CHUONG 3

LY THUYET DO PO

§ 1. PAI SO VA 7-PAI SO

3/1.1 Pai s6
3.1 Pinh nghia. Mot 16p <7 (khac réng) cac tap con ctia X dudc goi 1a mot dai sb néu:
1) X e,
ii) Véimoi A € o/ thi A= X\ A € &.
iii) V6i moi day tap hop htu han A; € «7,i =1,2,...,nthiJ! ; A; € «.

Nhu vay, </ 12 mot dai s6 khi va chi khi <7 chita X va kin d6i véi viéc thuc hién mot sb
hitu han phép toan vé tap (hdp, giao hitu han, trir va phép trit d6i xiing hai tap). Hién
nhién tir d6 suy ra mot dai s6 ludn chita hai tap @ va X.

3.2 Ménh de. Mot I6p <7 la moét dai sb khi va chi khi <7 chita tap rong va thod man cdc
diéu kién:

a) AABe &/ — ANBe ,

b) Ac o — A € .

Piéu kién a) c6 thé dude thay thé béi diéu kién sau
a)Ae @, Be &/ — AUB e &.

Vi du 3.1. Cho tap X bat ky ta cé
o o/ = {2, X} 1a mot dai sb.
e Néu A C X 1a tap khac rong va khac X thi o/ = {@, A, A%, X} 1a mot dai s6.
Chéng han X = [0,1] va & = {©, X, [0, 1], (},1]}.

43
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44 <% 3. LY THUYET PO PO

e 2X 13 mot dai sb.
Cau héi: Cho X = {1,2,3,4}, trong cac 16p sau, 16p nao la dai so:
o o ={0, X {1}}.
o b =1{0 X {1},{2,3,4},{2},{1,3,4},{1,2},{3,4}}.
o o5 ={0,X,{1},{2,3,4},{2},{1,3,4}}.
Tra 16i: Lop % 1a dai s6 trong khi hai 16p <% va <% khong phai.

3.3 Ménh dé. Cho I6p tap hop A + D cdc tap con ciia tdp X, ton tai duy nhit mét dai
s6 o/ chita M va la giao clia tat cd cdc dai s6 chita .
Pai s6 .7 dudc goi la dai sb sinh bdi .# hay dai s6 nhé nhit chita A .

Chitng minh. Bao gid cling ton tai it nh4t mét dai sé bao ham .7, d6 1a 16p tat ca cac
tap con ctia X. Xét tat ca cac dai s6 bao ham .# va goi 7 1a giao cia ching.

R6 rang <7 ciing 1la mot dai s6 bao ham .#, vinéu A,B € </ thi A,B va do dé AUB
va AC phai thudc moi dai s6 bao ham .7, ticla AUB € o, va AS € «.

Hon nita, </ 1a duy nhét vi néu c6 mét dai s6 </ cling c¢6 tinh chit nhu <7 thi mét
mat &/ C /', mot mit &7/’ C o/ nén o/ = &', m

Nhan xét. D& chitng minh . 14 dai s6 sinh bdi . ta can chiing minh hai khang dinh
i) o7 1a mot dai so.
ii) o/ nam trong dai s6 sinh béi ..
Vidu3.2. e Néu.# la mot dai sb thi dai s6 sinh béi .# chinh 1a ..
e Xét Alatapconcia X: A # D, A # Xva.# = {A}. Khi dé, dai s6 sinh béi ./ 1a:
o ={X,0,A, A°Y}.
That vay, dé thay <7 1a dai s6, ngoai ra X, ®, A, A° déu thudc dai sb sinh béi ..
e Néu.# = {A,B} v6i A,B C X, AN B = @ thi dai sb sinh béi .# la:

{@,A,A°,B,B5, AUB, (AUB), X}.

o Xét X ={1,2,...,n} va.# = {{1},{2},...,{n}}. Dai s6 sinh béi .# chinh 1a 2%,
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3/1.2 o-dai sb
3.4 Pinh nghia. Mot 16p .# céc tap con ctia X dudc goi 1a mot o-dai s6 (o-truong) néu:
1) XeF
ii) Véimoi A € Z thi A=X\Aec %
iii) Néu day tap hgp vo han A; € Z,i=1,2,... thiU>, A; € F

Cap (X,.%) dudc goi 1a mot khong gian do dudc va mbi phan ti thude .7 dude goi 1a mot
tap do dudc.

Di nhién, mot o-dai s6 1a dai s6. Ngudc lai, mot dai sb kin d6i véi phép hop dém dude
thi sé 1a mot o-dai sé.

3.5 Ménh dé. Mot 16p F la mot o-dai sé khi va chi khi .F chita tép réng va thod man
cdc diéu kién

i) Vdimoi A€ Fthi A=X\AeZF
i) Néu day tap hop vo han A; € Z,i=1,2,... thiN2, A; € F

Chitng minh. Néu .Z 1a o-dai s6 thi i) hién nhién ding. Gia st cho A; € .Z, (i=1,2,...),

taco N2, A = (Ul L AS)° € 7 nénii) dung.
Ngudc lai néu i) va ii) dung, khidéororang X =@° € Fvavéi A; € F,(i=1,2,...),
thi U, A; = (N2, AS)" € Z. Vay F la mdt o-dai s. -

Nhu vay theo ménh dé trén, mét o-dai s6 luén kin d6i véi viéc thuc hién mét sé6 dém
dudgc cac phép toan vé tap hap.

Vidu3.3. e Cho X la tap hop bat ky thi 2X 12 mot o-dai sb.

e Néu X 1a mot tap hitu han va 7 1a mot dai s6 trén X thi <7 ciing l1a o-dai s6.

Nhu vdy su khdc biét gita dai sb va o-dai sé sé khong con trong truong hop khéng gian

mau la hitu han.

e Cho 16p .# gom tat ca cac tap A C IN c6 tinh chat 14 chita ca hai s6 1, 2 hoac khong
chita ca 2 s6 nay. Khi d6 .% 1a mét o-dai s6 caa IN.
That vay lay A € .Z tuy ¥. Néu cép 1, 2 thudc A thi khong thudc A, néu khong
thudc A thi thufc A€ nén ro rang A° € #. Ngoairavéi A; € .Z,(i = 1,2,...) thi
néu ton tai i 46 A; chia cap 1, 2 thi {1,2} € U2, A;, con néu khong thi rd rang
{1,2} ¢ U2, A;nén U2, A; € F

e Ho tét ca cac tap A C X thoa man mot trong hai tap A hay A€ c6 hitu han hodc vo
han dém dugc phan ti 1ap thanh mét o-dai sé.
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46 < 3. LY THUYET PO PO

3.6 Ménh dé. Cho mot 16p tap A +# @, ton tai duy nhat mot o-dai s6 F chita # va la
giao cla tdt cd cdc o-dai sb chita A (do d6 né la o - dai sbé nhé nhit chita ).

Ta goi o-dai s6 .7 1a o-dai s6 sinh bdi .# vaky hiéu la o(.#).

Vi du 3.4. Cho tap .# = {{1},{2},{3},...}, o-dai s6 sinh bdi .# chinh 12 16p tt ca cac
tap con ctia N tic o(.#7) = 21N,

That vay néu A € 2N suyra A = {ay,...,a,} = Ui<jcp{ai} € o(4). Vay 2N C o( &)
va hién nhién 2% 14 o-dai s6 nén 2N = (%)

3/1.3 o-dai s6 Borel

Trong khong gian R, ky hiéu 4] 1a ho cac khoang mé (a,b) cta R. Khi dé, ta goi o-dai
s6 sinh béi € 1a o-dai s6 Borel ctia R va goi phan ti thudc o-dai s6 Borel 1a ¢dp Borel
hoéc tap do dudc Borel cia R. Ky hiéu o-dai s6 Borel 1a Z(R).

