢u nhu sau:

Dinh Iy 2.2 (Dinh Iy Rédan tht nhat). Van toc diém ngon ciia vecto dong
lugng bang vecto chinh ciia tat cd ngoai luc tac dung lén hé.

Dinh 1y 2.3 (Dinh Iy chuyén dong khéi tam).
Mic =Y F. (2.8)

2.2.2 Momen dong luong

* Momen dong lugng cua hé
L:Zrk X MEVE = I'c ><]\/[VC—|—ZI'§C X M VY. (2.9)
Dinh 1y 2.4 (Dinh lj momen dong lugng ctia hé).
L= rxF? (2.10)

Ciing nhu dinh 1y vé dong luong, c¢6 thé phat biéu dinh 1§ vé mé men
dong lugng dudi dang:

Dinh Iy 2.5 (Dinh Iy Rédan thi hai). Van téc diém ngon ciia vectd mo
men dong luong bang moé men chinh cia cic ngoai luc tdc dung lén hé.

Trong chuyén déng quay ctia vat ran quanh diém cé dinh O véi
van téc goc w, ta cod
Vi =W XTIy

mo6 men dong lugng ciia vat ran doi véi O 1a
Lo=w (Z mkri) — Z myre(w - rg). (2.11)

A , . 2 ~ < Z. P .2
* Momen quan tinh ctia vat ran doi véi diem O:

Jo =Y mry, (2.12)
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trong d6 7, 1a khoang cach tit chat diém tht k& dén O.

*x Momen qudn tinh ctia vat ran doi véi truc A (di qua O):

Ja=>_ mdy, (2.13)

trong do6 dj, 1a khoang cach tit chat diém thd k& dén A.
Néu chiéu vecto Lo xudng cac truc toa do z,y, z thi dude

L, = wy Z mk(yi + 213) — Wy Z METEYr — W2 Z METRL,
Ly = wy Z mi(2j, + xf) — ws Z MEYkZk — We Z MEYkThs
L, = w, Z mk(yﬁ + z,?) — Wy Z METEYE — W Z mezeYk.  (2.14)
Ky hiéu:
Jz, Jy, J, la mdémen quan tinh cia vat ran doéi véi cac truc Oz, Oy, Oz;
Juys Juzy Jow 12 cdc mOmen quéan tinh ly tam ctia vat ran

Jzy:Jyz = kaxkyky

Jyz:sz - kaykzk7

* Tenxo quan tinh la ma tran

J:L" _Jzy _sz
I=1| —Jp J, —J. |, (2.16)
_Jz:c _Jzy Jz

Nhu vay,
Lo = Jw. (2.17)
Néu n = [cos a, cos 3, cos¥]T 1a vecto don vi clia truc A (di qua O) thi
Ja =n"Jn. (2.18)

Thay vay, theo dinh nghia ta c6

dy = risinfy = |ry x n|
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Hinh 2.1: Khoadng cach dj, tit diém M, dé truc A.

va
i j k
Iy Xn = Tk Yk 2k
cosa cosfl cos7y
= (ypcosy — z cos f)i — (zy cosy — zpcos a)j + (x5 cos f — yx cos a)k
nén
di = (yrcosy — z,cos B)* + (z cosy — z, cosa)? + (zy cos B — y, cos a)?

= (yi + 2i) cos® a+ (2 + af) cos® B+ (a + yi) cos®y
—24p 21 COS 3 COS Y — 22T} COS 7Y COS (v — 2T Y COS (x COS 3.

T d6 suy ra

Jn = Jycosla+ Jy cos® B + J, cos® v
—2.J,, cos B cosy — 2.J,, cosycosa — 2J,, cosacos f. (2.19)

Dat ¢ = cosa/v/Ja, x = cosa/+/Ja, & = cosa/+/Ja, phuong trinh (2.19)
tré thanh

Jo2® + Tyt + J.2% = 20y, — 2J,, — 2., = 1. (2.20)

Vé trai (2.20) 1a mot dang toan phuong, va phuong trinh (2.20) 1a phuong
trinh ctia mot elipxoit, goi 1a elipzoit qudn tinh. Néu ta chon cac truc cia
elipxoit lam truc toa do di qua O thi phuong trinh cta elipxoit sé c¢6 dang
chinh tac

Jox? + Jy° + .27 =1,
Cac truc cua elipxoit quan tinh goi 1a cac truc qudn tinh chinh ctia vat tai
diém O.
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Dinh ly 2.6 (Dinh Iy Huygens). Khi chuyén ti truc di qua tam khoi C
sang truc khdc song song vdi no, /A, thi

Ja = Jo + Md?, (2.21)
trong dé M la khoi lugng ciia vat va d la khodng cdch gita hai truc.

Chitng minh. Gia st ta c6 Ja dudc tinh theo cac mo6 men quan tinh J,, J,, J.,
Juys Jyzs Jow d01 vOL he toa do Ozyz. Xét he Ca'y'z’ v6i cac truc lan lugt song
song v6i Oz, 0y, 0z. Khiay r =2’ +xc, y =y +yc, 2 = 2" + 2¢, ta ¢

Too= > mil(h +yo)” + (2 + 20)°]
= > m(u + 20 + ) ma(yd +28) + 2 mi(Yhye + #c)
= Z mi(yi + 2¢) + <Z mk) (Y& + 2¢) + 2y Z myy), + 2zc Z My 2

Vi) myy, =Y, miz, = 0 nén

Ty = Y mu(h + 20)(Wh + yo)

= Z MYy + Z mrycrc + Z mi (Yo — Tiyo)
= Jx’y’ 4+ Mycxc.

Tuong tu véi cac mo6 men quéan tinh con lai.
Tu do ta co

Ja = (Jo + Mg + 22)) cos® a+ (J,y + M(2% + x2)) cos® 3

+( S+ M(x% + y2)) cos* v — 2(Jy + Myczc) cos B cosy
—2(Jyryr + Mzoxe) cosy cos o — 2( Sy + Mxcyc) cos acos 3

= (Jwcos® a+ Jycos® B+ J,cos® y — 2, cos B cosy
—2J 10 €08 7y €O8 o — 2J 1, cos acos B) + M[(yg + z&) cos®
+(22 + 2%) cos? B+ (x4 + yZ) cos® ¥ — 2yczc cos B cosy
—220Xc COSY COS @ — 2Ty cos a cos ]

= Jo+ M[(yg + 2&) cos® a + (28 + x2) cos® B+ (x5 + y&) cos®
—2ycze €os 5 o8y — 220X COS 7Y COS @ — 2T Y COS v os 3]

Bay gio ta ching minh s6 hang trong dau ngoac vuong bang d?, trong do
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o>

Hinh 2.2: Khodng céach d giita A va truc qua tam khdi va song song véi A.

d 1a khoang cach giita A va truc qua tam khoi va song song véi né. Phuong
trinh mit phang (7) qua C va vuong goéc véi A

(x —xc)cosa+ (y — yo) cos f+ (2 — z¢) cosy = 0.
Phuong trinh duong thing A
r=TcoSa, Y=TcCosf, ZzZ=TCOosv.
Giao diem H ciia (1) v6i A

T = ToCOS (Y
To = T oS + Yo cos B + zo cosy = Yy = T cos 3
Zp = To COS7Y

Binh phuong khoang céch
d> = (rocosa—x¢)? + (rpcos B —yo)? + (Tocosy — 2¢)?
gt
= (2% + & + 22)(cos® a + cos® B + cos® )
—(;1:20 cos? a + yé cos? B+ zé cos? v + 2xcyc cos a cos B
+2ycze cos B cosy + 2zcxo cosycosa) = | .
Tom lai, Jo = Jo + Md?.
|
x Cong thic tinh momen qudn tinh can nhd
1. Thanh manh dong chat chiéu dai [, khéi lugng M ddi vé6i truc qua khoi
tam va vuong goc véi thanh
1

Jo = §Ml2. (2.22)
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2. Vong dong chat ban kinh R, khéi lugng M doi véi truc qua tam va
vuong goc véi mit phang chita vong

Jo = MR*. (2.23)
3. Dia tron dong chat ban kinh R, khéi lugng M dbi vé6i truc qua tam va
vuong goc véi dia

1
Jo = §MR2. (2.24)

4. Hinh tru tron dong chat ban kinh R, khéi luong M déi vé6i truc hinh

tru'

Jo = MR*. (2.25)

2.2.3 Dong nang

* Dong nang

1 1
T = 3 kavg = §MU% - kavg.

Truong hgp dac biét:
(1) Chuyén dong tinh tién

1
T = 5Mug. (2.26)

(2) Chuyén dong quay quanh truc A
1

T = §JM2. (2.27)

* Cong
Cong phan to cia Iuc F lam chat diém thiyc hién chuyén dich vo ciing bé
dr, ky hieu oW,

SW =F - dr. (2.28)
Cong (toan phan) lam chat diém chuyén dich tit diém A dén diém B, ky
higu W,

W = / F -dr, (tich phan dudng loai 2) (2.29)
C(A,B)

'Pay 1a cong thitc tinh moémen quén tinh cho éng tru. Trudng hop khéi tru (dic)
Jo =1 MR
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trong d6 C'(A, B) 1a duong cong dinh huéng tit A dén B.
Luc F goi 1a lic bdo toan néu ton tai ham V(x,vy, z) (chi phu thuoc vi tri)
sao cho

F=—yV. (2.30)
Ham V dudc goi 1a ham thé hay thé ndang. Ham U = —V goi 1a ham luc.
x Vai cong thiic tinh cong ciia hic va ham thé
1. Cong ciia trong luc (truc z thang ding hudng lén):
W =mg-dr = —mgdz. (2.31)
Cong toan phan (tit A dén B)
W =mg(za — z). (2.32)
Ham thé cta trong lyc: V = mgz + C.

2. Cong cia lic dan hoi gay ra do 10 xo do cing k c¢6 do gidn z (1o xo
nam ngang theo phuong z, gbc toa do duge chon & vi tri can bang)

oW = —kxdz. (2.33)
Cong toan phan (tit A dén B)
k
W = §(xi‘ —z3). (2.34)
Ham thé ctia luc dan hoi: V = %xz.
3. Cong cua luc ma sat

oW = —nR,dx. (2.35)

Cong cia lyc ma sat luon luon am (cong can). Luc ma sét khong co
thé.

4. Cong ciia luc trong chuyén dong quay quanh truc
W = wMa(F)dt, (2.36)

trong d6 Ma(F) 1a chiéu ctia momen lyc F xubng truc A, con goi la
momen cua luc dbi véi truc A.

Dinh ly 2.7 (Dinh Iy dong nang cta he).

dT = "F\) or,+ Y F - ory. (2.37)
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2.2.4 Cach tinh vecto dong lugng, vectd mémen dong
luong ctua hé
Vecto dong lugng ciia hé duge tinh nhs dinh 1y chuyén dong ciia khéi tam C

k=1 k=1

I'c

Ty

Hinh 2.3: Hé quy chiéu di dong Ca'y'2’

Dé tinh vecto momen dong luong ciia he, ta chon mot diém dic biét ctia
hé lam cyc (thuong 1a khoi tam), goi 1a C. Chuyén dong ctia hé duge phan
tich thanh hgp ctia hai chuyén dong: (1) chuyén dong dbi véi hé di dong
Cz'y'z (Cx' || Oz, Cy' || Oy, C2" || Oz) hé nay chuyén dong tinh tién véi
hé quy chiéu c6 dinh Oxyz; (2) chuyén dong theo gan véi hé di dong. Ta cé

~ ~ ~ar . . 2
r, =rc+71,, T,=CMp=r1,="1c+T}.

S6 hang 1 1a van téc tuong déi clia chat diém déi véi he quy chiu di dong,
con I¢ 1a van téc theo clia chat diém trong chuyén dong ciia hé dong déi véi
hé quy chiéu c6 dinh Oxyz.

Vecto momen dong lugng ctia hé

n

LO = E rkxmkchrrk (E mkI‘k)XI‘0+E mkrerk

k=1

= r0XMf'0+E mkrkxfk.
k=1

Cac truong hgp dac biét quan trong:
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a) C6 thé chuyén dong tinh tién, T, 1a vecto hing nén r, = 0,
LO =rc X MI'C

b) C6 thé chuyén dong quay quanh truc qua O. Trong trudng hop nay ta
can tinh mémen dong luong ddi véi truc quay La

LA == JAW.

Viéc thiét lap phuong trinh tong quat dong luc hoc,

n

k=1

cho ¢6 thé (gom vo s6 chat diém) thudng lam cho ngudi méi bat dau ling
ting. Cac sach giai bai tap thuong khong trinh bay ré gay ra tinh trang lo
mo ctia ngudi hoc. Dudi day ta giai thich ré cach tinh toan.

Ta phan biét cac truong hop:

1) C6 thé chuyén dong tinh tién (t6i da c6 3 bac tu do). Chon r = (x, v, 2)
lam diém khéo sat (cac toa do suy rong). Ta co

r, = i‘éérkzér,

ry, = T,

v6i moi k. T do,
> Fi-brp = (ZFk> .or =R 6,
k=1 k=1
Z—mkfk'5rk = — (ka> r-or=—Mrt-Jr,
k=1 k=1

trong d6 R = >",_, Fy 1a tong hinh hoc céc luc chit dong, M = Y7 my, 1a
khéi lugng ciia cb thé.

2) C6 thé chuyén dong quay quanh truc A di qua O. Chon ¢ (géc quay)
lam tham s6 dinh vi hé (toa do suy rong). Ta c6, v6i moi k,

r, = gOk X T = 5I'k = (5(,01{ X T,
Iy = ¢k xrp+ ¢k x (¢k x 1),
tp-0ry = iy - (k X 1) = [k x 1 [* 3o = di@dep,
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trong d6 k 1a vecto don vi cia truc quay A xac dinh bang quy tac van nit
chai, dj, 14 khoang cach tit chat diem thi k dén truc quay. Tu do,

ZFkérk = 5(,02Fk kXI'k —5g0k (Zrkka>:MA5¢,
k=1

Z —mkf'k . 5I'k = — (Z mkdi) QO(SQD = —JAQE(SQO,
k=1

k=1

trong d6 Ma =k - (3 _, rx x Fy) la tong momen ctia lyc chit dong ddi véi
truc quay A, Ja = (3;_, mud;) 1a momen quan tinh cla cb thé véi truc
quay.

3) C6 thé chuyén dong tong quét 1a hop clia chuyén dong tinh tién va
quay. Ta c6 thé thie hién theo cach nhu hai truong hop trén. Chi y vecto
quay trong trudng hop nay cé phuong chiéu thay doi theo t.

2.3 Chuyén dong hanh tinh

Dau thé ky thit 17, Johannes Kepler da cong bd tac pham ciia ong "Céc quy
luat ctia chuyén dong hanh tinh" dua trén cac phan tich chinh xac sé lieu
quan sat ctia nha thién van Tycho Brahe.

Ba dinh luat cua Kepler

Dinh luat thi nhat. M&i hanh tinh di chuyén trén quy dao ellipse v6i
Mait troi ndim ¢ mot tieu diém cta ellipse.

Dinh luat thi hai. V6i méi hanh tinh, dudng thang néi hanh tinh véi
Mat troi quét nhitng dién tich biang nhau trong nhitng khoang thoi gian bang
nhau.

Dinh luat th& ba. Binh phuong chu ky ctia cac hanh tinh ti 1é véi lay
thua ba cia truc chinh ctia hanh tinh.

Bai toan xac dinh quy luat ctia luc gay ra chuyén dong mo ta béi Kepler
12 mot bai toan quan trong trong khoa hoc ctia thé ky thi 17. Trong tac
pham "Principiain" xuét ban niam 1687, Newton khong chi chiing minh quy
luat nghich ddo binh phuong ctia trong trusng (chita dung cac dinh luat cia
Kepler), ma con dit nén mong cho co hoc.

2.3.1 Bai toan mot vat

Dinh nghia 2.1. Truong luc F(r) dugc goi 1a truong zuyén tam véi tam O
néu no6 c6 dang
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Hinh 2.4: M6 men dong lugng.
trong d6 r = |r|,t = r/r. Nhu vay, truong xuyen tam doi xting cau quanh
tam ctia no.

Quy dao nim trong mit phing di qua tam cua luc
Khi mot chat diém P di chuyén trong trudng hyc xuyén tam O, quy dao clia
né la phing va mat phang nay di qua O. Dung toa do cuc (r,6) c6 gbc dat
tal O. Dinh luat thut hai cia Newton cho
m(i —rf?) = F(r), (2.38)

m(rf + 2r0) = 0. (2.39)
Sv bao toan mo6 men dong lugng
Nghiém tong quat ctia phuong trinh (2.39)

mr’0 = const.

