CHUONG |

TAP HOP VA LY THUYET SO THUC

& 1. TAP HOP

71.1 Khai niém va ky hiéu

Tap hop 12 mot khai niém co ban ctia toan hoc. Mot cich truc quan, ta c6 thé hiéu
tap hop 12 mot nhém cée d6i tuong bat ky. Thong thudng tap hop dude goi tét 1a "tap”.

Cho truéc mot tap khong réng X. Néu mét doi tusng x 1a phan tit caa tap X, ta
thuong ky hiéu x € X va doc 1a x thuéc X. Tap khong cé phan ti nao goi 1a tdp réng, va
dudgc ky hiéu la @.

Mot tap hop A dude goi la bi chiza trong X hoac la tdp con cua X, ta ky hiéu

ACXhoacX2D A

khi va chi khi tat ca cac phan ti cia A déu la phan tit cia X. Déi khi ta con goi 1a X
chita A. Ky hiéu A = B ¢c6 nghiala A C Bva B C A. Khi d6, ta néi A va B la hai tap
bang nhau.

Phuong phap chinh dé xac dinh mét tap hop 14 chi ra diéu kién ma cac phan ti thuoc
tap d6 théa man. Ky hiéu {x : P} c6 nghia day la tap hop ctia tat ca x théa méan tinh
chat P. Vidu, {x: (x —4)2 =4} = {2,6} = {6,2}.

Tuy nhién, viéc dinh nghia tap hdp qua diéu kién c6 thé din téi nhitng mau thuin
néu khéong cdn than. Vidu,lay R = {X : X ¢ X}. Khi dé R ¢ R suy ra R € R va ngudc
lai (nghich ly caa Bertrand Russell).

Ching ta quy udc chung 1a dau gach chéo trén mét ky hiéu c6 nghia 1a "khéng’,
chang han a # b, ¢ nghia "2 khéng bang b", ky tu "¢" c6 nghia "khong phai 12 mét phan
tit cia”. Nhu vay x ¢ A c6 nghia x khong phai 12 mét phan tit ctia A, nhu 3 ¢ {1,2}.

Cho hai tap hop bat ky X va Y, tich Des Cartes ctia ching, ky hiéu X x Y 1a tap hop
ctia tAt ca céc cap c6 thi tu (x,y) véi x thude X va y thudc Y. Ta hiéu khai niém cép cé
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2 <4 1. TAP HOP VA LY THUYET SO THUC

thit tu theo nghia: (x,y) = (x/,y') néuvachinéux = ',y = /.

XxY={(x,y):xe X,y Y}

Vidu 1.1. Véi X = {x,y,z},Y = (a,b), ta co

X xY = {(x,a),(x,b),(y,a),(y,b),(za),(zD)};
Y x X ={(ax),(bx),(ay),by)z),0bz2)}

Tich Des Cartes cua n tap hdp dudc dinh nghia va ky hiéu tuong tu.

171.2 Cac phép toan tap hop
Sau day la cac phép toan thong dung d6i véi tap hop.
e Phép hgp. Ta goi hgp cia A va Blatap AUB = {x: x € A hodc x € B}, tuong tu:

UAi = {x cdiel,x e Al}
icl

e Phép giao. Giao hodc tich cia Ava Blatap ANB = {x:x € A va x € B}, tuong
tu:

ﬂAi = {X\V/l el,xe AZ}
i€l

Dboi khi nguoi ta dung ky hiéu AB([T;c; A;) thay cho AN B (N;c1 A)).

Néu AB = @ thi ta néi A va B roi nhau, va khi d6 ta c6 thé viét A + B thay cho
AUB.

e Phép tri. Hiéu ciia A d6i véi Blatap A\ B = {x:x € Anhung x ¢ B}.

e Phép lay phan bu. Phan b clia tip Alatap A= X\ A= {x:x ¢ A}.

e Hiéu dbi xing. Hiéu doi xiing cia A va Blatap AAB = A\ B+ B\ A.
Cac phép toan tap hop c6 mot sb tinh co ban sau:

e Tinh giao hoan:
AUB=BUA;AB = BA; AAB = BAA.

e Tinh két hop:

(AUB)UC = AU (BUC); (AB)C = A(BC); AA(BAC) = (AAB)AC.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

1.1 Taphop ¢ 3

e Tinh phan phdi:

A(BUC) = ABUAC; AU (BC) = (AUB)(AUC); A(BAC) = (AB)A(AC).

e Cong thic De Morgan:

(UA) =N4as (NA) =UA:
i€l iel i€l iel

*Chu y: (A\ B)UB = A chi dtngkhi B C A, (AUB)\ B = A chi ding khi AB = @.

Vi du 1.2. Ta co

[e9) [,°]

J@©1-1/n)=J(0,1—-1/n] =(0,1)

n=1 n=1

ﬁ[l —1/n,2) = 6(1 “1/n,2) = [1,2).
n=1 n=1
1/1.3 Lép tap hop va day tap hop

Tap hop ma méi phan ti ctia né 1a tap con ctia X dude goi 14 mot Idp (céc tap con cta
X). Ta dung cac chit hoa &7, %,%, ... dé ky hiéu céc 16p.
Lép gom tat ca cac tap con cua X dudce ky hiéu 1a 2X:

X=—TA|ACX]}.

Chu y 1a 2X chiia ca tap @ va X. Hién nhién néu tap X hitu han gom # phan t& thi 2X ¢6
2" phan t.
Nhu vay, ta thay: B C A & B € 24,

Vi du 1.3. Cho tap hgp X = {1,2,3}.
o o = {{1},{2},{3}} 1a16p céc tap chi gom 1 phan ti trong X.

