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cHUONG 1

TAP HOP VA LY THUYET SO THUC

§ 1. TAP HOP

71.1 Khai niém va ky hiéu
Tap hop 1a mot khai niém co ban ctia toan hoc. Mot cach truc quan, ta c6 thé hiéu tap
hop 1a mot nhém cde dbi twong bat ky. Thong thuong tap hop dude goi tat 1a "tap”. Ta
thuong st dung cac chit cai in ky hiéu cho tap hop: A, B, X, Y, ....

Néu mét doi tugng x 1a phan ti caa tap X, ta thuong ky hiéu x € X va doc 1a x thudc
X. Tap khéng c6 phan ti nao goi 1a tdp rong, va dude ky hiéu 1a @.

Mot tap hop A dudc goi la bi chita trong X hoac la tdp con cua X, ta ky hiéu

ACXhoacXD A

khi va chi khi tat ca cac phan t& ctia A déu la phan ti cia X.

Ky hiéu A = B c6 nghiala A C Bva B C A. Khi dé, ta néi A va B 1a hai tap bang
nhau.

Phuong phép chinh dé xac dinh mét tap hop 1a chi ra diéu kién ma cac phan tit thudce
tap dé6 théa man. Ky hiéu {x : P} c6 nghia day la tap hop ctia tit ci x théa man tinh
chat P. Viduy, {x: (x —4)2 =4} = {2,6} = {6,2}.

Tuy nhién, viéc dinh nghia tap hop qua diéu kién c6 thé din t6i nhitng mau thuan.
Vidu,liy R = {X : X ¢ X}. Khi d6 R ¢ R suy ra R € R va ngudc lai (nghich Iy ctia
Bertrand Russell).

Ching ta quy uéc chung 1a diu gach chéo trén mét ky hiéu c6 nghia la "khong",
chéng han a # b, ¢c6 nghia "2 khong bang b", ky tu "¢" c¢6 nghia "khéng phai 14 mét phan
ti ctia". Nhu vay x ¢ A c6 nghia x khong phai 12 mot phan tit ciia A, nhu 3 ¢ {1,2}.

Cho hai tap hop bat ky X va Y, tich Des Cartes ctia ching, ky hiéu X x Y 1a tap hop

1
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2 < 1. TAP HOP VA LY THUYET SO THUC

cta tat ca cac cap c6 thi tu (x,y) v6i x thude X va y thudc Y. Ta hi€u khéi niém cip c6
thit tu theo nghia: (x,y) = (x/,y') néuvachinéux = x',y = /.
XxY={(x,y):xeX,yeY}

Vidu 1.1. Véi X = {x,y,z},Y = (a,b), ta cé

X xY = {(x,a),(x,),(y,a),(y,b),(za),(z0b)};
Y x X ={(a,x),(bx),(ay),(by)(a:z)bz2)}

Tich Des Cartes ctia n tap hop dude dinh nghia va ky hiéu tuong tu. Mot vi du co ban
ctia tich Des Cartes 1a R x R, dudc ky hiéu 1a R?, con dudc goi 1a mdt phang.

/1.2 Cac phép toan tap hop
Sau day 1a cac phép toan thong dung dbi véi tap hop.
e Phép hop. Ta goi hgp cia Ava Blatap AUB = {x: x € A hodc x € B}, tuong tu:

UAi = {x:EIiE I,x e Al}
iel

e Phép giao. Giao hodc tich cia Ava Blatap ANB = {x : x € A va x € B}, tuong
tu:

ﬂAi = {x:ViE I,x e Al}
iel

e Phép trut. Hiéu ciia A d6i véi Blatap A\ B = {x: x € Anhung x ¢ B}.

e Phép lay phan bu. Phan b clia tip Alatap A= X\ A= {x:x ¢ A}.

o Hiéu déi xing. Hiéu doi xiing cia A va Blatap AAB = A\ B+ B\ A.
Cac phép toan tap hop c6 mét sb tinh co ban sau:

e Tinh giao hoan:
AUB=BUA; AB=BA;AAB = BAA.

e Tinh két hop:
(AUB)UC=AU(BUC);(AB)C = A(BC); AA(BAC) = (AAB)AC.
e Tinh phan phdi:

A(BUC) = ABUAC; AU (BC) = (AUB)(AUC); A(BAC) = (AB)A(AC).
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1.1 Taphop ¢ 3

e Cong thic De Morgan:

(UA) =NAs (NA) =JAs

iel iel iel iel
* Cha y: (A\B)UB = A chi dung khi B C A; (AUB)\ B = A chi dung khi
ANB=0Q.
Vidu 1.2. Ta co
J@©1-1/n)={J(0,1-1/n] =(0,1)
n=1 n=1

DX

[1-1/n,2)=(1(1-1/n2) =[1,2).
n=1

Il
—_

n

171.3 Lép tap hop va day tap hop

Tap hop ma méi phan t& ctia né 1a tap con ctia X dude goi 1a mot Idp (céac tap con cia X).
Ta dung céc chit hoa &7, %,%€, ... dé ky hiéu cac 16p.
Lép gom tat ca cac tap con ctia X dude ky hiéu 1a 2X:

X=[{A|ACX)}.

Chu y 14 2% chita ca tap @ va X. Hién nhién néu tap X hitu han gom # phan ti thi 2X c6
2" phan t.

Vi du 1.3. Cho tap hop X = {1,2,3}.
o o = {{1},{2},{3}} 1a16p céc tap chi gom 1 phan ti trong X.

= {2, {1}, {2}, {3}, {1,2},{1,3},{2,3},{1,2,3} }.

Lép € goém cac tap roi nhau dudc goi 1a phdn hoach ctia tap X néu |J C = X.
Ce¥

Vi du 1.4. Lép gom cac tap A = {1,2},B = {3,4},C = {5} 1a mot phan hoach ctia tap
X ={1,2,3,4,5}.

L6p gom mot s6 dém dudce céc tap con {A,,n = 1,2,...} dudc goi 1a ddy (cac tap). Ta
néi day cac tap {A,} 1a don diéu tang (gidm) va viét A, 1 (A, }),néu A C Ay C A3 C
(A1 DA DAD ...

Vidu1.5. V6i X = N = {1,2,...}, khi d6 2 = {{1},{1,2},{1,2,3},... } 1a mét day don
diéu tang cac tap con caa X.
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4 < 1. TAP HOP VA LY THUYET SO THUC

Gia st { A, } 1a day cac tap con cua X. Ta goi gidi han trén va gidi han dudi cua day nay
la cac tap tuong ing sau day:

lim A, = limsup A, = ﬂ U Ay,

n=1k=n

lim A, =liminf A, = U ﬂ Ag.
n=1k=n
Néu gidi han trén va giéi han dudi ctia day {A,} bang nhau thi ta néi day {A,} cé
gidi han va viét:
lim A, = limsup A, = liminf A,.

C6 thé thay rang

n=1 n=1
Néu A, | vaN>_; A, = Athitaviét A, | A. Néu A, 1 va U2 ; A, = A thi ta viét
A, T A.

Vi du 1.6. Véi A, B 1 cac tap cho trude, xét day A, = Anéunléva A, = B néu n chan.

Ta co
limA, =AUB; limA,=ANB.

§ 2. TAP HOP SO THUC

1/2,1 Khai niém tap hop sb6 thuc

1.1 Dinh nghia. Tap hop sb thuc R 1a tap hop cac phan tit x,y,z,... trén d6 c6 hai
phép toan cong, nhan va quan hé thit tu thod man cac tién dé dudi day, goi 1a hé cdc tién

dé vé sé thuc.
(I) CAC TIEN PE DOI VOI PHEP CONG

Phép toan
+:RxR—R,

(phép cong) dudc dinh nghia bang cach gan méi cap c6 thi tu (x,y) gom hai phan ti x,y thude
R v6i mdt phan t& x +y € R nao dé, dude goi 1a tong ctia x va y. Phép todn nay phai thod man
cac diéu kién sau:

1. Ton tai phan ti& trung hoa hoac dong nhat 0 (doc 1a khong) sao cho

x+0=04+x=x, Vx € R.
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1.2 Tap hop sb thuec ¢ 5

2. V6i moi phan t& x € R ton tai mot phan tit —x € R dudc goi 1a d6i ctia x sao cho

3.. Phép cong c6 tinh két hop, tic 1a biéu thic
x+(y+z)=(x+y)+zVx,yzeR.
4. . Phép cong la giao hoan, nghia la

x+y=y+x Vx,y € R.

(II) CAC TIEN PE POI VOI PHEP NHAN
Mo6t phép toan
o . RxXR— R,

(phép nhan) dugc dinh nghia bang cach gan méi cip c6 thit tu (x,y) gdm hai phan ti x,y thude
R véi mot phan t x - y € R nao d6, dudc goi la tich ctia x va y. Phép toan nay phai thod man cac
diéu kién sau:

1.. Ton tai phan ti trung hoa hosic dong nhat 1 € R\ {0} (goi 1a phdn tiz mét) sao cho
x-1=1-x=x,Vx € R.
2,. V6i moi phan t& x € R\ {0} ton tai mot phan t& x~' € R dudc goi 1a phdn tiz nghich ddo
cua x sao cho
3.. Phép nhan e c6 tinh két hop, nghia la
x-(y-z)=(x-y)-z,Yx,y,z € R.
4,. Phép nhan e c6 tinh giao hoan, nghia la
x-y=y-x,Vx,y € R

(I, I) LIEN HE GIUA PHEP CONG VA PHEP NHAN
Phép nhan c6 tinh phan phdi d6i véi phép cong, nghia 1a

(x+y)-z=x-z+y-z

v6imoi x,y,z € R.

Luu ¥ 1a do tinh giao hodn ctia phép nhan, ding thic nay van ding néu thi tu cdc nhan t
dugc hoan d6i 6 mbi vé.
(ITT) CAC TIEN PE THU TU

Gifta cac phan ti cia R ton tai mot quan hé <, nghia 14 véi cac phan ti x, y € R ¢6 thé xac

dinh xem liéu x < y hodc khong. 0 day cac diéu kién sau phai dung:
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6 < 1. TAP HOP VA LY THUYET SO THUC

1<.Vx € R (x < x).

2. (x <y Ay <x) = (x=y).

Bo. (x <Y Ay <2) = (x<2).

4. VxeR,VyeR(x<y)V(y<x).

Quan hé < trén R dudc goi 1a khong bang nhau (bat dang thiic).

Mot tap trén d6 ton tai mot quan hé giita cic cip phan tit thod man céc tién dé 1,2, va
3<, nhu ta biét, dudc goi 1a duodc sdp ting phan. Néu c6 thém tién dé 4-, nghia la c6 thé so sanh
hai phan t& bat ky, tap hop 1a dudc sdp tuyén tinh. Do d6 tap cac sb thue duge sip tuyén tinh do
quan hé khéng bang nhau gitta cic phan ti.

(I, I1I) LIEN HE GIUA PHEP CONG VA THU TU TREN R

Néu x, Y,z la cac phan tit thudc R, thi

(x<y)=(x+z<y+z).

(11, I1T) LIEN HE GIUA PHEP NHAN VA THU TU TREN R
Néu x va y la cac phan t& thudc R, thi

0<x)A(0<y) = (0<x-y).

(IV) TIEN DE VE CAN TREN
Moi tap A C R, A # @ bi chan trén c6 can trén dung.

Trén day, ta dé cap dén khai niém tap bi chén trén. Khai niém tap bi chin dude dinh
nghia nhu sau (cac quan hé <, >, > dudc hiéu theo nghia thong thudng).

1.2 Pinh nghia. Ta néi rang tap A C R bi chdn trén néu ton tai z € R sao cho x < z
v6i moi x € A; phan t& z nhu thé dudce goi 1a cdn trén cua tap A.

Ta néi rang tdp A C R bi chdn dwdi néu ton tai z € R sao cho x > z v6i moi x € A;
phan t& z nhu thé goi 1a cdn dudi cha tap A.

1.3 Pinh nghia. Ta néi rang M la phdn tiz I6n nhdt chatdp AnduM € Avax < M
v6i moi x € A. Khi d6 ta viét

M = max A.
Tuong tu ta néi m 1a phdn tiz bé nhdt ctia tip A néum € A va x > m véi moi x € A. Khi
do ta viét

m = min A.
1.4 Pinh nghia. Gia sit A bi chin trén, z dudc goi 1a cdn trén diing ctia A, néu:

+)zlacan trén caa A, ticla x <z, Vx € A.

+) z 12 cAn trén bé nhat ctia A, tidc 1a néu y < z thi y khong phai 1a cin trén ctia A.

Can trén dung cta A ky hiéu la sup A.
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1.2 Tap hop s6 thuec < 7

Gia st A bi chan duéi, z dude goi 14 cdgn dudi diing cta A, néu:
+) z la can dudi cua A, ticla x > z, Vx € A.
+) z 12 cAn dudi 16n nhat caa A, tic 1a néu y > z thi y khong phai la can dudi caa A.
Can dudi dung cua A ky hiéu la inf A.

Nhu vay theo dinh nghia ta c6

M=supA=min{ceR|Vxe A (x<c)}
m=infA=max{ce R |Vxe A (x>c)}.

Chu y. Néu A c6 phan tit 16n nhat max A thi sup A = max A. Néu A c6 phan tit bé nhat
min A thi inf A = min A.

Vidu 1.7. Cho A = {1,5,7,14} = sup A = max A = 14;inf A = min A = 1.

Nhu vay theo tién dé vé can trén thi moi tdp A C R bi chén trén déu cé can trén ding
va do d6 moi tap bi chin dudi déu cé can dudi dung. Tuy nhién, tip A bi chan chua chic

c¢6 phan ti 16n nhat hoic nhé nhéat. Ta hay xét vi du sau.

Vidu 1.8. Cho A = {1,1/2,1/3,...,1/n,...}. Tacoinf A = 0.

That vay, trudc hét 0 12 mot can duéi caa A. Véi y>0 bat ky, ludn ton tai s6 n thoa
man 1/» < y va 1/n € A. VAy y khong thé 1a can dudi ctia A hay 0 1a can duéi 16n nhat
cua A. Vay inf A = 0.

Tuy nhién A khoéng c6 phan tit nhé nhat béi néu ton tai min A thi inf A = min A =
0 ¢ A. Mau thuan véi dinh nghia vé gia tri nhé nhét.

Vidu1.9. Taphop A = {x € R |0 < x < 1} khéng c6 phan ti 16n nhat nhung do A bi

chin trén nén ton tai sup A vatacésup A = 1.

Trén day, ching ta da xem xét cu thé vé cac tién dé xay dung 1én tap sé thuc. Nhiéu
khéi niém ctia muc nay c6 thé tiép can qua chuong 1, phan 1, gido trinh “Toan cao cap
cho cac nha kinh té”. Duéi day ta sé xem xét thém mot sb tinh chat can thiét vé s6 thuc

dé st dung sau nay.