Dai lugng mr20 13 mo men dong lugng ctia chat diém. T hinh 2.4 ta c¢6

mr?0 = mr(rf) = mrv = m(r cos a) < bl )
COoS (v
= mpuv,

trong do p la khoang cach tit O dén tiép tuyén véi qui dao ctia chat diem
P, va v = |v|. Cong thitc nay cho phép tinh gi& tri hing ctia mo men dong
luong tit dieu kien dau.

Khit m khéi Iy thuyét. Néu ta viét

E(r) =mf(r),

trong d6 f(r) 1a lyc trén don vi khéi lugng, va dat L = r20 1a mo men dong
lugng trén don vi khoi lugng, thi cac phuong trinh (2.38), (2.39) c6 thé viét
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>

Hinh 2.5: Van tbc dién tich.

lai 6 dang dac biét
P—r6? = f(r), (2.40)
0 = L, (2.41)

trong d6 L 14 hing s6. Khong mat tinh tong quat, ta c6 thé lay L > 0.

Dinh luat Kepler thi hai

Su bao toan md men dong lugng trén la noi dung dinh luat thi hai cia
Kepler. Dién tich A dugc chi trén hinh 2.5 ¢6 thé tinh nhu sau

1[0,

Bang quy tic dao ham ham hgp,

dA  dAd) 1, 1
P Ul st

trong d6 L 13 gia tri hdng clia md men dong luong. Day 1a noi dung dinh
luat thit hai ctia Kepler. Nhu vay dinh luat thi hai cua Kepler ding cho moi
truong lyc xuyén tam, chit khong chi cho "quy luat nghich dao binh phuong".
Su bao toan nang lugng

Cac truong lyc xuyéen tam F(r) = mf(r)r 1a bao toan véi thé nang mV (r),
trong do

fr) = -==. (2.42)
Su béo toan niang lugng ngu ¥ rang

T+V=F,
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trong d6 T 14 dong nang rieng (dong nang trén don vi khéi lugng), V' 1a thé
ning rieng (thé nang trén don vi khoi lugng), va hing s6 E 1a ning lugng
toan phan riéng (ning lugng toan phan trén don vi khéi lugng). Thay biéu
thic cia T theo toa do cuc, ta duge

S0P+ () + V() = B (2.43)

Céac phuong trinh bao toan (2.41), (2.43) tuong duong véi cac phuong trinh
Newton (2.38), (2.39) va la diém khdi dau tién lgi hon khi khao sat ban chat
cua quy dao.

2.3.2 Phuong trinh chuyén dong xuyén tam

Tt phuong trinh moé men dong lugng (2.41), ta cé
0=L/r"

va, khit 6 khéi phuong trinh béo toan nang luong (2.43), ta duge

1, L
§T‘ + V(’I“) + 2—7& = E, (244)
mot phuong trinh vi phan thuong cho ban kinh r(¢). Ta goi day la phuong
trinh chuyén dong zuyén tam cho diém P. Phuong trinh (2.44) (cting véi diéu
kien dau) du dé xac dinh sy thay déi ctia r theo ¢, va phuong trinh mo men
dong lugng (2.41) dé xac dinh sy thay doi ctia 6 theo t. Dang tiéc, véi hau
hét cac quy luat ctia luc, thi tuc nay khong thé thuc hién thong qua giai
tich. Tuy nhién, n6 van c6 thé dan dén cac két luan quan trong vé ban chéat
ctia chuyén dong.
Phuong trinh (2.44) c6 the viét dusi dang

1
5# +V*r)=E, (2.45)
trong do
L2
V*(r)=V(r)+ 57 (2.46)

Ham V*(r) dudc goi la thé nang hiéu qud ctia chuyén dong xuyén tam va né
dugc dung dé dan phuong trinh chuyén dong xuyeén tam ctia P vé bai toan
thang.
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v

{ bi chan khéng bichan

E & = —
\ }-

K N
=
Hinh 2.6: Thé hieu qua V*.

f v b

Ban chat ctia chuyén dong phu thudc vao hinh dang ctia V* (phu thuoc
L) va gia tri ctia hang s6 E. Cac gia tri cia hang s6 L va F lai phu thuoc
vao dieu kién dau

Gia sit, chang han, quy luat ctia luc va cac diéu kien dau sao cho V* cé
dang dugc cho trén hinh 2.6 va F c¢6 gia chi da chi ra. Thi, vi T" > 0, ta ¢6
chuyén dong bi han ché véi cac gia tri r théa bat ding thic

Vi<E,

v6i dau dang thiic xay ra khi 7 = 0. C6 hai chuyén dong c6 thé xay ra, trong
mdi trudng hop su thay doi ciia r déi véi ¢ phai théa phuong trinh chuyén
dong xuyén tam (2.44).

(i) Chuyén dong bi chan trong dé r dao dong trong pham vi [a, b].
Trong chuyén dong nay, 7(¢) 1a mot ham tuan hoan.

(ii) Chuyén dong khéng bi chin trong dé r nim trong khoang [c, c0).
Trong chuyén dong nay r khong tuan hoan nhung gidm cho dén khi dat gia
tri cuc tieu r = ¢ va roi tang vo han.

Quy dao bi chan

Mot qui dao bi chan dién hinh duge thé hien trong hinh 2.7 (trai). Cac quy
dao luan phién cham vao vong tron trong va vong tron ngoai r = a va r = b,
tuong ting véi toa do kinh dao dong trong khoang [a, b]. Khong mat tinh tong
quét, gia st ring P tai diém B; khit = 0 va OB, la duong 6 = 0. Xét phan
quy dao gitta A; va As. Tt phuong trinh (2.44), (2.41) r la ham chan cta
t trong khi 6 13 ham 1é ctia t. Diéu nay c6 nghia 1a doai B; A, clia quy dao
chinh 1a phan xa ctia doan A;B; qua duong OB;. Ching minh nay c6 the
lap lai dé chiing t6 doan A, B, la phan xa ctia doan By As qua duong OA,,
va van van. Nhu vay toan bo qui dao c6 thé duge xay dung tit kién thic ciia
mot doan nhu A B;.
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qu¥ dao bi chan quy dao khéng bi chan

Hinh 2.7: Quy dao bi chan va khong bi chan.

T nhing diéu da neu cac goc LA;OBy, ZB10Ay, ZA;0 B, (va van van)
12 bang nhau. Goi « 13 gia tri chung ctlia cac goc nay. Roi cudi ciing quy dao
sé tu dong néu mot s6 boi clia o bang v6i mot s6 nguyén lan sy xoay vong
hoan chinh, nghia &, néu a/7 1a s6 hitu ti. Khong c6 1y do dé hy vong diéu
nay la ding, néi chung, n6 khong dang. T d6 cac quy dao bi chan néi chung
13 khong déng. Cac quy dao déng lien két véi truong hap dan nghich dao
binh phuong vi vay la dac biét, chit khong phai dién hinh!

Quy dao khong bi chan

Trong trusng hgp khong bi chin c6 ding hai doan cé hai la nita v han (xem
hinh 2.7 (phai)). Doan trong d6 P lui xa dan O la phan xa ctia doan trong
do6 P tién t6i O theo duong OC.

Cung diém, khoang cach ciing diém

Cac diem ma tai d6 quy dao cham vao vong tron bao cia né rat quan trong
va duge dat tén:

Dinh nghia 2.2. Diém ctia qui dao ma tai d6 khoang cach OP dat gia
tri cuc dai hodc cuc tieu dude goi la cung diém (apse) ciia quy dao. Céc
khoéng cach t6i da hodc t6i thidu duge goi 1a khodng cdch ciing diém (apsidal
distances) v& géc dich chuyén gitta cac ciing diém lién tiép (géc a trong hinh
2.7 (trai)) dugc goi la gdc cung diém (apsidal angle).
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V*

\L khéng bi chan

Hinh 2.8: Trai: Thé hiéu qua V* cho Iyc hap dan nghich ddo binh phuong.
Phai: Quy dao ciia hanh tinh quanh Mat troi. C' 1a diém gan nhat.

Trong trudng hop dic biét cia cac qui dao bao quanh Mat troi, diém tiép
can gan nhat dugc goi 1a diém can nhat (perihelion) va diém c6 khodng cach
t6i da 1a diém vién nhat (aphelion). Céc tit tuong ting cho quy dao quanh
Trai dat 1a can diém (perigee) va vién diém (apogee).

Khoang cach ciing diém dé dang dugc tim thay nhs phuong trinh chuyén
dong xuyén tam (2.43). Tai cting diém, 7 = 0 va vi vay r phai théa

LZ
22

V(r) + =FE. (2.47)

Céc nghiem duong ctia phuong trinh nay 1a cac khoang cach ciing diém.

Thi du 2.1 (Hanh tinh chéch huéng bdi Mat troi). Mot chat diém co khoi
lugng m di chuyén trong trudng Iyc xuyén tam —(my/r?)t, trong d6 v la
hing s6 duong. Chiing té riang cac qui dao bi chan va khong bi chin c6 thé
phu thudc vao gia tri cia F.

Mot hanh tinh tiép can Mit troi mot khodng cach xa. Tai thoi diém nay
né c6 téc do hiang u va di chuyén theo duong théng ma khoang cach vuong
géc clia n6 dén Mat troi 1a p. Tim phuong trinh dugc théa man béi cac
khoang cach ciing diém ctia quy dao.

Giai
V6i quy luat ctia lyc, V = —~/r va thé niang hieu qua V* 1a
L
Vie—=+4+—.
ro 2r?

Thé nang hiéu qua nay c6 dang duge chi trong hinh 2.8 (trai), tit né ro rang
rang quy dao sé 1
(i) bi chdn néu F < 0,
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(ii) khong bi chan néu E > 0,
bat ky gia tri ctia L.

Trong thi du hanh tinh, hing s6 v = M,G, trong d6 M, 1a khdi lugng
ctia Mt troi con G 1a hing sd hap dan. V6i diéu kién dau cho trude, L = pu
va B =u?/2, dé cho E > 0 va quy dao 1a khong bi chan.

Phuong trinh (2.47) cho khoang cach ciing diém trd thanh

v, put 1

7"+2r2 — 9

nghia la,
u?r? + 2yr — p*u® = 0,

trong d6 v = MG.

Khoang cach tiép can gan nhat ctia hanh tinh 13 nghiém duong ciia phuong
trinh bac hai nay, cu thé r = p/2.

T6c do V ciia hanh tinh & tiép can gan nhat dé dang suy ra tit st bao toan
mo men dong lugng. Ban dau L = pu, tai tiép can gan nhat, L = (p/2)V.
Tu do suy ra V = 2u.

o

2.3.3 Phuong trinh quy dao

Vé nguyén tac, phuong phap & trén cho phép ching ta xac dinh day du
chuyén dong ctia vat thé quay xung quanh nhu la ham cta thoi gian. Tuy
nhién, cac thi tuc thudsng 1a qua kho dé thuc hien thong qua phan tich. Ta
c6 thé lam bai toan dé hon biang cach tim chi phuong trinh qui dao ctia vat
thé ma khong doi hoi vi tri vat thé tren qui dao nay tai thoi diém cu theé.

Bt dau tit phuong trinh Newton (2.40) va ¢6 ging khit thoi gian bang
cach dung phuong trinh mo men dong lugng (2.41). Trong khi lam diéu nay
duing bién méi

u=1/r. (2.48)

Bang quy tic dao ham ham hgp,
.od (1 1 dudf 5 dU
— (2] = 222 — (2=
T (u> caa - U0
roi dung phuong trinh moé men dong lugng (2.41), cho

du
= —L—. 2.4
7 7 (2.49)
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Dao ham cap hai déi véi t cho

d (du d?u df d*u
= Lo () = Y g2t 2.
" dt (dt> 40 dt P (2.50)

S6 hang 0> = L?u? nén phuong trinh Newton (2.40) duge bién déi thanh

d*u
_L2U2W — L2U3 = f(l/U),
hay
2
O (L0 (2.51)

a? T

Day la phuong trinh quj dao. Nghiém ctia né la phuong trinh trong toa do
cuc cua quy dao ma vat thyc hién duéi truong luc F = mf(r)r.

Maic dut vé trai ctia phuong trinh (2.51), phuong trinh quy dao la khong
tuyén tinh. Diéu nay 1a do vé phai 1a ham ctia u, bién phu thuoc. Chi véi cac
quy luat nghich dao binh phuong va nghich dao lay thita ba phuong trinh
quy dao mdi c6 dang tuyén tinh. May man, quy luat nghich ddo binh phuong
lai 1a truong hop quan trong nhat.

Cac dieu kién dau ctia phuong trinh quy dao

Cac diéu kien dau thich hop cho phuong trinh quy dao dudc cung cap bdi
gia tri ctia u va du/df khi § = 0 chang han. Vi u = 1/r, gia tri dau cta u
duge cho trude trie tiép bdi dit lieu dau. Gia tri ctia du/df khong duge cho
tryc tiép nhung c6 thé suy ra tit phuong trinh (2.49) ¢ dang

du T

—_— = ——. 2.52

do L (2.52)
trong d6 7 va L nhan duge tu dit lieu dau.

Thi du 2.2. [Phuong trinh quy dao cho luat nghich déo bac bal] Céac dong
co ctia phi thuyén Enterprise da that bai va con tau dang chuyén dong trén
mot duong thang véi toc do V. Phi hanh doan tinh toan rang tién trinh hien
tai cia ho sé chéch huéng khoi hanh tinh B-Zar mot khoang cach p. Tuy
nhién, B-Zar dugc biét gay ra luc
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G.

Hinh 2.9: Quy dao cta Enterprise quanh hanh tinh B-Zar (B).

trén bat ky khoi lugng m nao trong lan can ctia né. Mot phép do hang s6 ~y
cho

B 8p2v2
==5
Chitng t6 rang phi hanh doan ctia Enterprise will c6 mot chuyén du lich mién
phi quanh B-Zar truéc khi tiép tuc theo quy dao goc ctia ho. Khoang cach
tai diém gan nhét va téc do clia Enterprise tai thoi diém dé 1a bao nhieu?
Giai
Véi quy luat ctia lye cho trude f(r) = —v/r® dé cho f(1/u) = —vyu?.
Ciing vay, tu dieu kien dau L = pV. Phuong trinh quy dao la

d*u yud
- _|_ u = —_—,
do? p?V2u?
don gian
d*u N u
ag? 9
bang cach dung gia tri clia +. Nghiém tong quét ctia phuong trinh nay la

:O,

u= Acos(0/3) + Bsin(6/3).

Bay gio xac dinh cac hing s6 A va B tit cac diéu kien dau. Lay duong thing
dau # = 0 nhu hinh 2.9. Thi:

(i) Diéu kién dau 7 = oo khi § = 0 ngu ¥ rang u = 0 khi # = 0. N6 cho
A=0.

(ii) Diéu kien dau tren du/df duge cho béi (2.52)

du 7 _ (V) _1
9 L pV ) p

khi § = 0. Diéu nay cho B = 3/p.
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Vay nghiém la
3
u = —sin(0/3),
p (0/3)

nghia la
P

"7 3sin(0/3)

Day la phuong trinh quy dao trong toa do cuc cia Enterprise, duge chi ra
trong hinh 2.9. Enterprise 1ti xa ra vo han khi sin(#/3) = 0 mot lan nita
nghia la khi § = 37. Nhu vay Enterprise tao mot vong quanh B-Zar truée
khi tiép tuc nhu truée dé. Khoang cach diém gan nhat 1a p/3 va nhan duge
khi § = 37/2. Béi sy bdo toan mo men dong lugng, toc do ciia Enterprise tai
thoi diém do 1a 3V.

o

2.3.4 Cac quy dao gan tron

Mac dit phuong trinh qui dao khong thé giai chinh xac v6i hau hét cac quy
luat ctia luc, né c6 thé nhan duge nghiem xap xi khi vat thé bi nhiéu mot
chit khéi quy dao da biét. Dac biet, diéu nay luon luon cé thé thuc hien
duge khi quy dao khong bi nhiéu 1a vong tron tam O.

Gia stt ring mot diem P di chuyén trén qui dao tron ban kinh a duéi Iuc
hap dan f(r) trén don vi khéi lugng. Diéu nay chi ¢6 thé néu tdc do v ctia n6
thoa v?/a = f(a), trong truong hop ma mo men dong lugng L duge cho béi
L? = a®f(a). Bay gio gia st P bi nhiéu nhe béi mot xung xuyen tam nho.
M6 men dong lugng khong thay doi nhung P bay gis di chuyén doc theo mot
quy dao méi nao do

1
trong do6 & 1a nhiéu bé. Theo &, phuong trinh quy dao tré thanh
&2 1+, ( a
2S5 = :
e+ 1= ()

Phuong trinh chinh xéc cho & 1a phi tuyén, nhung bay gio ta sé xap xi né
bing cach khai trién vé phai thanh céc lily thita ctia &. Bing cach khai trién
ham f(r) thanh chudi Taylor quanh diém 7 = a ta nhan dugc

a B _a£
f<1+§) - f(“ 1+5)

= [f(a) —af'(a)§ + O(&?),
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va khai trién nhi thic cho

(1-87=1-26+0(&?).