= {2, {1}, {2}, {8}, {1,2},{1,3},{2,3},{1,2,3} }.

Cau hoi: Ky hiéu IN 1a tap s6 tu nhién {1,2,3,...}, Q 1a tap sb hitu ty, lidu N c6 1a phan
tt ciia 2@ khong ?

Lép € gom cac tap roi nhau dudc goi 1a phdn hoach ctia tap X néu |J C = X.
Ce%

Vi du 1.4. Lép gom cac tap A = {1,2},B = {3,4},C = {5} 1a mot phan hoach cta tap
X ={1,2,3,4,5}.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

4 < 1. TAP HOP VA LY THUYET SO THUC

L6p gom mot sé6 dém dudce céc tap con {A,,n =1,2,...} dudc goi la ddy (cac tap). Ta
néi day cac tap {A,} 1a don diéu tang (gidm) va viét A, T (A, |),néu A; C Ay C A3 C
. (A1D A2 D A3D...).

Trong trusng hop day tap hgp {A,} don diéu tang (gidm) va |, A, = A (N, A, = A)
thi taky hidula A, 1 A (A, | A).

Vidu 1.5. Véi X = {1,2,3,...}, khi d6 # = {{1},{1,2},{1,2,3},...} la mét day don

diéu tang cac tap con cua X.

Gia st {A,} 1a day cac tap con cua X. Ta goi gidi han trén va gidi han dudi cua day nay
la cac tap tuong ting sau day:

lim A, = limsup A, = ﬂ U Ay,
n=1k=n

lim A, =liminf A, = U ﬂ Ayg.
n=1k=n

Ta thiy rang x € lim sup Ay, khi va chi khi ¢6 vo sb A, chia x; x € liminf A, khi va
chi khi ton tai k (phu thudc x) sao cho véi moi n > k, A, chita x. Do dé
liminf A, C limsup A,.
Néu gi6i han trén va giéi han duéi ctia day {A,} bang nhau thi ta néi day {A,} cé gidi

han va viét:
lim A, = limsup A, = liminf A,,.

C6 thé thay rang

im A, = | J Ay néu A, 1; imA, = () Aynéu A4, | .

n=1 n=1
Néu A, | vaN>_; A, = Athitaviét A, | A. Néu A, T va U, A, = A thi ta viét
A, 1 A.

Vi du 1.6. Véi A, B 1a céc tap cho trudc, xét ddy A, = A néun1é va A, = B néu n chan.
Ta co
imA, =AUB; limA,=ANB.

§ 2. TAP HOP SO THUC

1/2.1 Khai niém tap hop s6 thuc

1.1 Pinh nghia. T4p hop s6 thuc R 1a tap hop cac phan ti x, Y,z,... trén d6 c6 hai
phép tinh cong, nhan va quan hé thi tu thod méan cac tién dé dudi day, goi 1a hé cdc tién
dé vé sé thuc.
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1.2 Tap hop s6 thuec ¢ 5

(I) CAC TIEN PE DOI VOI PHEP CONG
Phép toan
+:RxR—R,

(phép cong) duge dinh nghia bing cich gan mdi cip c6 thi tu (x,y) gom hai phan ti x, y thudc
R v6i moét phan ti x + y € R nao d6, duge goi 1a tong clia x va y. Phép toan nay phai thod man
cac diéu kién sau:

1. Ton tai phan ti trung hoa hodc déng nhat 0 (doc 1a khong) sao cho

x+0=04+x=x% Vx € R.
2. V6i moi phan t& x € R ton tai mot phan tit —x € R dudc goi 1a d6i cia x sao cho
x+ (—x) = (—x)+x=0.
3. Phép cong c6 tinh két hop, tic 1a biéu thic
x+y+z)=(x+y)+zVxyzeR.
4. . Phép cong la giao hoan, nghia la
x+y=y+x Vx,y €R.

Néu mot phép toan dudc dinh nghia trén mot tap G thoa man cac tién dé 1.,2,, va 3., ching ta
né6i 1a mot cdu triic nhém dude dinh nghia trén G hodc G 1a mot nhém. Néu phép toan nay dudce
goi 12 phép cong thi nhém dudc goi 14 nhém cong. Néu ta ciing biét réing phép toan 1a giao hoén,
tic 1a diéu kién 4, 14 diung, nhém sé dudce goi 12 giao hodn hoic Abel.

Do vy, cac Tién dé 1. — 4. khéang dinh R 1a m6t nhém cong Abel.
(IT) CAC TIEN DPE POI VOI PHEP NHAN

Mot phép toan

o . RXR —R,

(phép nhan) dugc dinh nghia bang cach gan méi cép c6 thit tu (x,y) gdbm hai phan ti x, y thude
R véi mot phan t x - y € R nao d6, dudc goi 1a tich chia x va y. Phép toan nay phai thod man cac
diéu kién sau:

1.. Ton tai phan t& trung hoa hoéc dong nhat 1 € R \ 0 (goi la mot) sao cho

x-1=1-x=xVxeR.
2,. V6i moi phan tit x € R\ {0} ton tai mét phan t& x~' € R dudc goi 1a nghich do ctia x sao
cho
3.. Phép nhan e c6 tinh két hop, nghia la
x-(y-z)=(x-y) -z Vx,y,z € R.
4,. Phép nhan e c6 tinh giao hoan, nghia la

x-y=y-x,Vx,y € R
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6 < 1. TAP HOP VA LY THUYET SO THUC

Chd y 1a déi véi phép nhan, tap hop R\ 0, c6 thé duge kiém tra, 12 mot nhém (nhdn).

