Chuong 7
LY THUYET CHUOI

§1. DAl CUONG VE CHUOI SO
I. KHAI NIEM CHUOI SO VA TONG CUA CHUOI SO
a. Khdi niém chudi so
Cho mot day s6 vo han
Xis Xy eevy Xy nee (1.1)
Pinh nghia: Biéu thic
X + X+ ot X+ ... (1.2)
dugc goi 1a chudi 56, goi tat 1a chuoi. Cac s6 trong day s6 (1.1) duge goi 1a cac so hang

cta chudi s6 (1.2). Ham s6 doi s6 tu nhién dat twong ing moi s6 tu nhién n v6i s6 hang
thit n cta chubi (1.2) duoc goi 1a s6" hang tong qudt ciia chudi s6 do.
M)

Thay cho cdch viét (1.2) ta ¢6 thé ding ky hiéu téng 2 x . dé biéu dién chudi s6
n=1

©

2ok =X+ Xyt ot X F

n
n-1

Mbéi diy s6 vo han (1.1) cho twong ting mot chudi s6 (1.2). Trudc hét, bi€u thic (1.2)
trong dinh nghia néu trén chi mang y nghia ky hiéu hinh thitc dé chi “tng” céc s6 hang
ctia mot diy s6 vo han. Sau day ta s& gan nghia cho tdng loai ndy thong qua phép toan
gi6i han.

A~ Re A X A \ X 2 ,
b. Tong cua chuoi sé. Chuoi héi tu va chuoi phdn ky
V6i mbi s6 tu nhién n ta tinh téng n s6 hang dau cta chudi s6 (1.2):
S, =X +X, + ...+ X,.

Ta goi S, 12 tong riéng thit n cia chudi so (1.2). Nhu vay, mdi chudi so6 (1.2) cho tuong
ung mot day sO

dugc goi 1a ddy tong riéng cua no.
Pinh nghia 1: Néu diy tong rieng S, c6 gi6i han (hitu han hoac vo han):

im s =3S
n—> o

thi gi6i han S duoc goi 1a tong ciia chudi so'(1.2).

Dé néi ring S 12 téng clia chudi so (2.1) ta viét 2 x . =S, hoac

n-1

) Thong thuong, cdc s6 hang clia chudi s6 dugc danh s6 thit tu bat diu tir 1. Dé cho tién, doi khi ta c6 thé
danh s6 cdc s6 hang bét dau tir 0, hodc mot s6 tu nhién nao do.
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) X, =X;+X,+L + x,+L =S

n=1
Pinh nghia 2: Mot chudi s6 ¢6 téng 12 mot s6 thuc dugc goi 1a chudi hoi tu. Nguoc lai,
néu téng clia mot chudi s6 khong ton tai hodc bang + oo thi chudi s6 d6é dugc goi 1a chudi
phdn ky.
Sau day 1a mot s6 vi du.
Vidu 1: Xét chudi so:

®

DI S R S (1.3)
aan(n 1) 12 2.3 n(n *1)

Téng riéng thit n ctia chudi nay la:

SH=L+L+...+ !

1.2 2.3 n(n*t1

_ 1 11 |
ot (e )

Ddy tong riéng S, c6 gi6i han hitu han: im s = 1. Nhu vy, chui s6 (1.3) 1a chubi hoi

tu va téng ctia né bang 1:

1 1 1
— + — + ...+

1.2 2.3 n(n t1)

Vidu 2: Xét chubi so:
2 ag " =a+aq+aq’...+aq" ' +...(a % 0)? (1.4)
Chudi s6 nay dugc goi 1a chudi s6' nhdn voi cong boi bang q.

Ta co:

- n
n—1 a aq

S,=a+aq+aq’...+aq" "' = khiq=# 1.
1 g

Chuyén qua gi6i han khi n — + oo d& dang ta thay:

Trudng hop fa| < 1: S, ——, chudi (1.4) hoi tu va c6 téng bing —— ;
17 ¢ 1 ¢q

Truong hop |q| > 1: Day téng riéng S, c6 gi6i han vo han; chudi (1.4) phan ky;
Trudong hgp q = — 1: Day t6ng riéng S, khong c6 gi6i han; chudi (1.4) phan ky.
Con lai truong hgpq =1, S, =na— + o tuy theo a >0, hay a < 0; chudi (1.4) phan ky.

@ Véia=0, chudi hoi tu va c6 tdng =0, do S, = 0, VneN,
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T6m lai, vdi a # 0, Chudi s6 nhdn (1.4) hoi tu khi va chi khi cong boi c6 gid tri tuyét doi
nho hon 1.

Vidu 3: Xét chudi so:

@ +
Sl )t +md e (1.5)
- N n) 2 3 n
Ta co:
+ +
S =m2+In> +nd 4. +mP L o220 i) >+ khin—sw.

i 2 3 n 2.3..n
Chuoi (1.5) phan ky.
II. CAC PINH LY CO BAN VE CHUOI SO HOI TU
Dinh Iy 1: Néu chudi s6 (1.2) hoi ty thi im x, = 0. N6i cdch khdc, diéu ki¢n can dé mot
chudi so hoi tu la s6 hang tong qudt clia nno’ c6 gidi han bang 0.
Chitng minh: Goi S, 12 téng riéng thi n ctia chudi (1.2), ta c6

X, =X +X+ ...+ X, +Xx) - X, +X,+ ...+ X,-)=S,-S,-,.

Néu chudi (1.2) hoi tu va c6 téng bang S thi

im x = 1lm (s, ~s,,)=S-S=0.

Dinh 1y da dugc ching minh.

V6i méi s6 tu nhién m ¢d dinh ta goi phdn du sau sé hang thit m ctiia chudi (1.2) 1a chudi
) X oy = X1+ Xpso + oo b X+ - (1.6)
k=1

Pinh 1y 2: Néu chudi (1.2) hoi tu thi moi phan du clia né hoi tu. Ngugc lai, néu chudi
(1.2) ¢c6 mot phan du hoi tu thi ban than n6 cling hoi tu. No6i cach khac, su hoi tu hay phdn
ky ctia mot chudi so” khong thay doi néu thém vao hodc bét di mot sé” hitu han sé” hang
dau.

Chitng minh:
Goi S, 12 tdng riéng thi n ctia chudi (1.2), s 1a téng riéng thi k ctia chudi (1.6), ta cé:
Spak = (X + Xy + oot X))+ (Xpoy + Xpyo + oooF X)) =S, + S
=s =S-S5,

V6i m 1a mot s tu nhién ¢6 dinh S 12 mot hing s6. Néu chudi (1.2) hoi tu va c6 tong
bang S thi

lim s’ = lm (S,., S )=S-S,,
K™ +®

ching t6 chudi (1.6) hoi tu va 6 tong bang S-S,

Nguoc lai, gid st véi m 12 mot s tu nhién c¢6 dinh, chudi (1.6) hoi tu va ¢6 tdng bang o,.
Khi d6, v6i n > m ta co:
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S, = (X + Xy + oot X))+ Xy + Xy + +ooF x ) =S, + S,

m+ n- m

= lim S_= lim (S_*S

)=Sm+am’

ching t6 chudi (1.2) hoi tu vacé tébng S=S_ + ¢ .
Pinh 1y 3: Néu chudi s6 (1.2) hoi tu thi téng o, clia phan du sau s6 hang thit m cta né c6
gi6i han bang 0 khi m — 40 .
Ching minh: Trén day ta da chi ra rang néu chudi s6 (1.2) hoi tu va c6 téng bang S thi,
vGi moi s6 tu nhién m, ta ¢

S=S,+a,haya,=S-S5,.

trong do S,, 1a téng riéng thit m ctia né. Tir day suy ra

lim * = im (s7s,)=S-S=0.

m >+
Pinh 1y 4: Néu céc chudi s6

n

Zun:u,+u2+...+u+... (1.7)

£

zvn=V1+V2+...+V+... (1.8)

n
n=1

hoi tu va c6 tong tuong ing bang U, V thi chudi s6

2 tv )= Ev)+ W Evy) + .t (U EY) + .. (1.9)

n-1

ciing hoi tu va c6 téng bang U £ V.
Chitng minh:
Goi U,, V,, S, theo thit tu 12 tong riéng thi n chia cdc chubi (17), (1.8), (1.9). ta c6
S, =(u,xtv)+utvy)+ ...+ (u,tv,)
=(u+uwu+..+u)EtV,+v,+...+v)=U V.

Tu gia thiét vé cdc chudi (1.7), (1.8) suy ra

lim S < lim (U _*v )=U%xV,

P > o

ching t6 chudi (1.9) hoi tu va c6 tong bing U £ V.

Dinh ly 5:
Néu chubi s6 (1.7) hoi tu va c6 tong bang U thi, véi o 1a s6 thuc bat ky, chudi s6

2 oay =ou, +ou,+ ...+ ou,+ ... (1.10)

n
n=1

ciing hoi tu va c6 tong bang oU.

Chiing minh:
Goi U,, U’ theo thif tu 12 téng riéng thi n ctia c4c chubi (17), (1.10). ta c6
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U =oau+ou,+ ..+ ou,=ou,+u,+...+ u)=oal,.
Tur gia thi€t vé chudi (1.7) suy ra
im U =olm U =al,

N> t®© — +0

chiing t6 chudi (1.10) hoi tu va c6 téng bang oU.

§2. SU HOI TU CUA CHUOI SO DUONG

I. TIEU CHUAN HOI TU CUA CHUOI SO DUONG

Sau day ching ta s€ xem xét cac dau hiéu cho phép xac dinh su hoi tu hay phan ky cta
mot chubi s6. D€ lam co s& cho viéc xét chudi so bat ky, trude hét ta xét cdc chudi s6 voi
céc s6 hang khong am. Céc chudi nhu vay duogc goi 1a chudi sé duong.

Gia str chudi s

zan=a1+a2+...+a+... 2.1

n
n=1

12 mot chudi duong, tic 1a a, > 0 v6i moi n = 1, 2, 3, ...Hién nhién 1a diy cic tng riéng
ctia chudi s6 duong (2.1), ky hiéu 1a A , 1a day don diéu tang (it nhat theo nghia rong):
>A ¥n=1,2,3, ...

Theo tinh chat cua day s6 don diéu, ddy s6 A, cé gii han hitu han néu né bi chan trén, va
¢6 gibi han +oo khi n6é khong bi chan trén.