T6 hop céc két qua nay lai véi nhau, khit cac s6 hang hing ta nhan dugc

d*¢ af'(a)\ . _
5+ (3 ) ) £€=0, (2.53)

bd qua s6 hang cap O(£?). Day la phuong trinh tuyén tinh xap xi duge thoa
bdéi nhiéu £(0).

Déang diéu tong quat cia cac nghiém phuong trinh (2.53) phu thudc vao
ddu ctia hé s cua £.

(i) Néu

<0, (2.54)

thi nghiem 13 to hgp tuyén tinh clia cic sé mi thuc, mot trong ching co sb
mi duong. Trong truong hop nay, nghiém zi sé khong con nho, mau thuan
v6i gia thiét. Két luan 1a quy dao tron gbc 1a khong on dinh.

(ii) Néu
af'(a)
f(a)

thi nghiem 1 to hop tuyén tinh ciia sin va cos thie, chiing van giit bi chan.
Két luan la quy dao tron goc la on dinh (it ra la xung xuyén tam nho).

P =3+

> 0, (2.55)

Sy khép kin ctia quy dao nhiéu

Tit bay gio ta sé gia dinh ring diéu kien én dinh (2.55) duge théa. Nghiem
tong quat ctia phuong trinh (2.53) c¢6 dang

&= AcosQ0 + Bsin Q6.

Ta thay rang quy dao nhiéu sé tiy déng sau mot chu ky néu Q 14 mot s
nguyén duong. Khi quy luat cia lyc l1a lay thiua

f(r) = kr",
quy dao nhiéu sé 6n dinh véi v > —3 va sé tu khép kin sau mot chu ky néu

v=m?>—-3,
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trong d6 m 1a s6 nguyén duong. Truong hop m = 1 tuong tng véi hap dan
nghich dio binh phuong va m = 2 tuong ting v6i hap dan diéu hoa don gian.
Cac s6 mii v = 6,13,... ciing dugc tien doan cho quy dao khép kin. Nen
nhé rang mic dit day chi 1a nhiing du doan ciia 1y thuyét tuyén tinh héa gan
dtng. C6 thé (nhung khong dep) cai thien xap xi tuyén tinh biang cach bao
gom s6 hang binh phuong theo &. Két qua ctia 1y thuyét tinh té nay 1a céc
liy thtta v = —2 va v = 1 van cho quy dao khép kin, nhung céc liy thita
v = 6,13,... thi khong. Diéu nay ching té rang cac quy luat liy thia véi
v = 6,13, ... khong cho quy dao nhiéu khép kin sau mot chu ky, nhung cac
truong hop v = —2 va nu = 1 van khong 1a quyét dinh cubi cing. Khong can
phai thyc hién thi tuc xap xi thém nita tat ca cic quy dao tuong ng véi ca
hap dan nghich dao binh phuong va hap dan diéu hoa don gidn c6 thé dudc
tinh toan chinh xac. Ta thiy rang, véi hai quy luat ctia Iuc nay, moi quj dao
bi chdan khép kin sau mot chu kij. Van con c6 kha ning cic quy dao nhiéu
loan c6 thé khép kin sau hon mot chu ky, nhung phan tich tuong tu chiing
té rang dieu nay khong xdy ra. Vi vay chung ta da chiing t6 réng chi cac
quy luat liy thita v6i né moi quy dao bi chin 1a khép kin 1a quy luat diéu
hoa don gian va nghich dio binh phuong. Két qua nay thuc sy ding vi moi
truong xuyen tam (khong chi cho luat liy thira) va duge biét nhu 1a dinh 1y
Bertrand.

Tién dong ctia diém can nhat ctia sao Thity (Mercury)

Thyc té 1a quy luat nghich dao binh phuong dan dén cic quy dao khép kin,
trong khi cac quy luat rat tuong tu thi khong, cung cap mot thit nghiem cyce
ky nhay cam ciia luat hap dan. Gia sit chang han lyc hap dan gay ra béi
hanh tinh la 7

f(?") - r2+e

(trén don vi khéi lugng), trong d6 v > 0 va |e| 1a nhé. Thi gid tri Q cho mot
quy dao gan tron la

1
Q=(1-¢?= 1—564—0(62).

Quy dao nhiéu nay thi khong khép kin nhung c6 goc ciing diém «, trong do

T T B 1 9
a_Q_1—%6+O(62)_W(1+26)+O<6)'

Do d6 diém can nhat tiép theo ctia hanh tinh nay sé khong xay ra tai cling
mot diém, nhung diém can nhat sé tang lé "moi nam" mot géc nhd mwe. Vi
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tri ctia diém can nhat cia mot hanh tinh ¢6 thé do véi su chinh xéc cao. Véi
sao Thity n6 duge tim thay (sau khi da loai tat cd cac nhiéu loan da biét)
rang diém can nhat ting them béi 43 (£0.5) giay clia cung trén thé ky, hay
5 x 1077 radian trén chu ky. Diéu nay tuong tng vdi € = 1.6 x 1077 va mot
liy thita cia —2.00000016 thay vi —2. Mac du sy khac biét v6i luat nghich
dao binh phuong rat nhé dudng nhu, né la 1én hon dang ké so véi cac 16i
trong quan sat. Van dé nay da dugc gidi quyét bdi ly thuyét tuong doéi rong,
do Einstein cong bd nam 1915. Einstein chitng t6 ring mot trong nhiing hé
qua cta ly thuyét ctia ong quy dao hanh tinh nén tién dong mot chit va
rang, trong truong hop sao Thily, toc do clia tién dong nén la 43 giay cla
cung trén thé ky!

2.3.5 Truong hap dan nghich dao binh phuong

Vi nhiéu ting dung ctia n6 cho thién vin hoc, truong hap dan nghich dao
binh phuong 1a trudng Iiic quan trong nhat trong ly thuyét vé quy dao. Cac
truong Iuc tuong tir ciing xuat hién trong hat tan xa khi hai hat mang dién
trai dau. Vi tinh chat quan trong nay, ta sé xit Iy cac truong nghich dao binh
phuong chi tiét hon.

Quy dao

Gia st f(r) = —y/r? trong d6 v > 0. Thi f(1/u) = —yu? va phuong trinh
quy dao thanh

d*u oy

a T T
trong d6 L la md6 men dong lugng cua quy dao. Phuong trinh nay c6 dang
phuong trinh chuyén dong diéu hoa don gian véi mot hing s6 bén vé phai.
Nghiém téng quat 1a

u= Acosf + Bsinf + %,
ma c6 thé viét § dang

I

o= ﬁ(l + ecos(f — a)).

trong d6 e, o 13 hang s6 vdi e > 0. Day 1a phuong trinh trong toa do cuc ciia
mot ¢o nic véi do lech tam e va mot tieu diem dat tai O; a la géc gitta truc
chinh ctia ¢6 nic va duong thang dau 6 = 0. Néu e < 1, thi ¢6 nic 1a mot elip;
néu e = 1 thi 6 nic 1a mot parabol; va khi e > 1 thi ¢o nic 1& mot nhanh
cua hyperpol.
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Dinh luat thd nhat ctia Keppler

Theo cac ban luan & trén chi ¢6 cadc quy dao bi chan trong truong hap dan
nghich déo binh phuong la elip véi mot tieu diém tai tam ciia hye. Day la
dinh luat tht nhat ctia Keppler, ma vi vay 1la mot hé qué cia sy hap dan
nghich dao binh phuong ctia Mit troi. N6 khong dang véi cac quy luat khac
cua le.

L-cong thic va E-cong thic

Bing cach so sanh cong thitc quy dao (2.3.5) v6i dang chuan ctia elip ta thay
rang mo men dong lugng L ctia qui dao dugce lien hé véi cac tham sb co nic
a,b béi cong thiic

y a
ro e
nghia la
L? = vb*/a. (2.56)

Day la L-cong thic. N6 ap dung cho cad quy dao elip lan hyperbol. N6 1a
mot trong hai cong thitc quan trong lién hé L, F, cic hing s6 dong Iuc ciia
chuyén dong, véi cac tham sb co nic ctia quy dao.
Cong thiic thi hai bao gdm ning lugng E. Tai diém gan nhat r = c,
1 Y
E=_V*-_1
2 c
trong d6 V 1a téc do ctia P khi 7 = ¢. Vi P di chuyén ngang tai diém tiép
can gan nhét, ta suy ra ¢V = L, dé ma E c6 thé viét
L2 b2
E— T v

T2 ¢ a® ¢
bang cach dung L-cong thiic.
Tu diém nay, cac loai khac nhau ctia ¢o nic phai duge déi xit cach téch
biét. Khi quy dao 1a mot elip, ¢ = a(1 — e), trong do6 e 1a do léch tam, va a,b
va e dugc lién hé bdi cong thic

b2
2 _
ee=1-— ?
Thi E c6 thé viét
ya’(1 —€?) g
E _
2a3(1—¢€)?>  a(l—ce)
fy
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Hinh 2.10: Hanh tinh A di chuyén trén hyperbol quanh Mt trdi S nhu mot
tieu diém va bi lech géc f3.

Vay ning luong toan phan F dugde ndi tryc tiép véi a, ban truc chinh cia
quy dao elip. Cac quy dao parabol va hyperbol duge doi xit tuong tu va két
qua day du dude goi 1a E-cong thiic

Elip: E<0E:—%
a

Parabol:  E =0 (2.57)
f)/

Hyperbol: F >0 FE=+—
2a

Thi du 2.3 (Hanh tinh chéch huéng béi Mat troi). Mot hanh tinh tiép can
Mit troi véi toc do V' doc theo duong thang vuong géc véi khoang cach dén
Mat troi p. Tim géc ma qua d6 hanh tinh dang chéch huéng v6i Mat troi.

Giai

Trong truong hop nay ta cé truong hap dan nghich ddo binh phuong véi
v = GM,, trong d6 My, 1a khoi lugng ciia Mit troi. Van dé nay c6 thé duge
gidi quyét ti nguyen 1y thit nhat bang cich st dung phuong trinh quy dao,
nhung & day ta lam tat bang cach st dung cac L- vi E-cong thiic.

Tu cac diéu kien dau, L = pV va E = V2. V1 E > 0, quy dao la gan
nhanh ctia mot hyperbol va L- va E-cong thic cho

M,Gb? 1 MoG
[ — va —V?=427
a 2 2a
Suy ra
MG
a = %, b= p.
Nita gboc o gitta cac tiém can ctia hyperbol duge cho béi
b pV?
tana = — =

a N M@G
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Cho B la goc ma hanh tinh bi léch. Thi g = 7 — 2a va

MG

tan(/3/2) = tan(n/2 — a) = cot o = R

O

Chu ky ctia quy dao elip

Quy luat ctia luc bat ké la gi, ngay khi qui dao ctia P dugc tim thay, qué
trinh ctia P doc theo qui dao c6 thé dugc dan ra tit phuong trinh mo men
dong lugng

r20 = L.

Néu ta lay # = 0 khi ¢t = 0, thi thoi gian ¢ dé cho P dén diém trén quy dao
véi toa do cuc r, 6 duge cho béi

1 /? 9
t=— df 2.
/0 redf, (2.58)

trong d6 r = r(0) la phuong trinh ctia quy dao. Dac biét thi, chu ky 7 cia
quy dao elip duge cho bai

trong d6 quy dao r = r(f) dugc cho béi

1 a
o= b—2(1 + ecos ). (2.59)

May man khong c6 nhu cau phai danh gia tich phan trén vi véi quy dao bat

ky sau mot vong,
1 2
—/ r?df = A,
2 Jo

trong d6 A 14 dién tich mién giéi han béi quy dao khép kin. Véi quy dao elip,

A = mab vi vay
2mab

T=—7
va bang cach dung L-cong thic, chu ky quy dao elip dude cho béi:

a3\ /2
T =27 (—) . (2.60)
g
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Dinh luat th& ba cta Keppler

Trong truong hop quy dao hanh tinh, v = My G, trong d6 M 1a khéi lugng
ctia Mat trdi. Phuong trinh (2.60) c6 thé viét lai

4 2
= (MZG> a. (2.61)

Day 1a dinh luat thit ba ctia Keppler, ma vi vay né la hé qua ctia luat nghich
d4o binh phuong lyc hap dan ctia Mat troi va n6 khong ding véi cac quy
luat khac cua lyc.

Khbi lugng cac thién thé

Ngay khi hing s6 hap dan G dugc biét, cong thiic (2.61) cung cap mot cach
chinh xac dé tim khdi lugng ctia Mat troi. Ciing mot phuong phap ap dung
cho bat ky thién thé nao ma c6 mot vé tinh. Didu can lam 1a do truc chinh
2a va chu ky cua quy dao vé tinh.

Thi du 2.4 (Khéi lugng clia sao Moc (Jupiter)). Mat trang di chuyén trén
quy dao gan tron ban kinh 384.000 km va chu k¥ 27, 32 ngay. Callisto, mat
trang thit tu ciia sao Moc, di chuyén trén qui dao gan tron ban kinh1.883.000
km va chu ky 16, 69 ngay. Udc luong khoi lugng ciia sao Moc nhu 1a bai clia
khoi lugng Trai dat.

o

Don vi thién van

V6i céc bai toan thién van, that hitu ich khi viét phuong trinh chu ky (2.61)
theo don vi thién van. Trong don vi nay, don vi ctia khéi lugng 13 khéi lugng
ctia Mt troi (M), don vi cia do dai (AU) 1a ban truc 16n ctia quy dao Trai
dat, va don vi ctia thoi gian 1a nam (Trai dat). Bang cach thay thé dit lieu
cho Trai dat va Mat troi vao phuong trinh (2.61), ta thay ring G = 472 trong
don vi thién vin. Suy ra, trong don vi thién van cong thitc chu ky tré thanh

Thi du 2.5 (Truc I6n cia quy dao ctia sao Diém vuong (Pluto)). Chu ky
cua sao Diém vuong la 248 nam. Béan truc 16n cta quy dao ctia nd?

DS. 39,5 AU.
o
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Hinh 2.11: Céac hanh tinh trong Thai duong hé (tinh tit Mat troi ra): Mercury,
Venus, Earth, Mars, Jupiter, Saturn, Uranus, and Neptune.

Theo hinh 2.11 Pluto khong dugc xem nhu hanh tinh va nhu vay Thai
duong hé chi ¢6 8 hanh tinh khong ké Mat troi. Diéu nay cé nghia la Pluto,
cai duge xem 13 hanh tinh xa nhat duge phat hién nam 1930, bay gio dugc
xem nhu 14 mot sao lin (dwarf planet). Sy thay doi trong dinh nghia dén
sau khi phat hién ra ba vat thé tuong tu nhu Pluto vé kich thude va quy
dao, (Quaoar vao nam 2002, Sedna vao nam 2003, va Eris vao nam 2005).
V6i nhiing tién bo vé trang thiét bi va k¥ thuat, cac nha thién vin biét ring
con nhiéu vat thé giéng nhu Pluto sé dugce phét hién, va nhu vay s6 cdc hanh
tinh trong Théi duong hé sé gia tang nhanh chéong. Vi vay viéc loai Pluto ra
khoi danh séach hanh tinh la ¢6 1y do.

Su phu thudc thoi gian ciia chuyén dong - Phuong trinh Kepler

Cong thiic (2.58) c6 thé dugc st dung dé tim thay phai mat bao lau dé P
tién t6i mot diém chung ctia qui dao. Tuy nhién, du tich phan déi véi 6 co
thé dugc thuc hien 6 dang déng, n6 rat phic tap. Dé c6 duge mot cong thiic
c6 thé quan 1y duge, ta phai doi bién cach khon ngoan, thay géc cuc 6 bang
goc léch tam (eccentric angle) 1. Quan hé gitta ciac géc nay dugce chi ra trong
hinh 2.12. Vi CN = CF + FN, nén

acosy = ae + rcosb,

va bang cach dung phuong trinh trong toa do cuc cho elip (2.59) cling vdi
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Hinh 2.12: Go6c léch tam v tuong tng véi goc cuc 6.

cong thiic b? = a?(1 — €2), lien he gitta ¢ va 6 c6 thé duge viét & dang dbi
xng

b2

(1 —ecosy)(1+ecost) = —. (2.62)
a
Lay dao ham an phuong trinh (2.62) d6i véi 1 ta duge
db b
(2.63)

@ B a(l —ecost))’

sau mot so tinh toan.
Bay gio ding phép ddi bién tit 6 sang . Tit (2.58) va (2.59)

L /9 d
a?L J, (1 +ecosh)?
_ b /¢ 1 ﬁd¢
~ a’L J, (14 ecosh)2dy
P
= afb (1 —ecost)dy
0
ab )
= ® —esiny)

bang cach dung (2.62), (2.63). Cudi cung, bang cach dung L-cong thitc L? =
yb?/a, ta nhan duge
.

t= %(@D — esin), (2.64)

trong d6 7 (cho béi (2.60)) 1a chu ky ctia quy dao. Phuong trinh (2.64) goi la
phuong trinh Keppler, cho thoi gian nhu 1a ham ctua vi tri trén quy dao elip.
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Néu can tinh ctia vat trén quy dao sau mot thoi gian cho truée, thi phuong
trinh (2.64) phai dugce giai s6 véi goc lech tam . Gia tri tuong ting ctia 6
duge cho béi phuong trinh (2.62) va gia tri » béi phuong trinh (2.59), xem
(2.62), c6 thé viét dudi dang

r=a(l —ecos). (2.65)

Su can thiét giai phuong trinh Keppler cho an v 14 mot kich thich chinh
trong sy phat trién cac phuong phap s6 tim nghiém ctia phuong trinh.