(1, II) LIEN HE GIUA PHEP CONG VA PHEP NHAN
Phép nhan c6 tinh phan phdi d6i véi phép cong, nghia la

(x+y) - z=x-z+y-z

v6imoi x,y,z € R.

Luu y 14 do tinh giao hoan ctia phép nhan, dang thic nay van ding néu thi tu cac nhan ti
dudc hoan ddi 6 méi ve.

Néu hai phép toan thod man céc tién dé nay dudce xac dinh trén mét tap G thi G dudc goi 1a
mot truong.

(ITT) CAC TIEN PE THU TU

Giita cac phan ti ctia R ton tai mot quan hé <, nghia 1a véi cac phan ti x,y € R c6 thé xac
dinh xem liéu x < y hoac khong. O day cac diéu kién sau phai dung:

1<.Vx € R (x < x).

2. (x<y)AN(y<x)= (x=y).

3<. (x<y)A(y<z)= (x <z).

4. VxeR,VyeR(x<y)V(y <x).

Quan hé < trén R dudc goi 1a khong bing nhau (bat ding thiic).

Mot tap trén d6 ton tai moét quan hé giita cac cip phan tit thod man céc tién dé 1,2, va

IN

IN

3<, nhu ta biét, dudc goi 1a duodc sdp tieng phan. Néu cé thém tién dé 4-, nghia la c6 thé so sanh
hai phan ti bat ky, tap hop 1a dudc sdp tuyén tinh. Do d6 tap cac sb thuc dudce sap tuyén tinh do
quan hé khéng bang nhau gitta cic phan ti.
(1, IIT) LIEN HE GIUA PHEP CONG VA THU TU TREN R

Néu x, Y,z la cac phan tit thuoc R, thi

(x<y)= (x+z<y+2).

(II, I1T) LIEN HE GIUA PHEP NHAN VA THU TU TREN R
Néu x va y la cac phéan t& thuéc R, thi

O<)ANO0<y)= (0<x-y)

(IV) TIEN DE VE CAN TREN
Moi tap A C R, A # @ bi chan trén c6 can trén dung.

Trén day, ta dé cap dén khai niém tap bi chin trén. Khai niém tap bi chén dudc dinh
nghia nhu sau (cdc quan hé <, >, > dudc hiéu theo nghia théng thuong).

1.2 Pinh nghia. Ta noi rang tap A C R bi chdn trén néu tén tai z € R sao cho x < z
v6i moi x € A; phan t& z nhu thé dude goi 1a cdn trén cua tap A.

Ta néi rang tap A C R bi chdn dwdi néu ton tai z € R sao cho x > z v6i moi x € A;
phan t& z nhu thé goi 1a cdn dudi ctia tap A.
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1.2 Tap hop s6 thuec ¢ 7

1.3 Pinh nghia. Ta néi rang M 1a phdn t 16n nhét cha tap AnéuM € Avax < M
v6i moi x € A. Khi d6 ta viét
M = max A.
Tuong tu ta néi m 1a phan tiz bé nhdt ctia tip A néum € A va x > m véi moi x € A. Khi
do6 ta viét
m = min A.
1.4 Pinh nghia. Gia sit A bi chin trén, z dudc goi l1a cdn trén diing cia A, néu:
+)zlacan trén caa A, tiucla x <z, Vx € A.
+) z 1a can trén bé nhat ctia A, tic 1a néu y < z thi y khong phai la can trén cta A.
Céan trén dung cua A ky hiéu la sup A.
Gia st A bi chin dudi, z dude goi 1a cén dudi diing ctia A, néu:
+) z la can dudi cua A, ticla x > z, Vx € A.
+) z 14 cAn duéi 16n nhat clia A, tic 1a néu y > z thi y khéng phai 1a can duéi cta A.
Can dudi dung ctia A ky hiéu la inf A.
Nhu vay theo dinh nghia ta c6
M=supA=min{ceR|Vxe A (x<c¢)}
=infA=max{ceR|Vxe A (x>c¢)}

Chu y. Néu A c6 phan tit 16n nhat max A thi sup A = max A. Néu A c6 phan tit bé nhat
min A thiinf A = min A.

Vidu 1.7. Cho A = {1,5,7,14} = sup A = max A = 14.

Nhu vay theo tién dé vé can trén thi moi tdp A C R bi chén trén déu c6 can trén ding
va do d6 moi tap bi chan dudi déu cé can dudi ding. Tuy nhién A chua chic c6 phan ti
16n nhat hosc nhoé nhat. Ta hay xét vi du sau

11 1 P
Vidu 1.8. Cho A =1, SRR aRE }. Ta c6 inf A = 0. That vay, trude het 0 1a mot can

) \ ) 1 1
dudi caa A. V6i y > 0 bat ky, luén ton tai so n thod man <Y va - € A. Vay y khoéng

thé 1a can dudi cia A hay 0 1a can dudi 16n nhat cia A. Vay 0 = inf A.
Tuy nhién A khéng c6 phan tit nhé nhat bdi néu ton tai min A thi inf A = min A =
0 ¢ A. Mau thuan véi dinh nghia vé min.

Vidu 1.9. Taphop A = {x € R | 0 < x < 1} khéng c6 phan tit 16n nhit nhung do A bi
chiin trén nén ton tai sup A = 1.