1/2.2 Cac tinh chat cé ban cua tap hdp sb thuc

Ta goi s6 duong 1a nhiing sb thuc a > 0; s6 dm 14 nhiing s6 thuc a < 0, va dit |x| = x
néu0 < x, |x| = —xnéu x < 0. Mot s6 2 € R dudc goi 1a gidi han cta day sé {x,} C R,

ky hiéu lim,, ,« x,;, = a (hoac lim x,, = a), néu

Ve > 0,3ng : |x, —a| < e Vn > ny.
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8 < 1. TAP HOP VA LY THUYET SO THUC

Khi day s6 c6 giéi han 14 mot s6 thuce thi ta néi day sé hoi tu.
Tu diéu kién thi hai trong dinh nghia vé can trén cho ta thidy néu M = sup A thi
VM < M,3x € A: M < x. Tuong tu néu m = inf A thi Vm’ > m,Ix € A : x < m’. Véi

cac nhan xét nay, ta dé dang cé dinh ly sau:

1.5 DPinh 1y. Cho tdp hop A C Rva M = sup A, khi dé ton tai day {x,} C A (cdc x, c6
thé' trung nhau) thod man

lim x,, = M.
n—oo

Tuong tu, véi m = inf A, khi dé ton tai day {y,} C A (cdc y, c6 thé trung nhaw) thod
man

lim vy, = m.
n—o0

1.6 Nguyén ly (Weierstrass). Moi day don diéu tang (gidm) va bi chan trén (dudi) déu

hoi tu.

Chitng minh. Cho {x,} 12 mét day don diéu tang va bi chin trén. Theo tién dé vé can
trén dung, tap {x,} c6 M = sup x,; theo dinh nghia supremum, véi moi s6 duong € ¢6
mot ne sao cho M — ¢ < x,,,, va do tinh don diéu tang ctua day x, ta c6 x,, < x, v6i moi

n > ne. vay M — x,, < € v6i moi n > n,, nghia la lim x,, = M. [ |

Vidul.10. Day x, =1+ 2% + 31—2 + 4 % la day don diéu tang. Ngoai ra ta co
1 1 1

Fod e =2 - <2,

1
Xp <14+ -—+ (n—l)n 7’1

12 ' 23

nén day x, bi chan. Theo nguyén ly Weierstrass, day x, la héi tu.

CacphanticiaR:1,2=1+1,3=2+1,... goila cac sé tu nhién, ky hiéu la IN.

Tap cac s6 nguyén l1a cac s6 0, £1,+2, 43, ..., ky hiéu 1a Z.

Tap céac sb nguyén Z khoéng c¢6 can trén va khong c6 can dudi, vi néu Z cé can trén thi
day 1,2,3,...,n,... phai c6 mét giéi han M; lac d6 M — 1 < p v6i mot p € Z va ta sé c6
M<p+1:voly.

Sé hitu ti 1a s6 ¢6 dang T=m- n~Y, mn € Z,n # 0. Ky hiéu tap cac s6 hitu ti 1a Q.
Sé vé ti 1a s6 thuc ma khong phai sb hitu ti.
1.7 Nguyén ly (Archimede). Vii moi sé thuc a duong va b bat ky ludn toén tai sb

nguyén n sao cho a(n —1) < b < na.

Chitng minh. Do tap s6 nguyén Z khéng c6 can trén nén phai ton tai sé6 nguyén m nao
dé sao cho m > % Tu d6 thiy réng tap S = {keZ: k> g} gom cdac s6 nguyén 1a khac
rong va bi chan. Theo nguyén ly can duéi ding, tap S c¢6 can dudi ding n va ciing 1a

phan ti nhé nhat. Piéu d6 ching té n — 1 < 2 < n. Tt d6 suy ra diéu phai chiing minh.m
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1.2 Tap hop sb thue ¢ ¢

1.8 Hé qua. Vdi x la sb thuc duong bat ky, luén ton tai sé tu nhién n théa man

1
0< —<ux.
n

Chung minh. Theo nguyén ly Archimede ton tai s6 nguyén n € Z théa méan 1 < x.n. Vi
n.x>1>0nénn>Osuyran€]Nvé10<%<x. [

R6 rang, giita hai s6 hitu ti a < b luén ton tai sb hitu ti g thod man a < g < b (chang han
b
q= 5.

Ngoai ra, ta con c6 mét dinh ly quan trong sau day.
1.9 Pinh ly. Giga hai s6 thuc phén biét luén ton tai mot sb6 hitu ti va mot sé vé ti.

Chitng minh. Gia strang x,y € Rva x < v.

a) Chiing ta sé chiing té rang ton tai r € Q thod man x < r < v.

Ta c6 y — x > 0, theo nguyén Iy Archimede, ton tai n € IN nao dé thod man 0 < % <
y—x.

V6i s6 tu nhién # tim dudc, ton tai s6 nguyén m thoéa man (m — 1)% <x< m% Sé
hitu ti % < b, vi néu ngudc lai B> bthi

m—1 n
<x<y<m--—,
n

tit d6 suy ra 1 > y — x, mau thuén.
Vay
m . m
r=—e@Q va x<—<b.
n n
b) Theo a), ton tair, 7 € Qmax < r; <rp < y. Sb

p—n

V2

ro rang la so vo ti va thoa man rqy < z < . [

zZ=7r1+

Tap {x:a < x < b} dudc goi la khodng (a,b); tap {x :a < x < b} dudc goi la doan [a, b].
Mot day doan [a,, b,] dude goi 1a thdt lai néu [a, 1, b,11] C [ay,by] va lim(b, — a,) = 0.

1.10 Nguyén ly (Cantor). Mot day doan thdt lai c6 mét phan tik chung duy nhit.

Chitng minh. Cho {[a,,b,]} 1a mot day doan that lai. Day {a,} don diéu tang va bi
chan trén (béi b; chang han) nén theo nguyén ly Weierstrass c6 mét giéi han c. Ta c6

c € [ay, by] v6i moi n. That vay, ro rang a, < ¢ v6i moi n; néu ton tai ny nao dé6 ma
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10 < 1. TAP HOP VA LY THUYET sO THUC

¢ & [any, by, thi by, < c hay b,, —c > 0; nhung vi c la giéi han cta day tang a,, nén véi n
da lén |a, —c| < by, —csuyrac—a, < c— by, ticla b,, < a,: voly.

Mit khéc, néu ton tai mét phan tit ¢’ chung cho moi doan [a,, b,] thi

c—c| <b,—ay

v6i moi 1, ma lim(b, —a,) = 0,do d6 c = ¢'. n

Ta néi moét day {x,} 1a bi chdn néu né vira bi chan trén, vita bi chan duéi, tic 1a
da:Vn,|x,| <a.

1.11 Nguyén ly (Bolzano-Weierstrass). Moi day vé han bi chin {x,} déu chita moét

day con hoi tu.

Chitng minh. Theo gia thiét Vn ta c6 —a < x, < a. Trong hai doan [—a,0] va [0, a] phai
c6 mét doan chita vo sb cac phan ti x, (néu khong thi day chi c6 hitu han phan ti). Ta
goi doan nay la [ay, b1], va dat c; = (ay + b1)/2. Trong hai doan [a1,¢1] va [c1, by1] lai phai
c6 mot doan chiia vo s6 phan tit x,. Ta goi doan nay 1a [ay, by] va didt c; = (ap + by)/2
.... Tiép tuc qua trinh dé ta dudc mot day doan that lai [ay, b,k = 1,2,... Vi by —ar =
a/2K=1 — 0. Theo nguyén ly Cantor, ching cé mét phan tit chung c. Vi mdi doan [ay, by]

chida vo s6 phan tlit x, nén ta c6 thé chon (danh so6 lai, néu can) mot x,, € [ay,b1],

Xn, € [ag,by) V6i ny > ny, moét x,,, € [az, b3] v6ing > ny .... Khi do |x,, —c| < by —ap — 0,
vay limx,, = c. [

Vi du 1.11. Xét day x, = (—1)". Day nay bi chéan va c6 2 day con hoi tu t6i 1 va —1.
Mot day {x,} C R dudc goi 1a day co bdn (hay day Cauchy) néu

Ve > 0,3dng sao cho |x, — x| < &, Vn,m > ny.
1.12 Nguyén ly (Cauchy). Trong R, ddy sé hoi tu khi va chi khi day dé la day co bdn.

Chitng minh. Xét mot day co ban {x,}. Theo dinh nghia, ton tai n1 sao cho |x, — x,,| <

= N

v6i moin > ny. Pat a; = x,, — 1,b; = x,, + 1. Sau do, lay n, > 1y sao cho X — X, | <
v6i moi n > ny. Pat a; = x,,, — %, by = xp, + % Vi |xp, — x| < % nén [ap, by] C [ay, by].
LAy n3 > np sao cho |x, — x| < %V(jimoin > ng va dat az = xn3—}1, bz = xn3+}I
Tiép tuc mai nhu vay, ta dugc mot day doan [ay, by that lai vi by — a; < zk%l <5 =0
Theo nguyén ly Cantor, day doan nay c¢6 mét phan tit chung duy nhat c. V6i n > n; ta c6

Xy € |ag, byl, vay |c — x| < by — ag, tu d6 ta suy ra limx, = c. n
Vi du 1.12. Day s6 c6 s6 hang téng quat

cosl cos2 cosn

S T R ¥ S e

la mot day co ban.
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1.2 Tap hop s6 thuc < 11

Chiing minh. That vay, v6i m > n:

cosn cosm - 1 1 1
o = x| = n.(n+1)+”'+m.(m—|—1) - n.(n—|—1)+'”+m.(m+1) )

Nhu vay cho trudc € > 0, ta chi can chon 7y thod man ny > 1/¢ thi ré rang |y — xm| <

e, VYn,m > ny. Theo nguyén ly Cauchy, day x, hoi tu. [

/2.8 Giéi han trén va giéi han dudi

Ta dua thém vao R hai phan t& méi 1a +oo va —oo. Cac s6 nay dudc goi 1a cac sé vé cuc
(duong vo cuc va am vo cuc). Cung vdi no, ta dua ra qui ude tha tu va cac phép toan dai

s6 gitta cac s6 vo cuc va sb 4 hitu han nhu sau:
Va € R: —oo <a < +oo;|Foo| = +oo,
(d£00) + (£00) = 1+ (00) = (£00) + 4 = oo,
+co néua >0
a-(xoo) = (£o0)-a=1<¢0 néua =0
Too néua <0,

(£00) - (£00) = +00, (£00) - (Fo0) = —00,
;Loo = 0,00 =coviir > 0.
Ky hiéu: lim x,, = 400 (limx, = —o0), nghia la

Va > 0,3ng:x, >a,Vn>ny (VYa<0,3ng:x, <a,Vn>n).

Tap hop s6 thuc, c6 thém +oo va —oo, véi nhitng quy udc trén, dudc goi 1a tdp sé thuc mé
réng va ky hiéu 1a R.
Nhén thay rang, day don diéu tang (giam) ludn c6 giéi han (hitu han hodc v6 cuc).

Cho mét day v han {x,} C R. V6i méi n, dat

Up = sup{xu, Xpi1,...} = SUp X,y = sup X,
k>0 k>n
vy, = inf{x,, x,41,...} = gg Xpik = lirzlfz X

Ro rang day {u,} 1a day don diéu giam, con day {v,} 1a day don diéu ting cho nén moi
day c6 mot giéi han. Di nhién limu, = inf{u,} va limv, = sup{v,}. Cac giéi han dé
goi 12 gidi han trén va giéi han dudi ctia day {x,} va dudc ky hiéu lan lugt 1a lim x,, va

lim x,,.
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12 < 1. TAP HOP VA LY THUYET SO THUC

Nhu vay:

limx, = lim (supx,.x), va limx, = lim (infx, ).
k>0 k>0
Véi dinh nghia nhu trén thi moi day s6 bat ky déu cé giéi han trén va duéi. Dé thay
lim x,, 1a giéi han riéng nhé nhat va lim x,, 12 giéi han riéng 16n nhat caa day x,; dong
thoi lim x,, < lim x,,.

Ta 14y mot s6 vi du don gian vé hai loai giéi han nay nhu sau.
Vidu 1.13. Day x, = (—1)", n € N.
lim x, = lim inf x; = lim inf(—1)" = lim (-1) = —1,

N—o0 n—00 k>n n—00 k>n n—»00

lim x; = lim sup x; = lim sup(—1)f = lim 1 = 1.
k— o0 n—00 k>n n—00 k>n n—00

Vi du 1.14. Day x, = n-V", n e N.

lim #Y" = lim inf k" = 1im 0 = 0,
A n—00 k>n n—oo

im n(Y" = lim sup k(Y = lim (+00) = +co.
n—00 n—=00 sy n—00

Vidu 1.15. Day x, = ", neN.

1y 1)k —1 véin=2m+1
h_m( ) = lim inf( ) = lim " =0,
nooo N n—00 k>n " =y, véin =2m
— (—=1)" —1)k 1 v6in = 2m
lim (=" _ lim sup( o lim ¢ " =

rEs
Ta c6 cac két qua sau (ching minh dude danh cho phan bai tap).

1.13 Pinh ly. Mot sé /¢ la gidi han ciia day {x,} khi va chi khi lim x, = lim x,, = £.
1.14 DPinh ly.

@) lim x,, + lim y, < lim(x, +yy) < limx, + limys.
b) lim x,, —i—myn < lim(x, +yn) < lim x,, —i—ﬁyn.
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1.3 Luc lugng cua tap hop < 13

§ 3. LUC LUQGNG CUA TAP HOP

Ching ta thuong néi rang hai tap hop nhu vay c¢é "cung sb lugng phan ti", nhung véi
cac tap hop vo han, sé rat khé hiéu "s6 lugng" 1a gi. Ngoai ra ta con rat quan tam dén
truong hop mot tap la "dong" hon mot tap khac. Khai niém nay kha dé hiéu véi tap hitu
han nhung khéng dé d6i véi cac tap vo han.

1.15 Dinh nghia. Hai tap hop X va Y dudc néi 1a c6 cung luc lugng néu va chi néu ton

tai mot song anh tu X vao Y.

Mot tap hdp X dude goi la Attu han khi va chi khi né c6 cung luc lugng véi tap con
{1,2,...,n} C IN nao dé, khi d6 né cé6 n phan tt, ky hiéu |X| = n. Trusng hop con lai X
14 tap c6 vo han phan ti, ky hiéu |X| = co. Tap X dudc goi 1a dém dugc néu va chi néu
ton tai mot ham toan anh f tit N vao X, 1a v6 han dém duge néu X ciing 1a vo han. Mot

tap hop 1a khong dém duodec néu va chi néu né khong phai 1a dém dudc.

C6 thé ching minh duge mot tap vo han dém dude biang cach khang dinh né cung luc
luogng véi tap IN.

Vidu 1.16. Tap N la tap vo han dém dudc. Tap céc s6 chén 1a vo han dém dudc.
Tap Z 12 tap v6 han dém duge. Ham sb f(n) := ”T_l néu n 1& va -5 néu n chén.
N x IN 1a tap v6 han dém dugec. Ham f(m,n) := 21 (2n — 1) 1a song 4nh tit N x IN

vao IN.

Dé thiy moi tap dém dudc (v han hay hitu han) déu c¢6 thé biéu dién bang cach danh
s6 cac phan ti nhu sau:

X =A{ay,a,...,a,,...}.