A, =a+a,+..+a+a, =A +a

n+1

Nhu vay, mot chudi s6 duong hoi tu khi va chi khi day cdc téng riéng ciia né bi chdn trén.
Vidu l: Xét chudi so
! 11 1
DI [ (2.2)
a= N 2 3 n
Chubi s6 nay ¢6 tén goi 1a chudi diéu hoa.
Ta s& chi ra ring diy cdc tng riéng cta chudi diéu hoad khong bi chin trén. That vay véi
m la s6 tu nhién bat ky ta c6
1 1 1 11
+ +..+ —>m.—=—. (2.3)
m*tl1 m*2 2m 2m 2
Téng riéng thit 2" ctia chubi (2.2) c6 thé viet dudi dang

1 1 1 1 1 1 1 1 1 1
Af“;*(?z} +[;*;*7*g} (‘——}

+( ! + ! .+...+1W_
Lant+y 2"+ 2" )

n—1

Ap dung bat déng thiic (2.3) cho cic téng trong cic ddu ngoac, véi m = 2, 2%, 2%, .., 2",
ta co

n .
A >1+4+ — — 400 khin — +oo.
2

Diéu nay ching to day tong riéng clia chudi so (2.2) khong bi chan trén, do d6 chudi s¢
diéu hoa la chudi phan ky.
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Vidu 2: Xét chudi so:

Zis:1+l+l+"'+l+"' (2.4)

n=1 n 2 ’
v6i s 1a mot hing s6. Ta goi chudi s6 nay 12 chudi diéu hoa tong qudt.
Dé dang thay ring vdi s < 1, téng riéng thi n ctia chubi (2.4) 16n hon téng riéng thit n clia

chubi diéu hoa (2.2) (do —> = Vn = 1,2,3,..). Trén day ta da ching minh ring day cdc
n n

tong riéng clia chudi (2.2) khong bi chin trén, do dé trong trudng hop s < 1, ddy cdc téng

riéng clia chudi (2.4) cling khong bi chan trén, chiing té chudi (2.4) phan ky khi s < 1.

Ta xét chudi (2.4) v6i s > 1. Tuong tu nhu bat dang thic (2.3), v6i moi s6 tu nhién m ta c6

1 L i em = (2.5)

s

+ .
(m t1)° (m *2)° (2m)° m m

trong d6 o = s — 1 1a mot hdng s6 duong.
Goi S, 1a tong riéng thit n ctia chubi s6 (2.4). Vi mdi s6 tu nhién k ta c6

S=1+1+(i+1j+(1+i+l+l)+(l+l.+...+l)+___

2 25 \35 45} \55 65 75 85

N 1 . 1 P

(zk’lJrl)s (Zk’1+2)s' (zk)s

Ap dung bat ding thitc (2.5) ta thay tdng cta cdc biéu thiic quay bing ddu ngoiac don nho
hon téng cdc s6 hang clia cap s6 nhan lui vo han

1 1 1
T T o T
2 (2 ) (2 )
do doé
1
1 1 1 1 1 :
s.<l+ —+—+——+. . +———+.=1+—+ -2 =M
2° 2 (2 ) (2 ) 2° - 1
2(L

Hién nhién 12 v6i moi s6 tu nhién n déu ton tai k sao cho 2 >n, do d6 A, < A , <M. Nhu
vay, v6i s > 1, day cdc tong riéng clia chubi (2.4) bi chan trén, do d6 chudi nay hoi tu.
Tém lai, chudi diéu hoa tong qudt (2.4) hoi tu khi s > 1, phdn ky khi s <1.

II. CAC DAU HIEU SO SANH

Cdc dau hiéu so sanh dudi day cho phép ta nhan biét mot chudi s6 duong hoi tu hay phan
ky thong qua mot chudi s6 duong khac ma ta da biét n6 hoi tu hay phan ky.
Xét hai chudi s6 duong:

©

Zan=a1+a2+...+ a+... (A)
an:b1+b2+...+ b, + ... (B)
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Pinh 1y 1: Gia sl bat dau tir mot chd nao dé trd di (tic 1a v6i moi n > n,) thoa man bat
dang thic:

a,<b (1.6)

Khi doé:
e Néu chudi (B) hoi tu thi chudi (A) cling hoi tu;
e Néu chudi (A) phan ky thi chudi (B) ciing phan ky.

Chiing minh: Ta chi cin chiing minh dinh 1y khi bit déng thitc (1.6) thod man v6i moi s6
tu nhién n (su hoi tu hay phan ky cia mot chudi s6 khong thay déi khi b6t mot so hitu han
s6 hang ddu). Goi A, B, theo thit tu 12 tong riéng thit n clia céc chudi (A) va (B), tir gia
thiét (1.6) ta co:

A =a,+a,+...+ a,<b+b,+...+ b=B, Vn=1,2,3, ...
Tur day suy ra rang néu B, bi chan trén thi A, cling bi chan trén; néu A, khong bi chan

trén thi B, cling khong bi chan trén. Theo tiéu chudn hoi tu clia chudi s6 duong ta c¢6 diéu
phai chiing minh.

Khi diéu kién (1.6) thod man, ta n6i chudi (B) 16n hon chudi (A), hay chudi (A) nhd hon
chudi (B). Pinh 1y 1 ¢6 thé phat biéu nhu sau: Néu mot chudi sé” duong hoi tu thi moi
chudi s6 duong nho hon né déu hoi tu; Néu mot chudi s6 duong phan ky thi moi chudi lon
hon né déu phdn ky.

Pinh Iy 2: Gia sl bat diu tit mot chd ndo d6 tré di thod man bat dang thitc:

— (1.6%)

Khi d6: Néu chubi (B) hoi tu thi chudi (A) ciing hoi tu. Néu chudi ((A) phan ky thi chubi
(B) ciing phan ky.
Chiing minh: Ta chi cAn chiing minh khi bt dang thic (1.6*) thod man véi moi s6 tu
nhién n. V6i gia thiét d6 ta c6:
a b b a b
SR R I O S .
a, b, b, a, ., b

Qo

Qo

2 n"1

Nhan céc vé tuong ting clia cdc bat dang thitc nay véi nhau ta dugc

1

b
< = oars —Lby
a b b

1 1 1

X N X 2,2 ~ R z a N A = N A N 2
Do chuéi (B) va chudi véi s6 hang tong quat c,=— b, cling hdi tu hoac cung phan ky, ap
b 1

dung dinh 1y 1 ta c¢6 di€u phai chiing minh.

Pinh ly 3: Gia st ton tai giGi han (hitu han hoac vo han):

. an P
lim - L.
- 40
n bn

Khi dé:
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e Vi 0 <L <+o0,néuchudi (B)hoi tu thi chudi (A) ciing hoi tu;

e Vi 0 <L <+o0, néu chudi (B) phan ky thi chudi (A) ciing phan ky.
K&t hop hai di€u néu trén, néu 0 < L < 400 thi hai chudi s6 duong (A) va (B) cing hoi tu
hodc cung phan ky.
Chiing minh

e Gia sit 0 < L < +o0. V6i € > 0 1a mot s6 duong ¢6 dinh bat ky ta c¢6 tuong tng s6 tu
nhién n, sao cho bat diu tir khi n > n, thod man bat dang thitc

a
<g&S L 8 ———<LTE Vn2n,
b

n

an
— L
b

n

Tu day suy ra

a,<(L+¢)b, Vn=n,.

Néu chudi (B) hoi tu thi chudi 2 (L * )b hoi tu, do dé, theo dinh 1y 1, chudi (A) ciing

hoi tu.

. . b _ 1 . a . b
e NeuO<L< 40thi0O< lim — = —< 400 (khi lim ——=+4wtacd lim —~=0). Theo
n—> a L n—> b n—> e a

chiing minh trén, néu chudi (A) hoi tu thi chudi (B) ciing hoi tu, do d6 néu chubi (B) phan
k¥ thi chudi (A) phan ky.
Vidu I: Xét chudiss = —

+
n:11 a

(a>0).

n

Dé dang thay ring, v6i 0 < a < 1 chudi s6 nay phan ky do diéu kién can dé mot chudi s6

hoi tu bi vi pham. Truong hop a > 1, chudi di cho hoi tu do !

n
1) . .
n<(— va chuoi so
1t a a

nhan Zx [i} hoi tu.

o)

Vidu2: chusi = " hoi tu do chudi ER hoi tu va
n=1 (2n)' nzlkzj
(nD)* _ n! 1.2.3..n 1

<

n

(2n)!  2"n! 1.3.5.(2n " 1). 2
Vi du 3: So sdnh v6i chubi diéu hoa tong quat ta co:
<. 1 N 1 . 3 1
Chubi 2 ———— phan ky, do va chudi X

1
>
=1 4/n(n 1) Jn(nt1) nt1 ont1

1 N X 3 1
< —va chuoi )3

1
3/ 3/2
Jn(n®t1 o n=2 N

©

> phan ky.
n=2 n

Chubdi & —— hoitudo hoi tu.
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. .
Vidu4: Chudi 2 222" 1 shanky, do chudi = = phan ky va

L 2nit3nT1 h=p N
2
3n 2nt1 1 3 .
———— — — khin — +w.
2n°*t3n 71 n 2

Vi du 5: Xét chudi s6 2 sin —— (0 <x <T).

n=1 n

Dé dang thdy rang {sin L} : i — x khi n = +o , do d6 chudi da cho hoi tu néu s > 1
n n

vaphan ky néus < 1.

L. MOT SO DAU HIEU SUDUNG DAY SO HO TRO
a. Ddu hiéu Cauchy

Xét chudi s6 duong

Zan:al+a2+...+ a+ ... (A)

1

Tu céc s6 hang cua chudi (A) ta lap diy s6 ¢, = “\/: n=1,2,3,..)

Pinh 1y (Ddu hiéu Cauchy):
Gia su ton tai gidi han (hitu han hodc vo han):

im ¢,=%¢.
n—> t©

Khi d6, chudi s6 duong (A) hoi tu néu %< 1 va phan ky néu ¢ > 1.
Chitng minh:

Néu ¢ < 1 ta chon bat ky mot s6 duong g trong khoang gitta ¢ va 1 (¢ < q < 1). Theo
tinh chat ctia day s6 hoi tu, ton tai s6 tu nhién n, sao cho

¢,=1a, <q,hay a, <q", Vn>n,.
So sanh v6i chudi s6 nhan véi cong boi bang q ta suy ra chudi (A) hoi tu.

Néu ¢ > 1 hoac = +co ton tai sO tu nhién n, sao cho
¢,=1a, > 1= a,>1,Vn>n,

suy ra chudi (A) phan ky do vi pham diéu kién can (a, khong thé cé giéi han bing 0 khi
n— +w) .

Chii y: Trudong hop ¢ = 1 khong cho két luan gi vé su hoi tu ctia chudi (A).

Vi du: Stt dung dau hiéu Cauchy ta thay ngay:

hoitudo €, = ——, €= Im €,=0;

In n n— t®

n
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e Chudisé 2 (EJ (a>0)hoitudo €,= =, €= lim €,=0;
n=2 n n no

b. Ddu hiéu d’ Alambert

J z Al 2 X ~ 2, A ~ A a + ~
Dé xét su hoi tu clia chudi s6 (A) vé6i a, > 0, ta lap day s6 &, = -+ (n=1, 2, 3,..). Day
a

s0 nay duoc goi la day s6 d’ Alambert.
Pinh ly (Ddu hiéu d’ Alambert):
Gia su ton tai gidi han (hitu han hodc vo han):

im 9 =17,
N *®

Khi d6, chudi s6 duong (A) hoi tu néu 7 < 1 va phan ky néu 7 > 1.