Trén day, ching ta d& xem xét cu thé vé cac tién dé xay dung lén tap sé thuc. Nhiéu
khai niém ctia muc nay c6 thé tiép can qua chuong 1, phan 1, gido trinh “Toan cao cip

A9

cho cac nha kinh té”. Duéi day ta sé xem xét thém mot sb tinh chat can thiét vé s6 thuc

dé st dung sau nay.
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& < 1. TAP HOP VA LY THUYET SO THUC

1/2.2 Cac tinh chat cé ban cua tap hdp sbé thuc

Ta goi s6 duong 1a nhiing s6 thuc a > 0; s6 dm 1a nhiing s6 thuc a < 0, va dit |x| = x
néu 0 < x, |x| = —x néu x < 0. Mét s6 a2 € R dudc goi 12 gidi han cta day sb x, € R, ky
hiéu lim x, = 4, néu

Ve > 0,3ng : |x, —a| < e Vn > np.

Tt diéu kién thi hai trong dinh nghia vé can trén cho ta thay néu M = sup A thi
VM < M,3x € A: M’ < x. Tuong tu néu m = inf A thi Vm’ > m,Ix € A : x < m’. Véi
cac nhan xét trén ta dé dang c6 dinh ly sau:

1.5 Pinh ly. Cho tdp hop A C Rva M = sup A, khi do ton tai day x, € A (cdc x, co thé
trung nhau) thoa man
lim x, = M.

n—oo
Tuong tu ta ciing cé véi m = inf A, khi dé ton tai day yn € A (cdc yy 6 thé trung nhau)
thoa man

lim y,, = m.

n—oo

1.6 Nguyén ly (Weierstrass). Moi day don didu tang (gidm) va bi chdn trén (dudi) déu
hoi tu.

Chitng minh. Cho {x,} 12 mét day don diéu tang va bi chiin trén. Theo tién dé vé can
trén ding, tap {x,} ¢6 M = sup x,; theo dinh nghia supremum, véi moi sé6 duong ¢ c6
mot 1, sao cho M — ¢ < x,,,, va do tinh don diéu tang ctua day x, ta c6 x,, < x,, v6i moi
n > ne. vay M — x,, < € v6i moi n > ne, nghia la lim x,, = M. n

Vidu 1.10. Day x, =1+ 2% + 3% + -+ % la day don diéu tang. Ngoai ra ta co

<14ty 2 Lo
! 1.2 23 n—1n =~ n 7

nén day x, bi chan. Theo nguyén ly Weierstrass, day x, 1a hoi tu.
CacphantitciaR: 1,2 =1+1,3 =2+1,... goila cac sé tuw nhién, ky hiéu 1a N. Tap
cac sb nguyén la cac s6 0,+1,+2, £3,. .., ky hiéu 1a Z. Tap cac s6 nguyén Z khong c6 can

trén va khong c6 can dudi, vi néu Z c6 can trén thi day 1,2,3,...,n,... phai c6 mot gidi
han M;lacdo M -1 <pvéimétp € Zvatasé co M < p+1:vo ly.

S6 hitu tila sb c6 dang ™ = m-n~1, m,n € Z,n # 0. Ky hiéu Q 1a tap céc s6 hitu ti.
Sé v6 ti 1a s6 thuc ma khong phai sb hitu ti.

1.7 Nguyén ly (Archimede). Vdi cdc sé thuc a duong va b bét ky ludn ton tai sb nguyén
duong n sao cho a(n —1) < b < na.
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Chitng minh. Do N khéng cé cin trén nén phai c¢6 sb6 nguyén duong m nao dé sao cho
m >t
o

Tu d6 thay rang S = {m € N : m > %} la tap cac s6 tu nhién khac réng, va theo

nguyén 1y can dudi dung, tap d6 c6 can dudi ding n va cling 1a phan t& nhé nhat. Piéu

d6 ching té n — 1 < & < n. Két thic ching minh. n

R6 rang, tap s6 hitu ti 1a tru mat, tic 1a gitta hai s6 hitu ti a < b ludn ton tai s6 hitu ti q
thod mén a < g < b (chéng han q = b).
Ngoai ra, ta con c6 mét dinh ly quan trong sau day.

1.8 Pinh ly. Tap hop cdc sb hitu ti va cdc sb v6 ti la tri mat trong R. Cu thé hon, gita
hai sé thuc phin biét bat ky luén ton tai moét sb hitu ti va mot sé vé ti.

Chitng minh. Gia stirang x,y € Rva x < v.

a) Chung ta sé chiing t6 rang ton tai r € Q thod mén x < r < y. Pau tién, ta gia st
x > 0. Theo nguyén ly Archimede, ton tai g € IN nao d6 thod méan g > 1/(y — x), hay
g(y — x) > 1. Xét sb thuc duong gx. Lai theo nguyén ly Archimede, ton tai p € IN dé
p > qx > p—1. Tu d6 ta suy ra

gx<p=((p-1)+1<qx+q(y—x)=qy,

P
x < p <y.
Trusng hdp x < 0. Theo nguyén ly Archimede, ton tai k € IN thoa mén k > —x, hay
k+x > 0.Khid6,séton tais € QthodAmanx+k<s<y+knénx <s—k<uy.
Rorang, r =s—k € Q.
b) Chiing ta can chiing t6 ton tai z € R\ Q thod man x < z < y.
Theo a), tontair,m € Qmax <r <1y < Y. S6

o — 11

V2

ro rang la so vo ti va thoa man r| < z < . [

z=r+

Tap {x :a < x < b} dudc goi 1a khodng (a,b); tap {x :a < x < b} dudc goi la doan [a,b].
Mot day doan [a,, b,] dudc goi 1 that lai néu [a,1, byi1] C [an, by valim(b, —a,) = 0.