1.16 Ménh de. Moi tdp con ctia tdp dém duoc ciing dém duogc.

Chiing minh. Gia st tap A 1a dém dudc va B 1a tap con ciia A, néu B 1a hitu han thi ta
khong can ching minh gi nén ta sé gia st B 1a vo6 han. Khi d6 hién nhién A 14 v6 han
dém dudc nén A = {ay,a,...}. Goi b; 12 phan ti dau tién trong day {a,} thudc B, b, 1a
phan ti thit hai trong day thuoc B, .... Khi d6 dé thay B chinh 1a tap C = {by,by,...}.
That vay, rdé rang C C B. Ngudc lai, gia s a; € B va tit a; dén a;_; c6 h phan ti thudc B,
khi dé6 a; chinhla b, . € C. Vay B C Cnén B = C. [

Nhu vay ching ta c6 thé tao ra mét tap dém dudc bang cach "cat bét" mét tap dém
duge. Ngudc lai ta ciing ¢6 thé bd sung cho mét tap dém dudc dé tao ra mot tap dém dude

khéc. Téng quat, ching ta c6 két qua sau.
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14 < 1. TAP HOP VA LY THUYET SO THUC

1.17 Ménh dé. Hop ciia mét ho dém dugce cdce tap dém duge ciing la tap dém dudc.
Trudc tién, ta chiing minh b6 dé sau day.

1.18 Bé dé. Hop ctia moét ho dém dudc cdc tap roi nhau va cé hitu han phan ti cing la
tap dém dudc.

Chiing minh. Gia st day tap B,,n = 1,2,... déu c¢6 hitu han phan t& dudc danh sb thi
tu nhu sau:
Bn - {bnl/ bnll ey bnjn}/ Bm N Bn = @/

trong d6 j, 1a ky hiéu sé phan ti ctia tap B,,.

Ta xay dung moét anh xa f tu B = |J B, vao N nhu sau:
n=1

flou) =1 +j2+-juor + (k—1).

Dé dang chiing minh dude day 1a song anh tit B vao IN. Ta c¢6 thé hiéu cach danh sb cac
phan ti ctia tap B nhu sau: Pau tién danh s6 cac phan ti cta tap By, tiép theo 1a danh
s6 thit tu véi cac phan ti cta tap By, tiép tuc nhu vy moi phan ti caa B, déu dude danh
s6 thi tu.

bp —  bp— - by — by
{

byj, <— Dby(j,—1) — - — by — by

i}

b3 — bsp — - — b3,y — baj
{

Chitng minh (CHUNG MINH MENH PE). Gia st day A, = {a,1,a0,...},n = 1,2,...,0.
Néu tap Ay c6 hitu han i phan t& thi ta xem nhu a; = Ag(ip1) = "
Dat By = {a11}, B3 = {a12,a21} \ B2, By = {a13,82,a31} \ (B2UB3),..., By = {a;j|li+] =

n}\ ( U Bk> ,n > 3. Khi d6 khéong khé khén gi ta thiy B, 1a day tap roi nhau cé

1<k<n-—-1
hitu han phan ti va |J, B, = U, An. Tuy nhién, |J,, B, 1a tap dém dudgc theo nhu bé dé

trén. [ |
1.19 Hé qua. Tdp cdc sb hitu ty Q la dém duoc.

Chung ta chua dua ra vi du vé tap khong dém dudc mac du né c6 rat nhiéu. Tuy nhién
tat ca cac vi du nay déu xuat phat tit cac két qua dudi day.

Tap X dudc goi 1a c6 luc luong nhé hon tap Y néu va chi néu ton tai mét ham don anh ti
X vao Y, nhung khong c¢6 ham toan anh nao 1én Y. Khang dinh sau cho thay dinh nghia

nay la chat che.
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1.3 Luc lugng cua tap hop < 15

1.20 Pinh 1y (dinh nghia tuong duong). Néu A va B la hai tap hop, f la mot ham
don anh tit A vao B, va g la mét ham don dnh tix B vao A. Khi do tap A va tdp B c¢6 cung
luc luong.
Chitng minh. Vé6i ham j va tap hop X bat ky, dit j[X] := {j(x) : x € X}. V6i mot X C A,
dat F(X) := A\ g[B\ f[X]].

A B

(B1f(X)

V6i U bat ky sao cho X C U C A, chiing ta ¢6 thé chi ra F(X) Cc F(U).
Pat W:= {X C A: X C F(X)} vaC:= UW. Véibatky u € C, tacé u € X véi
X € W nao dé, chonén u € X C F(X) C F(C). Vithé C C F(C), va F(C) C F(F(C)). Vay
F(C) ¢ W va do dinh nghia caa C ta c6 F(C) C Cnén F(C) = C. Vay g sé€ la don anh tu
B\ f(C)1lén A\ F(C) = A\ C. Trong trudng hop bat ky, f 1a don anh tit C 1én f[C].
A B

DPat h(x) := f(x) néux € C, h(x) := g(x) ' néux € A\ C. Khi d6 & 12 song anh tit tap A
1én tap B. u

Vi du 1.17. Tap hop R va (0,1) c6 cung luc luong. Truée hét ta dé dang chiing minh
dugc ham s6 sau la song anh tit (—1,1) vao R : f(x) = tg &£ Vay R va (—1,1) c6 cung
luc lugng. Ta lai ¢6 song 4nh g(x) = *H tit (—1,1) vao (0,1) nén (—1,1) va (0,1) c6 cung
luc luong.

Cho s6 n hitu han bat ky, n = 0,1,2,..., ching taluén c6 n < 2*; vidy,0<1,1<2,2<
4,3 < 8, v. v. Cho mot tap hitu han X c6 n phan ti, ho 2X tit ca cac tap con cia X cé 2"
phan ti. Khang dinh tap 2% ¢6 luc lugng 16n hon X ciing van ddng véi cac tap hop lén
tuy y (v6 han).
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16 < 1. TAP HOP VA LY THUYET sO THUC

1.21 Dinh ly. Moi tdap hop X déu cé luc luong nhé hon tap 2X.

Chiing minh. Dit f(x) := {x}. Pay 1a mot don anh tit X vao 2X. Gia st ¢ 1a mot toan
anh tit X 1én 2X. Pt A := {x € X;x € g(x)}. Khi d6 g(y) = A v6i y nao d6. Néuy € A
thiy ¢ ¢(y) = A, nhungnéuy ¢ A = g(y) thiy € A, mau thuan. ]

1.22 Hé qua. Tdp N c6 luc luong nhé hon hon 2%, nén 2N la khong dém duoc.

Tap c6 cung luc luong véi tap 2N sé dudc goi 1a c6 luc luong c, hoac luc ludng continum.
Ta ciing c¢6 thé thiy rang véi X 1a tap vo han dém dudc thi tap 2X ¢6 cung luc luong véi
tap 2V va nhu vay 2X ciing sé ¢6 luc luong c.

1.23 Pinh ly. Tép hop R cdc sé thuc va khodng [0,1] := {x € R: 0 < x < 1} ¢6 cung luc

luong la c.

Chitng minh. Chitng minh ctia dinh ly dudc dé 6 phan bai tap. St dung bai tap A.21 ta
sé chira [0,1] va (0,1) c6 cung luc lugng. S dung bai tap A.21 d€ chiing minh [0,1] va

2N ¢6 cung luc lugng. =

Duéi day 1a mét vi du vé tap khong dém dugce kha néi tiéng, dé 1a tap Cantor.

Vi du 1.18. Cho C la tap hgp Cantor
C:= {2 X /3" xy = Ohoéc2v6im()in}.
n>1

C6 thé chitng minh dugc C ¢6 cung luc lugng véi 2IV. That vay ta c6 song anh f tu 21N
vao C nhu sau: véi moi A € 2N, f(A) = ¥, 2/3"

BAI TAP
A.1. Tt hé tién dé cta R, chitng minh
a) —(xy) = (=x)y = x(-y) e)xzy=x—-y=0
b)x>0(<0)=—x<0(>0) f)VxeR,x*>0
)x>0,y<0=xy<0 9)x>yz>0=>xz>yz
d)x<0,y<0=xy>0 ho<x<ye0<1l/y<1/x

A.2. Tim can trén ding, can dudi ding va phan t& 16n nhat, nhé nhat ctia A (néu ton

tai) trong cac truong hop sau:

a) A= {x,}vix,=(-1)" -1 n=123, ...

n
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1.3 Luc lugng cua tap hop < 17

*A.3.

A4.

*A.5

A6.
AT.
A8.

A9.

A.10

A1l

A2

A3

A14

b) A={yn}véiy, = (-1)"- =1 n=1,23,....

Cho hai day {x,} va {y,} bi chan va dat z, = x,, + y,. Hay ching minh cac khang

dinh sau:

a) sup{x,} +sup{y,} > sup{z,} b) inf{x,} +inf{y,} < inf{z,}.

Thi dua ra vi du cho trudng hdp ciac dau bang khéng xay ra.

Tim cac giéi han trén va dudi cta cac day sb sau:
R S| T (=1)"
a) x, = sinn— + . c) Xy =cos n;ﬂj—l) ”
b) x,=[(—1)"+1]n d) x,=(-1)" 2 sin® 4.
. Chitng minh rang lim(—x,) = — lim x,,.

Hay chiung minh dinh 1y 1.13.
Hay chung minh dinh ly 1.14.
Cho A :={3,4,5} va B := {5,6,7}. Xac dinh:
a) AUB. b) AN B. c) A\ B. (d) AAB.
Chira @ # {@} va {@} # {{2}}.

. Trong ba tap sau thi nhiing tap nao bang nhau?
a) {{2, 3}, 4}}; b) {{4}, {2, 3}}; c) {{4}, {3, 2}}.

. Chitng minh rang

a)ACBvaACCthiACBnNC. b)ACBvaCCDthiAnCcCBND.
c) A C B khivachikhi ANB = A.

. Tim | A, va (| A, khi
n=1 n=1
A R 1< : b) A R 1< <2
a) A, = {x € '_E_x<5} ) A, ={x € 'E_X_E}
1
c)An:{xE]R:(1+E)”§x<3} d)Ay={xeR:n<x<n+1}.

. Cho I :=0,1]. Xac dinh { [x,2] va N [x,2].
xel xel

. Chitng minh rang:

a) [a,b] = ﬁ(a—%,an%) b) (a,b) = Jla+-,b— =]
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18 < 1. TAP HOP VA LY THUYET sO THUC

A.15.

A.16.

A.17.

A.18.

A.19.

A.20.

A.21.

*A.22.

A.23.

Cho {A,} 1a mét day tang cac tap con cua X. Pat By = Ay va B, = A, \ A,,_1 Vi
moi n = 2,3, .... Chiing minh rang B, N B,, = @, Ym # nva

n=1 n=1

Cho {A,} 1a mot day cac tap con cta tap X. Pat By = @ va véi moi n € N, dat

n
B, = U Ak/ Cn - An \ anl-
k=1

Ching minh {B,} la day cac tap don diéu tang va {C,} la day cac tap roi nhau
thoa man: - - -

UB.=U A= G

n=1 n=1 n=1
Cho {A,} 1a day cdc tap con ctia tap X. Néu A chia moi x € X thudc v6 han cac
tap A,, ching té rang

A =limsup A, = ﬁ [GAk].

n=1 k=n

Cho {A,} 1a day cac tap con ctia tap X. Néu B chiia tit cd x € X khong thudc mot
s6 hitu han cac tap A, ching t6 rang

B = liminf A, — | [ N Ay.

n=1 k=n
Cho {A,} 1a day don diéu giam céc tap con ctia tap X. Chiing minh rang
liminf A, = ﬂ Ay = limsup A,
n=1
Néu tap X 1a khong dém dude va Y 1a mét tap dém dude, chiing minh rang X \Y co
cung luc luong véi X. Goi y: Lay B 1a mot tap con vo6 han dém duge ctia X \ Y. Khi
dé Bva BU (XNY) ¢6 cung luc lugng.
Tuong tu, chiing minh réing néu tap X 1a khong dém dudc va Y 1a mot tap dém
dudc, thi X UY ¢6 cung luc luong véi X.
Chting minh [0, 1] va 2V ¢6 ciing luc lugng bang cach xét ham s6 tit 2N 1én [0, 1] nhu
sau: Néu @ # A C N, dit f(A) := ¥,c 4 1/2"! (khai trién nhi phan) va (@) = 0.
Ham nay khong han 14 song 4nh, nhung dung né va ap dung bai tap A.20 dé ching
minh [0,1] c¢6 luc lugng c.
Cho 4nhxa f: X — Y; A C Y. Chting minh rang:

f\NA) =X\ f1(4).
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CHUONG 2

LY THUYET PO PO

§ 1. PAI SO VA 0-DAI SO

2/1.1 Pai sb6

2.1 Pinh nghia. Mot 16p .7 (khéac réng) cac tap con ciia X dudc goi 1a mét dai sé néu:
1) X e &,
2) V6imoi A € o7 thi A°=X\ A € .

3) Vé6i moi day tap hgp httuhan A; € 7, i =1,2,...,nthiJ_, A; € «.

Nhu vay, </ 1a mot dai s6 khi va chi khi &7 chida X va kin d6i véi viée thuc hién mét sb
hitu han phép toan vé tap (hdp, giao hitu han, tri va phép trut d6i xting hai tap). Hién

nhién tit d6 suy ra mot dai s6 luén chita hai tap @ va X.

2.2 Ménh de. Mot 16p < la mot dai sb khi va chi khi <7 chita tdp réng va thod man cdc
diéu kién:

a) Ae o = A° € o,

b) AL Be o/ = ANBe .« (hodc A,Be o/ = AUB € &).

Vi du 2.1. Cho tap X bat ky ta c6
e o/ = {@,X} 1a mot dai sb.

e Néu A C X la tap khéc rong va khac X thi & = {®, A, A%, X} 1a mot dai sb.
Chang han X = [0,1] va & = {®, X, [0, 3], (3,1]}.

19
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20 <4 2. LY THUYET PO PO

e Lip 2% 1a mot dai sé.
Cau héi: Cho X = {1,2,3,4}. Trong céc 16p sau, 16p nao 1a dai sé:
o o ={0, X {1}}.
o o ={0,X,{1},{2,3,4},{2},{1,3,4},{1,2},{3,4} }.
o o5 =1{0,X,{1},{2,3,4},{2},{1,3,4} }.

2.3 Ménh dé. Cho I6p tap hop A # D cdc tap con ciia tdp X, ton tai duy nhdt mét dai
sb o/ chita A va la giao clia tat cd cdc dai sé chita .
Pai s6 .7 dudc goi la dai sb sinh bdi .# hay dai s6 nhé nhit chia A .

Chiing minh. Bao gio ciing ton tai it nhat mot dai s6 bao ham .#, d6 1a 16p tat ca cac tap con
cta X. Xét tit ca cac dai s6 bao ham .# va goi <7 1a giao cta chung.

R6 rang < ciing 1a mét dai s6 bao ham .#, vinéu A,B € </ thi A,B vado d6 AUB va A°
phai thudc moi dai s6 bao ham .7, titc1a AUB € o7, va A € .

Hon nita, &/ 1a duy nhat vi néu c6 mot dai s6 </’ ciing c6 tinh chat nhu 7 thi mét mét
o/ C o/, mot mit .o/’ C o/ nén & = o/'. n

Nhan xét. Dé chitng minh .« 14 dai s6 sinh bdi . ta can chitng minh hai khang dinh
i) o/ 1a mot dai sb.

ii) o7 nam trong dai sb sinh béi .#, tic 14 moi tap A € o/ déu biéu dién qua cac tap
thudc .# (béi cac hittu han phép toan tap hgp).