Thi du 2.6. Mot vat thé di dong theo trudng hap dan nghich dao binh
phuong, chuyén dong trén quy dao elip v6i do lech tam e va chu ky 7. Tim
thoi gian dé vat di dugc mot nita quy dao ma & gan tam cua luyc.

Giai

Mot ntia clia quy dao gan tam clia lyc tuong ting v6i pham vi —7/2 <
1 < /2. Thoi gian can la

T <7r > 1 e

—(=—e)l=7(=——-].

T \2 2 9w
Chéng han, sao choi Halley di Chuyén trén mot quy dao elip ma do léch tam
ctia n6 hau nhu bang don vi. Vi vay né danh chi khoang 18% ctia thoi gian

clia n6 trén nita quy dao gan Mt troi.
o

2.4 Dong luc hoc ctia vat quay quanh diém
c6 dinh

Nhic lai rang, v6i cach chon cac goc Euler, ta cé cong thiic biéu dién vecto
quay

w = ¢k + fu + k. (2.66)

2.4.1 Phuong trinh dong luc hoc Euler

Ap dung dinh 1y dong luong va mo6 men dong lugng cho vat c6 mot diem cb
dinh, ta ducc

dP
- = Mwc=R+N, (2.67)
dL

= M, (2.68)

dt
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Z1

Y1

Hinh 2.13: G6c Euler.

trong d6 P 1a dong luong ciia vat, L 14 mo men dong hugng ctia vat déi véi
O (diém c6 dinh), M la khéi lugng clia vat, we 1a gia toc ctia khéi tam, R
la vecto chinh ciia cac luc chi dong dat vao vat, N 1a phan luc clia diém
¢6 dinh. M 1a mé men ctia cac luc chit dong doi v6i diem &y. Phan luc N
khong tao thanh mo men déi v6i diém O nén khong c6 mat trong phuong
trinh (2.68). D& thiét lap hé phuong trinh x4c dinh chuyén dong clia vat ran
quanh diém c6 dinh ta lam nhu sau.

Biéu thi moé men dong luong L qua cac géc Euler va dao ham ctia ching,
roi chiéu cac vecto clia phuong trinh (2.68) lén cac truc toa do, ta sé duge 3
phuong trinh vi phan cap hai déi véi cac géc Euler, ¢, 1, 0, cling vdi cac dicéu
kien dau, di dé xac dinh ching nhu 1a cac ham ciia thoi gian. Vay, phuong
trinh (2.68) 1a phuong trinh vi phan vecto xac dinh chuyén dong ctia vat ran
quanh diém c6 dinh. Sau khi tich phan phuong trinh (2.68), ta tinh gia tdc
kho6i tam C' ctia né va khi do, tit phuong trinh (2.67) ta tim duge phan lyc
N chua biét.

Chon hé toa do dic biét gan véi vat

Trude day, ta da tim duge biéu thitc clia vects quay w, (2.66), va cac hinh
chiéu ctia ching trén céc truc ctia hé toa do ¢d dinh va he toa do dong (bai
tap 1.24). Tu d6 hinh chiéu ctia vecto mo men dong lugng L suy ra hinh
chiéu ctia mo6 men dong lugng clia vat trén cac truc ciia hé toa do c6 dinh va
hé toa do dong. Néu chon hé truc truc ¢6 dinh Ozyz thi, do chuyén dong,
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vat sé chiém nhting vi tri khac nhau déi véi céc truc clia hé toa do ay, va cac
mo men quan tinh ctia n6 déi v6i cac truc ay sé thay doi. Néu chon cac truc
ctia hé toa do dong Oz, 2 gdn v6i vat lam hé truc toa do thi cAc moé men
quéan tinh sé khong doi va cé thé tinh trude duge ching. Diéu nay lam cho
viéc nghién cttu duge don gidn di nhiéu vi vay nguoi ta thuong ding hé toa
do nay. Vi vi trf clia cac truc o1, y1, 21 ¢6 thé lay tity ¥ nén ta sé chon chiing
14 cac truc quan tinh chinh ctia vat. Dieu nay lai lam van dé duge don gian
héa di nita vi cAc md men quan tinh ly tam bang khong va biéu thic cia
hinh chiéu mo6 men dong luong L duge rit gon dang ké. Cu thé 1a

Ly, = Jywe = Apr, Ly, = Jywy, = Bqy, L, = J,w, =Cry, (2.69)

trong d6 A = J,,, B = J,,,C = J,, 1a cdc md men quan tinh do6i véi céc truc
chinh; p1, ¢, 71 1a hinh chiéu ctia vecto quay lén cac truc do.

Phuong trinh chuyén dong ctia vat trong hé toa do dong

Chon hé toa do di dong c6 cac truc hudng theo cac truc quén tinh chinh cia
vat tai diem O 1a hé toa do khi nghién citu. Theo dinh 1y Rédan tht hai ta
c6 thé viét (2.68) dudi dang

u, = M,

trong dé6 u, 1a van toc tuyét dbi ciia ngon vecto moé men dong. Nhung theo
cong thic cong van toc

u, = U, + U,
trong d6 u, va u, la van toc tuong doéi va kéo theo clia ngon vecto moé men
dong lugng. Vi u, la van tbéc clia diém ciia vat ran tring véi ngon clia vecto
L nén

u, = w x L.
Tt day, suy ra dinh 1y vé mo men dong lugng viét trong hé toa do dong
x1, Y1, 21 theo cong thitc Rédan c6 dang

u, +wxL=M. (2.70)

Cac phuong trinh dong luc hoc Euler

Chiéu dang thitc vecto (2.70) lén cac truc clia he dong ta dugce

dL,,
dt + wy1LZ1 - w21Ly1 = M:Uu

dL,

d_;/ twy Loy —wey Ly = My,

dL,

71 + wI1Ly1 - wy1Ll‘1 = MZ17
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Thay céc biéu thic (2.69) cta Ly, Ly,, L.,, chi § réng cdc md men quin
tinh A, B, C 1a hiang sb, ta dudc

d
% + (C - B)qlrl = MJTI?
d

B% +(A-=C)ripr = M,
d?"l

Cac phuong trinh nay dugce goi la cac phuong trinh dong luc hoc Euler. Ching
12 hé gom 3 phuong trinh vi phan cap 1 doi v6i cac hinh chiéu py, q;, 71 clia
vectd van toc goc tite thai. Cling véi cac bicu thiic dong hoc Euler (1.52) ctia
p1,q1,71 ta c6 hé gom 6 phuong trinh vi phan cap 1 ddi véi py, g, 71, 0,0, 0.
Néu thay cac biéu thitc dong hoc Euler (1.52) vao hé phuong trinh (2.71) ta
duge hé gom 3 phuong trinh vi phan phi tuyén ddi véi cac goc ¢, v, 6. Tuy
nhién, nhitng phuong trinh thu dugc sé rat phitc tap nén lam nhu thé khong
lgi.

Bai toan thuan va bai toan ngudc

Néu cho trudce cac lyc tac dung len vat va tim chuyén dong clia né thi, trong
truong hop tong quét, cac moé men M,,, M,,, M., 1a ham clia thoi gian ¢, cac
géc Euler ¢, 1, 0 va dao ham clia ching theo thoi gian. Lay tich phan hé ta
¢6 thé tim duge sy phu thuoc ciia goc Euler vao thoi gian va 6 hing s6 tich
phan tuy y xac dinh béi cac dieu kien dau. Thuong diéu kien dau duge cho
béi

©(0) = o,  ¥(0) =10, 6(0) =100,

o(0) = 1, P(0) =y, 6(0) = 6.

Bai toan ngugc - Tim céac luc gay ra chuyén dong khi da biét luat chuyéen
dong. Trong truong hgp dé can thay cac ham ¢, 1), # da biét vao cac phuong
trinh dong hoc Euler dé tim pi, ¢1,71. Sau do, thay két qua vita tim vio cac
phuong trinh dong lic hoc Euler dé tim cac mo men chua biét cia cac ngoai
lue My, , My, , M.,.

2.4.2 Ly thuyét gan dang vé con quay hodi chuyén

Ta goi con quay hoi chuyén déi zing 1a vat rén thoa:

(i) vat c6 mot diém c6 dinh (O),

(ii) duong thang qua khéi tam clia vat va qua diém c6 dinh 1a truc quan
tinh chinh,
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(iii) cAc md men quén tinh d6i véi hai truc chinh khéc di qua O thi bang
nhau.

Ta thay cac vat tron xoay dong nhat c6 mot diem cé dinh trén truc déi xing
théa nhiing dieu kién da néu.

Viéc nghién citu chuyén dong con quay hoi chuyén déi xing trén co sé
cac phuong trinh Euler rat phtic tap. Duéi day ta xét 1y thuyét so cap vé con
quay hoi chuyén, trong dé chi can van dung dinh 1§ bién thién mo men dong
lugng.

Ta xét mot vat tron xoay dong nhat quay quanh truc déi xting c6 dinh
ctia né. Lay trén truc quay diém O bat ky va hé truc toa do Ozyz sao cho
truc z tring véi truc déi xing ciia vat. Khi do6

Lo = (widy —wyduy — wodp) i+ (—wyduy + wydy — wodys)j
+(_w:c=]xz - wayz + wz‘]z)ka

trong d6 w,, wy, w, 1a cic hinh chiéu clia vecto van toc goc w lén cac truc toa
do; Ju, Jy, I, Juy, Jyzs Jae 1& cac m6 men quan tinh truc va ly tam ctia vat. Vi
vat ¢ truc doi xing, truc z, nén cac mo men quan tinh ly tam J,, = J,, = 0.
Do do

LO = sz.

Con quay hdi chuyén

Vat c6 truc vat chat ddi xing va c6 van téc goc, w; 16n quay quanh truc
dé duge goi 1a con quay hoi chuyén.

Gia thiét co ban clia ly thuyét so cAp v& con quay hdi chuyén

Gia sit con quay hdi chuyén thyc hién mot chuyén dong phtic tap: vita
quay quanh truc déi xting ctia né véi van tdc géc wy, vita cling véi truc do
quay quanh mot truc c¢d dinh vé6i van toc géc wo. Ngoai ra, cac truc quay
tuong tng cit nhau tai O. Trong 1y thyét so cap vé con quay hoi chuyén ta,
coi do 16n ciia w; rat 16n so véi do 16n clia wy va coi vects mé men dong
luong Lo huéng theo truc déi xiing ctia vat va bang

LO = ']wla

trong d6 J 1a mo men quan tinh cia vat déi véi truc déi xting ciia no.
Phuong trinh co ban cla ly thuyét so cap vé con quay hdi chuyén
Dinh 1y mo6 men dong lugng theo céch phét bicu ciia Rédan:
dL
u=—=
dt
trong d6 u 1a van tdc dau miat ctia vects L, M 1a mo6 men ngoai lie déi véi
O. Theo gia thiét co ban & tren, L huéng theo vecto w; va su dich chuyén
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Hinh 2.14: Con quay.

ciia n6 trong khong gian 1a chuyén dong quay quanh truc ¢ dinh véi van tdce
gbc wy. Khi do
u=wsy XL
va bdi vi
L= le

u=Jwy X w;y.

Vay
Jwg X Wi = M.

Heé thic nay la phuong trinh co ban ctia 1y thuyét so cap vé con quay hoi
chuyén.

Tién doéng déu

Gia stt con quay hoi chuyén quay quanh truc déi xiing ctia né véi van toc
goc c6 do 16n khong doi wy v dong thoi quay quanh mot truc véi van toc
goc khong doi wo va goc By gitta wy v woy 1a khong déi. Trudng hop nay goi
1a tién dong déu cia con quay hoi chuyén. Khi dé ta co

M| = Jwyws sin Oy = const.

Vay mo men M gay ra tién dong déu c6 moé dun khong ddi va c¢6 phuong
vuong goc véi mit phang xac dinh bdi (wy, ws).

Con quay

Gia sit con quay hoi chuyén chiu tac dung ciia trong lyc Q dit & khoi
tam ctia n6. Ngoai ra né con chiu tac dung cia phan lic N cta gia dé tai
diém c6 dinh. Géc giita truc ctia con quay hoi chuyén va phuong thang ding
1a fy. Néu con quay hoi chuyén khong c6 chuyén dong quay riéng quanh truc
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déi xtng clia né thi dudi tac dung ctia trong luc Q né sé bi do. Thuc vay,
mo men ctia lie Q déi véi diém O sé vuong géc v6i mat phing xac dinh béi
(w1, ws). M6 men clia phan lyc N doi véi O bang khong. Vay van toc cla
ngon vectd mo men dong sé ludn luon vuong goc véi cac vecto (wi,wsq). T
d6 suy ra rang ngon clia vecto L sé vach nén mot dudng tron c6 ban kinh
khong doi va tam ndm trén truc thang ding. Nhung vi vecto L huéng theo
truc xac dinh béi vecto w; nén goc gitta (w1, ws) sé gitt nguyen gia tri khong
doi 6y trong qua trinh chuyén dong. Vay con quay hoi chuyén dang xét sé
khong do.
Vi mo men ngoai luc bing

M = Qasin 6y,

trong dlo a la khoang cach tit diém c6 dinh dén trong tam ctia con quay hdi
chuyén va
|Ld1 X (A)2| = Wiy Sin 00

nén tit phuong trinh co ban ciia 1y thuyét so cap vé con quay hoi chuyén ta
dugc
Qasin 0y = Jwyws sin by,

tir do suy ra
_ Qa
N JCdl ’

Do d6 wy (goi 1a van tdc tién dong) sé khong doi va cang nhd néu van
téc quay rieng w; cang 16n. Vay con quay hoi chuyén quay nhanh cé tinh on
dinh déi véi mo men lat ctia trong lyc.

Wo

Bai tap chuong 2
Bai tap vé bai todan thuan

2.1 (Bai tap 1.5, [1]). Mot cau vom c¢6 ban kinh cong tai dinh A bang
R = 250 m.

a) Hay tim ap luc ctia xe ¢6 khéi lugng m = 200 kg, dang chuyén dong
v6i van téc v = 40 km/h, tdc dung lén cau tai A.

b) Tinh van tdc tdi da clia xe dé n6é vAn con bam vao mat cau. Lay
9=09,81 m/s%
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2.2 (Bai tap 1.6, [1]). Hai vat khéi lugng my; = 2 kg, my = 3 kg noi véi
nhau bang day khong gian, khong trong lugng. Kéo vat msy bdi Ic 10 N theo
phuong théng ding. Hay tinh gia tdc cac vat va luc cang day dat len mq, mo.

2.3. Hai vat giong nhau khoi lugng mdi khoi 1a M, duge ndi véi nhau bang
day manh khong gian va cé thé di chuyén trén mit phdng nham nim ngang
(hinh 2.15). Hai vat dugc kéo véi téc do khong doi theo dudng thang bang
sgi day budc vao mot vat. Cho biét stic cang trong day kéo 1a Ty, tim stc
ciang trong day noi. Néu siic cing trong day ndi bat thinh linh tang tdi 475,
thi gia toc titc thai ciia hai khoi va stic cang tiic thoi trong day ndi bang bao
nhiéu?

> ‘< B T

Hinh 2.15: Bai tap 2.3

Bai tap vé phuong trinh vi phan chuyén dong (bai todn nguoc)

2.4 (Muyc 1.3.2 Chuyén dong thang, [1]). Xac dinh chuyén dong thang ciia
chat diém dudi tac dung ctia liyc:

a) Phu thudc thai gian F(t);

b) Phu thudc vi tri F(z);

c¢) Phu thuoc van téc F ().

2.5 (Muc 1.4.2 Dao dong thang, [1]). Mot vat khéi lugng m treo vao dau
mot 10 xo ¢6 do cing k.

a) Xac dinh chuyéen dong ciia vat khi 1o xo duge kéo gian mot doan A va
buong ra khong van toc dau.

b) Véi diéu kien dau nhu cau a), tim chuyén dong ciia vat trong truong
hop vat chiu luc cdn ctia mai truong c6 do 16n ti 1é v6i van téc us. Chuyén
dong clia vat sé nhu thé ndo néu vat con chiu thém Iy kich dong tuan hoan

Q(t) = Qosinpt.