Nhén xét rang o-dai sé Borel cia R c6 thé dudc sinh bdi mét trong cac 16p sau day:

%, = 16p tat ca cac khoang hitu han (a,b);

%» = 16p tat ca cac doan hitu han [a,b];

%3 = 16p tat ca cac ntta khoang hitu han (a, b];

%, = 16p tat ca cac ntta khoang hitu han [a,b);

% = 16p tat ca cac khoang vo han (b, +);

%o = 16p tat ca cac khoang v6 han (—co,a);

%, = 16p tat ca cac khoang vo han (—oo, af;

%3 = 16p tat ca cac khoang v6 han [b, +0).

Chang han o-dai s6 Borel Z(R) la chtta 6 do [4,b] = Ny (a — 1,0+ 1) € B(R).
Ngudc lai o-dai s6 sinh béi C; chida C; do (a,b) = US> q[a + %,b — %] nén né trung voi
o-dai s6 Borel Z(R).

Chu y 1a 16p céac tap Borel thudc doan [0,1] ciing 1ap thanh méot o-dai s6, ky hiéu la
A|0,1]:
10,1 ={SC[0,1]: S € B(R)}.
Vidu 3.5. Chotap B C R bat ky, tap « + B v6i « € R dude xac dinh nhu sau:
a4+ B = {a + x|x € B}.

Khi d6 néu B 1a mot tap Borel thi « + B, « € R bat ky, ciing 1a tap Borel.

That vay xét 16p tap hop sau

a+ B ={a+ B|B € B}.

Dé dang ching minh dudc o + 2 1a mét o-dai sb, ngoai ra né chita 16p C; (hién nhién
via+ (a,b) € 61). Vay a + £ chua o-dai s6 Borel #. Suy ra # chtia —« + Z.

Tuy nhién dé dang thdy —a + % ciing 1a o-dai s6 chita 16p 4} nén —a + Z ciing phai
chiia o-dai s6 Borel Z.

Tit hai khang dinh trén suy ra —a + % trung véi 2, do d6 trung véi o + 2.
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& 2. KHONG GIAN PO PO

3/2.1 Cac khai niém co ban

Cho X 12 mét tap tuy ¥, & 1a mot 16p tap con cua X. Ky hiéu R+ 14 tap sb thuc duong
suy rong [0, +oo].

3.7 Dinh nghia. Mot anh xa p tu &7 vao R+ (p ¢6 thé nhan gia tri +oc0) duge goi la:
+) cong tinh néu:
p(AUB) = p(A) + p(B).

v6i moi tap A, B roi nhau trong & va AUB € &/.
+) o-cong tinh néu:

i=1 i=1
v6i moi ho dém dudc cac tap roi nhau doi mot A; € < thoa man U2, A € .

Vé phai cia dang thic 3.7 ludn dude xac dinh trong khong gian sé thuc mé rong vi
dé 1a mot tong chudi sé6 duong.
Bang quy nap, ta dé dang thiy néu p cong tinh thi sé httu han cong tinh tic:

4 (6 Ai) = ip(z‘li)-
i=1 i=

m
v6i moi tap roi nhau déi mot Aq,..., A, € & thoaman | A; € «.
i=1
M6t ham o-cong tinh thi céng tinh nhung diéu ngudc lai chua chic ding.

Ta néi ham tap p 14 lién tuc tai @ néu véi mbi day A, | @, A, € o, tacé lim p(A,) = 0.

n—oo

3.8 Pinh ly. Cho ham tdp p : &/ — R (nhdn gid tri hitu han khéng adm), cong tinh
hiu han. Khi do p la o-céng tinh khi va chi khi p lién tuc tai O.

Chiing minh. Trude hét gia st p lién tuc tai @ va A = U Ay, (Ay, A € &) va cdc A,
roi nhau. Khi dé, B, = A\ (U;i_; Ax) | ©.Suyra A =BUA;U...UA, lahdp hitu han
cac tap roi nhau. Nhu vay, vi p cong tinh httu han va lién tuc tai @ nén ta cé

n [ee]

p(A) = p(Ba) + ) p(Ar) — ) p(Ax) khin — co.
k=1 k=1
Vay, ta c6 khang dinh dau ciia ménh dé.
Ngudc lai, gia st p la o-cong tinh va mét day tap B, | @, B, € «. Pat A = By, A, =
By \ Byy1. Khi d6, ta c6 A = ;> Ay 1a hop dém dudc cac tap rdi nhau, B, = A\
(Ur=1 Ax)-
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B=AAU4UA)

Néu p hitu han va o-cong tinh thi:

p(Ba) = p(A) = p( UiLy Ax) = p(A) — Ly p(A) — 0. .
Chu y. Tu dinh ly trén ta suy ra: Néu p hitu han, cong tinh hitu han thi tinh o-cong
tinh cta p tuong duong véi tinh lién tuc tai @ cta né.
3.9 Pinh nghia. Cho (X,.#) la mt khong gian do dugc. Mot ham tap o-cong tinh

u:F — R

v6i u(®) = 0 dudce goi la d6 do trén o-dai s6 .7 (hoac trén X néu .Z da dudc ngam dinh).
Véi A € # thi A dudc goi la tdp do dugde va u(A) dudce goi la do do ciia tdp A. Bo ba
(X,.Z, 1) dudc goi la mot khong gian dé do.

D6 do u dudce goi 1a htu han néu 1#(X) < oco. Do do u goi la o-hitu han néu ton tai
day tap hop X, € .# va u(X,) < oo,¥n =1,2,... sao cho

Chu y. Nhu vay ham gia tri thuc y x4c dinh trén o-dai s6 .% 1a do do néu
e u(A)>0véimoi A € 7.
e 1(®) = 0 (c6 thé thay bang: (A) < +oco véi it nhat mot A € 7).
e 11 1a o-cong tinh.
Vi du 3.6. e Ham tap p dong nhéat bang 0 1a mot d6 do hitu han trén .Z.

e Cho khéng gian dd do (X,2%) va xg € X nao d6. Véi A € 2X bat ky, ta dinh nghia
mot ham tap nhu sau
1 néuxg€ A,

Hxo(A) = )
0 0 neuxy ¢ A.

Khi d6 1 12 mot do do hitu han va dude goi 1a d6 do Dirac tai diém xq trén 2. Lay

mét day A, | @, khi d6 theo dinh 1y 3.8, 1(A,) — 0 khi n — co. Ttic 1a ton tai sb
k € N sao cho u(A;,) = 0 véi moi k > n.
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e Cho khong gian do do (X,2%), v6i A € 2% bat ky ta dinh nghia:

) s6 phan tit ciatdp A néu A hitu han
H = .
+o0 néu A vo han.
112 mot do do trén 2X va dudc goi 1a do do dém.
u la hittu han néu va chi néu X la tap hitu han. p la o-httu han néu va chi néu X
nhiéu nhét 14 tap hop dém dudc. Gia sit X vo han, chang han X = N, ta xét day
n =1k € N:k>n} | ©nhung u(B,) = +co - 0. Do d6, u khong lién tuc tai @.
Dinh Iy 3.8 khong ap dung dudc 6 day vi thiéu gia thiét x hitu han.
e Cho khong gian d6 do (X,.7) bat ky, véi moi A € .# ta dinh nghia mét ham tap
nhu sau:
0 néu A =0
+o0 néuA #Q
Khi d6 1 1a mot do do khong o-hitu han trén .#. V6i X = N, van bang céach xét day
B, = {k € N : k > n}, ta thiy d6 do nay ciing khong lién tuc tai @.
Chu y. Néu p 1a mot do do trén khong gian do dude (Q,X) thod méan p(Q) = 1 thi p
dudc goi 12 mot do do xdc sudt va trong truong hop nay (Q, %, p) dude goi 1a mot khong
gian dé do xdc sudt.

Cho khong gian () 1a htu han va p 1a d6 do dém trén O, khi d6 do do sau p(S) = %
v6i moi tap con S ciia Q) 1a mot do do xéc suat. Ngudi ta goi d6 1a dé do xdc sudt ¢ dién.