Vidu2.2. e Néu.# la mot dai sb thi dai s6 sinh béi ./ chinh 1a ..
e Xét Alatapconcia X: A # @, A # X va.# = {A}. Khi dé, dai s6 sinh béi ./ 1a:
o ={X,0,A,A°Y}.
That vay, dé thay < 1a dai s, ngoai ra X, ®, A, A° déu thudc dai sb sinh béi ..
e Néu.# = {A,B} v6i A,B C X, AN B = @ thi dai sb sinh béi .# la:

{@,A,A,B,BS, AUB,(AUB)", X}.

o Xét X ={1,2,...,n} va.# = {{1},{2},...,{n}}. Dai s6 sinh béi .# chinh 1a 2%,
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2.1 Pai s vao-daisd ¢ 21

2/1.2 o-dai so
2.4 Pinh nghia. Mot 16p .# cdc tap con ctia X dudc goi 1a mot o-dai sé (o-truong) néu:
1) Xe .7,
2) V6imoi A € .7 thi A=X\ A€ 2.
3) Néu day tap hop vo han A; € .Z,i =1,2,... thi U2, A; € .Z.
Cap (X,.%) dudc goi 1a mot khong gian do dude va mbi phan ti thude .# dude goi 1a mot
tap do dudc.
Di nhién, mot o-dai s6 1a dai s6. Ngudc lai, mét dai s6 kin d6i véi phép hop dém duge thi
sé 1a mot o-dai sb.
2.5 Ménh dé. Mot I6p .F la mét o-dai sb khi va chi khi F chita tdp rong va thod man
cdc diéu kién
i) VGimoi A € 7 thi A=X\ A € Z.
ii) Néu day tdp hop vo han A; € Z,i=1,2,... thi Nieq Aj € Z.
Chitng minh. Néu .7 1a o-dai s6 thi i) hién nhién ding. Gia sticho A; € .Z, (i = 1,2,...),
taco N2, A = (U2 AS)® € 7 nénii) ding.

Ngudc lai néu i) va ii) ding, khi d6 r6 rang X = @° € F vavéi A; € Z,(i=1,2,...),
thi U2, A; = (N2, AS)" € Z. Vay F 1a mdt o-dai sb. m

Nhu vay theo ménh dé trén, mot o-dai s6 luoén kin d6i véi viéc thuc hién moét s6 dém

dudc cac phép toan vé tap hop.
Vidu2.3. e Cho X la tap hop bat ky thi 2X 12 mot o-dai sb.

e Néu X 1a mot tap hitu han va 7 12 mét dai s6 trén X thi .« ciing 1a o-dai s6.

Nhu vdy su khdc biét gitta dai s6 va o-dai sé sé khdng con trong truong hop khéong gian

mau la hitu han.

e Cho 16p .# gom tat ca cac tap A C NN c6 tinh chéat 14 chita ca hai s6 1, 2 hoéc khong
chita ca 2 s6 nay. Khi d6 .% 1a mét o-dai s6 caa IN.
That vay lay A € .Z tuy y. Néu cép 1, 2 thudc A thi khong thuoc A, néu khong
thudc A thi thujc A° nén ro rang A° € #. Ngoairavéi A; € .Z,(i = 1,2,...) thi
néu ton tai i d€ A; chia cap 1, 2 thi {1,2} € U2, A;, con néu khong thi rd rang
{1,2} ¢ U2 Ainén U2, A; € 7.
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22 < 2. LY THUYET PO PO

e Ho tt ca cac tap A C X thoa man mot trong hai tdp A hay A€ c¢6 hitu han hodc vo
han dém dugc phan ti 14p thanh mét o-dai sé.

2.6 Ménh dé. Cho mét Iop tap A + @, ton tai duy nhdt mét o-dai s6 .F chita A va la

glao cua tat cd cdc o-dai s6 chita ./ (do dé né la o - dai s6 nhé nhat chia ).

Ta goi o-dai s6 .7 12 o-dai s6 sinh bdi .# va ky hidula o (7).
Chtng minh cia ménh dé trén tuong tu ching minh cia ménh dé 2.3.

Vi du 2.4. Cho tap .# = {{1},{2},{3},...}, o-dai s6 sinh béi .# chinh 1a 16p tit ca cc
tap con ctia N tic (/) = 2N,

That vay néu A € 2N suyra A = {ay,...,a,} = Ur<i<p{ai} € o( ). Vay 28 C o ()
va hién nhién 2V 14 o-dai s6 nén 2N = ¢(.#7).

2/1.3 o-dai s6 Borel

Trong khong gian R, ky hiéu ¢} 1a ho cac khoang mé (a,b) cta R. Khi do, ta goi o-dai
s6 sinh béi € 1a o-dai s Borel ctia R va goi phan t& thudc o-dai s6 Borel 1a tdp Borel
hodc tdp do dudc Borel cia R. Ky hiéu o-dai s6 Borel 1a B(R).

Nhan xét rang o-dai s6 Borel ciia R ¢6 thé dudc sinh bdi mot trong céc 16p sau day:

%, = 16p tat ca cac khoang hitu han (a,b);

% = 16p tat ca cac doan hitu han [a, b];

%5 = 16p tat ca cac nita khoang hitu han (a, b];

%, = 16p tat ca cac ntta khoang hitu han [a, b);

%5 = 16p tat ca cac khoang v6 han (b, +0);

%6 = 16p tat ca cac khoang v6 han (—co,a);

% = 16p tat ca cac khoang vo han (—oo, al;

%3 = 16p tat ca cac khoang v6 han [b, +0).

Chang han o-dai s6 Borel Z(R) la chtta %, do [a,b] = Ny q(a— 1,0+ 1) € 2(R).
Ngudc lai o-dai s6 sinh béi %, chia € do (a,b) = U [a + %,b — %] nén né trung voéi
o-dai s6 Borel Z(R).

Chu y 1a 16p céc tap Borel thudc doan [0,1] ciing 1ap thanh méot o-dai sb, ky hiéu la
A10,1]:
10,1 ={SC[0,1]: S € B(R)}.

Vi du 2.5. Cho tap B C R bat ky, tap a + B véi « € R dudc xac dinh nhu sau:
a+ B = {a + x|x € B}.

Khi d6 néu B 1a mot tap Borel thi o + B, « € R bat ky, ciing 14 tap Borel.
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2.2 Khong gian d6 do <> 23

That vay xét 16p tap hop sau
a+ B ={a+ B|B € #}.

Dé dang ching minh dudc « + 2 1a mét o-dai sb, ngoai ra né chita 16p € (hién nhién
via+ (a,b) € €). Vay « + % chita o-dai s6 Borel 4. Suy ra % chta —« + 4.

Tuy nhién dé dang thay —a + 2 ciing 1a o-dai s6 chita 16p 4} nén —a + £ ciing phai
chita o-dai s6 Borel 2.

Tit hai khang dinh trén suy ra —a + % trung véi %, do d6 trung véi o + 2.

§ 2. KHONG GIAN bO PO

2/2.1 Cac khai niém cd ban

Cho X 1a mét tap tuy ¥, < 1a mét 16p tap con cta X. Ky hiéu R 1a tap s6 thuc duong
suy rong [0, +oo].

2.7 DPinh nghia. Mot anh xa p tu &7 vao R+ (p ¢6 thé nhan gia tri +oc0) duge goi la:

+) cong tinh néu:
p(AUB) = p(A) + p(B).

v6i moi tap A, B roi nhau trong &/ va AUB € &/.

+) o-cong tinh néu:
p (U Ai> =) p(A). 2.7
i=1 i=1
v6i moi ho dém dudc cac tap roi nhau doi mot A; € o thod man Ut A e o

Bang quy nap, ta dé dang thiy néu p cong tinh thi sé htu han cong tinh tic:
m m
p (U Ai) =) p(A).
i=1 i=1

m
v6i moi tap roi nhau déi moét Aq,..., A, € & thoaAman | A; € .
i=1

M6t ham o-cong tinh thi céng tinh nhung diéu ngudc lai chua chic ding.
Ta néi ham tap p 1a lién tuc tai @ néu véi méi day A, | @, A, € o7, tacé lim p(A,) = 0.

n—oo

2.8 Pinh ly. Cho ham tdp p : &/ — R (nhdn gid tri hitu han khéng dm), cong tinh
hitu han. Khi dé p la o-cong tinh khi va chi khi p lién tuc tai @.
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24 <4 2. LY THUYET PO PO

Chitng minh. Trudc hét gia st p lién tuc tai @ va A = U2 Ak, (A, A € &) va cac Ay
roi nhau. Khi dé6, B, = A\ (Uy_; Ax) | ©.Suyra A =BUA;U...UA, la hdp hitu han
cac tap roi nhau. Nhu vay, vi p cong tinh httu han va lién tuc tai @ nén ta cé

n (e e]

p(A) = p(By) +k_21 p(Ag) — k_zlp(Ak) khi n — oo.

Vay, ta c6 khang dinh dau ctiia ménh dé.

Ngudc lai, gia st p la o-cong tinh va mét day tap B, | @, B, € &/. Pat A = By, A, =
B, \ Byy1. Khi do, ta ¢c6 A = ;> Ax 1a hop dém dudc cac tap roi nhau, B, = A\
(Ur=14k)-

B= AV{AU4UA)

Néu p hitu han va o-cong tinh thi:
p(Ba) = p(A) = p( Uy Ax) = p(A) = Xy p(Ar) = 0. .

Chu y. Tu dinh ly trén ta suy ra: Néu p hitu han, cong tinh hitu han thi tinh o-céng
tinh cta p tuong duong véi tinh lién tuc tai @ cta né.

2.9 Pinh nghia. Cho (X,.%#) la m6t khéng gian do duge. Mot ham tap o-cong tinh
u:F — R

v6i u(@) = 0 dudc goi 1a dé do trén o-dai s6 . (hoic trén X néu .# da dugc ngam dinh).
Véi A € Z thi A dudce goi la tdp do duge va u(A) dude goi la do do ciia tdp A. Bo ba
(X, #,u) dudc goi 1a mét khong gian dé do.

Do do y dudc goi 1a hitu han néu u(X) < co. Pd do i goi 1a o-hitu han néu ton tai
day tap hop X, € .7 va u(X,) < oo,Vn=1,2,...sao cho

U x» =X
n=1

Chu y. Nhu vay ham gi4 tri thuc i xac dinh trén o-dai s6 .# 1a d6 do néu

e 1(A) > 0v6imoi A € .Z.
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2.2 Khong gian do do <> 25

e 11(®) = 0 (c6 thé thay bang: u(A) < +oo véi it nhat mot A € .7).
e ula o-cong tinh.
Vi du 2.6. e Ham tap u dong nhat bang 0 12 mot d6 do hitu han trén .Z.

e Cho khong gian d¢ do (X,2%) va xo € X nao d6. Vé6i A € 2X bat ky, ta dinh nghia

mot ham tap nhu sau

1 mnéuxg€ A,

Fxo (A) = 2

0 neuxy ¢ A.
Khi d6 u 1a mot do do hitu han va dugc goi 1a d6 do Dirac tai diém x; trén 2%. Lay
mét day A, | @, khi d6 theo dinh 1y 2.8, 1(A,) — 0 khi n — oo, tidc 1a ton tai sb
n € N sao cho yu(Ay) = 0 v6i moi k > n.

e Cho khéng gian d¢ do (X,2%), v6i A € 2X bat ky ta dinh nghia:

so phan ti ciatap A néu A hitu han
pA) =

400 néu A vo han.

Ham tap y 12 mot do do trén 2% va dudc goi 14 do do dém.

Ham tap y 1a httu han néu va chi néu X 1a tap hitu han. Ham tap # 1a o-hitu han

néu va chi néu X nhiéu nhét la tap hop dém dugc.

Gia st X v6 han, chang han X = N, ta xét day B, = {k € N : k > n} | @ nhung
#(By) = +00 —+ 0. Do d6, i khong lién tuc tai @. Pinh ly 2.8 khong ap dung dugc &
day vi thiéu gia thiét # httu han.

e Cho khong gian d6 do (X,.7) bat ky, véi moi A € .# ta dinh nghia mét ham tap
nhu sau:
0 néuld =09

u(A) = )
+o00 neu A #£Q

Khi d6 # 12 mot do do khong o-hitu han trén .%. Véi X = IN, van bang cach xét day
B, = {k € N : k > n}, ta thiy d6 do nay ciing khong lién tuc tai @.

Chu y. Néu p 1a mot do do trén khong gian do dude (Q,X) thod man p(Q) = 1 thi p
dudc goi 1a mot do do xdc sudt va trong trusng hop nay (Q,%, p) dudce goi 1a mét khong
gian dé do xdc sudt.

Cho khéong gian Q) 12 hitu han va y 12 d6 do dém trén O, khi d6 d6 do sau p(S) = &

n(Q
v6i moi tap con S caa () 12 mot d6 do xac suat. Ngudi ta goi d6 1a do do xdc sudt c6 dién.

~—
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26 < 2. LY THUYET PO PO

2/2,2 Cac tinh chat
2.10 Pinh ly. Cho khéng gian dé do (X, .7, u), khi dé ta co:
i) A,Be FvaBCA, uB)<+oco= u(A\B)=u(A)—u(B);
ii) A,Be ZvaBcC A= u(B) < u(A);
iit) A,B € % thod man u(B) =0= u(AUB) =u(A\ B) = u(A).

Chiing minh. i) Vi B C Anén A = (A \ B) UB la hgp hai tap roi nhau, do d6 u(A) =
#(A\ B)+ u(B). Ma u(B) < conén suy ra u(A) — u(B) = u(A\ B).

A

A\B

ii) Hién nhién u(A) = u(A\ B) + u(B) > u(B).
iii) Ta ¢c6 AUB = (A \ B) UB la hgp hai tap roi nhau nén y(AUB) = u(A\ B) +
1#(B) = u(A\ B). Theo tinh chat ii), u(A \ B) < u(A) < u(A U B) nén chiing bang nhau.m

Do dinh 1y 2.10.ii), nhiéu khi ta tin rang tap con clia mot tap cé d6 do 0 tit nhién
ciing ¢6 d6 do 0. Tuy nhién c6 mét vAn dé 6 day 1a chua chéc tap con dé da do dudc (tic
thuoc o-dai s6 .#). Chang han cho X = {a,b,c} va .# = {®, X, {a}, {b,c}} va cho mot dd
do p thod man p{a} = 1 va p{b,c} = 0. Khi d6 hién nhién két luan p{b} = 0 1a sai vi
tham chi p con khong duge dinh nghia trén {b}.

Cho (X,.7) 1a mot khong gian do dudc, tinh chat o-cong tinh ctia ham tap u trén .#
c¢6 thé dudc coi 1a trung tam cta 1y thuyét do do (xac suat). N6 thiét 1ap mot s6 tinh chat
rat hitu dung ctia d6 do. Ching ta sé dua ra mot sb tinh chat sau rat ra tir tinh o-cong
tinh.

2.11 Pinh ly. Cho khéng gian do do (X, .7, 1), khi do ta co:

i) Vi moi ho dém dudc A; € F(i=1,2,...), ta c6

V( G Ai) < :P‘(Az)
i=1 1=
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Chitng minh. ) Dat B; = A1, By = Ay\ A1, By = A3\ (A1 UA),..., By = Ay\ (U;l;f Ai>,
.... Khi d6 cac tap B; la roi nhau va B; C A; nén theo dinh ly 2.10.ii) ta ¢6 u(B;) < u(4;),
ngoai ra U2, A; = U2, B;. Vay ap dung tinh chat o-cong tinh ctia y ta dudge:

P‘( G Az’) = il/‘(Bi) < il/‘(Ai)-
i=1 i= i=

ii) Pat A = U2, A;, ap dung dinh Iy 2.10 ta c6 0 < u(A) < Y2, u(A;) = 0, tit d6 suy
ra i(A) =0. m

Nhu vay viéc thém bét hop mot s6 dém dude cac tap do dude c6 d6 khong sé khong
anh huéng dén do do ctia tap ban dau.