1.9 Nguyén ly (Cantor). Mot day doan thit lai c6 mot phan ti chung duy nhét.

Chitng minh. Cho {[a,,b,]} 1a mdt day doan that lai. Day {a,} don diéu ting va bi
chan trén (bdi b; chang han) nén theo nguyén ly Weierstrass c6 mot giéi han &. Ta c6
& € lay, by] v6i moi n. That vay, ré rang a, < ¢ v6i moi n; néu ton tai 1y ndo dé ma
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10 < 1. TAP HOP VA LY THUYET SO THUC

¢ & [any, by, thi by, < ¢ hay b,, — ¢ > 0; nhung vi ¢ la giéi han caa day tang a,, nén véi
ndalén ¢ —a, < ¢ — by, ticla by, < a,: vo ly.
Mit khéc, néu ton tai mot phan tit ¢’ chung cho moi doan [a,, b,] thi

=0 <by—ay
v6i moi 1, ma lim(b, —a,) = 0,do d6 & = &'. n

Ta néi mét day {x,} 14 bi chdn (hay gidi néi) néu né vita bi chin trén, vira bi chin
dudi, tuc la Ja : Vn, |x,| < a.

1.10 Nguyén ly (Bolzano-Weierstrass). Moi day vé han bi chin {x,} déu chita mot
day con hoi tu.

Chitng minh. Theo gia thiét Vn ta c6 —a < x,, < a. Trong hai doan [—a,0] va [0, 4] phai
c6 mét doan chita vo sb cac phan tit x, (néu khong thi day chi c¢6 hitu han phan tix). Ta
goi doan nay la [ay, b1], va dat ¢; = (ay + by) /2. Trong hai doan [a,c1] va [c1, b1] lai phai
c6 mot doan chiia vo s6 phan tit x,. Ta goi doan nay 1a [ay, by] va dit c; = (ap + by)/2
.... Tiép tuc qua trinh d6 ta dudc mot day doan that lai [ay, b], k = 1,2,... Vi by —a; =
a/2F — 0. Theo nguyén ly Cantor, chiing ¢6 mét phan t& chung ¢. Vi méi doan [ay, by]
chita v6 s6 phan ti x, nén ta c6 thé chon (danh sb lai, néu can) mot x,, € [a1, by],

Xn, € [ap,by] V6iny > ny, moét x,,, € [a3,bz] v6ing > ny....Khidé |x, — | < by —a — 0,
vay limx, =¢. [

Vi du 1.11. Xét day x, = (—1)". Day bi chan va ¢6 2 day con hoi tu téi 1 va —1.

Mot day {x,} C R dudc goi 1a day co bdn (hay day Cauchy) néu
Ve > 0,3ng sao cho |x, — x| < &,Vn,m > ny.
1.11 Nguyén ly (Cauchy). Moi ddy co ban déu héi tu.

Chiing minh. Xét mot day co ban {x,}. Theo dinh nghia, ton tai n1 sao cho |x, — x,,| <

= N[ —

v6i moi n > ny. Pat a; = x,, — 1,b; = x,,, + 1. Sau d6, 14y ny > 11 sao cho |x, — x,,| <
v6i moi n > ny. Pat ay = x,, — %_, by = xp, + % Vi |xp, — Xy, | < %_ nén [ay, by C [ay, b].
Ly n3 > 1, sao cho |x, — x,,| < %V(’)imoin > n3 va dat az = an—Z%, by = xn3+%
Tiép tuc mai nhu vy, ta duge mot day doan [a, by] that lai vi by — a; < 515 < 13 — 0.
Theo nguyén ly Cantor, diy doan nay c6 mot phan ti chung duy nhat &. V6i n > n; ta cé
Xy € lag, by, vay |& — xi| < by — ay, tu d6 ta suy ra limx, = ¢. m

Vi du 1.12. Day s6 c6 s6 hang tong quat

cosl cos2 cosn

12 " 23 T umr

Xy =

la mot day co ban.
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1.2 Tap hop s6 thuc < 11

Chiuing minh. That vay, v6i m > n:

1 1 1
n.(n+1)+.“+m.(m+1) <

| cosn . cosm
Y = | = n.(n+1) m.(m+1)

Nhu vay cho truée e > 0, ta chi can chon 19 thod man ng > 1/€ thi rd rang |x, — x| <
e,Vn,m > ng.
Theo nguyén ly Cauchy, day x, hoi tu. u

172.8 Gidi han trén va giéi han dudi

Ta dua thém vao R hai phan t& méi +oc0 va —oo, goi 1a cac sé vé cuc (duong vo cuc va
am vo cuc). Cung véi né, ta dua ra qui ude thi tu va cac phép tinh dai s6 gitia cac sb vo
cuc va sb 4 hitu han nhu sau:

—00 < 4 < +00; | £ 00| = 400,
(£00) 4+ (Fo0) = a+ (£oo) = (£o0) +a = £oo,
+o00o néua>0
a-(fo0) = (£o0)-a=<¢0 néua =0
Too mnéua <0,
(+00) - (+00) = 400, (+0) - (Foo) = —o0,
a

—— =0,00" =0 Vviir > 0.
+oo

Ky hiéu: lim x, = +o0 (limx,, = —o0), nghia la
Va > 0,3ng:x, >a,Vn>ny (Ya<0,3ng:x, <a,Vn>n).

Tap hop sb thuc, c6 thém +oo va —co, véi nhitng quy udc trén, dude goi la tdp sé thuc mé
rong va ky hiéu 1a R.