3/9.2 Caec tinh chét

3.10 Pinh ly. Cho khéng gian dé do (X,.7,u), khi do ta co:
i) u(A\ B) = u(A) — u(B) véi moi A,B € F va BC A, u(B) < +oo;
it) u(B) < u(A)vdi moi A,B € .F va B C A;
iii) u(AUB) = u(A\ B) = u(A) véi moi A,B € F thoa man u(B) = 0;

Chiing minh. i) Vi B C Anén A = (A \ B) UB la hgp hai tap roi nhau, do d6 u(A) =
#(A\ B)+ u(B). Ma u(B) < conén suy ra j(A) — u(B) = u(A\ B).

A

A\B
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ii) Hién nhién u(A) = u(A\ B) + u(B) > u(B).
iii) Ta ¢6 AUB = (A \ B) UB la hgp hai tap r6i nhau nén u(AUB) = u(A\ B) +
1#(B) = u(A\ B). Theo tinh chat ii), (A \ B) < u(A) < u(AU B) nén chiing bang nhau.m

Do dinh 1y 3.10.ii), nhiéu khi ta tin rang tap con ctia mot tap cé d6 do O tit nhién
ciing ¢6 d6 do 0. Tuy nhién c6 mét van dé 6 day 1a chua chéc tap con dé da do dudc (tic
thudc o-dai s6 .#). Chang han cho X = {a,b,¢} va .# = {®, X, {a}, {b,c}} va cho mét do
do p thod man p{a} = 1 va p{b,c} = 0. Khi d6 hién nhién két luan p{b} = 0 1a sai vi
tham chi p con khéng duge dinh nghia trén {b}.

Cho (X,.7) 1a mét khong gian do dudc, tinh chat o-cong tinh ctia ham tap y trén .7
c¢6 thé dudc coi 1a trung tam cua ly thuyét do do (xac suat). N6 thiét 1ap mét sb tinh chat
rat hitu dung ctia d6 do. Chiing ta sé dua ra mot so tinh chat sau ruat ra tit tinh o-cong
tinh.

3.11 Pinh ly. Cho khéng gian do do (X,.7, 1), khi do ta co:

i) Véi moi ho dém duoc A; € F(i =1,2,...), ta c6
V( U Ai) <) (A,
i=1 i=1

ii) (U2 A;) =0vdi moiday A; € F thod man u(A;) =0,(Vi=1,2,...).

Chitng minh. ) Dat B, = Ay, By = As\ Ay, By = A3\ (AjUAs), ..., By = Ay \ (U;?;f AZ->

Khi d6 cac tap B; 1a roi nhau va B; C A; nén theo dinh ly 3.10.i1) ta ¢6 u(B;) < u(A;),
ngoai ra U2, A; = U, B;. Vay ap dung tinh chat o-cong tinh ctia u ta duge:

V( D Ai) = i.”(Bi) < iV(Ai)-
i=1 i= i=

ii) bat A = U2, A;, ap dung dinh 1y 3.10 ta c6 0 < p(A) < Y72, u(A;) =0, ti do suy
ra jiu(A) = 0. ]

Nhu vay viéc thém bét hop mét sé6 dém dude cac tap do dude c6 do khong sé khong
anh huéng dén do do ctia tap ban dau.

Trong chiing minh dinh ly 3.11.i), ching ta da st dung phuong phap tach hop caa
day {A,} bat ky thanh hop ctia c4c tap roi nhau B, nhu minh hoa & hinh duéi day.

Ay A\ Ay A\ (A UA,) A\ (A UA, UAy)

Day cac tap B,
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3.12 Hé qua. Néu dé do ula o-httu han thi moi tdp A € .7 déu c6 thé phdn tich thanh
mot sé dém dudc tap cé dé do hitu han.

Ciing tit tinh o-cong tinh ctia d6 do ta c6 thém cac két qua sau:

3.13 Dinh ly (Tinh lién tuc cua a6 do). Cho khéng gian do duge (X, F) va u la mot
dé do trén o-dai s6 .Z, khi dé:

i) néuday A; € .F (i=1,2,...) la don diéu ting titc Ay C A, C ... thi

12 (G Ai) = lim p(A;);
i—1

]—00

ii) néuday A; € F (i = 1,2,...) la don diéu gidm tiic A; 2 Ax D ... va u(A) < o
thi

Iz (ﬂ Ai) = lim p(A;).
1:1 1— 00
Nguoc lai, cho u : F — RT la ham tdp hitu han cong tinh thod man (@) = 0 thi né sé
la mot dé do néu thod man mot trong hai diéu kién i) hodc ii) 6 trén.

Chitng minh. i) Gia st day A; € .7 (i=1,2,...) la don diéu tang.
n—1

Ta dat B = Ay, By = Ay \ Aq,..., B, = A\ (_U AZ-) thi cac B, € % roi nhau va

U Ai: U BZDOdé
i=1 i=1

Z (G Ai) =y (G Bi) = il/‘(Bi) = ,}igrgoiﬂ(Bi) = lim p (G Bi) = Hm u(An).
i=1 i=1 i=

Khéng dinh i) da dugc ching minh.

ii) Gida st day A; € Z (i = 1,2,...) la don diéu giam.Theo cong thic De Morgan
AT\NZ A = U2 (A1 \ A)), trong d6 cac tap Al = A1\ A; € Fva A] C A, C .... Theo
phan i) ta ¢6 (U2 A}) = lim;_. u(A}).

1
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Nhung vi (A1) < coma A; C A; nén u(A;) < covapu(N2 A;) < oo. Tt dé ta co:
H(AD) = u(Ar) — p(4),

n(lUJ A} = u(Ar\ [ Ai) = u(A1) — u([) A),
i=1 i=1 i=1
do d6 thay vao trén ta nhan dude u (N2, A;) = lim; e t(4;).
Khang dinh ii) dudc ching minh xong.
Phan con lai ctia dinh ly dudc chiing minh 6 phu luc. [

Cac két qua 1) va ii) & dinh Iy 3.13 con dudc goi 1a tinh lién tuc trén va dudi cta do
do, ching dudc suy truc tiép tit tinh o-cong tinh caa do do.
Nhu vay tit dinh 1y 3.13 ta rut ra két lun:

o-cong tinh <= cong tinh httu han va lién tuc.

Chu y. Két qua ii) trong dinh Iy 3.13 c6 thé khong con ding néu u(Ay) = +oo véi k nao
dé. That vay xét khong gian d6 do (IN,2N, 1) véi u 12 d6 do dém. Day A, = {n +1,n +
2,...} | @nhung u(B,) = +oco0 - 0.

¢ 3. THAC TRIEN PO PO

Trude hét ta xét mot sb6 vi du sau. Ching sé cho thay viéc xay dung mot d6 do xéc
suat trén khong gian mAau vo han 1a khong hé don gian.

Vi du 3.7. Trén dudng thang R c6 nhiing tap diém dudc gan véi mot s6 khéng am goi
14 “d6 dai”. Chang han, d6 dai cia mot doan A = [a,b] 1a |A| = b — a; néu mét tap cé
thé phan tich thanh mot s6 hitu han doan roi nhau: Ay, A, ..., A, thi 6 dai cia né la
|A1] 4+ |Az] + - - - + |Ay|. Nhung cling c6 nhitng tAp ma truc quan khéng cho ta thay nén
xéc dinh dd dai nhu thé nao, chang han nhu tap cac diém hitu ti trong doan [0,1]. VAn
dé nay sinh 1a 1am thé nao dé€ mé rong khai niém d6 dai cho nhiing tap phiic tap hon
nhitng doan thang hodc hop ciia mét sé hitu han doan thang. Trong mat phang R? va
trong khong gian R® ta cling gip van de tuong tu.

A=Y

=1

A
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3.3 Théc trién do do < 53

Sau day 1a mét vi du khac trong ly thuyét xac suat.

Vi du 3.8. Trudc hét ta ky hiéu mot s6 tap hop nhu sau:

{0,1}F = {{x1, %20, ..., x| x1, %0, ..., x € {0,1}},
{0,1}00 = {{xl,xz,...,}|x1,x2,...,6 {0,1}}.