Trong ching minh dinh ly 2.11.1), chung ta da st dung phuong phap tach hdp cua
day {A,} bat ky thanh hop ctia c4c tap roi nhau B, nhu minh hoa & hinh duéi day.

-
) (@ ) ([ O
\x___ __.,\/h—-/ f \_ _}/'- / f \%__ >

A A\ A A\ (A UAY) A\ (A UA UA)

Day cac tap B,

2.12 Hé qua. Néu dé do ula o-httu han thi moi tdp A € .7 déu c6 thé phan tich thanh
mot sé dém dudc tap c¢é dé do hitu han.

Ciing tit tinh o-cong tinh ctia d6 do ta c6 thém cac két qua sau:

2.13 Pinh ly (Tinh lién tuc caa d6 do). Cho khéng gian do dugce (X, F) va u la mét
dé do trén o-dai s6 .Z, khi dé:

i) néuday A; € .F (i=1,2,...) la don diéu ting tiic Ay C Ay C ... thi

2 (G Ai> = lim ]/I(Ai),'
i=1

i—00

ii) néuday A; € F (i = 1,2,...) la don diéu gidm tiic Ay O Ay O ... va u(A;) < o
thi

i—o0

Z (ﬁ Ai) = lim p(A;).
i=1

Nguoc lai, cho u : F — RT la ham tdp hitu han cong tinh thod man (@) = 0 thi né sé

la mot dé do néu thod mdan mot trong hai diéu kién i) hodc ii) 6 trén.
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28 <4 2. LY THUYET PO PO

Chiing minh. i) Gia st day A; € .7 (i =1,2,...) la don diéu tang.
n—1
Ta dat B = Ay, By = Ay \ Ay,...,B, = A\ ( U Ai> thi cac B, € . roi nhau va
i=1
U Ai: U Bi.DOdé
i=1 i=1

Z (U Ai) = (U Bi) =) u(B;) = lim } u(B;) = lim (U Bi) = lim p(Ap).
i=1 i=1 i=1 i=1 i=1

Khang dinh i) da dudc chitng minh.

ii) Gia st day A, € & (i = 1,2,...) la don diéu giam.Theo cong thic De Morgan
A1\ Ni2q Ai = UiZ1 (A1 \ A;), trong d6 cac tap Al = A1\ A; € Fva A C A}, C.... Theo
phan i) ta e6 u (U2, Al) = lim; 0 u(AL).

Nhung vi (A1) < coma A; C Ajnén u(A;) < covapu(N2,A;) < oo. Tt dé ta co:
(A7) = u(A1) —u(Ai),
#(U1 Aj) = p(Ar\ ﬂlAi) = (A1) = ([ A,
i= j—
do do6 thay vao trén ta nhan dude p(N72; A;) = im; e p(A;).

Khang dinh ii) dudc chiing minh xong.
Phan con lai ciia dinh 1y dudc chiing minh 6 phu luc. [

Cac két qua i) va ii) 6 dinh ly 2.13 con dudc goi 1a tinh lién tuc trén va duéi cta do do,
ching dudc suy truc tiép ti tinh o-cong tinh ctia do do.
Nhu vay tit dinh Iy 2.13 ta rat ra két luan:

o-cong tinh <= cong tinh httu han va lién tuc.

Chu y. Két qua ii) trong dinh 1y 2.13 c6 thé khong con ding néu (A;) = +oo véi k nao
d6. That vay xét khong gian d6 do (IN,2N, 1) véi u 1a d6 do dém. Day A, = {n +1,n+
2,...} | @nhung u(A,) = +o0 - 0.
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2.3 Théc trién do do < 29

§ 3. THAC TRIEN PO PO

Xuét phat ti viéc tinh dién tich ciia mot hinh phang, ching ta sé thay viéc chi ra do do

ctia mét tap khong hé don gian.

Vi du 2.7. Trén duosng thang R c6 nhiing tap diém dudc gan véi mot s6 khéng am goi
14 “d6 dai”. Chang han, d6 dai cia mot doan A = [a,b] 1a |A| = b — a; néu mét tap cé
thé phan tich thanh mét s6 hitu han doan roi nhau: Ay, A, ..., A, thi do dai cta né la
|A1] 4 |Az] + - - - + |Ay|. Nhung cling c6 nhitng tAp ma truc quan khéong cho ta thay nén
xéc dinh dd dai nhu thé nao, chang han nhu tap cac diém hitu ti trong doan [0,1]. Van
dé nay sinh 1a 1am thé nao d€ mé rong khai niém d6 dai cho nhiing tap phic tap hon
nhitng doan thang hoic hop ctia mot s6 hitu han doan thang. Trong mit phang R? va
trong khong gian R3 ta ciing gap van dé tuong tu.

a3

Cho <7 1a mot dai s6 trong khong gian X, p 1a mot ham tap o-cong tinh trén 7. Ta sé

tim cach théc trién (“ndi réng”) m thanh d6 do trén mot o-dai s6 bao ham 7.

2/3.1 Pinh 1y thac trién d6 do

2.14 Pinh ly (thac trién d6 do ctia Caratheodory). Cho <7 la mét dai sé trén tap X
khdc réng va p : o/ — R* la mot ham tdp o-cong tinh. Khi dé ton tai mot dé do U xdc
dinh trén o (<) théa man u(A) = p(A) véi moi A € <. Ngoai ra, néu p la o-hitu han thi
u dudc xdc dinh duy nhat.

Pinh ly trén gitp ta xay dung mot d6 do duy nhét trén mot o-dai sé bang cach chi
can xac dinh dang diéu cua d6 do trén dai sb sinh ra o-dai s6 nay. Viéc gan mét do do
d6i v6i mot dai s6 dé thuc hién hon nhiéu nén dinh 1y thac trién té ra rat hitu dung.

Bay gio chiing ta sé tién hanh chiing minh dinh ly thac trién d6 do theo cac buéc nhu
sau: Dau tién ta xay dung mot ham tap p* - dudce goi la d6 do ngoai - doi véi 16p 2X sao
cho né trung p trén /. Sau d6 chi ra mét o-dai sb chita o7 va p* la do do d6i véi o-dai s6

ay. Khi d6 hién nhién y* cling 1a d6 do trén o(A).
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30 < 2. LY THUYET PO PO

2.15 Dinh nghia. M6t ham tap y* xac dinh trén 16p 2%, I6p tdt cd cdc tdp con, ctia mot
khong gian X, dudc goi 1a mét dé do ngoai néu

a) u*(A) > 0véimoi A C X,

b) * (@) = 0,

0 A CUZ A = p*(A) < L2y p* (Ai).

Chu y. D6 do ngoai chi doi héi tinh nita o-cong tinh dudi ¢) nhung lai xac dinh trén 16p

tat ca cac tap con cia X. Pay 1a cac diém khac biét co ban gitta d6 do va d6 do ngoai.

2.16 Pinh nghia. Cho y* la mot do do ngoai trén X. Cac tap con A cha X théa méan
W(E)=p"(ENA)+u"(E\A)véimoi E C X (2.16)

dudc goi la cac tap u* - do duogc. Ky hiéu: .Z 1a 16p tat ca cac tap u* - do dudgc.

Chu y. Diéu kién (2.16) tuong duong véi u*(E) > u*(ENA) + u*(E\ A) véi moi E C X.

Vidu28. e X =101}, = 2%, ta dinh nghia u*(@) = 0,u*(A) = 1,0 # A € .
Khi d6 »* khong la d6 do nhung la do do ngoai.

e V6i X, o nhu trén, néu ta dinh nghia u*(@) = 0, u*({1}) = p*({2}) = 2, u*(X) = 1.
Khi d6 p* khong la do do cung khong 1a doé do ngoai.

Vi du 2.9. Cho tap X = {1,2}. Lép tat ca céc tap con cta X gom {@, X, {1}, {2}}. Véi
moi tap con A C X, dat

. 1 néud+#Q,
u@ﬁ{

0 néud=0.
Dé thiy ring p* 1a mot do do ngoai va ho céc tap u* do duge 1a {@, X}, o-dai s6 tam

thuong trén X.

2.17 Dinh ly (Caratheodory). Ldp tdt cd cdc tap u* - do dude £ la mét o-dai s6 va
ham y = u*| y (thu hep cia y* trén £) la mét dé do trén £.
Do do p duge goi la do do cam sinh béi do do ngoai u*.

Quay tré lai dinh 1y 2.14, v6i mdi A C X, ta dat:
p(A) =inf{ ) p(P,):U2,P, D AP € o} (2.17)
i=1
Khi d6 ta 1an ludt chiing minh dude cac két qua sau:

e u* la mot do do ngoai .
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2.3 Théc trién do do < 31

e 1*(A)=p(A)véimoi A € .
e 1* 12 do6 do trén (/) hay o(/) C &£ - 16p tat ca céc tap u* do dudgc.

e V6i p 1a o-hitu han va p; 1a mét d6 do khéc xéac dinh trén (<) sao cho y| , =
m|,, = p-Khidé u(A) = u1(A), VA € o().

Chiing minh day du caa dinh 1y 2.14 dudc trinh bay 6 phu luc.

Trong dinh Iy 2.14 can t6i gia thiét o-hitu han ctia p thi 6 do théc trién x méi la duy
nhét. Néu b gia thiét nay ching ta sé c¢6 phan vi du nhu sau:

Vi du 2.10. Cho 7 12 dai s6 sinh béi cac khoang nita d6ng bén phai: (a,b]. Cé6 thé chiing
minh dudc <7 gdom céc tap hop:

o = {A =AM U...UAN A ﬂA]' =0,A = (ai,bi]}.
Dinh nghia mot ham tap o-cong tinh p trén o/ béang cach dit
+oonéu A £ @,
p(A) = )
Onéu A = 2.
Khi d6 o(<7) 1a o-dai s6 Borel %, ta dinh nghia d¢ do y; trén % tuong tu nhu p, tic
+0o néu A #+ &,
m(A) = )
Onéu A = g,
con do do yp dude dinh nghia nhu sau:
+o00 néu A géom vo han phan ti,
#2(A) = { s6 phan tit cia A néu A gom hitu han phan tit,
0O néu A = @.
Nhu vay p; va up la hai do do khac nhau trén % nhung trung nhau trén <.

Nhu vay, ta da c6 thé néi t6i do do u xac dinh trén mét o-dai s6 7. Ta goi (X, o) la
khong gian do duge va (X, o/, ) la khong gian do do. Tu day vé sau, ta ludén xét d6 do

xéac dinh trén o - dai s6, khong gian d6 do 1a khong gian gan véi o - dai sb.

2.18 DPinh nghia. D06 do y trén mot o-dai s6 o7 dudc goi 1a (d6 do) dii néu moi tap con
ctia mot tap bat ky thuodc < c6 d6 do khong déu ciing thudce «7 va cé do do khong:

NCEu(E)=0= N e «,u(N)=0.

Cac tap N dudc goi la tdp u-khong néu c6 it nhat moét tdp A € o sao cho N C A va
u(A) =0.
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32 ¢ 2. LY THUYET PO PO

2.19 Dinh ly. D6 do u cdm sinh béi d6 do ngoai u* la dé do di (trén o-dai s6 £ cdc tap
u*-do dugce). Ho cdc tdp co dé do p bang 0 trung véi ho cdc tdp cé dé do ngoai u* bang 0.

Chitng minh. O day, ta chi cAn chitng minh riing moi tap A c6 u*(A) = 0 déu p*-do
duge. Véi moi tap E C X taco u*(ENA) < u*(A) =0, nén

W(ENA)+pu (ENA) < p"(E\A) =p"(ENA") < p*(E).
Nhu vay, A la y*-do dugc. [ ]

Pinh 1y sau day cho thiy rang moi khéong gian d6 do déu c6 thé néi rong thanh khong
gian c6 do do du. Vi vay, ta c6 thé luon xét cac khong gian d6 do 14 khong gian c6 d6 do
du.

2.20 Pinh ly. Xét khong gian dé do (X, o/, u). Goi N la tap tdt cd cdc tap y-khong. Khi
do, lép ), gom tdt cd cdc tdp cé dang AUN, véi A € o/ ,N € N trung véi o(o/ U.N)
va cong thic 1(AUN) = u(A) xdc dinh dé do duy nhét trén )y, sao cho Uy = pva

~

X, o, 1) la khong gian c6 dé do du.
nr M

§ 4. PO PO TREN R*

Trong bai nay, ta sé xem xét mot cach cu thé hon mét s6 trudng hop dac biét vé cac do
do thuong dudc st dung trén R-.

/4.1 D6 do Lebesgue trén R
Ta goi gian trén dusng thang R 1a mot tap diém c6 mot trong cac dang sau:
(a,b),[a,b], (a,b],[a,b); (—o00,+00),(—00,a),(—00,a],(a,+00),a,+o0).

Ky hiéu chung céc gian 1a A. Chiéu dai ctia A, ky hiéu |A| = (b — a) néu A thudc vao mot

trong bon dang dau, con lai |A| = co.
Vi du 2.11. Chiéu dai ctia tap chi c6 mét diém [a,a] bang a —a = 0.

Cho ¥ 1a 16p tat ca cac tap con ctia R c6 thé biéu dién thanh hop ctia mét sb6 hitu han
gian roi nhau:
¢ ={P:P= U?:lAi,Ai ﬂA]' =0 #j)},

trong dé A; 1a nhitng gian, n 1a s6 tu nhién tuy ¥.
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2.4 Do do trén RF < 33

2.21 Bé dé. ¢ la mot dai sb.

Chitng minh. D& thay, néu P € € thi R\ P € ¥. Mit khac, hién nhién giao ctia hai gian
12 mét gian, cho nén néu P, P’ € ¥, chang han P = U;A;, P! = UjA;- thi

PNP' =U;U;(AiNA) €6, PUP =R\ [(R\P)N(R\P)] €7,
Vay ¢ 1a mét dai sb. n

Ta xac dinh trén 4 moét ham tap nhu sau: néu P € % va c6 dang P = U A, trong
do6 A; la nhting gian rdi nhau thi ta dat

n
m(P) =) |Ail.
i=1
C6 thé ching minh dugc m 14 o-cong tinh va o-hitu han trén %. Ap dung dinh 1y 2.14,
ton tai mot do do thac trién tit m dudce xac dinh nhu sau:

VA € 2%, yu*(A) = inf { im(P,-) tUR P, D AP ET).
i=1
Do do xay dung theo cach trén goi 1a dé do Lebesgue trén duong thang. Cac tap u* do
dudgc, tic 1a thudc o-dai s6 £ dude goi 1a cac tdp do duoge theo nghia Lebesgue (do duoc
(£)), do do Lebesgue dudc ky hiéu trong gido trinh nay la m.
Ching ta da biét o-dai s6 sinh bdi cac gian con dudc goi 1a o-dai s6 Borel. Do vay, tap
do dudc Borel cing 1a do dudc Lebesgue.

Nhan xét. Khong gian d6 do (R, %, m)lac - httu han. Thatvaytaco R = U (n,n+1]

n=-—oo

12 hop dém dudgc cac tap c6 d6 do bang 1 hitu han.