Chitng minh:

Néu & < 1 ta chon bat ky mot s6 duong q trong khoang gitta & va 1 (¥ < q < 1). Theo
tinh chat ctia day so hoi tu, ton tai s6 tu nhién n, sao cho

@, = Lo
n

<q,hay a,, <qa, Vn2 n,
a

n

2

Tir bat dang thifc nay suy ra a,.,<qa, ,a, ., <qa,., <qa,, ...Bing phuong phép

quy nap ta ta dé dang ching minh a_ ., <q‘a, Vk=1,.2,3,...Chudi 2 a, q" hoi ty, do
d6 chubi (A) cling hoi tu theo dau hiéu so sénh.

Tuong tu nhu cdch ching minh ddu hiéu Cauchy, truong hop & > 1 hoac ¥ = +wo ta dé
dang chi ra ring a, khong thé c6 gi6i han bang 0, do d6 chudi (A) phan ky.

Chii y.: Trudng hop &/ = 1 ta khong cho két luan gi vé su hoi tu cta chudi (A).

Vidy I: St dung ddu hiéu d’ Alambert ta thay:

©

- - a . .. ‘ a
e Véia>0,chudi 2 —hoitudo ¥, = L D=1m Y =0
b= NI nti1 o
;,iB"n! A o 3"'ntay 0" 3 3
e Chuoi phan ky , do ¥ = o — O —, D= lm 9 ==>I;
o n' (n T1) 3" n! ( 1} n> e e
1t —
N
o= 2" ) 2" 'ty an" 2 ) 2
e Chubi X hoitu,do ¥, = ( m). — = —, P=1Im 9, =—<1,
on’ (D' 2 RS -
1+7
N
Vidu2: Xétchudi = nx ", véix > 0.
n=1
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t1)x

Taco: @ = ,T'= lim @ =x. Theo ddu hiéu d’ Alambert, chudi nay hoi tu khi

n >+

n
x < 1, phan ky khi x > 1. Truong hop x = 1, mac du dau hiéu d’ Alambert khong cho két
luan gi, nhung ta dé dang thay ring chudi nay phan ky do vi pham diéu kién cén.

Vidy 3: Xétchudi 2 *—, véix > 0.

n=1

2

z n ) ) A~ A ’ XN N

Ta c6: U, = x.( " ] , D= Iim U =x.Theo dau hiéu d’ Alambert, chudi nay hoi tu
n 1 n— t®

khi x < 1, phan ky khi x > 1. Truong hgp x =1, b3 %121 chudi hoi tu.

n=1 n
¢. Ddu hiéu Raabe
Dé xét su hoi tu chia chubi s6 duong
Zan=a1+a2+...+ a+... (A)
n-1
ta 1ap day s6
(@) an -
Ry=n| 1] (0=1,2,3,.)
nt1

DPinh ly (Ddu hiéu Raabe): Gia st ton tai gidi han (hitu han hoac vo han)

im R, =R

n—> t®

Khi d6, chubi s6 duong (A) hoi tu néu R > 1 va phan ky néu R < 1.

Chitng minh:

Néu R > 1 ta chon bat ky mot s6 duong r trong khoang gitta 1 va R (1 <r < R). Theo
tinh chét cta day so6 hoi tu (néu R = +oo thi theo dinh nghia diy s6 ¢6 giGi han +oo ), bat
dAu tir mot chd nao dé trd di ta ¢

a

r
>r = 211t —
a, i n

7 an —
%nzn[ 1

a

Ly bat ky mot s6 s trong khoang gitta 1 var (1 <s<r)cd
[+ 1)
1t =11
U on)
im —— =S<T.

n > e 1
n

Theo tinh chat cua day s6 hoi tu, v6i n da 16n ta cling c6

259

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

n 1) r

- <r.,h (1+—)<1+—
i T ayk n) i
n

Nhu vay bét ddu tir mot chd nao dé6 trd di ta c6
1

s s ﬁ
an>[1+1_j® an+]<[ n ]:(n D
a . n a, nt1 1

n
Tir day suy ra chudi (A) hoi tu theo dau hiéu so sanh (dinh 1y 2).
Trudong hop R < 1, bat dau tir mot chd nao d6 trd di ta c6

p. a, a, 1
?/3“=n( —1] <l = <1t =

a ., a, ., n
1
:’>B.H+1> n _ nt1
a nti1 1

n

n
So sanh vé6i chudi diéu hoa suy ra chudi (A) phan ky.

Vi du: Xét chubdi 2 ik Vi x > 0.
(P D(XF 2)(x T n)

Trong trudng hop nay ta khong thé 4p dung d4u hiéu d’ Alambert vi & = 1. Tuy nhién , ta
co:

+ o+
R = n(w‘lW = X xkhin— +w,ticla B=x.
N nti1 ) nti1
Theo dau hiéu Raabe, chudi hoi tu khi x > 1, phan ky khi x < 1. Khi x =1 chudi da cho 1a
chudi phan ky (chudi diéu hoa bo s6 hang dau).
IV. DAU HIEU TICH PHAN
Xét chudi s6 duong

i a, = Zf: fm)=f(DH+f2)+ ...+ f(n)+ ...

vGi s6 hang thit n 1a gid tri tai n cia mot ham s6 f xac dinh trén khoang [1; +o0).
Pinh ly (MacLaurin-Cauchy): Gia st f(x) la mot ham s6 duong, lién tuc va don diéu
giam trén khoang [1; +o ). Khi d6, chudi ) f(n) hoi tu khi va chi khi nguyén ham F(x)

n=1

ctia ham s6 f(x) c6 gi6i han hitu han khi x — +o0 .

Chitng minh: Xét chubi s6

) [F(n T 1) = F(n)] 2.7

n-1
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trong d6 F(x) 1a mot nguyén ham cua f(x).
Do F’(x) = f(x) > 0 Vx € [1; +o ) nén F(x) la ham s6 don diéu tang. Theo tinh chat cua
ham s6 don diéu, F(x) c6 gi6i han khi n — +o (gidi han d6 1a mot s6 hitu han hay +o tuy
theo F(x) bi chin trén hay khong bi chin trén). Dé dang thdy rang tong riéng thi n cla
chudi (2.7) bang F(n + 1) — F(1), do d6 chudi (2.7) hoi tu khi va chi khi F(x) ¢6 gi6i han
hitu han khi x — +co.
Theo cong thiic s6 gia hitu han, véi moi so tu nhién n ta cé:

Fn+1)-Fn)=F(c)=1(c), véin<c<n+ 1.
Vi f(x) 1a ham don diéu giam nén

f(n+ 1) <Fn+ 1) = F(n) < f(n).

Ap dung dau hiéu s6 sdnh ta c6 diéu phai ching minh: néu F(x) ¢6 gidi han hitu han thi

chudi 2 f(n)=2 f(n * 1) hoi tu do chudi (2.7) hoi tu; néu F(x) ¢6 gidi han + thi chudi

n-2 1

2 f(n) phan ky do chudi (2.7) phan k3.

1

Vidul:V6i f(x)= — (x> 1)tacé
X
F(x) = ——— khis # 1; F(x) =Inx khi s =1.
(17 s)x
Gidi han cua F(x) khi x — +oo: F(x) > 0néus>1; F(x) - +0 néus<1.
Theo d4u hiéu tich phan ta c6 duoc két qua da chiing minh & ddu 8§2: chudi diéu hoa téng

I I R . A T
quét 2 —hoi tu n€u s > 1 va phan ky néus < 1.
n:2n

1

Vidu 2: Chubi 2

am2Ndn " n

hoi tu theo dau hiéu tich phan:

1

f(x) = — 0 khix = +o0.

— F(x) ="

xIn~ x In x

Vidu 3: Chudi 2 — phan ky theo ddu hiéu tich phan:

a5 I In(In n)

f(x) = ﬁ F(x) = In[In(Inx)] = +oo khi X —> 40 .

§3. SU HOI TU CUA CHUOI SO VGI CAC SO HANG POI DAU
I. SUHOI TU CUA CHUOI PAN DAU
Cac dau hiéu hoi tu ctia chubi s6 duong c6 thé dp dung dé xét su hoi tu clia cdc chudi so

am (chudi véi tat ca cac s6 hang < 0), bai vi hai chudi 2 x _va )3 (“x,).NO6 chung, cic

n-1 n-1
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dau hiéu d6 c6 thé sir dung dé xét su hoi tu clia cdc chudi s6 ¢ cdc s6 hang luuon luon
duong, hodc luon am bét dau tir mot chd nao dé trd di. Sau day ta s& xét cac chubi s6 voi
vO sO cdc s6 hang duong va vo s cdc s6 han am. Trudc hét ta xét truong hop chudi ¢ cac
s6 hang duong va cac s6 hang am xen k& nhau, goi 1a chudi dan ddu. Mot chudi s6 dan
dau c6 dang téng quat nhu sau®

2 ()"t =0 —cHtC— et (1), + 3.1)

trong dé ¢, > 0 1a gid tri tuyét d6i clia s6 hang thit n: x, = (-1)" " 'c,.
Pinh ly Leibnitz: Chubi dan dau (3.1) hoi tu néu né ¢6 cac s6 hang giam dan vé gid tri
tuyét doi:

C,>C>...>C > Cppy > e

n+l

va c6 gi6i han 0: 1im c,=0.

Chimg minh: Goi S, 12 téng riéng thit n clia chudi (3,.1), ta c6

Sy =(C; =€) +(C—C) + oot (Cop— 1 — Cop)-

Do ¢, don diéu giam nén cac hiéu so trong ddu ngoac don duong, suy ra S, tang khi m
tang. Mat khéc, ta c6

S,m=c,—(c,—cy)+(c,—¢c5)+ ...+ (Coyn—2 = Com-1) — Con < C;-
Nhu vay day s6 S,,, don diéu tang va bi chan trén, do d6 n6 c6 gidi han hitu han:
im S,,=S. (3.2)

|
m =+

Talaico S,,- =S, + Cy» do d6
lim Syn—1= lim (Syuy;+Cp)=S+0=S. (3.3)

Tu (3.2) va (3.3) suy ra lim S, =S, ching t0 chudi (3.1) hoi tu.

Vi du: Céc chudi s6 sau day hoi tu theo dinh 1y Lebnitz:

* — n"1 — n-1
1 11 1 1 TN
> Y =1--+—-- ...+( ) + ...(c, = — don diéu giam va c, — 0);
N1 n 2 3 n n
S (T1)” 1 1 1 ' 1 TN
> 1 + — .+ + ..(¢c, = — don dié¢u giam vac, — 0).
a=2 Inn In 2 In 3 In 4 In n In n

IL. SUHOI TU CUA CHUOI SO BAT KY
a. Tiéu chudn héi tu
Xét chubi s6 bat ky

ES

Zun:u1+u2+..,un+... U)

n-1

@ Viéc b6t di mot s6 han ddu khong 1am thay ddi tinh hoi tu hay phan ky, do d6 ta xét chudi dan diu véi s6
hang dau 1a s6 duong.
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Viéc xét su hoi tu ctia chudi (U) duoc thuc hién thong qua diy tng riéng:
S,=u,+u,+..4+u,.