Xét phép thit bang cach tung dong xu dong chat k 1an va ky hiéu mot 1an "ngtra" 1a 1
va mot 1an "sap" 1a 0. Khi d6 khong gian mau dudc biéu dién 1a X := {0, 1}*.

Trong trudng hop nay X la hitu han (cé 2% phan t@), 2X 14 khong gian cac bién cb
ciing hitu han phan t& nén ta c¢6 thé dé dang gan mot do do xéc suat cho né. O day ta
dung d6 do x4c suat c6 dién

p(S) = ’Zs—k‘ véi S € 2%,
Nhic lai |S| ky hiéu sb phan ti ctia tap S.

Tuy nhién néu ta xét phép thi béng cach tung dong xu lién tiép nhiéu v6 han lan,
khi d6 khong gian mau 1a khong gian c6 phan tit 1a cac day vo han X := {0,1}*.

Bay gio liéu chiing ta sé dinh nghia cac bién c6 va do do xac suat gan cho ching nhu
thé nao. R6 rang khong thé st dung ¥ tudng ctia xac suat c6 dién trong trudng hdp nay.
Chung ta mubn c6 mot d6 do xac suat sao cho, chang han bién ¢b ¢6 vo han mat ngla sé
c6 xac suit bang 1. Hoéc 14 ta sé mubn bién ¢6 ma sau mét s6 da 16n 1an tung dong xu
thi tan suat mat ngtia tién dan téi % sé c6 x4ac suat lén.

Trudc hét ching ta thit xac dinh khong gian bién c6. Pau tién ta xét cac bién cb don
gian, vi du xét tap hop sau

{(xm) €1{0,1}%|x1 = a1, ..., xx = ar}

trong d6 k € N va ay,...,a; € {0,1} cb dinh. (cAc phan ti cia né 1a cac day v han cé
mot s6 hitu han s6 hang dau tién dudc xac dinh).

St dung dinh nghia xac suat ¢ dién ta gan cho méi dudc tap hop nhu vay mét d6 do
& .

2Khi do tap hop c6 dang sau

{(xm) € {0,1}%[(x1,...,xx) € S}

trong d6 k € N va S € {0,1}* ciing thudc khong gian céc bién cb. Tap hgp dang nay dudc

goi 1a mét td@p hinh tru, né Gng véi bién cb "két qua sau k 1an tung dau tién thuoc tap S
v s oan . £, 1s |S

cho trudc" va c6 do do xac suat la %

Lép tat ca cac tap hinh tru nhu vay

o = G {{(xm) € 10,11 (x1,...,x) €S} : 5 C {o,1}k}.

k=1
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54 < 3. LY THUYET PO PO

12 mot dai s6. Liéu ta c6 thé lay o-dai s6 sinh béi <7 1am khong gian céc bién c6. R6 rang
o(<7) chita tat ca cac bién cb thd vi khong thudc <7. Chang han bién cb "tat ca céc 1an
tung sau lan thi 5 déu ra miét sip” thudc o(.«r), do tap hop {(x,)|xx = 1} thudc < nén

(o)l = 1 ¥ moi k > 6} = (] {(xu) v = 1} € ().
k=6

Tuong tu, bién cb c6 vo han méat ngtia xuat hién trong phép thi thuoc o (<) do

{(xm)|xx =1véivohank} = () J{(xm)|x; = 1} € ().
k=1i=k

Nhu vay c6 vé rat thich hop néu lay (/) lam khong gian c4c bién cb. Tuy nhién
ching ta lai méi chi biét duge d6 do xéac suat gan cho <7, con rat nhiéu bién cb ngoai
<7 thi ¢6 thé gan nhu thé nao d€ vaAn dam bao céc tinh chit cta d6 do. RAt may méan 1a
ching ta khong phai gan gi thém béi xac suit clia cac bién cb nay sé dude xac dinh ro
rang.

Cho < 1a mét dai sb trong khong gian X, p la mot ham tap o-cong tinh trén o/. Ta
sé tim cach thac trién m thanh mot d6 do trén mot o-dai s6 bao ham <.

3/3.1 Pinh 1y thac trién d6 do

3.14 Dinh ly (thac trién d6 do cta Caratheodory). Cho <7 la mét dai sé trén tdp X
khdc rong va p : o — R la mot ham tdp o-cong tinh. Khi dé ton tai mot dé do U xdc
dinh trén o (<) théa man u(A) = p(A) véi moi A € o/. Ngoai ra, néu p la o-hitu han thi
u dudc xdc dinh duy nhat.

Pinh ly trén gitp ta xay dung mot d6 do duy nhéat trén mot o-dai sé bang cach chi
can xac dinh déng diéu ctia do do trén dai sb sinh ra o-dai sb nay. Viéc gan mot do do doi
v6i mot dai s6 dé thuc hién hon nhiéu nén dinh Iy théc trién té ra rat hitu dung. Chéang
han ta sé 4p dung dinh ly trén d6i v6i vi du 3.8 ma ta da biét cach gan do do cho cac tap
tru.

Vi du 3.9. Quay lai vi du 3.8, ta gan p({0,1}*) =1va

p{(xm) € {0,1}% : (x1,...,x¢) € S} == %

véik € Nvas c {0,1}~
Dé dang kiém tra dugc p 1a hitu han cong tinh. Néu chiing minh dudc p lién tuc duéi
tai tap rong thi ta ciing sé suy ra két qua sau:

p la ham o-céng tinh trén <.
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3.3 Théc trién do do < 55

Khi dé6 theo dinh Iy thac trién, ton tai duy nhat mét do do u trén o-dai sb (<) sao
cho né bang véi p trén «7. Tuy nhién d6 do u ctia tap bat ky trong o-dai sé (<) duge
xac dinh nhu thé nao ? DE tra loi day da cau hoi nay, ta can dén chiing minh cta dinh Iy
théc trién. Tuy nhién, ta van c6 thé tim ra d6 do xac suat ing véi mét vai bién cb trong
phép thit. Chang han xét bién cb "tat ca céc lan tung sau 1an thi 5 déu ra mat sap",
bang cach s dung dinh ly 3.13.

bat Ay = {(xp)|xe = -+ = x, = 1}, v6i k > 6, khi d6
25
n({(xm)[xx =Lk > 6}) = ﬂAk = lim p(Ag) = lim -5 = 0.
k=6

Tuong tu véi bién cb "cé vo han mét ngiia xuat hién trong phép thir"

(ﬂ UL Gem) I —1}> = lim p (U{ X |x1—1}>

k=1i=k
=1 —khm w({(xm)|x; =0,Vi > k}) =1.

Bay gio ching ta sé tién hanh ching minh dinh Iy thac trién d6 do theo cic budée nhu
sau: Dau tién ta xay dung mot ham tap u* - dude goi 1a do do ngoai - dbi véi 16p 2% sao
cho né trung m trén 7. Sau d6 chi ra mét o-dai sé chita o7 va u* 1a d6 do dbi véi o-dai
s6 ay. Khi d6 hién nhién u* cling 1a d6 do trén o(A).

3.15 Dinh nghia. M6t ham tap y* xac dinh trén 16p 2%, I6p tdt cd cdc tdp con, ctia mot
khong gian X, dudc goi 1a mét dé do ngodi néu

a) u*(A) > 0véimoi A C X,

b) u* (@) =0,

) ACUZ A = p"(A) < T2 1 (A).

Chu y. D6 do ngoai chi doi hoéi tinh nita o-cong tinh duéi ¢) nhung lai xac dinh trén l6p
tat ca cac tap con caa X. Pay 1a cac diém khac biét co ban gitta d6 do va do do ngoai.

3.16 Dinh nghia. Cho y* 1a m¢t do do ngoai trén X. Cac tap con A ctia X théa man
W(E)=p"(ENA)+u"(E\A)véimoi E C X (3.16)

dudc goi 1 cac tap u* - do duoc. Ky hiéu: . 1a 16p tat ca cac tap u* - do dudgc.

Chu y. Diéu kién (3.16) tuong duong véi u*(E) > u*(EN A) + u*(E\ A) v6i moi E C X.