2.6. May bay bd nhao thang ding dat duge van téc 1000 km/h, sau do
ngudi lai dua may bay ra khoi huéng bo nhao va vach thanh mot cung tron
ban kinh R = 600 m trong mit phéng thing ding. Trong luong ngudsi lai la
800 N. Héi nguai lai da ép len ghé ngoi mot luc cuc dai bang bao nhiéu.
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2.7. Mot qua cau khéi luong m roi thang ding trong moi trudng chat 1ong
va chiu lyc can ti lé véi van toc, Fo = kv, k la he sd can, gia toc trong
truong ¢g. Xac dinh van tbéc, phuong trinh chuyén dong cia quéa cau. Gia
thiét v(0) = 0,y(0) = 0.

H.D. Quéa cau chiu tac dung ctia: trong lyc P = mg, lyc can clia moi trudng
Fc = —kv (b6 qua lyc day Archimede). Dinh luat thit hai cho

mw =P+ F¢.

Chon hé truc do Oy thing ding huéng lén. Chiéu heé thic vecto len truc Oy,
ta dugc:

mij = —mg —kj = §+ 4§ =—g. (@)
Giai phuong trinh vi phan (a) - cach 1. Tach bién (xem g 1a an ham),
di
myTg

tich phan hai vé

m k

—In|—y =—t+C. b

I my+g’ + (b)

Dung dieu kién dau y(0) = 0, ta duge C' = % In g; thay vao (b), sau mot so
bién doi, ta thu duge van toc ciia qua cau:

o (2) ]

mg

Dé y réng khi ¢ — 400, § — —%2 (van toc gidi han). Van t6¢ gidi han nay
ciing c6 thé tim tit phuong trinh P + Fo = 0.

Tich phan (c¢) va dung diéu kien dau y(0) = 0 ta dugc phuong trinh
chuyén dong (luat chuyén dong):

m2g l—e kt mgt
= —_— —_ X _—— _—.
VTR P k

Céch 2. Phuong trinh (a) 1a phuong trinh vi phan tuyén tinh cap hai khong
thuan nhat. Nghiem tong quat ctia phuong trinh thuan nhét

kt
y=C1+ Cyexp <——> )
m
Tim nghiém phuong trinh khong thuan nhat dudi dang

y = Cy(t) + Co(t) exp (—%) .
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C1(t), C4(t) thoéa he

Ci(t) +exp () Cy(t) = 0
—Eexp (—m) Ca(t) = —g

Giai ra C1(t), C)(t), roi tich phan theo t, cudi cung ta dugdc

kt m%g  mgt
—C Ry g mgt g
(] 2 €Xp ( m) 12 3 + C,
trong d6 C;, Cy 1a céc hang s6 tich phan phu thuoc diéu kien dau. Phan con
lai sinh vién tu lam.

2.8. Mot vat nang P rai tu do khong van toc dau. Stc can ctia khong khi le
v6i binh phuong van toc, R = k*Pv? (k 1a hing s6). Xac dinh van toc via
vat tai thoi diém ¢ va van toc gidi han ctia né.

2.9. Mot vién dan chuyén dong trong mat phang Ozy tit gbc O vé6i van toc
dau Vj lech so v6i phuong ngang goc a. Gid st bé qua lyc can khong khi.
a) Tim van tbc, quj dao chuyén dong clia vien dan.
b) Xac dinh o dé vien dan ban tring muc tieu M (vZ/2g, ViZ/4g).
H.D. a) Luc tac dung lén vién dan la trong luc P. Phuong trinh vi phan
chuyén dong (dinh luat thit hai ctia Newton)

mw = P.
Chiéu xudng céc truc toa do:

r = 0

y = —g

Tich phan hé phuong trinh trén, ta duge van toc ciia vien dan (dung diéu
kien dau, van toc):

T = Vycosa

y = —gt+ Vgsina

Tich phan lan nita (dimg diéu kién dau, vi tri) ta duge phuong trinh chuyén
dong cua vién dan:

r = Vytcosa

y = —%gt2 + Votsina

Khtt ¢t trong hai phuong trinh trén ta duge phuong trinh quy dao cta vién
dan:
g

2
— 2+ xrtanco.
2VE cos® a

y=—
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b) Dé vién dan ban tring diém M ta phai c6

Vi 1 Vi VR 1 3
ﬁ = —5(1+tan2a)ﬁ+ itana(:) §tan2a—2tana+ 5 =0.

Nghiém: tana =1, tana = 3.
Bai tap vé cdc dinh Iy tong qudt

2.10. Chiing t6 riing, néu mot hé di chuyén tit trang thai nghi dén trang thai
khac trong khoang thoi gian ndo do, thi trung binh ctia Iyc ngoai toan phan
trong khodng thoi gian nay phai bang khong. Ap dung:

Mot dong ho cat khéi luong m dit tren mat san ¢d dinh. Ap lue do dong
ho len mit san 1a s6 do trong lugng biéu kién ciia dong ho. Cat & trang thai
nghi trong khoang trén, ltc ¢ = 0, bat dau chdy xudng khoang duéi. Cat dén
trang thai nghi 6 khoang dudi sau khoang thaoi gian 7. Tim trung binh theo
thoi gian trong lugng bicu kién ctia dong hd trong khoang thai gian [0, 7).

Trong luong biéu kién ctia dong ho khong phai 1a hing s6! Hay chiing
minh, khi cat dang chdy, trong lugng bicu kién ctia dong hd 16n hon trong
lugng thuc (trong lugng tinh).

2.11. Mot tia nuée chdy tit mot voi phun véi van téc v = 10 m/s va tryc
giao v6i tuong cing. Duong kinh voi d = 4 em. Bo qua su nén duge ctia nude.
Hay xac dinh ap lyc clia tia nuéc léen tuong. Coi cdc phan ti nude sau khi
va cham c6 van toc huéng doc theo tuong.
H.D. Co hé: khéi nuée, ban dau duge giéi han bdi a — b, sau khoang thoi
gian At giéi han b6i @’ — ' (hinh 2.16).

Luyc ngoai tac dung: trong lyc P, phan Iyc R clia tuong tac dung lén khoi
nude.

Chon truc  ndm ngang va ap dung dinh 1y bién thien dong lugng theo
phuong x.

PQI - Plz == —RAt (a)

Khéi nude ban dau va khéi nude lac sau c6 phan chung (2). Néu gia thiét
chuyén dong ctia khéi nuée la dimg thi

P2:c_P1:L‘:_ (1):—mv, (b)

1z
trong dé Pl(i) la dong luong lic dau ciia phan (1) con m 1a khéi lugng clia
n6. Két qua nay nhan dugc 1a do cic phan (3) ¢6 van toc vuong goc véi truc
x.
Thay (b) vao (a) ta suy ra

R=—. (c)
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Néu nude c6 mat do khoi 1a p thi khéi lugng ctia phan (1) 1a
2

m = pﬂTUAt

va nhu vay (p = 1),
rd?v?

R=p = 125,6 N.

(3)

b
b
/
(1) (2)

a a' ‘\\\

(3)

LSS S

Hinh 2.16: Bai tap 2.11

2.12. Hai vat A va B c6 khdi lugng lan lugt 1a m; va my duge néi véi nhau
bdi sgi day khong gian khong trong lugng vong qua rong roc. Vat A trugt
trén mat K L va vat B truct trén mit EK cia lang tru DEK L c6 khéi luong
ms va ndm trén mat nhdn ndm ngang. Xac dinh dich chuyén s ctia lang tru
khi vat A truct xuéng mot doan [. Biét ban dau hé ding yeén.

H.D. Hé quy chiéu: truc Ox nam ngang c6 chiéu tir trai qua phai.

Co hé: gdm A, B, sdi day va lang tru. Chu ¥, 6 day ta khong ké day va
rong roc vi ching khong c6 khdi lugng nén chi c6 tac dung rang buoc (lien
két) cac vat trong he (xem hinh 2.17).

Luc ngoai tac dung: cac trong luc P, P 4, P, va phan luc N ctia mét san
tac dung lén lang tru.

Dé ap dung dinh 1y bién thién dong lugng trén phuong Oz, trude hét, ta
tim lién hé gitta cdc thanh phan van téc theo phuong = ctia A, B va lang tru.
Néu goi v 1a van toc ciia lang tru déi véi O, v’ 1a thanh phan van toc theo
phuong x ctia B d6i véi lang tru. Thi thanh phan van tdc theo phuong x clia
A ddi v6i lang tru (van toc tuong ddi) sé 1a v’ cos a (do day khong gidn). T
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cong thitc cong van toc, ta c¢6 thanh phan van téc theo phuong z ctia A, B
d6i véi O (van toc tuyet doi) lan lugt 1a v’ cosa + v, v/ + v.

Do ban dau hé ding yén nén dong lugng bang khong, P, = 0. Dong
lugng lac sau (khi A da trugt xuéng mot khoang I doc theo canh KL cia
lang tru):

Py = my(v' cos a+v)+ma(v' +v)+mu = (my cos a+ma)v’ +(my+ma+m)v.

Vi day khong trong lugng nén momen dong lugng ctia n6 bang khong.
Nhu vay, theo dinh 1y bién thién dong lugng trén phuong Oz,

my cos & + mg)v’
(mlcoscx+m2)v’+(m1+m2—|—m)v:0:>v:—( ! 2) )
mi+mo +m
Vé phéi ctia phuong trinh trén bang khong do tat ci cac lyc ngoai déu trie
giao v6i Ox. Lay tich phan hai vé tit 0 dén thoi diém dang xét, ta dugc:

(my cos a + mg)l

my+ mg +m

§=—

Dau trit trong phuong trinh chi thi ling tru di chuyén nguge huéng di chuyén
cua B.

c [B] K

A e N NN N R A R N N R R N N N AN N N NG A R Y
A N VDV Y Y Y Y Y VO Y VR W N VR VD NV W W VW W W N N N NN
N N pS N N N N pe N N N N N N

NN N N N N pe N N N N N N N pS

Hinh 2.17: Bai tap 2.12

2.13. Mot chiéc thuyén khoéi lugng M ding yén trén mit nude yén tinh va
mot ngudi dan ong khoi lugng m ¢ miii thuyen. Nguoi nay ding day di xudng
dudi thuyen rdi ngoi xuéng. Néu nude can chuyén dong véi luc ti lé véi van
toc clia thuyen, chiing té rang thuyen sé dén va ding 6 vi trf ban dau clia no.
[Két qua nay doc 1ap véi hing s6 can va chi thiét chuyén dong clia ngudi.]

H.D. Goi x la chuyén dich ctia xudng tai thoi diem ¢, va v(= &) la van toc
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ciia n6. Cho ¢ 1a chuyén dich clia ngudi déi véi xudng tai thoi diém ¢, do
theo huéng z am (xem hinh 2.18). Thi van toc thuc ctia ngudi (theo huéng
z duong) 1a v — €.

Dong lugng ctia hé theo huéng x duong la

P = Muv+m(v—E&) = (M +m)v —mé.

Luc tac dung trén phuong ngang chi ¢6 luc can cia nuée R. Vi stc can la
tuyén tinh, R c6 dang
R=—(M+ m)Kwv,

trong d6 K la hang; thita s6 M + m duge dua vao trong biéu dién luc can
chi v6i muce dich tién loi. _
Dinh 1y bién thién dong luong cho P = R, suy ra

. m .
v+ Ko = (M—i—m)f'

Tich phan phuong trinh nay déi véi ¢, ta dugc

m
M+m

jc—l—K;E:( )S—I—C’,

trong d6 C' 1a hing s6 tich phan. Vi toan hé bat dau chuyén dong tit trang
thai nghi v6i = 0, nén C' = 0 va ta dugc

. m :
T+ Kx = (M—i—m)é'

Day 1a phuong trinh chuyén dong (phuong trinh vi phan tuyén tinh cap 1)
ma z phai thoéa. Ham £(t) (chuyén dong ctia ngudi) gia sit 1a da biét. Gidi ra
ta dugce

—-Kt ot /
;\Z: / £’ dt’ + De X1,
m Jo

Hing s6 tich phan D = 0 do diéu kién dau t = 0, x = 0. Vay, dich chuyén «
clia xuong tai thoi diém ¢ 1a

me Kt [ :
= ek ar'.
o=t | e

Bay gio ta mudn chitng té cudi ciing xuong sé dat trang thai nghi tai vi
tri gbc clia n6. Gia st ngudi ngoi xuéng & dudi xuong sau khodng thoi gian
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7. Thikhi ¢ > 7, £ = 0 va tich phan ¢6 thé han ché trong khoang 0 < ¢ < 7.
Nghiém x khi ¢ > 7 c¢6 thé viét 1a

—Kt T
me . ,
t, 6Kt dt/ — G_Kt,
M+mA§U 0

trong do

m T /
— t/ Kt dt/
o M+m/0 (e

12 hing s6. T day, khi t — oo, x — 0.

i G

B &
p— ¢ —

o " — -

il o -

Hinh 2.18: Bai tap 2.13

2.14. Mot tAm tron dong chat nang Q ban kinh r c¢6 thé quay khong ma
sét quanh truc thing ditng Oz trie giao véi mat phang dia. Mot ngudi trong
lugng P di theo mép tam tron véi van toc tuong doi u khong doi. Ban dau he
ding yén, héi tam tron quay quanh truc véi van tdc géc w bang bao nhiéu?
H.D. Co hé: tam tron va ngudi.

Luyc ngoai tic dung: P, Q 1a trong luc clia ngudi va tam tron, R4, Ry
phan lire lien két tai cac & truc (xem hinh 2.19).

Tacé > m, (ng)) = 0 nén momen dong lugng ciia hé duge bao toan theo
phuong z. Vi ban dau hé ding yén nén L, = 0 tai moi thoi diém.

Tai thoi diém bat ky, gia dinh van toc clia ngusi va vects van tdc goc
clia tAm tron nhu hinh vé. Lic dé van téc tuyet déi cia ngudi v = rw + u.
Moémen dong luong ctia hé déi véi truc z:

P r? P
L.,= Jw +—r(rw+u) = —(Q+2P)w+ —ru,
~ 9 29 g
tam tron
nguoi
trong d6 ta da ding cong thic tinh méomen quan tinh ctia tam tron déi véi
truc z, J, = Qr?/2g.



CHUONG 2. PONG LUC HOC 83

Tu L, =0 ta suy ra
B 2Pu

-~ r(@+2P)

Cht ¥y, dau trit trong biéu thitc w chiing t6 van tdc géc ¢ chiéu nguge véi
chiéu gia thiét.

Hinh 2.19: Bai tap 2.14

2.15. Truc hinh tru trong lugng P ban kinh R quay duge xung quanh truc
nam ngang nhd qua can A c6 trong luong @ treo vao soi day quan quanh
hinh tru (xem hinh 2.20). Bé qua khéi lugng ciia day va ma sat & 6 truc.
Hay xac dinh gia tc géc trong chuyén dong quay ctia hinh tru khi vat A cé
chuyén dong thang ding.

H.D. Co hé: hinh try, s¢i day va qua can A.

Luc ngoai: trong luc P va phan luc N tac dung lén hinh truy, trong luc Q
tac dung lén qua can A.

Heé toa do: Goc O "tam" ctia hinh tru, truc Ox huéng xudng duéi, truc
Oy ndm ngang huéng tit phai qua trai, vd nhu vay truc Oz vuong goc va
huéng vao trong mat phang hinh vé. Chon hé toa do nhu thé nay thi hinh
tru sé quay theo chiéu thudn (ngugc chiéu kim dong ho).

Moémen dong luong ctia hé déi vdéi truc z:

2
L,= Jw + QUAR = w
=~

g g
hinh tru S——

qua can A

0 day ta da dung cong thiic tinh momen quén tinh ctia hinh tru J, = PR?/g,
va lien hé gitta van t6c qua can A véi van toc goc ciia hinh try, v4 = wR (do
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day khong gian). Vi day khong trong lugng nén momen dong lugng ctia nd
bang khong.

Momen ctia Iyc ngoai doéi véi truc z (hai lye P, N c6 dudng tac dung cit
truc z nén momen ctia ching bang khong):

M.(Q) = RQ.
Ap dung dinh 1y bién thien momen dong luong (dang vi phan) ta dugc:

R*(P + Q) ~ RO

Suy ra gia toc goc clia hinh try:

Hinh 2.20: Bai tap 2.15

2.16. Hai vat A va B nang P, va P, dugc ndi véi nhau bang soi day mém
khong gidn khong trong luong va vat qua rong roc O ban kinh r trong luong
Q. Cho P, > P,, khoéi lugng rong roc phan bo déu trén vanh. Xac dinh gia
toc vat A.