Theo tiéu chuin Cauchy, day s6 S, hoi tu khi va chi khi: v6i moi s6 duong € déu ton tai
tuong ting so tu nhién n, sao cho bat dang thitc

s., S, <e

thod man v4i moi s6 tu nhién n > n, va moi so tu nhién p.

Biéu dién S,

va S, qua céc s6 hang cua chudi (U), ta c6
Spp =S =0, F U+t
Tir mdi lién hé ndy, tieu chuan Cauchy dugc d4p dung cho chudi s6 nhu sau:
Pinh 1y (Tiéu chudn Cauchy): Diéu kién can va da dé chubi s6 (U) hoi tu 1a: Vi moi so

£ >0 (bé tuy y) déu ton tai twong tng s tu nhién n, (da 16n sao cho bat dau tix khi n > n,
bat dang thitc
+ + o+

U+ u .+, Un+p

<g (3.4)
thoa man vGi moi so6 tu nhién p.

Chd y réng bat dang thic (3.4) v6i p =1 cé nghialau,,, - 0 (véimoie >0, u .| <e

bat dau tir mot chd ndo d6 trd di). Pay méi chi don thuin 12 mot diéu kién can dé chudi
hoi tu! Tiéu chuén hoi tu (diéu kién can va di) doi hoi nhiéu hon: bdt ddu tir mot chd nao
dé trd di, moi tong ciia mot s6 hitu han cdc s6 hang lién tiép cé gid tri tuyét doi bé tuy 3.

- Xe e gin N 1 e o .
Tro lai chuoi so6 diéu hoa & — , véi moi sO tu nhién n ta c
n=1 n

1o, 1, 111

ntl1 nt2 2n on 2

Nhu vay, véi € < L bat dang thiic (3.4) khong thoa man khi p = n, khong phu thuoc vao n
2
16n dén miic nao. Do dé, theo tiéu chuan Cauchy, chudi nay phan ky.

b. Su hoi tu tuyét doi

Ta lai ti€p tuc xét chudi s6 bat ky:
Zun:u1+u2+...+un+... U)
n=1

Trén day chiing toi da trinh bay mot loat cdc ddu hiéu dé sir dung nhat dé xét su hoi tu cuia

céc chudi s6 duong (chudi so ¢ cdc s6 hang > 0). D€ xét su hoi tu ctia chubi (U), véi cic

s6 hang bat ky, ta ¢ thé sit dung céc dau hiéu dé thong qua chudi
2,

n=1

= |u1| + |u2| + ...+ |un

+ ... (U*).
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Dé cho tién ta goi chudi (U*) 12 chudi gid tri tuyét doi ctia chudi (U).
Chd y rang do6i véi chudi s6 duong thi chubi gid tri tuyét doi (U*) chinh 1a (U), con doi

vGi chubi s6 am (chudi véi cic s6 hang < 0) thi chudi (U*) 1a chudi 2 ("1)u . ¢c6 clng
n=1

tinh chat hoi tu hay phan ky véi chudi (U). Hon nita, néu chudi (U) chi ¢6 mot s6 hitu han

cac s6 hang am (hoac chi ¢c6 moét s6 hitu han cac s6 hang duong) thi sau khi bd di mot s6

hitu han céc s6 hang diu ta dugc chudi s6 duong (chudi s6 am) ¢ cuing tinh chit hoi tu

hay phan ky véi né. Do d6, viéc xem xét chuoi gid tri tuyét doi chi thuc su ¢é y nghia doi

VOi cdc chudi c6 vo s6 cdc s6 hang duong ciing vai vo s6 cdc s6 hang dm.

Pinh ly: Néu chudi gia tri tuyét d6i (U*) hoi tu thi chudi (U) ciing hdi tu.
Chitng minh: V&in va p 1a hai s6 tu nhién bat ky, ta co:

+

nt1

u u o, o Fu u + |u + ...+ u .

n

p nt1 nt2 pl°
Néu chubi (U*) hoi tu thi , v6i moi € > 0, tong & vé€ phai nho hon € bat dau tir khi n > n,,
kéo theo téng & V€ trai cling nho hon € khi n > n,. Theo tiéu chuén hoi tu Cauchy, chudi

(U) 1a chubi hoi tu.
Chu y: Nguoc lai, néu chudi (U) hoi tu thi chua chac chudi gia tri tuyét doi (U*) hoi tu.

Chéng han, v6i 0 <s < 1 chudi dan ddu > &
n~1 n

hoi tu (theo diu hiéu Leibnitz), nhung

S

chuéi gid tri tuyét doi 2 L la chudi phan ky.

n=1 n
Pinh nghia: Chubi s6 (U) dugc goi 1a chudi hoi tu tuyét doi néu chudi gia tri tuyét doi
(U*) hoi tu. Chudi s6 (U) duge goi 1a chudi hoi tu khong tuyét doi néu ban than chubi d6
hoi tu nhung chudi gid tri tuyét doi (U*) phan ky.

Chii y: Dé xét su hoi tu tuyét doi clia mot chudi s6 véi cac s6 hang thay déi dau ta ¢ thé
st dung cdc dau hiéu hoi tu ctia chudi duong dé xét su hoi tu cta chudi gid tri tuyét doi
ctia né. Diéu dang luu y 1a ban cin than trong trong truong hop chudi gia tri tuyét doi
(U*) phan ky: trong trudng hop nay chudi (U) van c6 thé hoi tu (hoi tu khong tuyét doi).
Tuy nhién, néu chudi (U*) phan ky theo ddu hiéu Cauchy hoac dau hiéu d’ Alambert
(¢ > 1, hoac 7> 1) thi chudi (U) ciing phan ky, bdi vi trong trudng hop nay |u, | khong

thé ¢6 gi6i han bang 0, do d6 u, cling khong thé c6 giéi han bang 0 (vi pham diéu kién
can dé chubi hoi tu). Tir nhan xét nay ta c6 thé ap dung dau hiéu d’ Alambert va dau hiéu
Cauchy cho chudi bat ky nhu sau:

u . , .« L. > % . ,
= 1 ¢6 gi6i han: 7* =iim <" . Khi do,
u n‘)f,

chudi (U) hdi tu tuyét doi néu 7* < 1, phan ky néu 7* > 1.

Dau hiéu d’ Alambert: Gia st ddy s6 7,

Dau hiéu Cauchy: Gia str day s6 ¢, = 3/|u n| c6 gidi han: ¢* =im ¢« . Khi d6, chubi

(U) hoi tu tuyét d6i néu ¢* < 1, phan ky néu ¢* > 1.
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Vidul: Xétchuiss 2 nx " " .
n=1

(n+1)|x| ) .
——— DE=im 9 = |
im

*

Khi x = 0 hién nhién chubi hoi tu. V6i x #0, taco o =
n

Theo diu hiéu d’ Alambert, chudi da cho hoi tu tuyét doi khi — 1 < x < 1, phan ky khi

x > 1 hoac x < —1. Tai x = 1, ddu hiéu d’ Alambert khong cho két luan gi, nhung ta thay

ngay chudi phan ky do vi pham diéu kién can.

Vidu2: Xétchudiss X2 —

n~1 17 x

Khi x = 0 hién nhién chudi hoi tu. Véi x # 0, ta c6

(x # £1).

n

1 x,%[|x|* néu ~1<x <1

nt1 n

1™ x

s T =iim .
n=e Ll, néu x>1hoac x <71

Theo ddu hiéu d’ Alambert, chudi da cho hoi tu tuyét d6i khi — 1 < x < 1. Khi x > 1 hoadc
x < — 1, dau hiéu d’ Alambert khong cho két luan gi, nhung bang cdch xét truc ti€p ta thay
chubi phan ky do vi pham diéu kién can.

IIL. TINH CHAT CUA CAC CHUOI SO HOI TU

Khai niém téng clia chudi s6 xuat phét tlir cdc tong hitu han (cdc tong riéng), két hop véi
phép toan gidi han. D6i véi cdc téng hitu han ta ¢6 thé nhém cdc s6 hang mot cich tuy ¥
(tinh chat két hop) va cling c6 thé doi chd cac s6 hang mot cich tuy y (tinh chat giao
hodn). Van dé dat ra 1a cac tinh chat d6 con diing cho cac téng vo han (t6ng ctia chubi so
hoi tu) hay khong? Ching ta sé€ xem xét van dé nay.

a. Tinh chdt két hop
Xét chubi s6 bat ky:

Ed

zun=u1+u2+...+un+... U)

n-1

Nhém céc s6 hang cua chudi (U) theo mot cach bat ky ta duge chudi

M

V, =V +V+ vt ., V)

k=1
trong do:

_— + Uy sy + ...+ Up s oees

vi=y +u,+..+u, Vo, =u o, + U +...+u V3=

+ 9
;01 n; "2 n,

Pinh ly: Néu chudi (U) hoi tu va c6 téng biang U thi chubi (V) ciing hoi tu va c6 tong
bang U, titc 1a tinh chdt két hop thod mdn doi véi tong ciia chudi sé hoi tu bdt ky.

Chitng minh: D& dang thay ring tong riéng thi k chia chudi (V) chinh 12 téng riéng thi n,
ctia chudi (U), do d6 ta ¢6 ngay di€u phai chiing minh.

b. Tinh chdt giao hodn

D6i chd céc s6 hang clia chudi (U) mot cach tuy ¥ ta duge chudi
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Zun =u_ +u_ +...u_ +.. U

3 LY L M
k=1

Pinh ly: Néu chudi (U) hoi tu tuyét doi va ¢ tong bang U thi chubi (U’) cling hoi tu va
c6 téng bing U, tic 1a tinh chdt giao hodn thod man déi véi cdc chudi hoi tu tuyét doi .
Chimg minh: Tru6c hét ta xét trudng hop chudi (U) 1a chubi s6 duong. Goi U, 1a tong
riéng thit n cta chudi (U) va U’, la tong riéng thi k ctia chudi (U’). D& dang thdy ring
day s6 U’, bi chan trén. That vay, goi n’ 1a s6 16n nhét trong cac chi s6 n,, n,, .., n,, ta c6:

Ui=u, +u, +...u, Suyy+u,+...4+u,=U,<U.

Tir day suy ra chudi (U’) hoi tu va c6 téng bing U’ < U. Do chudi (U) ciing nhan duoc tir
chudi (U’) bang cdch doi chd cdc s6 hang nén U< U’, suyra U’ = U.