Cho mét day v han {x,} C R. V6i méi n, dat

Uy = sup{xu, Xpi1,...} = SUp X,1x,
k>0
v, = inf{x,,x,41,...} = Iir;(f) Xyt k-

R6 rang day {u,} la day don diéu giam, con day {v,} la day don diéu tang cho nén
moi diy c¢6 mot giéi han (hitu han hoéc v6 cuc). Di nhién limu, = inf{u,} va limv, =
sup{v, }. Cac gi6i han do6 goi la gidi han trén va gidi han dudi cha day {x,} va dugc ky
hiéu 1an lugt 14 lim x,, va lim x,,.
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12 < 1. TAP HOP VA LY THUYET SO THUC

Nhu vay:

limx, =lim (supx,4), va limx, =lm (infx, ).
k>0 k=0

Véi dinh nghia nhu trén thi moi day sb6 bat ky déu c6 giéi han trén va dudi. Dé thay

lim x,, 14 giéi han riéng nhé nhat va lim x,, 14 giéi han riéng 16n nhéat caa day x,; dong

thoi lim x,, < lim x,,.

Ta 14y mot s6 vi du don gian vé hai loai giéi han nay nhu sau.

Vi du 1.13. Day x; = (—1)%, k€ IN.

. T . T . - k: . - _
lim xi = Jim, jnf x = Jim jnf(=1)" = lim (=1) = —1,

lim x; = lim sup x; = lim sup(—1)F = lim 1 = 1.

Vi du 1.14. Day x, = k", ke IN.

lim k" = lim inf KV = lim 0 =0,
koo n—o >pn 1—00
lim D" = lim sup kD' = 1im (+00) = +o0.

k—o0 n—o0 et n—0oo

Vidu1.15. Day x, = = ke

k 7
1 PR
lim (_1)k = lim inf (_1)k = lim n voLm = 2m + 1 =
k—o0 n—ook>n k n—o0 —%H, véin = 2m
—1)k —1)k 1 véin =2m
lim (=1 = lim sup( ) = lim { " =0.
k—oo  k H=00 p>p n—eo %ﬂ, véin =2m+1

Ta c6 cac két qua sau (ching minh dude danh cho phan bai tap).
1.12 Pinh ly. Mot sé /¢ la gidi han ciia day {x,} khi va chi khi lim x, = lim x,, = £.

1.13 Pinh Iy.
a) lim x, + lim y,, < im(x, + y) < lim x;, + lim .
b) lim x,, +myn < lim(x, +yy) < lim x,, +Hyn.

§ 3. LUC LUONG CUA TAP HOP

1.14 Pinh nghia. Hai tap hop X va Y dudc néi 1a c6 cing luc luong néu va chi néu ton
tai mot song anh tu X vao Y.
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1.3 Luc lugng cua tap hop <> 13

Chung ta thudng néi rang hai tap hop nhu vay ¢ "cung sb lugng phan tit", nhung véi
céac tap hop vo han, sé rat khé hiéu "sé lugng" 1a gi. Ngoai ra ta con rat quan tam dén
trudng hop mot tap la "dong" hon mot tap khac. Khai niém nay kha dé hiéu véi tap hitu
han nhung khéng dé déi véi cac tap vo han.

Mot tap hop X dudce goi la hitu han khi va chi khi né ¢6 cung luc lugng véi tap con
{1,2,...,n} C N nao d6, khi d6 né c6 n phan ti, ky hiéu | X| = n. Truong hop con lai X
12 tap c6 v6 han phan ti, ky hidu |X| = co. Tap X dudc goi 1a dém dugc néu va chi néu
ton tai mot ham toan anh f tu N vao X, 1a v6 han dém dugc néu X ciing 1a vo han. Mot
tap hop 1a khong dém duoge néu va chi néu né khong phai 14 dém dugc.

C6 thé chiing minh dudc mét tap vo han dém dudc tuong duong véi khang dinh né
cung luc lugng véi tap IN.

Vi du 1.16. N 1a tap v6 han dém dude. Tap céc s6 chdn 1a vo han dém dudgc.

Z 1a tap vd han dém dugc. Ta xét ham s6 f(n) := ;! néun 16 va —% néu n chan.

IN x IN 1a tap v6 han dém dugc. That vay dat f(m,n) := 2"~ 1(2n —1). Khi d6 f 12 song
anh tat N x IN vao IN.

Dé thiy moi tap dém dudc (v han hay hitu han) déu c¢6 thé biéu dién bang cach danh
s6 cac phan ti nhu sau:
X ={ay,a,...,a,,...}.

1.15 Ménh de. Moi tdp con ctia tip dém duoc ciing dém duodc.

Chiing minh. Gia st tap A 1a dém dudc va B 1a tap con ciia A, néu B 1a hitu han thi ta
khong can ching minh gi nén ta sé gia st B 1a vo6 han. Khi d6 hién nhién A 14 v6 han
dém dudc nén A = {ay,a,...}. Goi b; 12 phan ti dau tién trong day {a,} thudc B, b, 1a
phan ti thit hai trong day thuoc B, .... Khi d6 dé thay B chinh 1a tap C = {by,by,...}.
That vay, rdé rang C C B. Ngudc lai, gia s a; € B va tit a; dén a;_; c6 h phan ti thudc B,
khi dé6 a; chinhla b, € C. Vay B C Cnén B = C. [

Nhu vay ching ta c6 thé tao ra mét tap dém dudc bang cach "cit bét" mét tap dém
duge. Ngudc lai ta ciing ¢6 thé bd sung cho mét tap dém dudce dé tao ra mot tap dém dudc
khéc. Tong quat, ching ta c6 két qua sau.