H.D. Co hé: rong roc, sgi day va hai vat A, B.

Luc ngoai tac dung: Py, Py, Q va phan luc R (hinh 2.21).

Hé toa do: Oxyz v6i Ox ndm ngang hudng tit trai qua phai, Oy thang
ditng huéng len va Oz vudng géc v6i mit phang hinh vé hudng ra ngoai
(trang gidy).

Dé v ring, néu vat A (B) c¢6 van tdc v thi rong roc ¢6 w = v/r.

Momen dong lugng ciia hé déi véi truc z vuong géc v6i mit phang hinh

ve
P, P P+ P
Lz - sz +_1UT+_2UT: TU(Q+ 1+ 2).
~ g g g
rong roc N~ =
vat A vat B
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0 day ta da dung cong thitc J, = Qr?/2 tinh momen quan tinh cia rong
roc. Vi day khong trong lugng nén momen dong luong clia né bang khong.
Ap dung dinh 1y bién thien moémen dong lugng déi véi truc z, ta c6

; r(Q+ P+ P)

LZ:(Pl—Pg)T<:> w:(Pl—P2>7’ (w:v),
g

suy ra
(PL— P)g

W= ———""—.
Q+ P+ b

Hinh 2.21: Bai tap 2.16

2.17. Cho tay quay OA chiéu dai r trong co cau thanh truyén quay véi van
toc goc wy. Thanh truyén OB ciing c¢6 chiéu dai r. Tay quay va thanh truyén
la dong chat va c6 khoi lugng rieng 1a p (trén don vi dai). Tinh dong ndng
cua co heé.

A

Hinh 2.22: Bai tap 2.17

H.D. Thanh OA thiec hién chuyén dong quay quanh O véi van toc géc wy
nén dong ning bang

1
§J1w§ = éprgwg.
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L2225

Hinh 2.23: Tam quay tic thoi, bai tap 2.16

O day, ta da dung cong thic J; = sMr? v6i M = pr.

Thanh AB chuyén dong song phing. Chuyén dong tiic thoi ciia né la
chuyén dong quay quanh tam quay titc thoi I (hinh 2.23) véi van toc goc w;.
Ta thay A la trung diém canh huyén ctia tam giac vuong AOBI vuong tai
B,nén IA = OA =r. Viv(A) = OAwy = rwy (trong chuyén dong ctia thanh
OA), v(A) = TAw; = rw; (trong chuyén dong clia thanh AB) nén w; = wy.
Dé tinh dong ning ciia thanh AB ta can tinh moémen quan tinh J, ctia né
ddi véi truc di qua I. Trude hét, xac dinh I.J véi J 1a khdi tam (trung diém)
ctia AB. Ap dung cong thic cosin cho tam gide ATAJ, ta co:

IJ? = I1A? 4+ AJ* — 2AI - AJ cos LIAJ = r? (2 — cos 290) :

Do dé theo cong thitc Huygens

1 3 3 3) 3 1
_ - — ) = — — 2 .
J2 pr + pP1 ( COS QD) pr (3 COS 2

Dong nang ctia thanh AB bing

1 4
—pr? <§ — CoS 290) wi.

Tém lai, dong nang ctia hé bang

1 1 4 5 1
épr?’wg + §p7’3 (5 — COs 2g0> wg = pr’ (6 3 coS 2g0) wg.

2.18. Mot day khong gian, khong trong lugng duge quan vao dau dia tron
dong chat khoi luong m ban kinh r, con dau kia budc vao diém c¢6 dinh A.
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Khi day loi ra, hinh tru roi xuéng khong van toc dau. Xac dinh van toc v
clia tam dia tron khi né roi xudéng mot doan h. Xac dinh gia toc tam C va
stic cang day.

H.D. Co hé: dia va day.

Luc ngoai tac dung: P trong luc dat lén dia.

Hé toa do dugc chon c6 gbc dit tai A, Az thing ding huéng xubng dudi,
Ay nam ngang huéng tit trai qua phai, Az vuong goéc v6i mit phang hinh
vé (dau bai) huéng tit ngoai vao trong (trang giap). V6i cach chon hé toa do
nay thi dia quay theo chiéu thuan.

Dé tinh momen dong lugng clia hé ta diing hé toa do Kénig Ca'y/2’ (hinh
tinh tién clia Azyz theo vecto /TC”) Dé ¥ ring, dia thuc hién chuyén dong
song phéng, do day khong gian, c¢6 chuyén dong tic thoi 1a chuyén dong quay
quanh truc di qua "diém tiép xic" ctia dia véi truc Az véi van toc goc w,
ve = Tw. Néu xét chuyen dong ciia diém nay ddi véi hé Konig (xem nhu
diing yén), thi n6 chuyén dong quay quanh C v6i cting van téc géc. Nhu vay,

3
L, =mrve + Jow = §mr2w,

trong d6 J 1a momen quéan tinh clia dia doi vé6i truc di qua C' va ciing hudéng
véi Az. O day ta da ding cong thic Jo = mr?/2. Vi day khong trong lugng
nén momen dong lugng clia n6 bang khong.
Momen ctia luc ngoai (dat tai C): mgr.
Ap dung dinh 1y bién thien momen dong lugng:
3 29

2. .
—Mrew=mgr =>e€=w = —.
2 g 3r

Vi C chuyén dong thang ditng nén gia toc ctia C: we = U¢ = 29/3.

Dé tim luc cang ta xét he chi gom dia. Khi d6, liic ngoai tac dung lén he
gdm P va luc cang day T. Ap dung dinh 1y chuyén dong khéi tam, ta co:

2
mwczmg—TéT:mg—ﬂ:@.
3 3

Cach giai khac

Phan dau ctia bai tap nay c6 thé giai bang cach dung dinh 1y bién thien
dong nang. 0 day ta ciing dung hé toa do Konig khi tinh dong nang. Dong
nang cua hé:

1 1 3
T = §mvé + §J0w2 = Z—lmr2w2.
Cong suat ctia lyc ngoai:

W = mgue = mgrw.



CHUONG 2. PONG LUC HOC

Ap dung dinh 1y bién thién dong nang:

2 - . 2g
—Mriuw =mgrw = € =w = —.
2 3r

A
A

Hinh 2.24: Bai tap 2.18

88

2.19. Mot hinh tru trong lugng P, c¢6 cudon xung quanh bang mot soi day.
Day vat qua rong roc c6 dinh O roi ndi véi vat A niang P». Vat A truct trén
mit phang ndm ngang c6 hé sé6 ma sat f. Bé qua ma sat ¢ 6 truc O, tim gia,

toc clia vat A va clia tam C hinh tru.

>

/
/
/
/
/
/
/
/
/
%

S S S S S S S S S

Hinh 2.25: Bai tap 2.19



Chuong 3

CO HOC GIAI TICH

3.1 Cac khai niém co ban
Co he gom N chat diém

M1(371, Y1, 2'1)7 Mz(%a Y2, 22)7 . 7MN($N> YN, ZN)

khéi luong mq, ma, ..., my. Vi tri clia hé duge xac dinh néu biét 3N toa do
X1, Y1, 215 T2, Yo, 22} - - -} TN, YN, 2. Mot vi trf clia hé duge goi 1a cau hinh cia
he. Trong co hoc ta nghién citu hé chat diém tu do va khong tu do. Hé chét
diém khong tu do khi toa do (vi trf), thoi gian, dao ham ctia toa do theo thoi
gian (van toc) bi han ché béi cac phuong trinh ho#c bat phuong trinh, goi la
phuong trinh hodc bat phuong trinh lién két. 0 day ta chi xét rang buoc la
phuong trinh, con goi 1a lién két budc.

Néu phuong trinh lien két c6 chita thoi gian & dang hién thi lien két goi
1a khong dimg, truong hop nguge lai goi 1a lién két ding (seleronom).

Néu phuong trinh lien két 1a he thiic hitu han gitta toa do va thoi gian,
hay & dang vi phan nhung c6 thé tich phan duge dé dua vé dang hitu han thi
goi 1& lién két hanh hoc hay lién két holonom. Néu phuong trinh rang buoc
chita cac dao ham cua toa do va khong thé tich phan dugc dé dua vé dang
hitu han thi goi 1a lién két dong hoc hay lién két khong holonom.

Gia sit he chiu r rang buoc doc lap (han ché xét truong hop hé chi chiu
lien két hinh hoc)

foltsxr, yk, 26) =0 (a=1,2,...,r). (3.1)

e Néu cau hinh ctia hé dude xac dinh béi cac gia tri ctia mot bo cic bién
doc 1ap q1, ¢, - - -, qa, thi {q1, g2, - .., qq} dugc goi la mot tap cac toa do
suy mong ctia hé. S6 toa do suy rong goi 1a bac tuw do cia hé. Truong
hop heé chiu r lien két hinh hoc thi s toa do suy rong d = 3N — 7.

89
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e Dao ham theo thai gian clia cac toa do suy rong goi 1a van toc suy rong
cua hé
417427 cee 7Qd-

e O mot cAu hinh cho trude ctia hée 2y, Y, 2 (k =1,2,...,N), gia st
cac chat diém thyc hien chuyen dich Az, Ay, Az, dén cau hinh xy, +
Azg, Yk + Ayg, 2 + Az théa rang buodc (3.1), thi

afa afoc 8fo¢ 8f0¢
—At+z (axkA T on At o, Zk> = 0. (3.2)

Ta goi céc chuyén dich Azy, Ayy, Az, thoa (3.2) 1a chuyén dich khd di
(chuyén dich xay ra duéi tac dung ctia luc cho trude - chuyen dich thue
- 14 mot trong s6 cac chuyén dich kha di).

e Hiéu ciia hai chuyén dich khé di bat k¥ goi 1a chuyén dich do, k¥ hieu
Sz, Oy, 021, ching théa diéu kien

Ofa Ofa 0 fa B
zk: (axk T+ 50U+ 5 kézk) = 0. (3.3)

Chu thich 1. Vi trf clia cac chat diém tai thoi diém ¢ duge goi 1a cdu hinh
clia co hé tai thoi diém do. Khong gian cac vi trf c6 thé ctia co hé dude goi la
khong gian cau hinh. Theo caAch mo ta dung toa do suy rong thi co he duge
xem nhu mot diém (qi,...,qq) trong mot da tap d-chiéu. Nhu vay quy dao
cua cd hé la mot duong cong trong da tap nay e

Lién két ly tudng

Cac lien két dat trén cac chat diém M; c6 thé thay thé bang cac phdn luc
lien két R,,. Cac lien két dat le he duge goi 1a lién két lyf tudng néu tong cong
clia cac phan lyc lien két trén cac do doi 4o tuong ing bang khong tai moi
thoi diém ¢

> <Z Rw> . r; = 0. (3.4)

3.2 Phuong trinh Lagrange

Cac phuong trinh Lagrange dugce rat ra tit nguyén 1y cong ao, con goi la
nguyén 1y chuyén dich o.
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3.2.1 Phuong trinh tong quat dong luc hoc

Dinh 1y 3.1 (Nguyén 1y cong 4o). Trong truong hop lien két dat len hé la
Iy tudng, tong cong phan to cia cic lic chi dong va luc qudn tinh tic dung
len co hé trén chuyén dich do bat ki bing khong tai moi thoi diém

Z[(ng — mkxk)&zjk + (F;k - mkyk)5yk + (F;k - mk,'z'k)(Szk] =0. (35)
k

Phuong trinh (3.5) goi 1a phuong trinh tong qudt dong hic hoc.

Thi du 3.1. Sg¢i day khong gian cling véi rong roc di dong C' vat qua hai
rong roc A va B vé6i cac truc c¢d dinh. Phan day khong nam trén cac rong
roc ¢6 phuong thang ding. Treo vat M véi trong lugng P vao rong roc C,
con hai day day treo céc vat M, M, véi trong luong Py, P». Xac dinh gia
toc w, wq, wo. Khong ké ma sét, khoi lugng cac rong roc va sgi day.

SLLS S L LS

0O

Hinh 3.1: Thi du 3.1

Giai. Goi z, z1, z» 1an luot 1a toa do ctia M, M, M, theo phuong thing ding
huéng tir trén xuéng (xem hinh 3.1). Phuong trinh lien két

2 + x1 + x9 = const.
Lay bién phan va dao ham cap hai theo thoi gian phuong trinh lien két

2(51‘4—5%14—(5%2 = 0,
2043, +32 = 0.
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Do lien két 1a 1y tudng va luyc chit dong tac dung gom cac trong lc
P, P,, P, nén phuong tong quat dong luc hoc

P P P
g g g

Thay
1
or = —5((51'1 + 51’2),
. L. &
r = —§($1 + 22)

vao phuong trinh tong quét ta dudc
[2(2P,—P)g—(P+4P,)i1—Pis]ox,+[2(2P,— P)g— Pi1— (P+4P,)i5]0xe = 0.
Vi cac do doi 4o dxq, 0xo doc lap va bat ky nén
(P+4P)#, + Piy, = 2(2P, — P)g,
Piy+ (P4 4P)iy = 2(2P, — P)g.
Giai ra ta dugc
AP,P, + P(P, — 3P)

a )
"7 YUPP+ P(P + Py
) AP\P, + P(P, — 3P))
xr )
2 V4P P+ P(PL+ By)
AP, P, — P(P, + P
Ny 1179 ( 1+ 2)‘

“Y4P R, + P(P, + P»)

3.2.2 Phuong trinh Lagrange loai hai
Doéng nhat thic Lagrange

Gitta cac vecto dinh vi ry (k= 1,..., N) lién hé v6i céc toa do suy rong gs
(s=1,...,d)

rpy =1k(t,qs) k=1,...,N; s=1,...,d. (3.6)
Cac bién t, g,, ¢ dudc goi 1a cac bién Lagrange. Khi d6, bién phan ctia ry,

d
@rk

— 04,

5ty = 85qs. (3.7)
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Bay gio ta thiét lap mot s6 dong nhat thitc can dung. Lay dao ham hai
vé theo thaoi gian

d
% =T =V = % + 2 Z—st' (3.8)
Tit dang thite (3.8), 1ay dao ham theo g, ta dugc
8\@ _ ory, (3.9)
9gs  9gs
Dang khac, 1ay dao ham rieng (3.8) theo g,
2 d 2
= S 610
va dao ham toan phan Ory/dq, theo t
2 d 2
%gz = ;5{; + Z %q‘s. (3.11)
So sanh (3.10) va (3.11) ta duge
ovy, _ d Ory (3.12)
dq,  dt g,

Céc dang thic (3.9) va (3.12) duge goi la cac dong nhat thitc Lagrange.

Thiét lap phuong trinh Lagrange loai II

Dé thiét lap phuong trinh vi phan chuyén dong ctia co hé gdm N chat diém
chiu lien két Holonom 1y tudng, ta xuat phat tit phuong trinh tong quat dong
Iuc hoc (3.5) duge viét dudi dang

N N
ZF% : (SI‘k == kavk : 5I'k. (313)
k=1 k=1

e Bién ddi vé trai (3.13), dung (3.7)

N ) N ) d Or, N  or
;Fk-érk:;Fko SZla—qséqs :Z ZFk.@qs 0qs.

s=1 k=1
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bat
N
8rk
Qs = ZFZ
e~ " g
N
L0y Oy . 0%

=
Il

1

Cac Q4 dugce goi la luc suy rong tac dung 1én co hé. Vay,

N d
D Fiori =) Qudgs.
k=1 s=1

e Bién d6i vé phai (3.13), ding (3.7)

al . 8rk
Z MmEVy - 0T, = Z mMEVy - —5%
k=1 dq

s=1

S6 hang trong dau ngoac, c6 thé viét lai

d l ark al d (?rk

S

Dimng cac dong nhat thitc Lagrange

N N N
. 3rk d ( avk> 8vk
kaVk' = - kaVk' : —kaVk'
k=1 g dt k=1 945 1 dqs
do (1L 0 (1<
s k=1 s k=1
_doT T
- dtdgs  Ogs
trong do

1 N
=52k
k=1

94

(3.14)

(3.15)

(3.16)

(3.17)

(3.19)
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la dong nang cua heé.
Tom lai,

d
doT o0T
Z(— L —Qs)aqszo.
~ \dtdqs  0qs
Vi cac dq, 1a doc lap va bat ky nén

49T  ar
dt 0gs  0qs

=Qs (s=1,2,...,d)

Phuong trinh (3.20) duge goi la phuong trinh Lagrange loai I1.

Biéu thitc dong niang theo toa do suy rong

Tt cong thiic dong nang (3.19), thay (3.8) vao ta duge

1< or 1 or ’
_1 Ory | 5~ O
T_Qka(é?t T aqs%> |

k=1

95

(3.20)

Binh phuong biéu thiic trong dau ngodc va thay doi thi tu lay tong

N N
_ 1 Z ( 01’k 8rk> q,rqs i Z (kaﬁrk )
s=1 k=1

rsl

+= ka <8rk) .