Véi (U) 1a mot chudi hoi tu tuyét doi bat ky, chudi gia tri tuyét doi
) P W e W U,
n=1

12 mot chudi s6 duong hoi tu. Viec déi chd cdc s6 hang ctia (U*) khong lam anh hudng
dén tinh hoi tu va téng ctia n6. Goi p,, P,, -.» Py ---12 ddy céc s6 hang duong va q,, qy, ..,
q,, ---1a day gia tri tuyét d6i clia cac s6 hang am xép thi tu theo trinh tu ¢6 mat trong day
sO Uy, U, .., U, ... Goi U,, u | theo tht tu la tong riéng thi n cta céc chudi (U), (U*); P,

1a tdng riéng thit m ctia chudi duong 2 p_ ; Q, 12 tdng rieng t& k ctia chudi duong2 q, .

m=1 k=1

Dé dang thay rang U,, U’ ¢6 thé bi€u dién dudi dang
u, =P, +Q; U,=P, -Q,. 3.5)

Do chudi (U*) hoi tu nén day s6 U’ bi chan trén. Tur hé thic v’ =P, + Q, dé dang suy ra

ring cdc ddy so P, va Q, ciing bi chan trén, do d6 cdc chudi so duong 2 p . 2 q . hoi
m=1 k=1

tu. Goi P va Q theo thit tu 12 tong ciia cdc chudi nay, tir hé thic U, = P, — Q, suy ra

U =P - Q. Viéc déi chd cdc s6 hang ctiia chudi (U) kéo theo viéc déi chd cédc s6 hang clia

cdc chubi s6 duong 2 p_ , 2 q, khong lam thay déi téng cia ching, do dé chudi (U")

m=1 k=1

cling hoi tu va c6 tong bang U’ =P - Q.

Trén day ta da chi ra rang tinh chdt giao hodan thod man doi voi cdac chudi s6 hoi tu tuyét
doi. Truong hop chudi hoi tu khong tuyét doi, tinh chat ndy khong con ding nita. Cu thé
hon, nguoi ta da ching minh dinh 1y sau day:

Pinh 1y Riemann: Néu chudi s6 (U) hoi tu khong tuyét doi thi, v6i S 1a mot s6 thuc bat
ky cho truéc hodc S = + o , bang cach ddi chd cdc s6 hang ciia né ta c6 thé nhan dugc
mot chudi ¢6 téng ding béng S.

§4. CHUOI HAM
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1. PAI CUONG VE DAY HAM VA CHUOI HAM

Xét mot day vo han

f,(x), £,(x), .., f,(x), ... 4.1)
vdi cdc s6 hang 1a ciac ham s6 d6i s6 x ¢6 mién x4c dinh chung khong réng. Tai mdi diém
x ¢6 dinh thudc mién xdc dinh chung d6 chudi (4.1) 1a mot chubi s6 va chudi s6 d6 c6 thé
hoi tu hodc khong hoi tu. Thuat ngit ddy ham dugc st dung dé goi céc day loai nay, khi ta
xét su phu thuoc clia né vao bién s6 x. D€ khoi dai dong vé ky hiéu, ta c6 thé goi day
(4.1) 1a ddy ham f.(x).
Tap hop X gbém tat ca cdc diém x ma tai d6 day (4.1) hoi duoc goi 1a mién hoi tu ciia day
d6. Tai mdi diém x thuoc mién hoi tu X, gidi han cia day (4.1) 1a mot s6 thuc x4c dinh,
ky hiéu 1a f(x). Nhu vay, khi x bién thién trén mién X, gidi han f(x) cta day (4.1) 1a mot
ham s6 doi s6 x. Ta goi ham s6 f(x) 1a ham gidi han cuia day ham (4.1).
Vidu:

e Mién hoi tu ctia diy ham f (x) = x" 1a khoang (—1; 1]. Ham gi6i han clia n6 1a ham s6

e Mién hoi tu cta day ham f (x) =

Vxe; .

Tuong tu nhu day ham, ta goi chudi ham 1a chudi

2o (x)=u,(X) + W)+ U (X) + .. (4.2)
ma moi s6 hang u, (x) clia n6 1a mot ham s& d6i s6 x, ¢6 mién xdc dinh chung 1a mot tap
hop khong rong. Tai méi diém x c6 dinh thuoc mién x4c dinh chung clia cdc ham s6
u,(x), chudi s6 (4.2) 1a mot chudi s6 hoi tu hodac phan ky. Tap hop ca céc diém x ma tai d6
chudi (4.2) hoi tu dugc goi 1a mién hoi tu chia né. Tai mdi diém x thudc mién hoi tu, tong
ctia chubi (4.2) 1a mot s6 thuc xéc dinh, ky hiéu 12 f(x). Ham s6 f(x) duoc goi 1a ham tong
cua chudi ham (4.2).

Chi y ring ham tong cta chudi ham (4.2) chinh 1a ham gidi han ctia diy ham

f,(x) =u,(x) + uy(x) + .4 u,(x).
Nguoc lai, ham giéi han cia mot day ham f,(x) chinh 1a ham t6ng cta chudi ham (4.2),
vGi cdc s6 hang u,(x) = f,(x), u,(x) = f,(x) — f,(X), ..., u,(x) =f.(X) — f,-,(x) , ...DPiéu nay
cho phép ta xét cdac dday ham thong qua cdc chudi ham hodc nguoc lai.

IL. SU HOI TU PEU

Cic tinh chat ham s6 clia ham giéi han clia mot diy ham ciing nhu ham téng clia mot
chudi ham khong nhiing chi phu thudc vao tinh chit ham s6 cua céc s6 hang, ma con phu
thuoc ding ké vao dac trung clia su hoi tu. Chang han, cdc s6 hang ctia cic diy ham
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X 2 z A A A N 7z N A N . 2,
f,(x) =x" f(x) = ———— 0O vi du néu trén déu la cidc ham lién tuc, nhung ham gi6i han
n n 1 + n 2 X 2 . . 0

ctia day thit nhat khong lién tuc, trong khi ham giGi han cua day thd hai lién tuc trong
mién hoi tu ciia n6. Mot dic trung cua su hoi tu giit vai trd quan trong trong viéc xem xét
tinh chat hAm s& clia ham gi6i han clia mot ddy ham ciing nhu ham téng ctia mot chudi
ham 12 su hoi tu déu.

a. Khdi niém héi tu déu
Gia sir day ham £ (x) hoi tu tai moi diém thudc mot mién X —; va f(x) 1a ham gi6i han

ctia n6. Tai mdi diém c6 dinh xeX, theo mdi s6 € > 0 ta tim dugc tuong ting mot so tu
nhién n, sao cho bat dang thiic

fLx) " F(x)|<e 4.3)

thod man v6i moi n > n,,.

Khi xét rieng 18 tai ting diém, moc “dd 16n” n, clia n dé bat dang thic (4.3) thod min
khong nhitng chi phu thuoc €, ma cdon phu thudc vao diém x ma ta xét. Mot cau hoi dat ra
12 v6i moi € > 0 ¢6 thé tim dugc hay khong mot s6 n, chung cho moi diém xeX, tic 1a n,
chi phu thudc €, dé khi n > n, bat dang thiic (4.3) thod man véi moi xeX? Trudng hop ton
tai sO n, nhu vay dugc quan tam dac biét khi xét cac tinh chat ham s6 cua ham gidi han
ctia day ham (t6ng cuia chuéi ham).

Pinh nghia: Gia st tai moi diém x thuoc mién X ddy ham f (x) hoi tu dén f(x). Ta néi
day ham f (X) hoi tu déu dén ham f(x) trén mién X khi va chi khi: v6i moi s6 € > 0 déu tén
tai tuong ting s6 tu nhién n, = ny(g) (n, chi phu thuoc €) sao cho bat dau tir khi n > n, bat
dang thic (4.3) thod man v6i moi x € X.

Vi dy I: Xét ddy ham f,(x) = ———— trén mién X =; . Ham gi6i han ciia day ham nay
1" n x
la f(x) = 0. V6i moi s6 tu nhién n ta cé:

) I UL S
|fn(X) O|=1+n2x2 ;'l+n2x2§;vxei ’

do d6, véi ¢ 1a so6 duong bat ky, khi n > % bat dang thitc 0 < f,(x) — 0 < € thoa man véi
2
moi xe ; . Nhu vay, theo moi s6 € > 0, s6 n, = [1/2€] (phin nguyén cua s6 1/2¢) thoa man
diéu néu trong dinh nghia nai trén, tic 1a diy ham da cho hoi tu déu dén ham gidi han
f(x) = 0 trén mién X =;
nx

Vidy 2: Xét day ham f (x) = ——— trén; . Ham gidi han cta day ham nay la f(x) = 0.
1% n"x
. T c (1)t R R
Trong truong hop nay véi moi so6 tu nhién n ta co fn\—J = —,do do v6i € < —, bat dang
n 2 2

thic | f (x)~0 | < ¢ khong thé thoa min v6i moi xe ; , bt ké n 16n dén miic nao. Nhu
vay, day ham nay hoi tu, nhung khong hoi tu déu trén ;

Tuy nhién, néu xét ddy ham nay han ché trén khoang [1; +o0) thi n6é hoi tu déu dén
f(x) = 0. That vay, v6i moi x > 1 ta c6
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nx nx 1 1 . 1
[t )" 0]= < = —<Z <gkhin> ~-.
1t n°x n°x nx n &

V6i moi € > 0, s6 ty nhién n, = [1/e] ddp tng diéu kién | f_(x) ~ 0| <& v6i moi x > 1, khi
n > n,.
Khai niém day ham hoi tu déu duoc chuyén qua ngon ngit chudi ham nhu sau:
Pinh nghia: Ta n6i chudi ham

2o (x)=0(X) F 0(K) + . uy(X) + (4.4)

n=1
hoi tu déu trén mot mién X < ;  khi va chi khi né hoi tu tai moi diém xeX va diy tong
riéng

f.(x) =u,(x) + u,(X)+ ..4 u,(x)
ctia n6 hoi tu déu trén mién X dén ham tong f(x) = 2 (X)) .

n=1

Goi a,(x) 12 téng ctia phan du sau s6 hang thit n clia chudi (4.4) tai mdi diém xeX, ta c6:

(X‘n(X) = un+l(X) + un+2(X) + ...+un+k(X) t+...= f(X) - fn(X)'
Theo tinh chat ctia chudi s6 hoi tu, tai méi diém xeX day o, (x) ¢ gi6i han 0 khi n —-+oo.
Nhu vay, trén mién X, o, (x) 12 mot ddy ham c6 ham gidi han 12 ham s6 nhén gi4 tri khong
déi bang 0. Dinh nghia chudi ham hoi tu déu c6 thé phat biéu twong duong nhu sau:
Chudi ham (4.4) hoi tu déu trén mién X khi va chi khi day phdn du sau sé hang thit n clia
né hoi tu déu dén 0 trén mién do.

b. Tiéu chudn hoi tu déu
Tiéu chuin hoi tu Cauchy d6i véi ddy s6 c6 thé phét trién thanh tiéu chuén hoi tu déu doi
v6i ddy ham nhu sau:
Pinh ly: Diéu kién can va da dé day ham £ (x) c6 ham gidi han va hoi tu déu trén mién X
dén ham giGi han ctia n6 1a: Vi moi s6 € > 0, ton tai twong Gng s6 tu nhién n, khong phu
thudc x sao cho bat dau tir khi n > n, bat dang thitc

fn+p(x)_fn(x)‘ <g 4.5)

thoa man v6i moi x €X va v4i moi s6 tu nhién p.
Chitng minh:
e Gia st day ham f (x) ¢6 ham gidi han f(x) va hoi tu déu trén mién X t6i ham f(x). Khi

do, theo s6 € > 0 bat ky, ta tim dugc so tu nhién n, = ny(¢) khong phu thudc x sao cho khi
n>n,taco

€
f(x)~F(x)| < — VxeX.
2

Khi d6, v6i n > n, va p la so tu nhién bat ky ta ciing c6

€
fo, (X))~ f(x)‘ < ; vxeX.