Vidu3.10. e X ={0,1},« = 2%, ta dinh nghia u*(?) = 0,u*(A) = 1,0 # A € &.
Khi d6 u* khong 1a d6 do nhung la do do ngoai.

e V6i X, o/ nhu trén, néu ta dinh nghia u*(@) = 0, u*({1}) = p*({2}) = 2, u*(X) = 1.
Khi d6 p* khong la do do cung khong 1a doé do ngoai.
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56 < 3. LY THUYET PO PO

Vi du 3.11. Cho tap X = {1,2}. Ldp tat ca cdc tap con ctia X gom {@, X, {1}, {2}}. Véi
moi tap con A C X, dat
2 (A) = 1 n?uA # @,
0 neuA=0Q.

Dé thay rang p* 12 mot do do ngoai va ho cac tap u* do duge 1a {@, X}, o-dai sb tAm
thuong trén X.

3.17 Dinh ly (Caratheodory). Ldp tdt ca cdc tap u* - do dude £ la mét o-dai s6 va
ham y = y*| ¢ (thu hep cia y* trén £) la mét dé do trén £.

Do do p dudce goi la do do cam sinh béi do do ngoai p*.
Quay tré lai dinh 1y 3.14, v6i mdi A C X, ta dat:

p(A)=inf{ ) p(P,):U2,P, D AP € o} (3.17)
i=1
Khi d6 ta 1an lugt chiing minh dude cac két qua sau:
e y*la mot do do ngoai .
e 1" (A)=p(A)véimoi A € .
e y* 12 do6 do trén (/) hay o(/) C £ - 16p tat ca céc tap u* do dudgc.

e Véi p 1a o-hitu han va p; 1a mét d6 do khac xac dinh trén o(«/) sao cho y| v =
pil,, = p. Khidé u(A) = p1(A), VA € o().

Chiing minh day du ctia dinh 1y 3.14 dugc trinh bay 6 phu luc.
Trong dinh ly 3.14 can t6i gia thiét o-hitu han ctia p thi do do théc trién u méi la duy
nhét. Néu b gia thiét nay ching ta sé c¢6 phan vi du nhu sau:

Vi du 3.12. Cho .« 1a dai s6 sinh béi cac khodng nita d6ng bén phai: (a,b]. Cé6 thé chiing
minh dudc 7 gom céc tap hop:

o = {A = Al U... UAn|AiﬂA]’ = @,Ai = (ai/bi]}-
Dinh nghia mét ham téap o-cong tinh p trén o béang cach dit

+oonéu A # &,

plA) =9
Onéu A = @.
Khi d6 ¢(.«/) 1a o-dai s6 Borel %, ta dinh nghia d¢ do u; trén % tuong tu nhu p, tic

+oonéu A # O,
ni(A) = .
Oneu A =g,
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3.4 Do do trén RF < 57

con do do yp dude dinh nghia nhu sau:

+o00 néu A géom vo han phan ti,
#2(A) = < sb6 phan tit cia A néu A gom hitu han phan ti,
Onéu A =0.

Nhu vay u; va y la hai do do khac nhau trén % nhung trung nhau trén <.

Nhu vay, ta da c6 thé néi t6i do do u xac dinh trén mét o-dai s6 7. Ta goi (X, o) la
khong gian do duge va (X, o/, ) la khong gian do do. Tu day vé sau, ta ludén xét do6 do
xac dinh trén o - dai s6, khong gian d6 do 1a khong gian gan véi o - dai sé.

3.18 DPinh nghia. D06 do y trén mot o-dai s6 o7 dudc goi 1a (d6 do) dit néu moi tap con
ctia mot tap bat ky thuodc < c¢6 d6 do khong déu ciing thudce o7 va cé d6 do khong:

NCE u(E)=0=Ne.«,u(N)=0.

Cac tap N dudc goi la tdp u-khong néu c6 it nhat moét tap A € o sao cho N C A va
u(A) =0.

3.19 Pinh ly. Dj do u cam sinh bdi d6 do ngoai u* la dé do du (trén o-dai s6 L cdc tap
u*-do duge) va ho cdc tap cé6 do do u bang 0 trung vdi ho cdc tdp cé do do ngoai u* bang
0.

Chitng minh. O day, ta chi cAn chiing minh ring moi tdp A cé u*(A) = 0 déu u*-do
dugc. Véimoi tap E C X taco u*(ENA) < u*(A) =0, nén

W(ENA)+pu (E\NA) < p*(E\A) =p"(ENA®) < p*(E).
Nhu vay, A la y*-do dugc. [

Pinh ly sau day cho thay rang moi khéng gian dé do déu c6 thé néi rong thanh khéng

gian c6 do do du. Vi vay, ta c6 thé luon xét cac khong gian do do 1a khong gian cé do do
du.
3.20 Dinh ly. Xét khong gian d6 do (X, o/, u). Goi A la tdp tat ca cdc tap u-khong. Khi
do, ldp 2, gom tdt cd cdc tdp cé dang AUN, véi A € o/ ,N € N trung véi o(o/ U.N)
va cong thic 1(AUN) = u(A) xdc dinh dé do duy nhét trén a7, sao cho Uy = pva
(X, oy, 1) la khong gian cé do do di.

¢ 4. PO PO TREN R¥

Trong bai nay, ta sé xem xét mot cach cu thé hon mét s6 truong hop dic biét vé cac
do do thuong dudc st dung trén Rk,
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3/4.1 D6 do Lebesgue trén R

Ta goi gian trén duong thang R 14 mot tap diém c6 mot trong cac dang sau:
(a,b),[a,b], (a,b],]a,b); (—o00,+0c0),(—00,a),(—00,a],(a, +00),[a, +o0).

Ky hiéu chung cac gian 1a A. Chiéu dai ctia A, ky hiéu |A| = (b — a) néu A thudc vao mot
trong bon dang dau, con lai |A| = co.

Vi du 3.13. Chiéu dai ctia tap chi c6 mot diém [a,a] banga —a = 0.

Cho % 14 16p tat ca cac tap con ctia R ¢ thé biéu dién thanh hop ctia mét sb6 hitu han
gian roi nhau
€ = {P P = U?zlAi,Ai ﬂA]’ = @(l # ])},

trong dé A; 1a nhiing gian, n 14 s6 tu nhién tuy y.
3.21 B6 dé. ¢ la mot dai so.

Chiing minh. D& thay, néu P € € thi R\ P € €. Mit khac, hién nhién giao ctia hai gian
12 mét gian, cho nén néu P, P’ € ¢, chang han P = U;A;, P = U]-A;. thi

PNP' =U;U; (ANA}) €4, PUP =R\ [(R\P)N(R\P)] €%.
Vay ¢ 1a mét dai sb. n

Ta xac dinh trén 4 moét ham tap nhu sau: néu P € % va c¢6 dang P = U ,A;, trong
doé A; la nhting gian réi nhau thi ta dat

m(P) = éw.

C6 thé ching minh dude m 1a o-cong tinh va o-hitu han trén ¢. Ap dung dinh ly 3.14,

ton tai mot do do thac trién tit m dudce xac dinh nhu sau:
VA € 2R, y*(A) =inf { Y _m(P,) : U2, P D A, P € €}
i=1

Do do xay dung theo cach trén goi 1a d6 do Lebesgue trén duong thang. Cac tap u* do
dudgc, tiic 1a thuodc o-dai s6 £ dude goi 1a cac tdp do dugce theo nghia Lebesgue (do duoc
(Z)), do do Lebesgue dudc ky hiéu trong gido trinh nay la m.

Ching ta da biét o-dai s6 sinh bdi cac gian con dudc goi 1a o-dai s6 Borel. Do vay, tap
do dudc Borel ciing la do dudc Lebesgue.