1.16 Ménh dé. Hop ctiia mét ho dém dudc cdc tdp dém dudc cing la tap dém duoc.
Trudc tién, ta chiing minh bé dé sau day.

1.17 Bé dé. Hop ciia mot ho dém dudc cdc tap roi nhau va cé hitu han phan ti cing la
tap dém duoc.

Chiing minh. Gia st day tap B,,n = 1,2,... déu c¢6 hitu han phan ti dudc danh sé6 thi
tu nhu sau:
Bn — {bﬂll bﬂl/ e ,bn]'”}, Bm ﬂ Bn - @,
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14 < 1. TAP HOP VA LY THUYET SO THUC

trong d6 j, 1la ky hiéu s6 phan ti cia tap B,.
Ta xay dung mot anh xa f tu B = |J B, vao IN nhu sau:
n=1

fou) =j1+jo+ - ju1+ (k—1).

Dé dang chiing minh dude day 1a song anh tit B vao IN. Ta c¢6 thé hiéu cach danh sb cac
phan tit clia tap B nhu sau: Pau tién danh s6 cac phan tit clia tap By, tiép theo 1a danh
s6 thit tu véi cac phan ti cta tap By, tiép tuc nhu vy moi phan ti caa B, déu dude danh
s6 thi tu.

by —  ba— o by by
|

baj, +— bz(fz—l) - by by

|

by —  b— e by b
|

Chiing minh (CHUNG MINH MENH DE). Gia st day A, = {a,,am,...},n = 1,2,...,0c0.
Néu tap A c6 hitu han i phan ti thi ta xem nhu a;; = Ak(it1) = "
Dét By = {a11}, B3 = {a12,a21} \ By, By = {a13,a2,a31} \ (B2UB3), ..., By = {a;jli+j =
n}\ ( U Bk> ,n > 3. Khi 6 khéong khé khén gi ta thiy B, 1a day tap roi nhau cé
1<k<n—1
hitu han phéan ti va {J, B, = U, A,. Tuy nhién, |, B, 1a tap dém dudc theo nhu bé dé
trén. ]

1.18 Hé qua. Tdp cdc sb hitu ty Q la dém duoc.

Chung ta chua dua ra vi du vé tap khong dém dudc mac du né c6 rat nhiéu. Tuy
nhién tat ca cac vi du nay déu xuat phat tit cac két qua dudi day.

X dudc goi 1a c6 luc luong nhé hon Y néu va chi néu ton tai mot ham don anh tir X
vao Y, nhung khong c¢6 ham toan anh nao lén Y. Khing dinh sau cho thay dinh nghia
nay la chat che.

1.19 Pinh 1y (tuong duong). Néu A va B la hai tap hop, f la mét ham don dnh tic A
vao B, va g la mét ham don danh ti B vao A, khi dé A va B ¢ cung luc luong.

Chitng minh. Vé6i ham j va tap hop X bat ky, dit j[X] := {j(x) : x € X}. V6i mot X C A,
dat F(X) := A\ g[B\ f[X]].
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1.3 Luc lugng cua tap hop < 15

V6i U bat ky sao cho X C U C A, ching ta c6 thé chira F(X) C F(U).

Pat W:={X CA: X CFX)}vaC:=UW.Vésibatky u € C,tacéu € X véi
X € W nao dé, chonén u € X € F(X) C F(C). Vithé C C F(C), va F(C) C F(F(C)). Vay
F(C) ¢ W va do dinh nghia cta C ta c6 F(C) C Cnén F(C) = C. Vay g sé la don anh tu
B\ f(C)1én A\ F(C) = A\ C. Trong trudng hop bat ky, f 1a don anh tit C 1én f[C].

A B

gB1(0)

Dat h(x) := f(x) néux € C, h(x) := g(x) ' néux € A\ C. Khi d6 h 12 song anh tit A
lén B. "

Vi du 1.17. Tap hop R va (0,1) c6 cung luc luong. Trude hét ta dé dang chitng minh
dugc ham sb sau la song 4nh tit (—1,1) vao R : f(x) = tg Z*. Vay R va (—1,1) ¢6 cung
luc lugng. Ta lai ¢6 song anh g(x) = 41 tit (—1,1) vao (0,1) nén (—1,1) va (0,1) ¢6 cung
luc luong.

Cho s6 1 hitu han bat ky, n =0,1,2, ..., chingtaluén cé6 n < 2";vidy,0<1,1< 2,2
<4,3<8,v.v.Chomot tap hitu han X c¢6 n phan ti&, ho 2X tat ca cac tap con cta X c6 2"
phan t&. Khang dinh 2% 14 16n hon X ciing vin ding véi cac tap hdp 16n tuy y (v6 han).

1.20 Dinh ly. Véi moi tdp hop X, X c6 luc lugng nhé hon hon 2%.

Chiung minh. Dt f(x) := {x}. Pay 12 mét don 4nh tu X vao 2X. Gia st ¢ 12 mét song
anh tit X 1én 2X. Dt A .= {x € X;x ¢ g(x)}. Khi d6 g(y) = A v6i y ndo d6. Néuy € A
thiy & ¢(y) = A, nhungnéuy ¢ A = ¢(y) thiy € A, mau thuan. n

1.21 Hé qua. Tdp N c6 luc luong nhé hon hon 2N, nén 2N la khong dém duoc.
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16 < 1. TAP HOP VA LY THUYET SO THUC

Ho 2N tat ca céc tap con cia mot tap vo han dém dude sé dude goi 1a ¢6 luc ludng c,
hoac luc lugng continum, vi két qua sau.

1.22 Pinh 1y. Tép hop R cdc sé thuc va khodng [0,1] ;== {x € R: 0 < x < 1} ¢6 cung luc

lugng la c.