Do f

n+p

(x) = f,(x) = [f,,,(x) = f(x)] + [f(x) — f,(x)], tir hai bat dang thtc trén suy ra
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fn+p(x)_fn(x)‘ < ‘fﬂp(x)— f(x)‘ + |fn(x)_f(x)| <g VxeX (khin>n,pey ).

e Nguoc lai, gid st v6i moi s6 € > 0, ton tai chi s6 n, = n,(¢) sao cho khi n > n, bat dang
thiic (4.5) thod man v6i moi xeX. Khi d6 tai méi diém c6 dinh x,eX, diy s6 f,(x,) hoi tu,
do d6 day ham f,(x) c6 ham gi6i han 1a mot ham s6 f(x) xéc dinh trén X. Chuyén qua gidi
han khi p — +o, tir (4.5) suy ra

[f(x) £, (x)| <& V xeX (bat du tix khi n > ny).

Diéu nay ching t6 ddy ham f,(x) hoi tu déu trén mién X dén ham f(x).
Tur tiéu chudn hoi tu déu doi voi ddy ham ta dé dang suy ra tiéu chudn hoi tu déu d6i véi
chubi ham:
Pinh ly: Diéu kién cin va di dé chudi ham (4.4) hoi tu déu trén mién X 1a: VGi moi s6
£ > 0, tOn tai twong ng so tu nhién n, khong phu thudc x sao cho bat dau tir khi n > n,, bat
dang thtic

U, )T U, )T Tu (x)‘ <g

thoa man v6i moi x €X va véi moi s6 tu nhién p.

¢. Ddu hiéu Weierstrass

Sau day 1a mot dau hiéu tuong d6i don gian dé€ cac dinh tinh hoi tu déu chia mot chudi
ham:

D4u hiéu Weierstrass: Néu tai moi diém x thuoc mién X cédc s6 hang clia chudi ham
(4.4) thod man bat dang thitc

u, (0] <a,(n=1,2,3,..),
vGi a, 1a cdc s6 hang ctia mot chubi s6 duong hoi tu 2 a _, thi chudi ham d6 hoi tu déu
n=1

trén mién X.

Chitng minh: Tu gia thiét ta dé dang suy ra:

UL () UL ()T n+p(x)‘ <a, +a,+..+a, VxeX.

n+p

Do chudi 2 a ~hoi tu nén véi moi s6 € > 0, ton tai tuong Gng sO tw nhién n, = ny(e ) sao
n=1

cho

a,, ta,,+..+a,,<eVn>n,vaVpey ,

n+1 n+2 .-

kéo theo

UL )L um(x)‘ <egVn>n,vaVpe¥ .

Theo tiéu chuin Cauchy, chudi ham (4.4) hoi tu déu trén mién X.

Vidu: Véi 2 @ . 1a mot chudi s6 hoi tu tuyét doi, st dung dau hiéu Weierstras ta dé dang
n=1

suy ra rang cac chudi ham

270

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

5 - - -
pI sin nx , 2« cos nx , pIR arctgnx 2« arco tgn x
n n n n

n-1 n-1 n-1 n~1

hoi tu déu trén; .

IIL. TINH CHAT HAM SO CUA HAM TONG

Xét chudi ham véi cac s6 hang u (x) xdc dinh trén khoang [a; b], v6i gia thiét chudi d6
hoi tu va c6 tong bang f(x) tai moi diém x € [a; b]:

®

fx)= 2 u_(x)=u(X) + Uy(X) + .. U (X) + ... (4.6)

n=1
Cic dinh 1y du6i day cho bi€t mot s6 tinh chét co ban clia ham tong f(x).

Pinh Iy 1: Néu tét ca cdc s6 hang u (x) cta chudi ham (4.6) 1a cdc ham s6 lién tuc trén
khoang [a; b] va chudi ham d6 hoi tu déu trén [a; b] thi ham tdng cta né 1a mot ham so
lién tuc trén [a; b].

Chitng minh: Goi f,(x) 12 tong riéng thid n va o, (x) 1a tong clia phan du sau s6 hang thi n
cua chudi (4.6), ta c6:

fx) =£f,(xX) + o,(x).
V6i x,, 12 mot diém c6 dinh bat ky thuoc khoang [a; b] ta c6
f(x) — f(xo) = [f.(xp) — £(X0) 1+ 0,(X) — 0, (%)
Tur day suy ra
[0~ Fx )| 0 T (x| + %, 00+ [, ()] @4.7)
Vi cédc s6 hang cua chuudi (4.6) 1a cdc ham s6 lién tuc trén [a; b] nén cac ham s6
f.(x)=u,(x) + u,(X)+ ..+ u,(x)

lién tuc tai diém x,. V6i € 1a mot s6 duong bét ky cho trude, ton tai s6 & > 0 di nho sao
choV=(x,-98;x,+08)c[a;b] (V=[a;a+d)néux,=a;V=(b-35;b]néux,=b) va

€
f.(x)~f, (x,)| <— VxeV.
3

Mit khac, do day ham o, (x) hoi tu déu trén [a; b] dén 0 ta tim duoc s6 tu nhién n, sao cho
khin > n,

€
[ (x)| < = Vxela; b]. (4.8)
3

Két hop céc bat dang thitc (4.7) va (4.8) ta c6
[f(x) = f(x,)| <& Vxe V.

Diéu nay ching t0 lim f(x) = f(x,), tiic 1a ham téng f(x) lién tuc tai diém x, bat ky trén

khoang [a; b]. Pinh ly da dugc chiing minh.
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Pinh 1y 2: Néu tat ca cic so hang u (x) cua chudi ham (4.6) 1a cdc ham s6 lién tuc trén

khoang [a; b] va chudi ham d6 hoi tu déu trén [a; b] thi chudi s6 > [y _(x)dx hoi tu va

nT1 5

c6 tong bang [t oxax :

a

J.f(x)dx =2 J.un(x)dx =.[u1(x)dx + Juz(x)dx + ...+ Jun(x)dx +.., 4.9)

tic 12 ta ¢é thé'ldy tich phan ciia chudi (4.6) theo tirng sé hang.
Chitng minh: Trudc hét ta chi y rang, theo dinh 1y 1, hAm t6ng f(x) lién tuc trén [a; b], do

dé tich phan [s (x)dx ton tai. Goi f (x) 1a tong riéng thit n cha chudi ham (4.6) va S, 1a

a

o b
tong riéng thi n cua chudi 2 Ty L (x)dx , ta co:

n=1 5

Sn— J.f(x)dx = Jul(x)dx + .[uz(x)dx + ...+ Jun(x)dx - J.f(x)dx

a a a a a

= J[fn(x)_f(x)]dx , suy ra

a

= j| £,(x) " f(x) [&x Vxe[a; b].

a

J.[fn(x) T f(x)] dx

a

N I f(x)dx
Do diy ham f (x) hoi tu déu trén [a; b] dén f(x) nén, véi € 1a mot s6 duong bat ky, ton tai
n, sao cho khin >n,

€
[F(x) = f(x,)| < —— Vxela; b],
b~ a
kéo theo

S, Jf(x)dx

a

b
< | dx =€ Vn>n,.

€
b~ a

Diéu nay ching t6 S, hoi tu dén [s (x)dx va ta c6 dang thic (4.9).

Pinh 1y 3: Néu tit ca cdc s6 hang u (x) ctia chudi ham (4.6) 1a ¢6 dao ham lién tuc trén

khoang [a; b] va chubi ham 2 " (x) hoi tu déu trén [a; b] thi ham téng f(x) clia chubi
(4.6) c6 dao ham trén [a; b] va

£ =2 ul ()= 0,00 " ul 00" T ul 0

n=1

tic 12 ta cé thé' ldy dao ham ciia chudi (4.6) theo ting so hang.
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Chiing minh: C4c s6 hang ctia chubi (4.6) c6 thé viét duési dang

u,()=u’ (et +u@) (n=1,2,3,..).

a

Goi f*(x) 1a téng cua chudi ham ZI: u’ (x). Theo dinh 1y 1, f¥(x) 1a ham s6 lién tuc trén

[a; b]. Hién nhién 12 néu mot chuf;i 1hélm hoi tu déu trén mot mién X nao d6 thi né hoi tu

trén moi mién con ctia mién X, do dé, v6i mdi x €[a; b] c6 dinh, chudi i u’ (t) hoi tu déu

trén [a; x] dén ham f*(t). Theo dinh 1y 2 ta c6 h

]f *(t)dt = Z Xfu'n(t)dt =i [u, (x) " u_ (a).
. o1, n=1

Mat khéc, theo tinh chat cua cdc chudi s hoi tu ta c6

» ©

L, 00 u @] =2u,(x) - 2 u, (a)=(x) - f(a).

n=1 n-1 n=1

Vay Jf *(t)dt = f(x) — f(a), hay f(x) = Jf *(t)dt + f(a), suy ra

a a

EY

[ x 1
f'(x) = ILff*(t)dt + f(a)J =f*(x) = )3 ul(x).

n=1
X

bay chinh 1a diéu phai ching minh.

§5. CHUOI LUY THUA

I. MIEN HOI TU CUA CHUOI LUY THUA
Xét chudi ham dang “da thitc vo han”®:

Zax"=atax+ax+...tax +... (5.1)
n=o0
Ta goi chudi ham loai nay 1a chudi luy thita.
Hién nhién 1a chudi (5.1) hoi tu va c6 tdng bang a, khi x = 0. D& tim hiéu vé mién hoi tu
cua chudi luy thira, truée hét ta chiing minh bé dé sau day:
Bo6 dé Abel: Néu chudi luy thira (5.1) hoi tu khi x = x, # 0 thi n6 hoi tu tuyét déi tai moi
X, | ).

diém thuoc khoang (- [x , ;

9

@ Khi sir dung ky hiéu 2a x" taquy udc x” =1, ké ca khi x = 0.
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Chitng minh: Tu gia thiét chudi (5.1) hoi tu khi x = x,, suy ra ddy s6 u,=a,x, c6 gidi
han 0, do d6 n6 bi chan:
a,x;| < K (Klahing s6;n=0,1,2,3, ..).