Nhan xét. Khong gian d6 do (R, &, m) la o - httu han. ThatvaytacoR= U (n,n+1]

n=—oo

12 hop dém dudgc cac tap c6 d6 do bang 1 hitu han.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

3.4 Do do trén RF < 59

Chu ¥ rang ho céc tap do dudc Lebesgue khong bang 2%, ngusi ta ching minh dude
ton tai tap con ctia R khong do dudc Lebesgue. That vay trén doan [0,1] ton tai mot tap
A C [0,1] sao cho cac tap A +¢q,q € Q la roi nhau va

[0,1] C U (A+q).
geQN[—1,1]

O day ta hiéu A + g = {x +g|x € A}. Tuy nhién do tap sb hitu ty 1a dm dugc nén ta
c6 thé viét 12 [0,1] € U Ay

Tuy nhién ta dé dang ching minh duge u*(A + g) = u*(A) nén cac tap A, c6 do do
ngoai bang nhau va do vay

1<) w(An)
n=1
nén u*(A,) = u*(A) > 0. Néu cac A, 1a u* do dugc thi ta lai thay
U (A+q) clo,2]
geQn[—1,1]
vadodo Y, u*(A,) <2nén u*(A,) = u*(A) =0. Vo ly.

Tut dinh nghia ta chiing minh dude két qua sau day:

3.22 Ménh dé. Moi tép hop diém hitu han hodc dém duoc E C (a,b) déu do dugc va co
dé do bang khong.
Chiing minh. Gia st E = {t1,tp,...,t,,... } 12 tap hop dém dudc. Cac tap diém don {t;}

1a do dudc va c6 do do m{t;} = m|t;, t;] = 0 nén E cling do dudc. S& dung tinh chét r-cong
tinh cta do do ta co:

m(E) = im{ti} = 0.

Vi du 3.14. Tap s6 hitu ti Q c6 d6 do Lebesgue bang 0.

Bay gio ching ta sé chi ra van ton tai tap khéng dém dudc nhung lai c6 do do
Lebesgue béng 0.

Vi du 3.15. Cho C la tap hgp Cantor

Q= {Z ra/ 3 s OhoéCZV(’iiinn} :
n>1

V6imoi N =1,2,3,...,d4t Cy := {¥,,51 tn/3" : t, = 0,1 hodc 2 v6i moi n va t, # 1 véi
moi n < N}.

Nhu vay C; 1a chinh 1a khoang don vi [0,1] x6a di khoang "giita ba phan" mé (1/3,2/3).
Khi d6 dé€ c6 C,, tir 2 khoang con lai, ta xéa di cac khoang "gitta ba phan" (1/9,2/9) va
(7/9,8/9). Qua trinh lip N lan thi sé cho ta Cy. Nhuvay C; D C, D --- D Cy D ---, va
Nn>1Cn = C.

Ching ta c6 1(C,) = (2/3)N véi moi N. Vi thé 1(C) = 0. Mit khéc, C c6 luc lugng ¢
do ton tai song anh gitta C va 2I.
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60 < 3. LY THUYET PO PO

Nhan xét. Theo dinh 1y 3.19, d6 do Lebesgue trén R la dé do da, vi vy moi tap con cua
tap co6 do do 0 cing c6 do do O.

3/4.2 D6 do Lebesgue trong khong gian R*

Trong khong gian nay ta goi gian 14 tap gom nhitng diém x = (t1,f,...,t) ma mdi
toa d6 t; chay trén mot gian nao d6 ciia R. Néu f; chay trén mét gian cta R c¢6 hai dau
mut 12 «;, B; (i =1,2,...,k) thi thé tich ctia A 1a sb

k

Al =TT(Bi — ).
i=1
Goi ¢* 1a 16p nhitng tap trong RF ¢6 thé biéu dién thanh hdp ctia mét sb6 hitu han gian
roi nhau. Ta c6 thé chiing minh rang:
1. €% 1a mot dai sb.
2. Néu véi mébi tap P € €* c6 dang P = U A, trong d6 A; 1a nhiing gian r6i nhau,
ta dat

n
m*(P) =} |Ail,
i=1

thi ham % 13 mot ham tap o-cong tinh trén dai s6 €~

3. Ham tap m* c6 thé thac trién thanh mot d6 do m* trén o-dai s6 .Z* > ¢*. Ps do
mk nay goi 1a d6 do Lebesgue trong R¥, va cac tap thudc 16p £ goi 1a tdp do duoc (£)
trong RF.

k

Do do Lebesgue m" cing 1a mo6t dé do dua va o-htiu han.

3/4.3 P do Lebesgue-Stieltjes trén R

Nhéc lai mot ham F : R — R dudc goi 1a lién tuc trdi tai u néu F(u~) = lim F(t) = F(u)

t—u~
va lién tuc phdi tai u néu F(ut) = lim F(t) = F(u).
t—u

Vi du 3.16. Xét ham sb6 sau

1néut € [1,00),
F(t) = )
Onéut e (—oo,1)

khong lién tuc trai tai t = 1 do F>(1) = 1 con F>(17) = 0 trong khi ham s

I1néut € (1,00),
h(t) = .
Onéut € (—oo,1]
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3.4 P06 do trén RF < 61

la lién tuc trai tai 1.

Y
-
v

Cho F : R — R 12 ham khong gidm va lién tuc trai tai moi diém thudc R va mp 1a mot
ham tap trén R dude xac dinh nhu sau: mp([a,b)) = F(b) — F(a) va

M

I
A

mp(UZ,[a;, b)) = ) [F(b;) — F(a;)],

1
trong d6 cac khoang md phai déng trai [a;, b;) 1a roi nhau. Véi A C R bat ky, ngudi ta
dinh nghia

mi(A) = inf { iF(bi) — F(a;) : U2 [a;, b)) > A,

C6 thé ching minh dudc my la mot do do trén o-dai s6 Borel, ta ky hiéu 1a ur.
Do do yr chia diém a € R duge xac dinh nhu sau:

up({a}) = inf {F(t) — F(a) :a < t} = lim F(t) — F(a) = F(a") — F(a).

t—at

Nhu vay ur({a}) bang d6 16n buéc nhay ctia ham F tai a. Khi d6 ta cé:

ue(a,b) = F(b) — F(a™), ppla, b] = F(b") — F(a), pp(—00,a) = F(a) — lim F(y),...

y——00

Vi du 8.17. Xét ham sb F»(t) & vi du 3.16, khi d6 ta 1an luot tinh dugc:
ue([0,1)) = F(1) = F(0) = 0; pp({1}) = F(1*) = F(1) = 1; up((1,00)) = lim;—co F(t) —
F(1%) = 0; pp([1,00)) = prp((0,00)) + pp({1}) = 1.

3.23 Pinh nghia. D6 do ur xac dinh nhu trén dudc goi 1a dé do Lebesgue-Stieltjes
cam sinh béi ham F.
Chu y. P do Lebesgue m xac dinh trén R 6 phan trudc ciing 13 mot d6 do Lebesgue-

Stieltjes cAm sinh béi ham F(t) = ¢.

Chu y. Ngudi ta thay rang véi mot do do u xac dinh trén o-dai s6 Borel, ta dinh nghia
ham F nhu sau:

F(t) = u(—oo,t).
Khi d6 st dung cac tinh chét cia d6 do c¢6 thé chi ra F 1a khéng am, don diéu khong
giam va lién tuc trai trén R.
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62 < 3. LY THUYET b0 PO

Vi du 3.18. Cho ham sb F(t) dudc dinh nghia nhu sau:

r'y F(x)
0, neut< -1, P — .
F(t)=141, néu —1<t<1, .——' _
1, neéut>1. -1 1

C6 thé thay ham F(t) don diéu khong giam va lién tuc trai trén R. Khi d6 ta c6
0, néu a < -1,

pe(—o0,a) =41 néu —1<a<1,
1, néua > 1.

Tt hinh vé ta ciing dé dang thay pp{—1} = pp{1} = 1.

BAI TAP
C.1. Cho X = (0,1). Lép nao trong céc 16p sau day 1a mot dai so:
71 =1{2,(0,1),(0,3), (3, 1)},
Fp = {@/ (0/ 1)/ (0/ %)/ [%/ 1)/ (0/ %]/ (% 1)}’
F3=1{2,(0,1),(0,3),[31)}?

7

u o/ va <% la hai dai s6 cac tap con ctia X, thi 24 N <% cing

=)
D>

C.2. Ching minh ring
12 mot dai sb.