Chitng minh. Chiing minh caa dinh 1y dudc d€ 6 phan bai tap. St dung bai tap A.21 ta
sé chira [0,1] va (0,1) c6 cung luc lugng. S dung bai tap A.21 dé chiing minh [0,1] va

2N ¢6 cung luc luong. [

Dudi day 1a mét vi du vé tap khong dém dude kha néi tiéng, d6 1a tap Cantor.
Vi du 1.18. Cho C la tap hgp Cantor
C:= { Z x,/3" : x, = 0 hoac 2 v6i moi n}
n>1

C6 thé chitng minh dudc C ¢6 cung luc lugng véi 2IV. That vay ta c6 song anh f tur 2N
vao C nhu sau: v6i moi A € 2N, f(A) =¥ ,c42/3"

BAI TAP
A.1. Tu hé tién dé ctaa R, chiing minh
a) — (xy) = (=x)y = x(-y) eJxzy=x-y=0
b)x>0(<0)=—x<0(>0) f)VxeR,x*>0
)x>0,y<0=xy<0 g x>y,z>0=xz>yz
d)x<0,y<0=xy>0 ho<x<ye0<1l/y<1/x

A.2. Tim sup A, inf A va phan t 16n nhét, nhé nhat ctia A (néu ton tai) trong céc trusng
hdp sau:
a) A= {x,}véix,=(-1)" -2 n=123, ...
b) A= {yn}véiy,=(-1)"- =1 n=1,23,....
*A.3. Cho hai day {x,} va {y,} bi chan va dat z, = x,, + y,. Hay ching minh cac khéng
dinh sau:

a) sup{x,} +sup{y,} > sup{z,} b) inf{x,} +inf{y,} < inf{z,}.

Thit dua ra vi du cho truong hdp cac diu bang khéng xay ra.
A.4. Tim céc giéi han trén va dudi cta cac day sb sau:
w1 w  (=1)"

a) x, =sinn—+ — c) x, =cosn—+

2 n
b) x=[(~1)" + 12 2) x0 = (1) sin? o,
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1.3 Luc lugng cua tap hop < 17

*A.5.
A.6.
AT,
A.8.

A9.
A.10.

A.1l1.

A.12.

A.13.

A.14.

A.15.

A.16.

Chiing minh rang lim(—x,) = — lim x,,.
Hay ching minh dinh ly 1.12.

Hay ching minh dinh ly 1.13.
Cho A :={3,4,5} va B := {5,6,7}. Xac dinh:
a)AUB. b)ANB. ¢)A\B. (d) AAB.

Chira @ # {@} va {2} # {{2}}.
Trong ba tap sau thi nhitng tip nao bang nhau?

a) {{2, 3}, (4}}; b) {{4}, {2, 3}}; c) {{4}, {3, 2}}.
Chiing minh rang
a)ACBvaACCthiACBNC. b)ACBvaCCDthiAnCC BND.
c) A C B khivachikhi ANB = A.

Tim | A, va () A, khi

n=1 n=1
A R 1< ! b) A R 1< <2
a) A, = {x € .—£_x<z} ) A, ={x¢€ 'E_x_ﬁ}
1
C)Anz{xER:(1+ﬁ)”§x<3} d)Ay={xeR:n<x<n+1}.
Cho I :=[0,1]. Xac dinh U [x,2] va N [x,2].
x€l x€el
Chiing minh rang:
= 1 1 oo 1 1
a) [a,b] = ,Ql(a — £,b+ E) b) (a,b) = nL:Jl[cH—E,b— E]'

Cho {A,} 1a mét day tang cac tap con cua X. Pat By = Ay va B, = A, \ A,,_1 Vi
moi n = 2,3,.... Chiing minh rang

B, N B,, = @ v6i moi cap s6 tu nhién m # n

Ay=B1UBU---UBy; | JA,= ] Bn
n=1 n=1
Cho {A,} 1a mét day cac tap con cua tap X. Pat By = @ va v6i moi n € IN, dat

n
B, = U A, Cp= Ay \ By_1.
k=1

Ching minh {B,} la day cac tap don diéu tang va {C,} la day cac tap roi nhau
thoa man:

UBi=1 A4 =JCu
n=1 n=1 n=1
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18 < 1. TAP HOP VA LY THUYET SO THUC

A.17.

A.18.

A.19.

A.20.

A.21.

*A.21.

Cho {A,} 1a day céc tap con ciia tap X. Néu A chita moi x € X thudc v6 han cac
tap A,, ching té rang

A =limsup A, = () [ U Ak].
n=1 k=n
Cho {A,} 1a day céc tap con ctia tap X. Néu A chia tit cd x € X thudc mét sb hitu
han céc tap A,, ching té rang

B = liminf A, = | [ N Ay

n=1 k=n

Cho {A,} 1a day don diéu gidm céc tap con ctia tap X. Chiing minh rang

liminf A, = ﬂ Ay, = limsup A,,.

n=1

Néu tap X 1a khong dém dudc va Y 1a mét tap dém dudc, ching minh ring X \Y ¢
cung luc lugng véi X. Goi y: Lay B 1a mét tap con vé han dém dudc ctia X \ Y. Khi
dé Bva BU (XNY) ¢6 cung luc lugng.

Tuong tu, ching minh ring néu tap X 1a khong dém dugc va Y 1a mot tap dém
dudc, thi X UY ¢6 cung luc luong véi X.

Chitng minh [0, 1] va 2% ¢6 cling luc lugng bang cach xét ham s6 tit 2 1én [0, 1] nhu
sau: Néu @ # A C N, dit f(A) := ¥ ,c 4 1/2""! (khai trién nhi phan) va (@) = 0.
Ham nay khong han 14 song 4nh, nhung dung né va ap dung bai tap A.20 dé ching
minh [0,1] c¢6 luc lugng c.
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