Dat
N
0 0
Qrs = AST = kaa;f-az,
k=1
N
8rk 8rk
bs - “a, 5
> Mg, 94,
k=1
1 N (‘3rk 2
c = = —
2 L\ ot
Ta thu duge

Z arsQrQs + Z bst +c= T2 + Tl + T07

s=1

(3.21)
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trong do a,s, by, ¢ 1a cac ham cua toa do suy rong va thoi gian ¢t. Nhu vay,
trong trudng hop tong quat dong nang ctia co hé 1a ham bac hai ctia van toc
suy rong. Néu co hé chiu lien két ding thi

c=0, bs=0(s=1,...,d), ams=ars(q)

va dong nang c6 dang toan phuong xac dinh duong
T = L E Irq (3.22)
=3 Qrsqr(s- .
9 arq

s

3.2.3 Truong hgp hé bao toan

Néu tat cd cac lyc chit dong déu c6 thé (he duge goi la hé bdo toan hay hé
dong lic), nghia 1a ton tai ham U = U (g, Yk, 2x) sao cho

oU oU ou
Fo,=—, Fppy=—, I, = — =1,2,...,N
kx axka ky aykv kz azk (k ) ) )
oU
= — =1,2,...,d).
:>Qs aqs (S ) &y ) )

Khi dé phuong trinh Lagrange c6 thé viét lai

doL oL _
dt o, Oqs

s=1,2,...,d), (3.23)

trong d6 L = T + U 1a ham Lagrange. Ky hieu V = —U 1a thé niang ctia he
thi L=T—-V.

Truong hop hé bao toan dong thoi ham hyc va dong nang khong phu thuoc
hién vao thoi gian thi ning lugng toan phan ciia hé duge bao toan

T +V = const. (3.24)

Toa do cyclic la toa do suy rong g. khong c¢6 mat trong ham Lagrange,
nghia la

oL
= 0.
9.
Khi d6 ta c6 mot tich phan dau
oL .
= cons
9qc
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3.2.4 Thu tuc thiét lap phuong trinh Lagrange loai hai

1. Xac dinh bac tu do va chon céac toa do suy rong.

2. Tinh dong nang ctia hé 7', biéu dién dong nang theo cac toa do va van
toc suy rong.

3. Tinh tong cong phan t6 ctia lyc chti dong, biéu dién né theo cac toa do
suy rong, tit doé suy ra cac luc suy rong dua vao hé thic (d).

4. Tinh cac dao ham 0T'/0qs, d(0T/0qs)/dt, 0T/ Dqs.

5. Thay vao phuong trinh Lagrange loai hai.

Thi du 3.2. Mot vat khéi luong M, dude treo trén mot dau day khong gian
vat qua rong roc co6 dinh, dau kia ctia day treo rong roc di dong khéi luong
M,. Vit qua rong roc nay co soi day khong gian treo hai vat véi khoi lugng
my va ms.

a) Viét phuong trinh Lagrange ctia co heé.

b) Tim gia toc ctia khoi lugng Ms.
B6 qua ma sat & cac rong roc.

S S S S S

0O

Hinh 3.2: Thi du 3.2

Gidi. a) Budc 1: Lien két holonom 1y tudng. Goi Xy, X», 1, 2 lan luot 1a
toa do ctia vat c6 khdi luong My, My, mq, mso. Ta c6

X1+ Xy =a=const., x1+ xy=>b=const.
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Budc 2: Bac tir do bang 2, toa do suy rong X, z;.
Dao ham cac lién két theo thoi gian

X1+X2 = OiXQZ—Xl,

T1+ 2y = 0= 29=—x.
Van toc clia m; va mo
d(Xl +.CL'1) y .
ATy
dt 1 +$17
d(X;+x . ] ) '
dt
Bude 3: Dong nang ctia co hé
1 P | oo 1 . U . . \92
T = §M1X1 + §M2X1 + §m1<X1 + 331) + §m2(X1 — .131) .

Bude 4: Thé nang clia co hé, lay mit phang nim ngang qua tam ctia rong
roc ¢d dinh lam méec.

Vo= —MigXi — MygXs —mig(Xq + x1) — mag(Xs + 2)
= —Mngl — MQQ(CL — X1> — mlg(Xl =+ 1’1) — m2g(X1 + b— Il).

Ham Lagrange

1y 1 . 1 : 1 :
L=T-V = §M1X12 + 5MQXI2 + §m1(X1 + )+ 5mQ(X1 — )2

+Myg X1 + Mag(a — X1) +mig(Xy + 1) + mag(Xy + b — 21).

Budc 5:
oL
— = (M- M
9X, (M, 5o + My +ma)g,
oL . .
— = (Mi+ My+my+mo) Xy + (mq — ma)iy,
00X,
oL ( )
— = (m;—m
81'1 1 2)9,
oL . .
Dir = (my —mg) X1 + (my + ma)i;.
x1

Budc 6: Phuong trinh Lagrange

(M1 + M2 + mq + mg)Xl —+ (m1 — mg)l’l = (Ml — M2 -+ ma + mg)g,
(m1 — mg)Xl + (m1 + mg)ii’l = (m1 — mg)g
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b) Gia téc ctia khéi lugng M,. Giai he dbi véi véi hai an X, va i

X _ (Ml — Mg)(ml + mz) + 4m1mgg
! (M1 + M2)<m1 -+ mg) + 4m1m2 ’
2M2(m1 — MQ)

(Ml + Mz)(m1 + mz) + 4m1m29.

j‘lz

T d6 suy ra

(Ml — Mg)(ml + mg) + 4m1m2g
(My + Ms)(my + ma) + dmyma”

O S

3.3 Nguyén ly Hamilton

3.3.1 Nhap moén phép tinh bién phan

V6i nghiém ciia bai toan dong luc ta thuong quan tam dén vi trf clia co hé
hay chat diém tai mot thoi diém cho trude. Ta ciing quan tam dén qui dao
ma chiing thuc hién, xem coi no6 1 cue dai hay cyc tiéu. Nghién citu toan bo
van dé nay c6 thé dugce thuc hién bang k¥ thuat ctia "phép tinh bién phan".

Thi du, xét chuyén dong clia chat diém tit diém I (z1,y;) dén diém II
(z2,72) doc theo qui dao A. Quy dao nay cé thé 1a qui dao ngan nhat A
la dudng thing ndi hai diém. Ta c6 thé tim quy dao ngin nhat nay bing
phuong phap ctia phép tinh bién phan sau.

Néu ds 1a vi phan do dai cung vo ciing bé ctia qui dao chat diém thi do
dai toan phan ctia quy dao la

e e [

d
= f(x v,y (3.25)

1

trong d6 f(z,y,v') = /1 + vy
Phuong trinh (3.25) bay gio duge goi la tich phan tic dong (action inte-
gral) trong phép tinh bién phan va & day, vi, S 1a cyc tiéu hay ngan nhat, ta
phai c6
0S5 =0
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O X

Hinh 3.3: Chuyén dong ctia chat diém tit (21, %1) dén (z9, ).

hay
5 [ vy (3.26)

Day la cong thitc dién hinh ctia bai toan ctia phép tinh bién phan. 0 day ta
nén cht y rang bién phan dg cta dai lugng ¢(z) duge dinh nghia nhu 1a sy
bién thién an(x) lam thay doi dang ctia n6

oq(x) = an(z) = §(z) = q(x) + an(z) (3.27)

trong d6 « 1a tham s6 bé tuy ¥, n(z) 1a ham kha vi bat k¥ clia bién sb.
Vi z 1 bién doc lap nén dx = 0. T cong thitc vi phan toan phan ta co
thé viét

5/:2 flx,y,y)de = /:2 (g—géy+ %6y/) dx
— /: (g—iéy + 2—5/%5y) dx
- [ oo (o) = (55) o)
A IR A GO

_ [™Tof _d [of of o 1™
= | 1oy d:c(ay’ﬂ&yd“{ 5ng
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Vi bién phan clia y(z) tai ; va x, bang khong (quy dao phdi qua dicm
(71,91) va (z9,72)) nén

w2 N, [™[of d [Of
5/@ f(:r,y,y)d:c—/m {ay - (ay)} oyd. (3.28)
Vay, cudi cling ta co
210f d (0f
— — — | == || dydz = 0. 2
[ |55~ () Jowia = (329
Nhung do dy 1a bién thién tuy § ciia y(z) nén ta co
of d (of\
5 " i (a_y/> = 0. (3.30)

Day la diéu kien can dugc théa béi f(x,y,y’) dé tich phan S ctia phuong
trinh (3.25) dat cuc tri.
Bay gio trong trudng hgp quy dao cuc tri f(x,y,y) = /1 + ¢,

0f _ 0f o

dy W 1ty

Nhu vay, tit phuong trinh (3.30),

d ' '
(L) :0:>y—:const.:>y=a:ic+b

dr \ Ty Vi+y?

trong do a,b la hing s6. Day la phuong trinh ctia mot dudng thang.

Mot thi du khéc, bai toan dudng cong "brachistocrone" (tiéng Hy lap, ¢6
nghia 14 "thdi gian ngan nhat"), tim mot dudng cong doc theo d6 chat diém
rai tit trang thai nghi dudi &nh hudng ciia trong trudng tit vi tri cao nhat
dén vi trf thap nhat trong thoi gian ngin nhat.

Thoi gian danh dé di chuyén doc trén duong cong véi van toc v 1a

2 ds
e = [ —.
1
Theo dinh 1y bao toan nang lugng
Lo
—mu° = mgr = v = \/2g9x

2
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as

Hinh 3.4: Chuyén dong ctia chat diém tit 1 dén 2.

nén
2V1+y?
tlg = ~——dx
V29T
Néu xem f(z,y,y') = /1 + y’2/\/29x thi tit phuong trinh (3.30) do
of _, 9f _ Y
dy Y \S2gx\/1+y"
ta co
d Y y
- =0= = const
dt (N/ng\/l—i-ya) (1 +y?)
Dat
y/2
w(1+y2)

ta suy ra sau mot so6 tinh toan don gidn

;L Cx
S V1-0Cx

Bang céach tich phan phuong trinh vi phan

l—C’x
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—Cdx

Doi bién, dit u=+vV1—-Cr = Cr=1—u?, du = ————
' 2v1—Cx

2
Y= —5/\/1 — u?du.
D6i bién, dit u = sin o = du = cos ada

2 sin « cos
y:—5/\/1—sin2&cosad&:—g—u—l—C’l.

C C
Tré vé bién cii

arcsinu  uv1 — u?

G c o
_ _ar031n\C/1—C’x_xm+Cl.

Dung diéu kién y(0) = 0 ta suy ra C; = «/(2C). Hon nita, tit cong thiic
arccos x + arcsinx = /2 ta c6 thé viét

Vv1-C
arccos v/ T_ Nierer
Ham trén biéu dién mot cycloid ngugc.
Cach khac: Néu goi ¢ 1a goc tao bdi truc x va tiép tuyén véi duong cong
thi dy/dx = tan . Nhu vay

Cx “tang = Cx _ sin?
1—-Cx 1—Cx cos?p
= Cwcos’p =sin®*¢ — Crsin®p
= r= lsiana = i(1 — €os 2¢p).
C 2C
M3t khac,
de 2 | dy dydx
e = gsinpcosp = o = oo
= j—syp = tangp% sin p cos p = é(l — oS 2p).
Tich phan
y = %(&p —sin2¢p) + Cs.
Tu diéu kién y(0) = 0 ta suy ra Cy = 0. Vay dudng cong "brachistocrone" 1a
xr = L(1 —cos2p), y=—(2¢p —sin2yp).
2C ’ 2C
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3.3.2 Ky thuat bién phan cho trudng hop nhiéu bién
doc lap

Bay gio ta xét ham f 1a ham cta nhiéu bién doc lap y;(z), nghia 1a f =
flxyy;) G=1,2,...,d).
Trong trudng hop nay, ta co6

2
5/ f(z,y5y;)de = 0
/Z(afé —|—af5y]>d:c =0
J
(5 (Lo 2t )ar =

j
of of B
(8,5y>—%<8—%)5yj]da: = 0

Do tai cdc diém cudi dy; bing khong nén

[ 2 o= ()| o

Ciing do cac bién phan dy; 1a tuy y nén

of d (af

dy;  dr \y;

):0 i=1,2,....d (3.31)

Phuong trinh (3.31) dugc goi 1a phuong trinh Euler-Lagrange cho céc bién
doc lap y;.

3.3.3 Phat biéu nguyén 1y Hamilton

D6i v6i he dong lyc, ta goi tich phan trong khodng thoi gian tit ¢; dén ¢,

t2
S = / Ldt (3.32)
t1

trong d6 L = L(qs,4s) = T(qs,4s) — V(¢s), 1 tac dung Hamilton.
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Nguyén 1y Hamilton phat biéu ring, quy dao thuc cia hé dong luc ti thoi
diém t, dén thoi diém ty lam tdc dung Hamilton S dat cuc tri, nghia la

53 = 0. (3.33)

3.3.4 Chiimng minh nguyén ly Hamilton tit phuong trinh
Lagrange

Ta co

6/t2Ldt - / SLdt = /Z( 5 a—L(S')dt
t1 aqs qs QS s
29I oL . 1" oL
= Z{ r (qudt+[aqséqsL—/t1 (a )5 dt}

= S{[ o [ () Jow)

O day ta dimg (6¢s)i—s, = (0qs)i—, =0 (s =1,...,d).
T phuong trinh Lagrange

i(@_L) = oL s=1,....d
dt ﬁqs aQS

trong d6 L = L(gs, ¢s) 1a Lagrangian ctia co hé chiu rang budc holonom, bao
toan, ta co
t2
5 / Ldt =0,
t1
Day la nguyén ly Hamilton.

3.3.5 Chiing minh phuong trinh Lagrange ti nguyén
ly Hamilton
Tt nguyén 1y Hamilton
) / ’ Ldt =0
t1
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ta co

/ Z(aLaqs a—.L(S )dt = 0

S

2 9L
;(/tl 7. dt+/1 3 5qsdt) = 0

2 9L 2 9L d
Z[/t 5 5qsdt+/t - dt(éqs)dt} S

1 1

([ S [ (Sron) - [“ 4 (55 ) awa] -
S S [on] - [ (55 swar) = o
Vi (6¢s)i=t, = (0¢s)i=t, =0 (s =1,...,d) nén
A, (i ) owt =0
/ Z [aqs 7 (8L)] 0qsdt = 0.

Do cac g, la tuy ¥ nén

d(OLY _OL 4
dt 8qs 8(13

Day la phuong trinh Lagrange loai II.

Thi du 3.3. Ding nguyén 1y Hamilton tim phuong trinh chuyén dong ctia
chat diém khéi lugng m di chuyén trén mat phang trong trudng liuc bao toan.
Giai. Goi P(z,y) la vi trf clia chat diém trén mit phang zy dudi tac dung
cua luc bdo toan

ov ov
P=-2 p="92
ox Y dy
Ham Lagrange L =T —V = tm(i? +¢?) — V. Theo nguyén ly Hamilton, ta

co

to [2)
(5/ Ldt:():>/ oLdt = 0.
t1 t1
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Vi vay,
to
/ (Z0x + goy —oV)dt = 0
t1
to
/ oL + Yoy — a—v5x — 8—V§y dt = 0.
4 ox dy
Ta lai ¢c6

t2 t2 d t2
/ Toidt = / i—(dx)dt = [#dx];? — / Foxdt
" b dt

t1

to
= —/ Zoxdt vidxr =0Kkhit =1ty t=t,.

t1

to to
/ oudt — — / iisydt.
t1 t1
Cudi clung ta c6

to
/ i—l—a—v ox + ﬂ+a—v doy| dt =0
t ox dy

Vi dx, 0y la tuy ¥ va doc 1lap nén

Tuong t,

v oV

i=-2_ =F, j=-""=F,
v ox y

Day la phuong trinh chuyén dong cta diém.
o

Bai tap

107

3.1. Mot hat khéi lugng m di chuyén duéi tac dung ciia Iuc hap dan do khéi
luong M c6 dinh dit tai goc. Lay toa do cuc r, 0 lam toa do suy rong, viét
phuong trinh Lagrange loai hai cho chuyén dong ctia hat. Tim mot tich phan

dau va giai thich ¥ nghia co hoc ctia né.

H.D. Hé la hat chi chuyén dong trong mit phang qua goc nén cé 2 bac tu
do [Chuyén dong ciia hat dudc tic dung ciia luc zuyén tam la chuyén dong
phdng. Day la rang bugc ciia hat]. Toa do suy rong (dung toa do cic c6 goc

d#t tai gbe).