Chu y rang ho céac tap do dude Lebesgue khong biang 2%, ngudi ta chitng minh dudc ton
tai tap con cia R khong do dugc Lebesgue. That vay trén doan [0, 1] ton tai mot tap
A C [0,1] sao cho cac tap A +gq,q € Q la roi nhau va

01c U (A+g).
q€QN[-11]

O day ta hiéu A +g = {x +g|x € A}. Do tap s6 hitu ty 1a dém dudc nén ta c6 thé viét
12 [0,1] C U Ay Tuy nhién ta dé dang chiing minh duge u*(A + q) = u*(A) nén cdc tap
A, c6 @6 do ngoai bang nhau va do vay
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34 < 2. LY THUYET PO PO

nén u*(A,) = u*(A) > 0. Néu cac A, 1a u* do dudc thi ta lai thay

U (A+q) clo2]
q€QN[—1,1]

vadodo Y, ;u*(Ay) <2nén u*(A,) =pu*(A)=0.Voly.

2.22 Ménh de. Moi tép hop diém hitu han hodc dém duoc E C R déu do dudc va cé do
do Lebesgue bang khong.

Chiing minh. Gia stt E = {t1,t5,...,t,,...} 12 tap hop gom dém dudc céc gia tri thuc.
Céc tap diém don {t;} 1a do dugc va c6 do do m{t;} = m|[t;, t;] = 0 nén E cling do dudc. S

dung tinh chat o-cong tinh cta do do ta cé:

m(E) = im{ti} 0.

Vi du 2.12. Tap sb hitu ti Q c6 d6 do Lebesgue bang 0.

Nhan xét. Theo dinh 1y 2.19, d6 do Lebesgue trén R la do do da, vi vy moi tap con cua
tap c6 do do 0 cing c6 do do O.

Tiép theo day, ching ta sé chi ra rang ton tai tap khong dém dudc nhung lai c6 doé do
Lebesgue bing 0.

Vi du 2.13. Cho C la tap hgp Cantor

C:= {Z Xn/3" by = 0hoéc2v6imoin}.
n>1

V6iméi N =1,2,3,...,dat Cy := {X,>1tn/3" : ty = 0,1 hodc 2 v6i moi n va t,, # 1 vé6i
moi n < N}.

Nhu vay C; 1a chinh 14 khoang don vi [0,1] x6a di khoang "gitta ba phan" mé (1/3,2/3).
Khi d6 dé€ c6 C,, tir 2 khoang con lai, ta x6a di cac khoang "gitta ba phan" (1/9,2/9) va
(7/9,8/9). Qua trinh 1ap N lan thi sé cho ta Cy. Nhuvay C; DC, D --- D Cny D -+, va
Nn>1Cn = C.

Ching ta ¢6 u(C,) = (2/3)N v6i moi N. Vi thé u(C) = 0. Mit khéc, C c¢6 luc lugng c
do ton tai song anh gitta C va 2N,

B SRR BHHEHAT SIS
0 1 2 1 2 X R 1
9 9 3 3 9 9
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2.4 Do do trén RF < 35

/4.2 D6 do Lebesgue trong khong gian R*

Trong khéng gian nay ta goi gian 1a tap gom nhitng diém x = (t1,f,,...,t;) ma mdi
toa d6 t; chay trén mot gian nao d6 cia R. Néu #; chay trén mét gian cta R c¢6 hai dau
mut 1a a;, B; (i = 1,2,...,k) thi thé tich ctia A 1a s6

k
Al =T T(Bi — ).
i=1

Goi ¢* 1a 16p nhiing tap trong RF ¢6 thé biéu dién thanh hdp ciia mét s6 hitu han gian
roi nhau. Ta c6 thé ching minh rang:

1. €% 1a mét dai sé.

2. Néu véi méi tap P € ¢* ¢c6 dang P = U ,A;, trong d6 A; 1a nhiing gian r6i nhau,
ta dat

n
m*(P) =) |Ail,
i=1

thi ham m* 13 mo6t ham tap o-coéng tinh trén dai sb6 €.

3. Ham tap m* c6 thé thac trién thanh mot d6 do m* trén o-dai sé6 £ > ¥*. Do do
m* nay goi 1a @6 do Lebesgue trong RF, va cac tap thudc 16p -ZF goi 1a tdp do dugc (L)
trong RE.

k

D6 do Lebesgue m* cing 1a mot do do du va o-htru han.

/4.3 Do do Lebesgue-Stieltjes trén R

Nhéc lai mot ham F : R — R dudc goi 1a lién tuc trdi tai u néu F(u~) = lim F(t) = F(u)
t—u—

va lién tuc phdi tai u néu F(ut) = 1irn+ F(t) = F(u).
t—u
Vi du 2.14. Xét ham sb sau

I1néut e [l,00),
Fi(t) = )
Oneut € (—oo,1)

khéng lién tuc trai tai t = 1 do F>(1) = 1 con F>(17) = 0 trong khi ham sb

Inéut € (1,00),
Fy(t) = )
Onéut € (—oo,1]

1a lién tuc trai tai 1.
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36 < 2. LY THUYET PO PO

Y
[ E—
v

Cho F : R — R 12 ham khong gidm va lién tuc trai tai moi diém thudc R va mp 1a mot
ham tap trén R dude xac dinh nhu sau: mp([a,b)) = F(b) — F(a) va

™

I
—_

mp(UZqla;, b)) = )_[F(b;) — F(a;)],

1
trong d6 cac khodng md phai déng trai [a;,b;) 1a roi nhau. Véi A C R bat ky, ngudi ta
dinh nghia

mi(A) =inf{}_ [F(bi) - F(ai)} LU [ai, bi) D A
i=1

C6 thé chiing minh dudc mp 1a mot d6 do trén o-dai s6 Borel, ta ky hiéu 1a UF.
D6 do yr chia diém a € R dude xac dinh nhu sau:

up({a}) =inf{F(t) — F(a) :a <t} = lim F(t) — F(a) = F(a") — F(a).

t—at

Nhu vay ur({a}) bang d6 16n buéc nhay ctia ham F tai a. Khi d6 ta cé:

ue(a,b) = F(b) — F(a™), ppla, b = F(b7) — F(a), pp(—00,a) = F(a) — lim F(y),...

Y——00
Vi du 2.15. Xét ham s6 F>(t) 6 vi du 3.29, khi d6 ta 1an luet tinh dugc:
ur([0,1)) = F(1) = F(0) = 0; up({1}) = F(1") — F(1) = 1; pp((1, 00)) = limy o0 F(£) —
F(17) = 0; pp([1,00)) = pr((0,00)) + pur({1}) = 1.

2.23 Dinh nghia. D06 do ur xac dinh nhu trén dudc goi 1a do do Lebesgue-Stieltjes cam
sinh b6i ham F.
Chu y. D6 do Lebesgue m xac dinh trén R 6 phan trudc ciing 1a mot d6 do Lebesgue-

Stieltjes cam sinh bdi ham F(t) = ¢.

Chu y. Ngusi ta thiy rang véi mot d6 do  x4c dinh trén o-dai s6 Borel, ta dinh nghia
ham F nhu sau:
P(t) = p(—o0,1).

Khi d6 st dung cac tinh chat cta do do c6 thé chi ra F 1a khong am, don diéu khong

giam va lién tuc trai trén R.
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2.4 Do do trén RF < 37

Vi du 2.16. Cho ham sb F(t) dudc dinh nghia nhu sau:

F' 3
F(x)
0, néut< -1, o
F(t) = %, nu —1<t<1, ; e
1, nbut>1. 1 1

C6 thé thay ham F(t) don diéu khong giam va lién tuc trai trén R. Khi d6 ta c6
0, néu a < —1,

pr(—o0,a) =<1 néu —1<a<1,
1, néua>1.

Tt hinh vé ta ciing dé dang thay up{—1} = up{1} = 1.

BAI TAP

B.1. Cho X = (0,1). L6p nao trong cac l6p sau day 1la mot dai sb:

71=1{2,(0,1),(0,3), (3, D},
72 =1{2,(0,1),(0,3),[3,1),(0,5], (51},
73 =1{2,(0,1),(0,3),3,1)}?

B.2. Chiing minh réng néu <4 va <% la hai dai s cac tap con cta X, thi <4 N % cing

12 mot dai sb.

B.3. Tim hai dai s6 ma hop cta ching khong con 1a dai sd.

B.4. Cho X = [0,1]. Ching minh rang dai sb sinh béi 16p {[0,1), {1}} 1a
o = {2,00,3),11,1),{11,0,1),0, 1) U {1}, [1,1], X}.

B.5. Cho X = {0,1,2,3}. Chitng minh rang dai s6 sinh bdi 16p {{0,1},{1,2,3}} 1a
o ={©,{0},{1},{2,3},{0,1},{0,2,3},{1,2,3}, X}.

B.6. Cho tap X va </ 1a mét dai sb (0-dai sd) cac tap con cia X. Tap A C X dudce goi 1a
nguyén tiz cia o/ néu A #Q@vanéu® # B C A,B € o/ thi B = A.

a) Chi ra tap nao la nguyén ti trong cac dai sb sau:

oA ={@,{1},{2},{1,2},{3,4},{2,3,4}, {1,3,4},{1,2,3,4}} véi X = {1,2,3,4},
o ={2,(0,1),(0,3),[5,1)} véi X = (0,1)?

b) Chitng minh rang hai nguyén ti khac nhau phai roi nhau.
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38 < 2. LY THUYET PO PO

B.7.

B.8*.

B.9*.

B.10.

B.11%.

B.13.

B.14.

¢*) Chitng minh rang néu </ 1a mét dai sb chi gom mét s6 hitu han cac tap con cta
X thi tap hdp .# gdom céac nguyén ti ctia 7 tao thanh mét phan hoach hitu han
cta X va <7 1a dai s6 sinh béi .#.

d*) Chiing minh két qua tuong tu cau c) trong trudng hop < 1a mot dai sé chi gom

mot s6 hitu han hoéc dém dudce cac tap con cia X.

Néu khong c6 gia thiét A gom hitu han (dém dudc) cac tap con thi két luan caa cau

B.6 ¢) va d) chua chic ding, hai bai tap sau 1a vi du.

Cho X 1a mét tap vo han va .# 1a 16p céc tap chi gom mét phan ti trong X. Ching
minh dai s6 sinh béi .# 14 16p tat ca cac tap con A C X ma A hitu han hoéc A€ hitu
han.

Véi X va .# dudc cho nhu trén. Chiing minh o-dai sb sinh béi .# 1a 16p tat ca cac
tap con A C X ma 1 trong hai tap A hay A° 1a hitu han hoac dém dudc.

Cho ./ 1a ho tat ca cac tap con clia X gom ding hai phan ti. Tim o(.#) (r-dai sb
sinh béi .#).

Cho .7 1a 7-dai sb trén X = [0,1] thod mén [-1+, 1] € . v6imoin = 1,2,.... Ching

n+l’n
t6 rang
2){0} € &, b)(1,1] € Z véi moin,
o){t:n=23,..}e7, d)(0,1] € F v6i moi n.

Xét tap X va lop @ # .# C 2X. Lép .# dudc goi 1a Idp don diéu néu thoa méan 2
diéu kién:
a) v6i moi day cac tap don diéu tang A, € .# thi U A, € .4, hoac

n=1

b) v6i moi day cac tap don diéu giam A, € .#Z thi N A, € 4.

n=1
Gia st 7 12 mot dai s6. Ching minh rang < 1a ¢ - dai s6 khi va chi khi .« 1a 16p
don diéu.
Trong khong gian do dude (X, <) 6 bai tap B.4, mot d6 do i xac dinh trén (X, &)
thoa man
1[0,1) = 0.8; y[%,l) _ 0.3;;4%,1] ~02

Hay tinh u(X) va u{1}.
Trong khong gian do duge (X, <) 6 bai tap B.5, mot d6 do i xac dinh trén (X, &)
thoa man

u{0} = 0.3;1{2,3} =0.1;4{0,1,2,3} = 1.

Hay tinh u{0,1} va u{1,2,3}.
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2.4 Do do trén RF < 39

B.15.

B.16.

B.17.

B.18.

B.19.

B.20*.

B.21.

B.22*.

Trong khéong gian do do (X,.Z,u), tap X c6 do do 1, chiing minh rang néu A;, A,
la cac tap c6 do do 0 thi A = A N A§ ciing la tap do dudc. D6 do cta tap nay bang

bao nhiéu?

Cho (X,.7, 1) 1a mot khong gian ¢6 do do o-hitu han véi 4 (X) = +oo. Chitng minh
rang véi M < oo bét ky, ton tai mot A € .F sao cho M < u(A) < co.

Cho X 12 tap v han. D#t m(A) = 0 véi A hitu han bat ky, va m(A) = +conéu A vo
han. Chitng minh m 1 hitu han cong tinh nhung khéng céng tinh dém dudc.

Cho khéng gian xac suét (X,%,p),m € Nva A; € ¥,i = 1,...,n. Chiing minh rang

p <ﬁ Az‘) = i(P(Ai) — (m—1)).
i=1 1=

Gdi y: Chiing minh béng phuong phap quy nap, dau tién két luan ding véi m = 2.
Néu két luan dung véi m = k thi ciing ddng véi m = k + 1.

Cho khéng gian d6 do (X,.#,u). Chiing minh rang néu day A; € .# thoa man
]/l(Ai N A]) =0,Vi # j thi

Iz <G Ai) = iV(Ai)~
i—1 i=

Gdi y: St dung phuong phap tach hop ctia day {A,} bat ky thanh hop clia céc tap
réi nhau B, nhu trong chiing minh caa dinh ly 2.10.iii).

Cho khong gian dé do (X,.%, u). Chitng minh rang

z (U Az-) — (U Bz) < Y (u(A) — u(By).
i=1 i=1 i=1
v6i moi day A;, B; € % thoaman B; C A;,i =1,2,....
Cho tap X # @. V6i mdi tap con A C X, dat
1 néuAd #Q,

n(A) = )
0 neu A =0Q0.

Ching minh y* 1a moét dé do ngoai. Chi ra ho cac tap u* do dudc.

Cho X 14 ma tran vudéng cap 10 gom 100 s6 thuc, A 1a cac tap gom céc s6 thuc trong
100 s6 da cho. Ta dinh nghia ham tap p*: u*(A) = { s6 cot ma mdi cot chira it nhat
mét phan ti x; € A}. Ching minh p* 1a d6 do ngoai va E 1a y* - do dude < Vx € E

thi ca cot chira x cting thudc E.
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40 < 2. LY THUYET PO PO

B.23.

B.24.

B.25%.

B.26.

Cho X la mot tap vo han. &7 1a ho cac tap con A ciia X sao cho hoac A hitu han thi
dat m(A) = 0, hodc phan b ctia A hitu han, thi dat m(A) = 1.

a) Chiing minh 7 14 mot dai sé6 nhung khéng 1a o-dai s6.

b) Chitng minh rang m 14 hitu han coéng tinh trén <.

Tim céc vi du dé ching té:

a) hop khong dém dudc cac tap c6 d6 do khong c6 thé c6 do do duong;

b) giao khong dém dudc cac tap c6 do do 1 c6 thé c6 d6 do khong.