Khi 0 <[x|<[x,| tacé
n n
X

X

X

<K.

n| __ n
a, x | =la, X,

Chubi s6 duong vé6i s6 hang tong quat & vé€ phai 1a mot chudi s6 nhan c6é cong boi khong

am va nho hon 1, do d6 n6 hoi tu. Theo dau hiéu so sanh thi chudi ) ‘a x" ‘ cling hoi tu,
n=o0

tic 1a chudi (5.1) hoi tu tuyét doi.
Dé xéc dinh mién hoi tu ta xét tap s6
X = |x|: X * 0vachudi(5.1)hoitukhix = x

Loai trir truong hop chuéi (5.1) phan ky tai moi diém x # 0, x 13 mot tap hop khong
réng. Néu tap hop x khong bi chan trén thi chudi (5.1) hoi tu tuyét d6i tai moi diém.
That vay, trong trudng hop nay, véi moi xe ; ton tai |§| e x sao cho |x| < |§| . Khi do,
theo b6 dé Borel, chubi (5.1) hoi tu tuyét doi tai diém x.

Trudong hop tap hop x bi chan trén p = supx 12 mot s6 duong, theo tinh chét ctia can
trén dung, két hop vé6i bé dé Borel, ta d& dang suy ra dugc rang chudi lu§ thira (5.1) hoi tu
tuyét doi khi |x| < P va phan ky khi |x| > .

Nhu vay, loai trix truong hop chudi luy thira (5.1) phdn ky tai moi diém x =0, ton tai s6
p > 0, hodc p = +90, sao cho chudi dé hoi tu tuyét doi khi |x| < p va phdn ky khi |x| > p.
Ta goi p 1a bdn kinh hoi tu va khoang (—p; p) 1a khodng hoi tu cua chudi luy thira (5.1).
Trudng hop chubi luy thita phan ky tai moi di€ém x = 0 ta néi né ¢6 ban kinh hoi tu p = 0.
Nhu vay, mién hoi tu cua mot chuoi luy thica la mot trong cdc khodng s6 [-p ; pl,
(—p; p), [=p ;5 p), (—p ; pl, tuy theo su hoi tu ciia né tai cdc dau miit cia khodng hoi tu.
Viéc xdc dinh mién hoi tu cia mot chudi lu§ thira c¢6 thé thuc hién dé dang néu ta tim

duoc ban kinh hoi tu clia né. D€ tim ban kinh hoi tu ctia chubi lu§ thira (5.1) ban c6 thé sir
dung c4c cong thiic:

p = lim : ; (5.2)
e an*l
hoac
p = lim (5.3)
= ol

Cdc cong thic (5.2), (5.3) ¢6 thé ching minh dé dang bang céch st dung dau hiéu
d’ Alambert va dau hiéu Cauchy, véi gia thiét gigi han & vé phai ton tai (hitu han hoac
bing +o0).
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Chii y: Chudi luy thira con dugc xét dudi dang téng quét hon (x, 1a mot hing s6):

)3 a (x " x,)"=ag+a(X—X)+ (X —x0) + ... +a,(X—Xx)"+ ... (5.1%)

n=0

Tuy nhién, ta c6 thé chuyén chudi (5.1*) vé dang (5.1) bing cach d6i qua bién y = x — x,.
Khoang hoi tu cua chudi (5.1%) 1a khoang (x,—p ; x, + p), con mién hoi tu cia né 1a mot
trong cac khoang [ X,— p; X, + pl, (Xg— P X+ P)s [Xg— P 5 Xo + P)» (Xg— P 5 X0 + P

Vidy I: Xét chudi : 2 ~—.

n=1 VN

Trong truong hop nay a, =

=1. Tai x =1 chudi phan ky

1 ] a, ) nti
—, p=lim ——= lm

\/n_ n—> +° a e n > o n
(chudi diéu hoa téng quét), con tai x = — 1 chudi hoi tu theo d4u hiéu Leibnitz. Vay, mién
hoi tu ctia chubi da cho la khoang [—-1; 1).

Tir két qua ny ta suy ra mién hoi tu cha chudi 2 X)) gy khoang [x,—1; x, +1).

n~1 Vi

Vidu 2: Xét chubi 2 X—z

n=1 1

Trong truong hop nay a, = Lz; p = lim L= i ( =1. Tai x =+ 1 chubi hdi tu

= 4o n>

n n a
tuyét doi. Vay, mién hoi tu ctia chudi da cho 1a khoang [-1; 1].

Vidu 2: Xét chubi DI

n
n=1 I

N N 1 1 A N A 2 X:
Trong truong hop nay a, = —; p = lim ——== lim n =40 . Vay, mién hoi tu cua chuoi
n n—>® o/la n> +©

n

da cho 1a khoang (—o0 ; + ).

I1. TINH CHAT HAM SO CUA CHUOI LUY THUA
Xét chudi luy thira (5.1) trong khoang hoi tu (—p; p). Goi f(x) 1a ham téng ctia no:

f(X)=Za“x"=ao+alx+32X2+...+aan+... (5.1)

Pinh 1y 1: Vé6i moi s6 duong r < p, chudi luy thira (5.1) hoi tu déu trén khoang [—r; r].
Chitng minh: V6i moi xe[-1; 1], ta cd

n n n
a x | = |a ||x | < |a |.r .
n n n

Chudi (5.1) hoi tu tai moi diém thuoc khoang hoi tu (—p; p), do d6 chudi la, |r" hoi tu.

n=0

Theo d4u hiéu Weierstrass, chudi (5.1) hoi tu déu trén [—r ; 1].
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Str dung dinh 1y 1, két hop véi cdc dinh 1y da ching minh vé tinh chit ham s cta chudi
ham, ta dé dang chiing minh céc tinh chét co ban ctia ham tong f(x).

Pinh 1y 2: Ham tong f(x) cia chudi lu§ thira (5.1) 12 mot ham s6 lién tuc trong khoang
hoi tu ctia no.

Ching minh: Goi x, 12 mot diém bat ky thudc khoang hoi tu (—p; p). Ldy bat ky so r trong
khoang gitta |x 0| vap (|x 0| <r<p),taco x,e[-r;r].Chubi (5.1) hoi tu déu trén [—r ; 1],
do d6 f(x) 1a ham s6 lién tuc trén [ ; 1], trong d6 ¢6 diém x,,.

Pinh 1y 3: Vi moi x thuoc khoang hoi tu (—p; p), ta c6 thé 14y tich phan ctia chudi ham
(5.1) theo timg s6 hang nhu sau:

2 n
a a _
TSI s S 5.4)
2 n

Jf(t)dt =2 J.ant"dt =a,X +
Chitng minh: T dinh 1y 1 ta dé dang suy ra rang chudi ham (5.1) hoi tu déu trén moi
khoang déng [a; b] < (—p; p), do d6 ta c6 thé 14y tich phan ctia chudi (5.1) theo ting s6
hang:

jf(t)dt =2 .[a“t"dt .

Vé6ia=0,b=x tacdcong thic (5.4).

Pinh Iy 4: Trong khodng hoi tu (—p; p) hAm téng ctia chudi lu§ thira (5.1) c6 dao ham va
ta c6 thé 1dy dao ham ciia né theo timg s6 hang ctia chubi do:

f'(x)= [i anxnj ) (a x") =a, +2ax+3a,x> +...+nax" '+ ... (5.5)
Chiing minh: Véi nm()i X€e (—p; p) ta lay mot so6 duong r trong khoang gitta |x| va p, tic
151|x| <r< p. S0 hang tong qudt cta chudi hoi tu ZT a 1" c6 giéi han bang 0 nén nd bi
chan: B
a,[T"< L ¥n=1,2,3,...(LIahang s0).

Ta co:
n-1
<

n~1
X

11 _ L
Sl B el & = (5.6)
Chudi véi s6 hang tdng quit & vé phdi clia bat dang thic (5.6) hoi tu theo diu hiéu
dAlambert (ban hiy tu kiém tra!), do d6 chudi (5.5) hoi tu tuyét doi tai moi diém x thuoc
khoang (—p; p). Diéu nay chiing t6 ban kinh hoi tu p’ cta chubi (5.5) khong nho hon bén

kinh hoi tu cta chudi (5.1): p’ > p.

.n.

T T T

V6i moi s6 duong r < p ta ¢6 dong thoi r < p’, do d6 chudi (5.5) hoi tu déu trén [ ; 1].
Theo dinh ly di chitng minh & 84 cla chuong nay, trén khoang [—r; 1] ta ¢ thé 14y dao
ham ctia chubi (5.1) theo timg s6 hang, do d6 ta ¢6 cong thic (5.5). Do r ¢6 thé 1ay gan p
mot cch tuy ¥, di€u nay ciing ding trong khoang (—p; p).
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Hé qua: Trong khoang hoi tu (—p; p) chudi lu§ thira (5.1), ham t6ng f(x) chia n6 c6 dao
ham moi cép va ta c6 thé 14y dao ham cap k clia n6é bing cdch 1ay dao ham cip k theo
tung sO hang:
f(k)(X) = Z (a“x")(k) = Z n(n~1)..(n " k +1)a“x"7k = 2
n=1 n=k amk (n 7 k)

kla . kla . nla . _
=kla+ —L X +— x4+ o —E X
1 21 k!
Chii y: Tét ca cdc ménh dé chitng minh trén day c6 thé 4p dung cho chudi luy thira
Zoa(x " xy) =ag+a(Xx— X))+ a(X — X)) + ..k a(X—X)"+ ...

n=0

trong khoang hoi tu (x,—p ; x, + p).

|
n:a, n~k
X

III. KHAI TRIEN HAM SO THANH CHUOI LUY THUA

Chubi luy thira (5.1) ¢6 cdc tong riéng 1a cac da thic. Hon nita, nhu da chi ra ¢ trén, hAm
tong clia né c6 nhitng tinh chat tuong tu nhu da thitc. Do d6 viéc biéu dién ham s6 dudi
dang chuu6i luy thira ¢6 vai tro rat quan trong trong giai tich toan hoc cling nhu trong cac
linh vuc tng dung.

a. Chuoi Taylor

Gia st ham s06 f(x) c6 dao ham moi cap trén khoang [x,— h ; X, + h], hoac trén mot trong
céc khoang [x, ; x, + h], [x, — h ; x,]. Khi d6 ta c6 thé biéu dién f(x) theo cong thiic
Taylor hitu han, v6i n 16n tuy y:

(x,) £7(x,)

f
f(x) =1(x)) + —(x " x,) + (x 7 x,)
11 21
£ (x,)
Pt T (T 1) (%) (5.7)
biéu nay khién ta nghi dén chubi luy thira:
£'(x £ (x £
f(x,) + () (x 7 x, ;|°) (x ~x)°*F ot ('X") (x " x)"+... (5.8)
: n:
vOi cac hé so
f, X f” X f(") X
a0=f(X0)’ a = ( 0) , A = ( 0) s .ad, = ( 0) 5 wen
2! n!

Céac hé s6 nay dugc goi la hé so Taylor. Chubi (5.8), bat ké tong clia n6 c6 bang f(x) hay
khong, dugc goi 1a chudi Taylor cuia ham s6 f(x).