C.3. Tim hai dai s6 ma hgp cta chiung khéng con 14 dai sb.

C.4. Cho X = [0,1]. Ching minh rang dai sb sinh béi 16p {[0,1), {1}} 1a
o = {@,0,1), 11,1, {11,[0,1), [0, 1) U {1}, [}, 1], X}.

C.5. Cho X = {0,1,2,3}. Chiing minh réng dai sb sinh béi 16p {{0,1},{1,2,3}} 1a
o ={0,{0},{1},{2,3},{0,1},{0,2,3},{1,2,3}, X}.

C.6. Cho tap X va < 1a mét dai sb (o-dai s6) céc tap con ciia X. Tap A C X dudc goi 1a
nguyén tizcia o/ néu A A @vanéu@ # B C A,B € o/ thi B = A.

a) Chi ra tap nao la nguyén ti trong cac dai sb sau:

o ={0,{1},{2},{1,2},{3,4},{2,3,4},{1,3,4},{1,2,3,4} } véi X = {1,2,3,4},
o ={2,(0,1),(0,%),[3,1)} véi X = (0,1)?

b) Chitng minh rang hai nguyén ti khac nhau phai réi nhau.

¢*) Chiing minh rang néu .« 1a mét dai s6 chi gom mét s6 hitu han céc tap con cia
X thi tap hop .# gom cac nguyén ti ctia </ tao thanh mot phan hoach hitu han
cta X va <7 1a dai s6 sinh béi .#.
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3.4 Do do trén RF < 63

C.7.

C.8".

C.9%.

C.10.

C.11%.

C.13.

C.14.

C.15.

C.16.

d*) Chiing minh két qua tuong tu cau c) trong trudng hdp <7 1a mot dai sé chi gom
mot s6 hitu han hoéc dém dudce cac tap con cia X.

Néu khong c6 gia thiét A gom hitu han (dém dudc) cac tap con thi két luan cta cau
C.6 ¢) va d) chua chic ddang, hai bai tap sau 1a vi du.

Cho X 1a mét tap vo han va .# 1a 16p cac tap chi gom mét phan ti trong X. Ching
minh dai s6 sinh béi .# 14 16p tt ca cac tap con A C X ma A hitu han hoéc A€ hitu
han.

V6i X va .# dudce cho nhu trén. Chiing minh o-dai s6 sinh béi .# 1a 16p tat ca cac
tap con A C X ma 1 trong hai tap A hay A° 1a hitu han hoic dém dudc.

Cho ./ 1a ho tat ca cac tap con clia X gom ding hai phan ti. Tim o(.#) (r-dai sb
sinh béi .#).

Cho 7 la v-dai s6 trén X = [0,1] thod mén [-15,1] € # v6imoin = 1,2,.... Ching

R n+1’
to rang
a){0} € .Z, b)(1,1] € .7 véimoin,
o{t:n=23..} ez d)(0,1] € # v6i moi n.

Xét tap X va lép @ # .# C 2X. Lép .# dudc goi 1a ldp don diéu néu thoa méan 2
diéu kién:

a) v6i moi day cac tap don diéu tang A, € 4 thi U A, € .#, hoac

n=1

b) v6i moi day cac tap don diéu giam A, € .Z thi N A, € 4.

n=1
Gia st 7 12 mot dai s6. Ching minh rang < 1a ¢ - dai s6 khi va chi khi .« 1a 16p
don diéu.
Trong khong gian do dugce (X, /) 6 bai tap C.4, mot d6 do u xac dinh trén (X, &)
thoa man , ,
ul0,1) = 08;p[5, 1) = 0.3;u[5, 1] = 0.2.

Hay tinh u(X) va u{1}.
Trong khong gian do dudce (X, /) 6 bai tap C.5, mot d6 do u xac dinh trén (X, &)
thoa man

u{0} = 0.3;u{2,3} = 0.1;1{0,1,2,3} = 1.
Hay tinh 1{0,1} va u{1,2,3}.
Trong khong gian dd do (X,.%,u), tap X c6 do do 1, chiing minh rang néu A;, A,
1a cac tap c6 do do 0 thi A = A N Aj cing la tap do dugc. D6 do ctia tap nay bang
bao nhiéu?
Cho (X,.7, 1) 1a mot khong gian ¢6 do do o-hitu han véi 4 (X) = +oco. Chitng minh
rang véi M < oo bt ky, ton tai mot A € .F sao cho M < u(A) < co.
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64 < 3. LY THUYET b0 PO

C.17.

C.18.

C.19.

C.20*.

C.21.

C.22%.

C.23.

C.24.

Cho X 12 tap v6 han. Dit m(A) = 0 véi A hitu han bat ky, va m(A) = +oconéu A vo
han. Chitng minh m 14 hitu han céng tinh nhung khong céng tinh dém dudc.

Cho khong gian x4c suit (X,X,p),me NvaA; € X,i=1,...,n Ching minh rang

p (ﬁ Az-) > Y (p(A) — (m— 1)).
i=1

i=1

Godi y: Ching minh bang phuong phap quy nap, dau tién két luan diung véi m = 2.
Néu két luan dung véi m = k thi ciing ddng véi m = k + 1.

Cho khong gian d6 do (X,.%,u). Chitng minh rang néu day A; € .% thoa man
u(A; N A]) =0,Vi # jthi

Iz (G Ai) = i.”(Ai)-
i—1 i=

Gdi y: Stt dung phuong phap tach hop ctia day { A, } bat ky thanh hop ctia cac tap
rdi nhau B, nhu trong chiing minh cta dinh ly 3.10.iii).

Cho khéng gian dé do (X,.#, u). Chiing minh rang

Z (D Ai) —u (G Bi) < i(ﬂ(Ai) — u(B;)).
i=1 =1

i=1
v6i moi day A;,B; € .# thoaman B; C A;,i =1,2,....
Cho tap X # @. V6i mbi tap con A C X, dat
1 néuAd #Q,

*A:
H(4) 0 néuAd=20.

Ching minh y* 1a moét d6 do ngoai. Chi ra ho cac tap y* do dude.

Cho X la ma tran vudéng cap 10 gom 100 s6 thuc, A 14 cac tap gom céc s6 thuc trong
100 s6 da cho. Ta dinh nghia ham tap p*: u*(A) = { s6 cot ma mdi cot chira it nhat
mét phan ti& x; € A}. Ching minh p* 1a d6 do ngoai va E 1a u* - do dude < Vx € E
thi ca cot chita x cting thudc E.

Cho X la mot tap vo han. .« 1a ho cac tap con A ctia X sao cho hoac A hitu han thi
dat m(A) = 0, hodc phan bl ctia A hitu han, thi dat m(A) = 1.

a) Chiing minh <7 1a mét dai s6 nhung khéng 1a o-dai sé.

b) Chitng minh rang m 1a hitu han cong tinh trén <.

Tim céc vi du dé ching té:

a) hop khong dém dudc cac tap c6 d6 do khong c6 thé c6 do do duong;
b) giao khong dém dudc cac tap c6 do do 1 c6 thé c6 d6 do khong.
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3.4 Do do trén RF < 65

C.25%. Giast IN = {1,2,...} va Y>° ; a, 1a chudi s6 duong hoi tu. Véi méi tap A C N hitu
han, dit ¢(A) = ¥,c4 4n. Néu A C N v6 han thi dit ¢(A) = +oco. Chiing té rang ¢
cong tinh hitu han nhung khéng o-cong tinh trén 16p tat ca cac tap con cia NN.

C.26. Cho ba ham sb sau
(_1nbut <2,
2néu2 <t<4,
—1néu4<t<5,
| Onéut > 5,

Fi(t) =

F5(t) =

r—2néut<0,
—1néu0<t<2,
2néu2 <t<3
(3néut >3,

tnéut <1,
H(t)={2néul <t <3,
5t+1

néutZS,
t+1

a) Vé do thi cia ba ham sb trén.

b) Trong cac ham s6 trén, ham nao 13 ham don diéu khéng giam va lién tuc phai.