Gia st IN = {1,2,...} va Y°° ; a, 1a chudi s6 duong héi tu. Véi méi tap A C N hitu
han, dat ¢(A) = ¥,c4 an. Néu A C IN v6 han thi dit ¢(A) = 4-oo. Chiing t6 rang ¢
cong tinh hitu han nhung khéng -cong tinh trén 16p tat ca cac tap con cta N.
Cho ba ham s6 sau

—1néut<?2, .
tnéut <1,

2néu2 <t<4,

Fi(t) = j F(t)=¢2néul <t<3,
—1neu4d <t<5, ,
) - 5t+1néut23,
(Onéut > 5, t+1

( 2
—2néut <0,

B(f) —1néu0<t<?2,
3(t) = .
2néu2<t<3,

(3néut >3,

a) Vé @6 thi ctia ba ham sb trén.

b) Trong cac ham sb6 trén, ham nao 13 ham don diéu khong giam va lién tuc trai.
Hay tim d6 do Lebesgue-Stieltjes cam sinh bdi cac ham dé cta cac tap sau:

) (oo, 1] d)[3,3] e (3,00

Phu Luc

Chitng minh ctia mét s6 dinh ly

Chitng minh (Chiéing minh phan tiép theo ctia dinh Iy 2.13). Bay gio gia stt u : .# — R la

ham tap hitu han cong tinh thod man 3(®) = 0. Ta can chi ra u 12 c-cong tinh néu y thoid méan

mot trong hai diéu kién i) hoic ii).
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2.4 Do do tréen RF ¢ 41

Néu i thod man diéu kién i) va cho B = Ui B;, trong d6 cac B; € .Z roi nhau. Dat
A1 =B, Ay =B|JBy ..., Au=JBi...

thi B=U A, A1 C Ay C...,nén p(B) = lim, .« jt(A,). Tt tinh céng tinh cta y ta cé

Con néu # thod man diéu kién ii) thi véi cac ky hiéu nhu trudc, ta xét thém gia thiét moi
1#(B;) < +00, (vi néu ¢6 mdt u(B;) = +oo thi két qua 1a ré rang). Ta c6

o5\ a = (5
i n=1

trong décac A, =B\ A, € FvaA| DA, D.... Vay

lim u(B\ A,) = lim u(A;,) =0.

Nhung do A, C Bva u(A,) =Y 1 u(B;) <oconén u(B\ A,) = u(B) — u(A,). Tu dé
u(B) = lim } u(Bi) =) p(By). .
=1 i=1

71—)001,

Chiing minh (Ching minh cta dinh 1y 2.17). O day ta ky hiéu ANB = AB, A\ B = AB".
B1 (¢ 1a mot dai s6): That vay, dé thit thay rang ¢ kin d6i véi phép lay phan buva @, X € Z.
Ta chi ra . kin dbi v6i phép giao (va do d6 .Z 1a mot dai s6). Gia sit A, B € .Z. Ta ¢6

*(EA)+u*(EA®) (do Ala u* - do dugc)
“(EAB) 4+ u*(EAB®) + u*(A°EB) + u*(A°EB°) (do B la u* - do dugc)

wi(E) =

v
= R R OR

v

Vay AB € Z.

e
A
|‘ \ \
O \( /
B2 (u* cong tinh httu han trén .#): Gid st A,B € £ va AB =@, taco

W (AUB) =" ((AUB)A) + " ((AUB)A) = p*(A) + " (B).
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42 <4 2. LY THUYET PO PO

B3 (. la o-dai s6): Khong giam téng quat, ta gia si day {A} C .2 ting cip rsi nhau va
A = Uiy Ag. Theo buéce 1, B, = Uy, A € Z. Do do

n

u*(E) = p*(EB,) + pu*(EBy,) > kZ W (EAL) + u*(EAS),
=1

vi theo ching minh ctaa buéc 2

Cho n — oo ta dudc

3

W (E) = kZ W (EAK) + p*(EAY) = p* (EA) + p* (EA).
=1

Tudosuyra A € Z.
B4 (y* 1a o-cong tinh trén .£): Diéu nay rit ra tit chiing minh ctia buée 3 (lay E = A). [

Chiing minh (Ching minh cua dinh ly 2.14). V6i méi A C X, ta dat:

ui(A) =inf{ Y p(P):U2,P > AP €} (2.23)
i=1

2.24 B8 dé. u* la mot do do ngoai .
Chiing minh. Ré rang, u* (@) = 0 va u*(A) > 0, YA C A. Ta chi can ching minh p* thod méan

diéu kién thi ba trong dinh nghia dé do ngoai. Gia stt {A;} C 2X va e > 0 cho trude. V6i méi
k € N ta ludn c6 thé chon dudc day {Ay} C o saocho Ay C U2 Ay, va

. €
P(Ax) < p(Ax) + ST

M

Il
—

]

Do Uy U1 Ax; O U1 Ak nén p* (U Ak> <Y Y p(Ap) <Y (A +e
k=1 k=1j=1 k=1
Cho ¢ | 0 ta c6 diéu phai chiing minh. [

1) Lay A € /. Rorang u*(A) < p(A),iA € o/ vAAC AUQU---UQ. Ngoaira,néu A € &/
thi v6i moi day Ay € A (k=1,2,...) sao cho A C U Ay, ta déu c6 p(A) < Y32, p(A;). Vi vay,
p(A) < u*(A). Do dé u*(A) = p(A) véimoi A € .

2) D€ chiing minh x* 14 d6 do trén o(.«7), ta sé chi ra ¢(&/) C £ - 16p tat ca cac tap u* do
duge. Nhung do £ 1a mét o-dai s6 nén ta chi can chiing minh &7 C 2, tiic véi A € o7 bat ky, A
1a p* do dudc.

Theo 1) p* 1a d6 do ngoai, nén v6i A € o/, E C X ta cé

p(E) < p (EA) +u*(E\ A).

Mat khac, véi € > 0 cho trudc, ta chon {A;} C &7 sao cho E C U Ay va

(o]

p(Ar) < u'(E) +e
k=1
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2.4 Do do trén RF < 43

St dung gia thiét o7 12 mot dai sb, ta cé:

EA C | JAALE\A=EA"C ] A4y,
k=1 k=1

Ms

10 (E) 2 1 p(A) = L Ip(AA) + p(AAQ] 2 ' (EA) + 0 (E\ A).

k=1

Tt d6 cho ¢ | 0, ta c6 diéu phai chitng minh.

3) Gia stt p la o-hitu han va y; 1a mét do do khac xéc dinh trén o(«/) sao cho u| , = 1|, = p
Ta can ching minh u(A) = ui(A), VA € (o).

Theo gia thiét, X = U®_ X, p(X,) < o, cdc X, d6i mot roi nhau. Ta ¢6 A = UX_ A, véi
Ay =X, NA€o(),n=1,2,..., cac A, d6i mét roi nhau. Vay chi can ching minh w(An) =
#1(Ay) v6i moi s tu nhién n. That vay, néu {E,;}5°, 1a mot day bat ky nhiing tap thudc o sao
cho A, C U2 E,; thi i (Ay) < X2 p(En:). Do dé

u1(An) < p(An). (1)

Tudng tu,
p1(Xn \ An) < p(Xn \ An) 2)

Ngoai ra,
p1(An) + 1 (Xn \ An) = p1(Xn) = p(Xn) = 1" (Xn) = p" (An) + 1" (X \ An). @)
Vi c4c sb6 hang trong (1), (2), (3) déu hitu han nén ta suy ra ui(A,) = u(A,), VA, € c(A). n

Chiing minh (Chitng minh cta dinh 1y 2.20). Ta sé chi ra rang )y = o(a/ U.4). That vay,
néu N C B € o/, u(B) = 0 thi

(AUN) C (AUB)*+BN(AUN)S,u(BN(AUN) ) =0.

Nhu vay, o7, kin d6i véi phép 14y phan bu.

Mat khéc, r6 rang <7, O o/, o, D N va o/, kin d6i véi phép hop dém dugc. Vay, <7, 1a o-dai
s6. Tu d6 suy ra %, = o(/ U.N).

Tiép theo, ta ching minh y 1a d6 do trén o, Néu A UN; = Ay UN, véi Ay, Ay € o7
N1, N; € 4 thi A;AA; C NpUN;. Do d6, u(A1AA) = 0. Suy ra u(A1) = u(Az). Nhu vay, ﬂ XAac
dinh don tri (khéng phu thudc vao cach biéu dién A U N). Tit tinh -cong tinh cta u ta suy ra u
1a o-cong tinh. Vay y 1a d6 do trén o,

Ngoai ra, gia st M C A € o, va ji(A) = 0. Khidé,do A = AUN véi A € o/, N € ¥ va
J(A) = u(A) = 0, suy ra u(M) = 0. Vay M 1a tap u-khong, tic 1 7 1a do do da.

Cubi cung, d& dang thiy dudc tinh duy nhét cta . n
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CHUONG 3

TicCH PHAN LEBESGUE

Trong chuong nay, ta xét khong gian d6 do (X,.%, 1) véi .# 1a mét o - dai sb.

§ 1. TICH PHAN LEBESGUE
CUA HAM PON GIAN KHONG AM

3/1.1 Khai niém

Cho tap A bat ky trong X, ta goi ham ddc trung ctia A 1a ham s6 1,(x) xéc dinh

nhu sau:

1a(x) = )
1, neux € A.

{0, néux ¢ A,

3.1 Pinh nghia. Mot ham s6 f(x) : X — R dudc goi 1a ham don gian néu né chi c6

mot s6 hitu han gia tri aq, ay, ..., &, € R thod man
Aj = {x: f(x) =&} = f1(a;) 12 tap do dugc, tidc A; € .Z.

Vé6i ham f va cac tap A; dude dinh nghia § trén, khi d6 cac tap A; la roi nhau va:
n
f(x) =) ailg,(x). (3.1
i=1

Ngudc lai, néu f(x) cé dang trén, va cac tap A; do dudc, roi nhau thi f(x) 1a mét ham
don gian.
Chu y ¢ day cac gia tricta a;,i = 1,...,n c6 thé bang .
Vi du 3.1. Xét ham s6 F(t) & vi du 2.16 chuong 2 c6 thé biéu dién thanh ham don gian
nhu sau: .
F(t) — 5.1[71/1) + 1[1,00).

45
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46 < 3. TiCH PHAN LEBESGUE

Vi du 3.2. Tuong tu, cho ham s6 f(x) sau:

0, néu x < 1, 4 .
1, néul<x<2,
2 —
2, neu?2 < x < 3, : :
f2(x) =13, néu x = 3, It ‘ : *
1, néu3 < x <4, 5 5 , .
2 1 2 3 4 5
—1, neu4d <x <5, | i
1 —
0, neu x > 5.

Ta thay f,(x) dudc bidu dién duéi dang (3.1) nhu sau:
fo(x) = 1pp)uEa +21p3) +313 — 145
Néu f(x) 1a ham don gian c6 moi gi4 tri khéng am thi f dudc goi 12 mot ham don
gian khong am.
3.2 Pinh nghia. Tich phan (Lebesgue) cia ham don gian khong am f(x) trén X la
gia tri sau
n
Y ain(A) = [ f(x)du(x).
i=1 X
Néu khong s¢ nham 14n, ta ky hiéu ngén gon la: [, fdu.
Néu tap A € .Z bat ky, ta dinh nghia tich phan (Lebesgue) ctia ham don gian khong

am f(x) trén A nhu sau:
d :——/ dadp.
/Af # Xf ACK

Nhan xét. V6i quy udc 0.co = 0, tich phan cia ham don gian khong Am theo cach dinh
nghia trén luén ton tai (c6 thé bang vo han).
Vi du 3.3. Xét ham f(x) sau trén doan [0, 1] v6i d6 do Lebesgue m:
1, néuxcQnlo,1],
f(x) =1gn1)(x) = )
0, neux¢ Q.
Tich phan cta ham f(x) trén [0,1] la

[Ol}f(x)dm:Oxm([O,l]\Q)+1 xm(QN[0,1])=0x1+1x0=0.

, sz t < 3a e e © s
Vi du 3.4. Cho ham so F(t) = 2 +1 va do6 do Lebesgue - Stieltjes cam sinh tu F la ur.

Mot ham s6 f trén R dudc xac dinh nhu sau:

{1 néux<0,

ZnéuxZO.

flx) =
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3.1 Tich phan Lebesgue ciia ham don gian khong am < 47

A
04+

02+

Theo dinh nghia ta sé c6:

/]Rfdptp = 1.up(—00,0) + 2.uf[0, 00).

Dong thoi ta thiy yup(—c0,0) = F(07) — F(—o0) =

vay 3
/]RfdﬂF =5

DPinh nghia trén khong phu thuoc cach biéu dién ctia ham don gian. That vay ta c6 dinh

, He[0,00) = F(e0) — F(07) = 3, do

N[—
NI—

ly sau:

3.3 Pinh ly. Néu mot ham don gidn f(x) c6 hai cdch biéu dién
n m
f=)aila =) bg
i=1 =1
. n m
thi 121 aipu(A;) = '21 biu(B;).
i= j=

Nhu vay, tich phan ctia mét ham don gian f(x) trén X duge xac dinh duy nhét.

3/1.2 Tinh chat

Tut dinh nghia, ta suy ra mot s6 tinh chat ctia tich phan trén nhu sau:

i) [yafdy = a [y fdu v6imoia > 0.

ii) Néu f, ¢ 1a cac ham don gian, khong Am trén X thi f + ¢ cling 12 ham don gian
khong am thoa man

dn = [ fdu+ [ g
/X(f+g) p=| fdp+ | sdp
iii)Néu f, g 1a cdc ham don gian, khong am va f < g trén X thi [y fdu < [, gdu.

D€ ching minh ii), ta gid st f = Y ;41,9 = Y Bilg. VI A; = U;”:l(AiBj) va
B]' = U?:l(B]‘Ai) nén:

n m m

f=Y Yalap, 8=).) Blga; (3.3)

i=1j=1 j=1i=1
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48 < 3. TiCH PHAN LEBESGUE

Do d6, ta c6 /X(f—i—g)dy = Z(ﬂéi + Bj)u(AiBj) = Z“il/‘(AiBj) + Zﬁjﬂ(AiBj) -
1,] L]

L
/deu + /ngu-
Vi tinh cht iii), ta thiy vi f < ¢ nén trén A; N B; ta c6 a; < ;. Tit d6 theo (3.3) ta

dugc diéu phai ching minh.
Vi du 3.5. Cho ham f xdc dinh trén (E, %, m) trong d6: f(x) = Int(x2),E = [0,2]. O day
ky hiéu Int(x) 1a s6 nguyén 16n nhat khéng vudt qua x.

Ta nhan thay f(x) bang 0 néu 0 < x < 1, bang 1 néu 1 < x < /2, bang 2 néu
V2 < x < /3, bang 3 néu v/3 < x < 2, bang 4 néu x = 2.

Do vay

f=1yy5 +2115.5 + 315, +41p
N [Efdm: (V2 —-1) +2(+/3 = v2) +3(2 — v3) + 40

=5-3-V2.

N .
1l b
E— B
-

Ham sb f(x) = Int(x?)

Giéng nhu véi tich phan Riemann, khai niém tich phan trong chuong nay ciing gan
lién véi viéc 1ay giéi han. Ta mé rong khai niém tich phan Lebesgue cho 16p cic ham 1a
gidi han cia mot day cac ham don gian, sé dudc goi la cac ham do duoc. Khi do, tich phan
cia mot ham do dudc khong am sé la giéi han ctia day tich phan cac ham don gian khong
am héi tu t6i n6. Tuy nhién ciing nhu nhiéu khai niém khéc trong toan hoc, ching ta sé
stt dung dinh nghia ham do dugc thong qua mot tinh chéit tuong duong nhung dé kiém

tra hon rat nhiéu so véi viéc dinh nghia né 14 giéi han ctia moét day cac ham don gian.
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3.2 Ham s6 do duge <> 49

§ 2. HAM sO PO PUGC

3/2.1 Dinh nghia va cac phép toan

Trong muc nay ta luon gia thiét c6 mot khong gian do duce (X,.7), .7 1a o - dai sb
nhiing tap con ctaa X.