Nguoi ta thuong xét chudi Taylor trong truong hop x, = O:

£'(0) )P S ()

21 n!
Chubi (5.9) con duoc goi 1a chudi MacLaurin.

f(0) + + x" ... (5.9)

b. Khai trién ham sé thanh chuéi Taylor

Néu trong mot 1an can nao d6 ctia di€ém x, chudi (5.7) hoi tu va ¢6 téng bang f(x) thi ta c6
cong thiic
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£(x,) £7(x,) ) £ (x,)
(xfxo) + (xfxo) ot
1! 21 n!

f(x) = f(x,) +
(5.10)
Cong thic (5.10) dugc goi 1a cong thiic khai trién Taylor ciia ham s6 f(x).
Lién h¢ véi cong thic Taylor hitu han (5.7) ta ¢6 dinh 1y sau day:

Pinh 1y 5: Ham s6 f(x) trén khoang [x,— h ; X, + h] c6 thé khai trién dugc thanh chudi
Taylor (5.10) khi va chi khi tai moi diém xe[x,~ h ; x, + h] phan du r,(x) ctia cong thiic
Taylor hitu han (5.7) ¢6 gi6i han bang 0 khin — + o .

Hé qua: Néu trén khoang [x,— h ; X, + h] ham s6 f(x) ¢6 dao ham moi cap va gia tri tuyét
doi clia dao ham tét ca cdc cdp cua né bi chan bdi mot hang sd chung

‘f(")(x) <L Vxe[-h:h] (n=1,2,3,..)

(L hing s6 L khong phu thugc n) thi trén khoang d6 ham s6 f(x) c¢6 thé khai trién thanh
chubi Taylor (5.10).

That vay, sir dung cong thic phan du dang Lagrange, ta c6

")

(n * 1) XX

1,(X) =

trong d6 c 1a mot diém trung gian nao d6 gitta x, va x. Hién nhién 1a ce[- h ; h] , do d6

*1

ol = [ o L]
(n * 1) (n t )
o . _h "t . S _Lh "
Chudi vé6i s6 hang tong quét hoi tu theo dau hiéu d’ Alambert, do d6 -0
(n T 1) (n * 1)

khi n — +oo, tir day suy ra 1im r,(x) = 0 v6i moi xe[-h; h].
n® + ¥

Pinh 1y 6: Néu trong khoang (x, — h; x, + h) ham s6 f(x) khai trién dugc thanh chudi luy
thira
fx)= 2 a_(x " x,)" =ag+2a,(X — X))+ &(X =X + ..ok a,(X—X)"+ ... (5.11)

thi chudi luy thira d6 chinh 1a chudi Taylor ctia ham f(x).

Chiing minh: Theo hé qua cua dinh 1y 4, trong khoang hoi tu cua né chudi (1.11) ¢ dao
ham moi cap va ta c6 thé 14y dao ham theo ting s6 hang, do d6

f(x) =1!a, +2a,(x — X,) + 3a5(x — X))+ ...
£ (x)=2la, ++3.2. a,(x — x,) +4.3.a,(x —X,)* + ...

Tai diém x = x, ta c6:
f(x,) = ay, £'(x) =1 a,, £7'(x)) =2! a,, .., f” (x,) =n! a,.
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Tur day suy ra

a,=1f(x), a, =

chiing to chudi (5.11) 1a chubi Taylor cua ham f(x).

Thong thudng ngudi ta hay sir dung cdc cong thic khai trién ham s6 theo lu§ thira cla x,
tic 1a str dung chudi MacLaurin (truong hop dac biét ctia chudi Taylor, khi x, = 0):

’ " (ﬂ)
f (0 f (0 f 0
© L ., 17O

X
2! n!

f(x) = f(0) +

IV. KHAI TRIEN MOT SO HAM CO BAN

a. Khai trién ham s6 mii va cdc ham luong gidc co bdn

e Ham s06 f(x) = ¢* ¢6 dao ham moi cap trén; va dao ham cdp n bat ky ctia né bi chan
trén doan [ 1 ; r] bat ky (r 1a s6 duong bat ky ) bdi mot hang s6 khong phu thudc n:

0< f(x)= e*<e" Vxe; .

Theo hé qua cla dinh 1y 5 ta c6 cong thic khai trién (Cac hé s6 Taylor da duoc tinh
khi 1ap cong thitc Taylor hitu han, 84, chuong 3):

n

o= 1+t (5.12)
1! 2! n!

Vi r la s6 duong bat ky, ¢ thé 1dy 16n tuy ¥, nén cong thiic khai trién (5.12) c6 thé dp
dung v6i moi xe ; .

e Tuong tu, cac ham sinx, cosx ¢6 dao ham moi cap trén; va

Sin(x"'i\ cos(foﬂw

N 2 ) 2 )

<1

(cos x)(")‘ <1 Vxe;

‘ (sin x)m‘:

Theo hé qua cua dinh 1y 5, v6i cac hé s6 Taylor da tinh & 84, chuong 3, ta cé cac cong
thic khai trién:

3 5 2n~1

. X X X n—1%
sinx=— — —+ —— ...+ (-1) + ...
1! 31 5l n!

2 4 2n
X X X
cosx=1- — + —— .+ (-1)" + ...
21 41 n!

b. Chuoi nhi thirc
Ta da biét cong thitc Taylor hitu han d6i véi ham s6 f(x) = (1 +x)* (ag¥ ):

oo — oo =gy, (0= F
C Dy 4 LD Doy r,(X).

2! n!

1+x)* =1+ ox +

Chudi Taylor ciia ham s6 nay la.
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oo — oo —qy... (&~ F
S G Ul S Al G R S (5.13)

2! n!

1+ ox +

Chubi (5.13) duoc goi 1a chudi nhi thirc. St dung cong thic (5.2) ta dé dang xdc dinh

dugc ban kinh hoi tu p = 1. C6 thé chitng minh dugc rang Trong khoang hoi tu (=1; 1)

phan du r,(x) cua cong thitc Taylor hitu han ¢6 gidi han 0 khi n — +o, do d6 ta c6 cong

thic khai trién:

oo — oo — 4y, (O —  +
ey L CD-C 0"

. + ...
2! n!

1+x)*=1+ oax+

c. Khai trién ham so logarit

Véi —1 < x < 1, chudi s6 nhan vé6i s6 hang ddu bang 1 va cong boi q = —x hoi tu va ¢6

2 x 1
tong bang :
1t x

1

=]l -x+xX-X4+ .4+ DX+ ...

1% x
Lay tich phan theo tiimg s6 hang (tich phan tir 0 dén x) ta duogc cong thic khai trién ham
s0 In(1 + x) trong khoang (— 1, 1):

3
X

nl+x)=x——+—— +C=D""2+... (514
2 3

n

Chii y: Abel da chiing minh rang néu tai ddu mut p (hodac — p) cua khoang hoi tu chudi
lu§ thira hoi tu thi ham t6ng clia n6 lién tuc bén phai (bén trdi) tai ddu mit d6. Do d6 cong
thic khai trién (5.14) c6 thé 4p dung v6i — 1 <x < 1.

BAI TAP CHUONG 7

1. Tinh téng cua céc chudi so

a)i 1 b)f(—zl)n-l C)§[1+1j

n:1“(n+l) 2" 3"

n=1 n=1

2. St dung cdc dau hiéu so sanh hay xét su hoi tu ctia cdc chudi s sau:

1 1 1 1
Q) —t ot
1! 2! 3! n!
1 1 1 1
b) —* -t o+ + o
3 5 2n 1

C) i+_1 +_l + . +—:L +
\/; 2\/§ 3\/2 nvn 71

1

d) ! + ! + ! + ...+
\/E 35 /5.7 \/(Zn_l)(2n+1)

+ o
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T T T T

e) tg_+tg_+tg_+ +tg_+
4 8 12 4n

+% l +% 1 +% 1
D2y X w2 G

-1 2n 3n "1 ns1Vn T 4n 71 n=1 1

+% +9 +o0 3 4 _

vn 2n 71

DX W .

,=12n” T 3nt1 ,2n" T3nt1 ,=13n” T4n” 1

Str dung d4u hiéu Dalamber, hay xét su hoi tu ctia cdc chudi sd sau:

+ +o 2
n n
p Xt b) = — DRI
1(2n+1)' a1 2 am1 3
- 2.5..(3n 1) < 1000" < (n!)’
by L g f) 2
.=11.5.9...(4n ~ 3) acp Nl a=1(2n)!
2"n! s 3"n! . N n
2) Z “ hy 2 =— X ——
_ - n -
-1 n-1 n tg -
2

(5n n~ 1)
a) z n b) z n C) z 2 n
= In"(n T 1 Lo (2n T D) b-1 (An" T 3)
+ o 0 +1 n2 ) + o 0 +l n2 ) +x n“+1
oZ[2 e g Z[2) e pE
asp M a1 (307 2)
Str dung d4u hiéu tich phan, hay xét su hoi tu cua chudi so:
a) 2 b)
ot DHIn“(nt1 =, (n T DIn(n T 1)

Chiing minh rang néu cdc chudi s6 2 a’ va Z b’ hoi tu thi chubi s6 Z ‘ a b ‘

n~1 n~1

cling hoi tu.

n~

Xét su hoi tu ctia chudi s6 va, trong trudng hop chudi hoi tu, hay chi rd diac diém hoi

tu (hoi tu tuyét doi hay hoi tu twong doi):

1 1 o501
a) 1-—+t—— .. Tt +
3 5 2n 1
1 1 +1 1
by 1-——*—~ .. Ty —— 7
9 25 (2n 7 1)
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11

o T y”
In 2 In 3

sin 2 x sin 3x
d) sinx * + -
4 9

1

+1 n

In(n * 1)

sin nx

2
n

1011 11
e) —*——2+ +(*1) _—n+
2 22 n
1 8 27 .on’
) —=—*+—- oyttt
2 4 8 2
8. Tim mién hoi tu cua céc chudi sau:
a) Inx T In’x ™ Tin"x*t
1 1 1 1
b) + + + + +
1t x 1t x? 1+ x° 1+ x"
c) 1.2x+23x*+ ... +nn+1Dx"+...
2 3 n
X X X X
d) + + + + +
17 x? 1t xt 1t x° 1+ X

9. Xét su hoi tu déu cta cac chudi ham sau:

S sin nx
a) Z —0< X<+ 0
n=1 n!
sin nx
b) 2 - —0 <X <+
n-1 2
- 1
c) z 0< x<+w
=121 nx
iln(1+nx) R R S ~ 12
d) E— [a; +00) (alamot hang s6 16n hon 1]
n=1 nx

10. Hay khai trién cdc ham s6 sau thanh chudi Mac-Laurin

a) f(x)=arctgx

Ofx)=In(x+ V1t x? )

11. Tinh t6ng cla cdc chubi sau:

3 5 n
X X X
a) x T —*t—+ .+ —+
3 5 n
3 5
X X
b) x T —*t—~

3 5

b) f(x) = arcsinx

d) f(x) = (1+x)In(1+x)

n

n~1 X
+(*1) —+

n

) X+2xX° 43X+ ... +nx"+ ...

d) x—4x*+9x* —16x" + ...
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