CHUONG 3. CO HOC GIAI TICH 108
Dong ning ctia hat 1a (xem hinh 3.5)
T = %m(?'"2 +r26%).
Thé ning clia hat (d6i véi vo cuing) 1a

v _GMm‘

r

Hinh 3.5: Bai tap 3.1

Ham Lagrange L =T —V:

1 . GMm
L= §m(7'“2 +r20%) + .
r

Tinh cac dao ham roi thay vao hé phuong trinh Lagrange, ta dugc:

. M
mf—m(rQQ— G) = 0,

r2

. . d ..

m(2rif +1r%0) = 0= %(729) =0.
Tich phan dau: 726 =const.
Cht ¥, ta c¢6 thé nhan ra chuyén dong c6 mot tich phan dau tit nhan xét
OL/0f (ham Lagrange khong phu thudc ¢, nghia la ¢ la toa do cyclic). Tich
phan dau nay chinh 14 momen dong lugng ciia hat mr?0 duge bao toan.

3.2. Mot hat P khéi lugng m trugt trén mét trong tron ctia hinh nén tron
xo0ay ¢6 géc ¢ dinh bang 2«. Truc déi xtng ciia hinh nén thang ding qua dinh
O huéng xudéng. Chon cac toa do suy rong: r, khodng cach OP, va ¢, gbc
phuong vi déi v6i miit phing ¢d dinh di qua truc hinh nén. Viét hé phuong
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Hinh 3.6: Bai tap 3.2

trinh Lagrange. Chiing t6 rang ¢ 1 toa do cyclic va tim mot tich phan dau.
Giai thich ¥ nghia co hoc ctia tich phan dau nay.
H.D. Hé la hat. Vi vecto ban kinh cta hat:

r=re,,

trong dé6 e, = (sin v cos ¢, sin asin p, cos ), nén hé ¢6 2 bac tu do. Toa do
suy rong: r, 6. Van toc ciia hat:

r =7re, + re,.

Dé ¥ rang,
€, = psina(—sing, cos p,0) = psin ae,.

Nhu vay, dong nang ciia hat:
T = %m(i“2 +r?¢? sin® ).
Thé nang cua hat (déi véi O):
V = mgrcosa.

Ham Lagrange:
1

L=T-V= §m(7”2 + 2% sin® a) — mgr cos a.

Hé phuong trinh Lagrange (sv nén tinh toan tudng minh)
P —r¢?sinfa+gecosa = 0,
2rip +12p = 0 (sina > 0).

Do ham Lagrange khong phu thuoc ¢ nén ¢ 1a toa do cyclic. Tich phan dau:
r?¢ = const. Sv tu giai thich y nghia vat 1y.
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3.3. Xét vat khoi lugng m trudt trén mot mat bén tron nghiéng géc o cua
ném khéi lugng M, ném nay lai trugt trén mat phang tron ndm ngang nhu

hinh 3.7.

Hinh 3.7: Bai tap 3.3

Toan bo chuyén dong 1a phang. Viét phuong trinh Lagrange loai hai cho
hé nay va suy ra (i) gia toc ctia ném, va (ii) gia toc tuong doéi ctia vat (doi
v6i ném).

H.D. Hé hai bac tu do. Chon toa do suy rong: z, chuyén dich ctia nem déi
v6i diém ¢ dinh tren san; y, chuyén dich ctia vat déi véi diém cb dinh trén
ném.

Dong ning va thé nang ctia he:

1 1

T = 5Mg;~2 + 5m(;'ﬁ + 9% + 2@y cos a),

V. = —mgysina.
Ham Lagrange:

1 .92 1 .92 .9 .. .
L=T-V= §Ml' + im(:c + 9~ + 247 cos ) + mgy sin a.

Tinh cac dao ham
OL oL d oL
Pt 0, Pt (M 4+ m)& + (mcos a)y, pr i (M 4+ m)Z + (mcos a)ij;
oL . oL i+ ( )i d OL i+ ( )i
— =mgsina, — =m m Ccos )& ——=m m CoS V).
oy USRS gy T Codtay Y

Hé phuong trinh Lagrange loai hai:

(M +m)i+ (mcosa)j = 0,

my + (mcosa)i —mgsina =
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Giai ra ta dugc

mgsinacosa . (M +m)gsina

M + msin?a’ v= M +msin’a

€T =

3.4. Hinh 3.8 vé mot hinh tru tdm G ban kinh a lan khong trugt trén mat
trong clia mot mat tru ¢6 dinh tam O ban kinh b > a. Viét phuong trinh
Lagrange loai hai, suy ra chu ky dao dong bé ctia hinh tru quanh vi tri can
bang.

H.D. Néu khong c6 diéu kien "lan khong trugt" thi hé hai bac tu do véi cac

Hinh 3.8: Bai tap 3.4

toa do suy rong: 6, géc gitta OG va truc thang ding huéng xudng; ¢, goc
quay ctia hinh tru (déi v6i vi tri tham chiéu nao d6). Diéu kieén lan khong
truct cho

(b—a)d =ap = (b—a)f = ap. (a)

0 day ta da chon vi tri tham chiéu thich hgp dé cho @ = 0 khi 8§ = 0. Vay
hé mot bac tu do. Chon toa do suy rong la 6.
Dong nang cua he:

T = %m((b —a)f)? + %ngQ
= zm(b — a)?6?

trong d6 ta da dung phuong trinh lien két (a) va cong thiic tinh momen quan
tinh cta hinh tru J = ma?/2.
Thé nang:
V =—mg(b— a)cosb.

Ham Lagrange

L=T-V= Zm(b — a)%0% + mg(b — a) cos .
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Tinh céc dao ham:

oL _ oL 3 2y dOL 3 o
20 = mg(b — a)sin 6, i m(b— a)°0, - = —m(b—a)“0.

Phuong trinh Lagrange loai hai:

sinf = 0.

3 - ‘ "
2m(b a)’0 +mg(b—a)sinf =0= 60+ 30— a)
(chd ¥, phuong trinh nay trung véi phuong trinh chinh xac cho dao dong con
18c don ¢6 chiéu dai I = 3(b—a)/2).

V6i gia thiét dao dong bé ta xap xi sin § ~ 6 trong phuong trinh Lagrange,
ta dugce

29
3(b—a)

Chu ky ctia dao dong theo cong thiic clia con lac don

g 29

3.5. Cho hé nhu hinh 3.9. Dudng ray tron va luc cho truée F(t) tac dong

len vat P,. B6 qua trong Iyc. Viét hé phuong trinh Lagrange loai hai cho he.
Truong hop tinh dén trong lite thi sao?

H.D. Hé hai bac tu do. Chon cac toa do suy rong: z, € nhu trén hinh 3.9.

0 + 0 =0.

0 18 a

Hinh 3.9: Bai tap 3.5

Diém dac biet ¢ thi du nay 1a luc F tac dung len P, duge cho phu thuoc thoi
gian (khong bao toan) nén ta can tinh cac Iyc suy rong! Chuyén dich 4o ciia
P, theo phuong ngang:

0x + acos 606.

nén cong phan t6 ctia lye chit dong (chi ¢6 lye F) 1a

F()(67 + acos 050) = Q.0 + Qed0),
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suy ra
Q. =F(t), Q= (acosO)F(t).
Dong nang ciia hé:
1 1

T = EmjcQ + §m[(x + acos00)? + (asin 6)?]

.1 :
= mi® + (macos)if + §ma292.

Hé phuong trinh Lagrange loai hai:

d ) )
E[2mx + (macos)d] = F(t),
%Kma cos 0)i: +ma’f) — [—(masin0)if] = (acosd)F(t).

3.6. Tim quy luat chuyén dong ctia vien bi B chuyén dong doc trong 6ng
OA dang quay déu trong mat phang nim ngang véi van toc goc w. Tai thoi

A

Hinh 3.10: Bai tap 3.6

diém ban dau vién bi cach O mot doan bing A va c¢6 van téc doc theo éng
bang khong.

3.7. Viét phuong trinh Lagrange loai hai cho chuyén dong ctia con lic kép
phing (xem hinh 3.11). Gia st khéi lugng ctia A vi B bing nhau va bing
m.

3.8. Viét phuong trinh Lagrange loai hai cho chuyén dong ctia con lic gom
chat diém khéi lugng m treo trén day quan vao hinh tru ¢6 dinh ban kinh r
(xem hinh 3.12). Do dai ctia phan day buong thong tai vi tri can bang la [.
Bé qua khdi lugng ciia day.

3.9. Cac dau mut ctia thanh dong chat AB, c6 khéi lugng m, dai 2a trugt
khong ma sat theo cac thanh nim ngang va thang ding ctia mot khung quay
quanh thanh thang ditng (xem hinh 3.13). Viét phuong trinh Lagrange loai
hai cho chuyén dong ctia thanh khi khung quay véi van toc goc khong doi w.
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Hinh 3.11: Bai tap 3.7

Hinh 3.12: Bai tap 3.8

Hinh 3.13: Bai tap 3.9



Chuong 4

Hé Hamilton

Chuong nay trinh bay vé he Hamilton,
p=-VH(p,q), i=V,H(pq). (4.1)
O day, p va ¢ 1a cac vecto trong R?, va H(p,q) 1a ham vo huéng du kha vi.

N6 duge goi 1a "Hamilton" hay "nang luong toan phan".

4.1 Phuong trinh Hamilton

Gid stt vi trf clia hé co hoc véi d bac ti do duge mo ta bdi ¢ = (q1,...,qa)"

nhu 1a toa do suy rong (c6 thé 1 toa do Descartes, goc, do dai cung v.v.).
Xét ham Lagrange
L=T-V, (4.2)

trong d6 T = T(q, ¢) la dong nang ctia he va V = V(q) 1a thé nang. Chuyén
dong ctia hé duge mo ta bdi phuong trinh Lagrange (loai 2)

d (0L oL
i (5)= 50 )

ma chinh 14 phuong trinh Lagrange-Euler ctia bai todn bién phan

S(g) = / L{g(t), 4(t))dt — min

Hamilton da don gidn héa cau tric clia phuong trinh lagrange va bién
ching thanh dang c6 tinh d6i xitng, béi

115
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x dua vao bién Poisson, Tung suy mong (conjugate momenta)
oL
pr=——1q,q4) v6i k=1,....d, (4.4)
A4

* va xét ham Hamilton

H:=p"q—L(g,q) (4.5)
nhu 1a ham ctia p va ¢, nghia la, lay H = H(p, ¢) nhan dugc bing cach biéu
dién ¢ nhu la ham cfia p va ¢ qua (4.4). O day doi héi réing (4.4) xac dinh,
v6i moi ¢, mot song anh kha vi lien tuc ¢ < p. Diéu kién can va da dé ton
tai song a4nh ¢ <> p 1a Jacobian clia hé (4.4) khong dong nhat bang khong

oL oL
Nggs- 55
0

(q'la"')q.d)

£ 0.

Anh xa nay duge goi 1 bién doi Legendre.

Dinh 1y 4.1. Phuong trinh Lagrange (4.3) tuong duong vdi phuong trinh
Hamilton

oOH . OH

= ——— = — k=1,....d. 4.6
Pk aqk (pa Q)a qk 3pk (pa Q)a 3 9 ( )

Chiing minh. Dinh nghia (4.4) va (4.5) cho xung lugng p va cho ham Hamilton
H ngu ¥ rang

OH . 10§ OLOG
op — " P apagap

o p9¢ 9L 0Ld¢  OL
o¢ ~ Y 9g 9¢ 94oq  oq

Vi vay, phuong trinh Lagrange (4.3) tuong duong véi (4.6). [

Trudng hgp dong ning la dang toan phuong. Néu T'(q, ¢) = 54" M(q)q,
trong d6 M(q) 1a ma tran doi xiing xac dinh duong, ta c6 p = M(q)q. Thay
bién ¢ béi M(q)~'p vao dinh nghia (4.5), ta dugc
H(p,q) = p"M(q)~'p— L(g, M(q)""p)
_ 1 _
= p'M(q)"'p—5p" M)+ V(9)
1 _
= 5p M(g)"'p+V(9)

va ham Hamilton 1a H = T + V, chinh 1 ndng lugng toan phan.
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4.2 Bao toan ning luong va tich phan dau

Dinh nghia 4.1. Ham khong hang (y) 1a mot tich phan dau cta y = f(y)
néu
I'(y)f(y) =0 v6i moi y. (4.7)

Diéu nay tuong duong véi tinh chat rang moei nghiém y(t) ctia y = f(t) thoa
I(y(t)) = const.
Thi du 4.1 (Su bdo toan ning lugng toan phan). Véi he Hamilton (4.2)
ham Hamilton H(p,q) 1a mot tich phan dau, vi

dH 0Hdp+8qu 0OH OH +8H@H_0

dt  Opdt ' g dt  dp dq dqg Op

o

Thi du 4.2 (Su béo toan dong lugng va moé men dong lugng). Ta xét heé
gdom N chat diém tuong tac ting cip bang luc c6 thé phu thuodc vao khoadng
cach ctia cac chat diém. Day 1a hé Hamilton v6i niang lugng toan phan

N i—1

H(p,q) = ;Z pzpﬁzzvzg g — q5ll)-

=2 j=1

O day ¢;,p; € R3 bidu dién vi trf va dong luong ctia chat diém thi i c6 khoi
lugng m;, va Vi;(r)(i > j) 1a thé nang tuong tac giita chat diém thit i va tha
4. Phuong trinh chuyén dong Hamilton 1a

N
: 1 :
G = —pi, Pi= > vila—q))
' J=Lj#i
trong do, véi i > j, ta co vi; = vy = = V(1) /rij vOi rij = ||lgi — g;]]. Su béo

toan ctia dong lugng va mod men dong lugng,

N N
P:Zpia L:ZQixpiv
i=1 i=1

1a mot hé qué clia quan he doi xing v;; = vj;,

dP N N
i Z]ji = Z vij(¢i — qj) = 0,
=l =L
dL al
E = Z(% sz+Qz sz Z VZ]qZ qi — g ) 0.

i=1 1,j=1,i#j
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Thi du 4.3 (Con lac toan hoc). Con lac toan hoc (khoi lugng m = 1, day
khong khoi lugng chiéu dai £ = 1, gia toc trong truong g = 1) 1a heé mot bac
tu do ¢6 ham Hamilton

1

ff@%q)==§p2——008%

dé cho phuong trinh chuyén dong Hamilton (4.2) thanh

Hinh 4.1: Con lac toan hoc.

p=—sing, ¢=p. (4.8)
Hinh 3 bén dudi chi ra mot vai dusng cong mic (level curve) ctia H(p,q).
B6i thi du 4.1, cadc dudng cong nghiém ctia bai toan (4.8) ndm trén cic duong
muc nay.
o
Thi du 4.4 (Bai toan hai vat thé hay bai toan Kepler). Dé tinh chuyén dong
clia hai vat thé (hanh tinh va mat tri) hdp dan 1an nhau, ta chon mot trong
hai vat (mit troi) nhu 1a tam ctia he toa do; thi chuyén dong sé thyc hién
trong mat phang va ta c¢6 thé dung toa do ¢ = (q1, g2) cho vi tri clia vat thé
thit hai. Cac dinh luat Newton, véi sut chuan héa thich hop, cho cac phuong
trinh vi phan sau

e q1 .o 42 (4.9)
T @@ BT (@@ '

Ching tuong duong v6i he Hamilton ¢6 ham Hamilton

1

1
H(Pl,mehC.lz) = —(P% +p§) - Pi= G (4'10)
2 Vai+ 6

Hanh tinh chuyén dong theo quy dao elip véi mat trdi la mot tieu diem (dinh
luat thtt nhat ctia Kepler). Véi cac gid tri dau

qmm:1—e,qu:0,qﬂm:o,qﬂmz,qu (4.11)
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Hinh 4.2: Bai toan Kepler.

nghiém 14 mot elip c6 tamsaie (0<e<1),a=1,b=+v1—¢e2, d=1—¢€?
va chu ky 27. Nang luong toan phan 1a Hy = —%, va md men dong lugng la
LO =V 1-— 62.

<

Thi du 4.5 (Bai toan Helnon-Heiles). Da thic Hamilton theo hai bac tu
do!

1 1 1
H(p,q) = =(pi +13) + = (G + @) + G102 — 545 (4.12)

2 2 3
la mot phuong trinh vi phan Hamilton c¢6 thé c6 nghiem hén don (chaotic
solution). Hinh 4.3 chi ra dang diéu chinh quy ctia cac nghiém khi gié tri cta
ham Hamilton 1a nhd, va mot dang diéu hon don véi Hamilton 16n.

M. Helnon & C. Heiles, The applicability of the third integral of motion: some numer-
ical experiments, Astron. J. 69(1964) 73-79.
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Hinh 4.3: Lat cét Poincaré cho ¢; = 0, p; > 0 clia mo hinh Helnon-Heiles véi
H = (6 quy dao, hinh trai) va H = L (1 quy dao, hinh phai).
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