Hay tim d6 do Lebesgue-Stieltjes cam sinh béi cac ham d6 ctaa cac tap sau:

c) (—oo,1] d) [3,3]

e) (3,0).

Phu Luc

Chiing minh ctia mét s6 dinh ly

Chiing minh (Ching minh phan tiép theo ctua dinh ly 3.13). Bay gio gia sit u : .7 — R+ la
ham tap hitu han cong tinh thod man x(®) = 0. Ta can chi ra u 14 c-cong tinh néu y thoid méan

mot trong hai diéu kién i) hoac ii).

Néu u thod man diéu kién i) va cho B = U2, B;, trong d6 cac B; € .# rdi nhau. Déat

n
A1 =B, A =Bi|JBy..., An=JB,...

i=1

thi B= U A, A1 C Ay C ..., nén y(B) = lim, . #(A,). T tinh cong tinh cta y ta c6
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66 < 3. LY THUYET PO PO

Con néu # thod man diéu kién ii) thi véi cac ky hiéu nhu trudc, ta xét thém gia thiét moi
1#(B;) < +o0, (vi néu c6 mét 1(B;) = +oo thi két qua 1a rd rang). Ta c6

@:B\CJAHZ ﬁ(B\An)r

i=1 n=1
trong d6 cac A, =B\ A, € FvaA] D A, D .... Vay
lim u(B\ Ay) = }EQOH(AZ) =0.
Nhungdo A, C Bva u(A,) =YY" u(B;) <oonén u(B\ A,) = u(B) — u(A,). Tudé
B) — ggr;oéuwi) - 2#(31')- .

Chiing minh (Ching minh cua dinh ly 3.17). O day ta dung ky hiéu tit AB = AN B, AB¢ =
A\ B.

B1 (Z 1a mét dai s6) That vay, dé thit thay rang . kin d6i véi phép lay phan buva @, X € Z.
Ta chi ra . kin d6i véi phép giao (va do d6 . 1a mét dai s6). Gia st A, B € .£. Ta ¢6

W (E) = u(EA)+u"(EA®) (do Alau* - do dugc)
= W (EAB)+ u*(EAB®) + u*(A°EB) + u*(A°EB) (do Bla u* - do dudgc)
> u*(EAB) + u*(EAB° UEABUEA°B")
> ' (EAB) +p*(E(AB)).
Vay AB € .Z.

B2. p* cong tinh hitu han trén .£. Gia st A,B € £ va AB = Q, taco

W (AUB) = pu*((AUB)A) + p* ((AUB)AY) = u*(A) + u*(B).

B3. % la o-dai s6. Khong giam tong quat, ta gia sit day {A;} C £ tung cdp roi nhau va
A= U;ozl Ay. Theo buée 1, B, = Ulr{lzl Ay € Z.Dodo

n

w(E) = u*(EBn) + p* (EBy) Z (EAg) + p*(EA),

vi theo chiing minh cta buéc 2

Cho n — oo ta dudc

3

W (E) = kz W (EA) +u(EAY) = p*(EA) + " (EA).
=1

Tudésuyra A € .Z.
B4. y* 12 g-cong tinh trén .. Diéu nay rit ra tit ching minh cta buée 3 (lay E = A). [
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3.4 Do do trén RF < 67

Chiing minh (Chitng minh cta dinh ly 8.14). Vé6i méi A C X, ta dat:

pH(A)=inf{ ) _ p(P): U2 D AP € o}. (3.23)

3.24 BG dé. u* la mét do do ngodi .

Chiing minh. Ré rang, u*(®) = 0 va u*(A) > 0, VA C A. Ta chi can ching minh p* thod méan
diéu kién thi ba trong dinh nghia d6 do ngoai. Gia st {A;} C 2X va e > 0 cho trude. V6i mbi
k € IN ta ludn c6 thé chon dudc day {Aki} C o sao cho Ay C U2, Ay, va

. £
p(Ax) < 1 (Ar) + P

Mo

1

J

(o]

Do Ui, U}.ozl Ay O UrZ1 Ak nén " (U Ak) < Z ZP Ay) < Z

k=1 k=1j=1
Cho ¢ | 0 ta c6 diéu phai chiing minh. [

1)Lay A € «/. Rorang u*(A) < p(A),iA € o/ vaAC AUQU---UQ. Ngoaira,néu A € o/
thi v6i moi day Ay € A (k = 1,2,...) sao cho A C UX_ Ay, ta déu ¢6 p(A) < Y52, p(A;). Vi vay,
p(A) < u*(A). Do dé u*(A) = p(A) véimoi A € .

2) D€ chiing minh x* 12 d6 do trén o(.«7), ta sé chi ra ¢(/) C £ - 16p tat ca céc tap u* do
dude. Nhung do . 12 mot o-dai s6 nén ta chi can chiing minh 7 C %, tidc véi A € o bat ky, A
1a p* do dugc.

Theo 1) u* la d6 do ngoai, nén véi A € o/, E C X ta co

W (E) < p*(EA) +u*(E\ A).
Mat khéc, véi e > 0 cho trudc, ta chon {A;} C & sao cho E C U? | A va
Z (Ax) < p*(E) +e.
St dung gia thiét .7 1a mot dai s6, ta cé:

EAC | JAALE\A=EA"C (J A4,
k=1 k=1

Mg

w1 (E) 2 Yo p(4e) = Lp(AAY) + pLAA)] 2 ' (EA) 410 (E) A)

k=1

Tt d6 cho € | 0, ta c6 diéu phai chiing minh.

3) Gia stt p la o-hitu han va p; 1a mét do do khac xac dinh trén o(.«7) sao cho y‘% = U ‘d = p.
Ta can chiing minh u(A) = u1(A), VA € o(«).

Theo gia thiét, X = U 1 Xy, p(Xu) < oo, cac X, d6i mot roi nhau. Ta c6 A = U5 | A, véi
A, =X, NAco(a),n=12,...,cac A, ddi mot roi nhau. VAy chi can ching minh u(A,) =
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68 < 3. LY THUYET b0 PO

11(Ay) v6i moi s6 tu nhién n. That vay, néu {E,;}2, 1a mot day bat ky nhiing tap thudc o7 sao
cho A, C U E,; thi ui1(A,) < Y2 p(E). Do d6

H1(An) < p(An). (D)

Tuong tu,
P (X \ An) < (X \ Ap) 2)

Ngoai ra,
p(An) + (X \ An) = pa(Xn) = p(Xn) = 1" (Xn) = 1" (An) + 1" (Xn \ An). @)
Vi cac s6 hang trong (1), (2), (3) déu hitu han nén ta suy ra u; (A,) = u(A,), VA, € a(A). ]

Chitng minh (Chiing minh cta dinh 1y 3.20). Ta sé chi ra rang oy = o(«/ U.4). That vay,
néu N C B € o/, u(B) = 0 thi

(AUN)*C (AUB)*+BN(AUN)u(BN(AUN)‘) =0.

Nhu vay, <7, kin ddi véi phép lay phan bu.

Mit khac, ro rang </, D <7, @, D A va </, kin d6i véi phép hop dém dugc. Vay, ), la o-dai
s6. T d6 suy ra o, = o(/ U.N).

Tiép theo, ta ching minh y 1a d6 do trén o, Néu A UN; = Ay UN, véi A, Ay € o
Ni,No € A4 thi AJ/AA; C NyUN,. Do d6, (A1 AAy) = 0. Suy ra (A1) = u(Az). Nhu vay, i xac
dinh don tri (khong phu thudc vao cach biéu dién A U N). Tit tinh o-cong tinh cta u ta suy ra ﬁ
la o-cong tinh. Vay y 1a do do trén o,

Ngoai ra, gid st M C A € o, va ji(A) = 0. Khidé,do A = AUN véi A € o/, N € ./ va
J(A) = u(A) = 0, suy ra u(M) = 0. Vay M 1a tap u-khong, tic 1 7 1a do do dd.

Cubi cung, dé dang thiy dudc tinh duy nhét caa . n
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