3.4 Pinh nghia. M6t ham sb f: X — R dudc goi la do duoc dbi véi o-dai s6 .7 (hodc .Z
- do dudc) néu
(VaeR) fl—co,a)={xeX:f(x)<a}c.Z. (3.4)

Khi trén .# c¢6 mot do do u thi f(x) cling goi 1a do dudc dbi véi dé do u hay u - do
duoc. Trong truong hgp X = RF,.7 = £ thi tanéi f(x) 1a do dudc theo nghia Lebesgue,
hay do duoc (L). Trudng hop .7 1a o - dai s6 Borel, f(x) dude goi 1a do dudc theo nghia
Borel hay ham do duoc Borel.

e
e /\

o
>

Tap {x| f(x)<a}

3.5 Ménh dé. Diéu kién (3.4) c6 thé thay thé bang mét trong cdc didu kién sau:

(VaeR) {xeX:f(x)>a}eF (3.5)
(VaeR) {xeX:f(x)<a}eZF (3.5)
(VaeR) {xeX:f(x)>a}eZ. (3.5)

Chung minh. That vay, (3.4) < (3.5) vi cac tap bu nhau. Tudng tu, (3.5) < (3.5), ta can
ching minh (3.4) < (3.5).

(3.4) = (3.5): Ro rang f(x) < a khi va chi khi (Vn)f(x) < a+1/n, nén {x € X :
flx)<a}=nP  {xeX:f(x)<a+1/n}e Z.

(3.5) = (3.4): Ro rang f(x) < a khi va chi khi (In)f(x) < a—1/n,nén {x € X :
flx) <a}=Ur {xeX:f(x)<a—-1/n} e Z. n

3.6 Hé qua. Néu ham f la do dugc thi tap f~'({a}),a € R la tdp do dudgc.
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50 < 3. TICH PHAN LEBESGUE

Chitng minh. Ching ta cé f~'({a}) = f1(—o0,a] \ f~}(—oc0,a) nén thudc .Z. n

Vi du 3.6. Cho ham f : X — R 12 ham hang s6 f(x) = c. Khi d6 f~!(—oc0,a) = @ néu
a < ¢, bang X néu a > ¢ nén f la do dudgc.

Vidu3.7. Cho A C Xvaham f = 14 = 1 néu x € A, 0 trong trudng hop con lai. Khi
d6 f~1(—o0,a) = @, X ho#ic A nén f 1a do dugc khi va chi khi A 1a tap do duge.

Vi du 3.8. Gia stt X 1a tap sb thuc, .# 1a o-dai s6 Borel 4. Ham s6 f(x) = x 1a ham do
dugce do f~1(—c0,a) = (—0,a) € A.

Vi du 3.9. Néu .Z = 2% thi ham s6 bdt ky tit X vao R déu do dudgc.
Cau héi: Hay dua ra vi du vé mét ham khong do dude.

Chu y. Trong ly thuyét xac suat, ham do dudc sé dudc goi 1a bién ngdu nhién.

Tiép theo, ching ta sé chi ra cac cach tao ra ham do dugc "méi" tit cac ham da cho. Pé
1a cach 1ay tong, hiéu, tich, thuong, ... cac ham do dudgc.
3.7 Pinhly. i) Néu f(x) do duoc thi vdi moi a > 0 ham sé |f(x)|* ciing do dudc.

ii) Néu f(x) va g(x) do dugc va hitu han thi cdc ham sé

kf(x), f+g fgmax{f,g}, min{f,g}
ciing do dudc, va néu ¢(x) khong triét tiéu thi f/ g ciing do dugc.

Chiing minh. i) Néu f(x) do dudc thi véi moi a > 0:

{If)* <ay ={|f(x)| < a'/*} = {=a/* < f(x) <a'/*} =

= {f(x) <a/*}n{f(x) > —a'/*} € Z.

Truong hopa < 0thi {|f(x)|* <a} =0 € Z.
Vay |f(x)|* 1a do dugc.

ii) Ham kf do dugc 1a hién nhién. Bay gid ta chiing minh f + ¢ 1a do dugc.
Cho a 12 mot sb thuc bat ky, r1, 7o, ... 1a day cac s6 hitu ti. R6 rang

fx)+gx)<a<e f(x)<a—g(x) < In, flx) <rp<a-—g(x),
do do

{f)+8(x) <a} = ULi{f(x) <m <a—g(x)}
= UL [{lf(x) <ra}n{g(x) <a—ru}] € 7.
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3.2 Ham s6 do dude ¢ 51

Vay f + g do dugc. Ching minh tuong tu véi f — g.
Tt cac két qua trén va dua vao céac hé thic

fe=3l(f+87 ~(F -9, max{f,g)=5(F+g+If ),
min{f,g} = 5(f +5 - If ~3))

ta suy ra cac ham s6 fg, max{f, ¢} va min{f, ¢} 1a do dugc.
Néu ¢(x) khong triét tiéu thi véi moi a

1 0eF néua < 0,
E ,
{?>11 e 7 néua>o,

nén glz do dugc va do {§[ = fgé, ta c6 f/g do dudc. ]

Ky hiéu f*(x) = sup{f(x),0}, f~ (x) = sup{—f(x),0}. Dé thay f(x) = f*(x) — f~ (x)
1a hiéu hai ham duong va |f(x)| = fT(x) + f~(x),do d6 f™ = jf—'—T’f’,f— _ A _f.

2
fx) Aitx)
x%_‘ x
Po thi caa f Po thi cua fl
) £
) i
/\k Dot N sl AL
Po thi cia f+ Pé thj cita f-

3.8 Hé qua. Ham sé f do duogc khi va chi khi hai ham f* = sup(=£f,0) la do duoc.

Chitng minh. Néu f do dugc thi vi ham ¢ = 0 do dudc nén f* cling do duge. Ngude lai,
néu f* do dugc thi f = f+ — f~ cling do dudc. n

Vi du 3.10. Chiing ta thiy ham f do dudc dn dén ham |f| = f+ + f~ 1a do dugc. Tuy
nhién diéu ngudc lai khong ding.

Gia st .F # 2% va A la tap khong do duge. Pit f(x) =2néux € Ava —2néu x ¢ A.
Khi d6 f khéng do duge nhung |f| lai do dudgc.
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52 < 3. TICH PHAN LEBESGUE

3.9 Pinh ly. Néu day {f,(x)} la nhitng ham sé do dudc va hitu han thi
i) Cdc ham sé sup, fu(x),inf, fu(x);lim f,(x);lim f,(x) la do dugc,
it) Tép hop nhitng diém tai dé day f, hoi tu la mét tdp do dudc,
iii) Néu ton tai f(x) = lim,_e fu(x) thi ham sb dé do dudgc.
Chitng minh. i) V6i moi s6 thuc a:
{sup fu(x) < a} = N1 {fulx) < a € 7,
finffu(x) > a} = N, {fulx) > a} € 7,
cho nén cdc ham s6 sup,, f,(x) va inf, f,(x) do duge. Do d6 suy ra cac ham sb

lim f,(x) = inf{sipfm(X)},

n—o00

lim f,(x) = SUP{ir,;ffn+k(x)},

n—oo
la do dugc.
ii) Tap hop nhiing diém ma tai d6 day f, héi tu 1a tap hop {x : lim, f, = lim, f,}, do
dé do dudc.
iii) Néu f, — f thi f = lim, f, = lim,, f,;, theo két qua trén f 12 ham do dudgc. n

Chu ¥ rang, (xem chuong "Khong gian metric"), cac ham lién tuc trén R 1a do dudc
Borel. Ngoai ra, cac ham don diéu trén R ciing do dude Borel nhu trong ménh dé duéi
day.

3.10 Ménh dé. Néu ham f:R — R la don diéu khéng tang hodc khong giam thi f la
do dudc Borel.

Chung minh. Gia st f la don diéu khong tang. Véi a € R bat ky, dat xo = inf{x :
f(x) > a}. Khi d6 néu f(xq) = a thi f~1(—o00,a) = (—o0,xp), ngudc lai néu f(xq) # a thi
f1(—00,a) = (—00, x0]. Nhu vay, trong trudng hgp nao thi f~1(—co,a) ciing thujc Z. =

3.11 Ménh dé. Gid sit f do duoc trén (X, 7). Khi dé néu A la tap Borel thi f~1(A) € Z.

Chiing minh. P&t ¢ = {A € # : f1(A) € #}. Dé dang chiing minh dude % 1a mot
o-dai s6 va chita ho cac khoang (—oo,a) nén ciing chita r-dai sb sinh béi ho cac khoang
nay. Vay ¢ chua #. [

Chung ta biét rang o-dai sb6 Borel # nam trong o-dai s6 cac tap do dudc Lebesgue
tuy nhién chua chic chin ching ¢6 khac nhau hay khéng. Bay gio, sit dung hai ménh
dé trén, ta sé chi ra mot tap do dudc Lebesgue nhung khong do dude Borel.
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3.2 Ham s6 do duge <> 53

Vi du 3.11. Nhic lai tap Cantor 14 tap sau
C:= {Z x, /3% x, = Ohoéc2v6im()in}.
n>1

Dinh nghia moét ham f nhu sau:

f(x) =sup{y € C:y < x}.
Nhu vay néu x € (1/3,2/3) thi f(x) = 1/3, néu x € (1/9,2/9) thi f(x) = 1/9, v.v. D&
thay tap gia tri cia f 1a tap Cantor, dong thoi f 1a khong gidm nén né do dugc theo
ménh dé 3.10.
Goi A 1a mét tap khong do dudc Lebesgue (ngudi ta da chitng minh ludn ton tai tap
nhu vay). Khi d6 f(A) C C nén né la tap do dugc va c6 do do 0. Tuy nhién f(A) khong
14 tap Borel béi néu thé thi theo ménh dé 3.11, A = f~1(f(A)) s& do dugc Borel, v ly.

Vi du trén ciing cho thay viéc 14y o-dai s6 cac tap do dudc Lebesgue trén R 1am mién
gia tri c6 thé 1a qua 1én.

3/2.2 Cau tric cua ham so do dudce
3.12 Pinh ly (Vé cu tric caa ham do dwdc). Méi ham sé do duoce, khong Gm la gidi
han cua moét day tang cac ham don gian khong am.

Ta da chi ra 14(x) do dudc < A do duge nén ham don gian bt ky trén (X,.7) luén
do dudc.
Chitng minh. Ta chia doan [0, 7] thanh 1.2" doan bang nhau véi d6 dai 27". Dat

n  néu f(x) >n,
fn(x) = {

£ néut <flx) <8l (k=0,1,...,n2"-1).

271/

A

Ham f,(x)
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54 < 3. TiCH PHAN LEBESGUE

That vay, véi x : f(x) > n thi fu(x) = n < f,1(x). Con lai, tén tai k sao cho £ <
f(x) < 5L Khi d6 fu(x) = £&. Tacé k < 2"f(x) < k+ 1 hay k = [2"f(x)]. Tit d6 suy ra
2k < 2"+1f(x). Vi thé k' tng V6i ham f,.11a k' = [2""1f(x)] thod man hé thic 2k < k.
Ching t6 fu(x) = zﬁn = 2351 > 2n+1 = fn+1(x).

Tiép theo, ta chitng minh rang f(x) = lim, e fn(x)

Néu f(x) < +oo thi véin dalén f(x) < n,mén 3k : 5 < f(x) < HL Khidé fu(x) = £,
suy ra |fu(x) = f(x)] < & = 0 (n — o).

Néu f(x) = +oo thi Vn : f(x) > n,nén f,(x) =n — oo.

Vay trong moi trudng hop f,(x) — f(x). ]

3.13 Hé qua. Moi ham sb do dudc la gidi han clia mét day cdc ham don gidn.

Chiing minh. Dat f* = sup{£f,0},tacé f = f+ — f~. Cdc ham f* l1a nhitng ham
khéng 4m, do dudc nén theo dinh ly vita chiing minh, ton tai hai day ham don gian {f.7}
héi tu tuong ng téi f*. Puong nhién, mbi ham sb fn = f,;i — f; cung don gian vi cling
do dudc va chi ldy mot s6 hitu han gia tri. Hon nita, ta ¢é fa— fT—f = fkhin— com

3/2.3 Ham s6 tuong duong

Xét khong gian do do (X,.%, ). Ta néi diéu kién P(x) dugc thod man véi hdu hét moi
x hay duodc thod méan h.k.n néu c6 mot tap B sao cho (B) = 0 va P(x) dudc thoa man véi
moi x € BC.

Ta néi ring diy ham s6 do dudc {f,} héi tu hau khap noi (h.k.n) t6i ham sb do dugc
f néu

i s fulx) » F(x)} =0
Ky hiéu: f, — f h.k.n.

) o n, néux € [0,1],
Vi du 3.12. Xét day ham g,(x) = ﬂl[o 1] (x) = 0t trutne hoo con lai
, trong trudng hgp con lai.

Ta c6 thé kiém tra {x : g,(x) - 0} = {0} c6 d6 do béing 0 nén g, — 0 hkn.
Hai ham s6 f(x) = ¢(x) h.k.n ¢6 nghia la
3B, u(B) = 0 sao cho (Vx € B) f(x) = g(x).
Khi do, f(x) va g(x) dudc goi la tuong duong. Ky hiéu: f(x) ~ g(x).

Vidu3.13. 1) = 1(,;) (h.k.n) ddi véi do do Lebesgue.
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3.3 Tich phan Lebesgue cia ham do dugec khong am < 55

3.14 Dinh ly. Néu u la d6 do di thi moi ham sé g(x) tuong duong véi mot ham sb do
dugc f(x) cang la do duogc.

Chitng minh. Véi moi sb thuc a, ta cé

{f(x) <a}D{g(x) <a} C{f(x) #g(x)}.

Theo gia thiét, tap {f(x) # g(x)} c6 do do 0 ma u la dd do du, nén tap {f(x) <
a}A{g(x) < a} cing do dugc va c6 do do 0. Ching t6 tap {g(x) < a} chi khac tap
{f(x) < a} mot tap c6 do do 0. Nhung vi f(x) do dudc nén tap {f(x) < a} do dugc, do do
tap {g(x) < a} ciing do dude. Vay ham sb g(x) do dugc. n

Nhu vay, néu 12 mot do do du, viéc thay doi gid tri cia ham sb trén mot tap c6 do
do 0 khong lam anh huéng téi tinh do dudc ctia ham so.

Duéi day ta phat biéu hai két qua vé ham s6 do dude, ma khong chitng minh. Ban doc
c6 thé tham khao ching minh trong [5], tr. 111-113.

3.15 Dinh ly (Egorov). Cho mét day ham sé f,(x) do dugc, hitu han h.k.n va héi tu
h.k.n trén mét tap do dugc A c6 dé do u(A) < +oo. Vi méi e > 0 ludn tén tai mot tap do
dugc B C A sao cho u(A\ B) < eva day f,(x) hoéi tu déu trén tap B.

Nhu vay, trén mét tap cé do do hitu han ta cé thé “got b6t” di mét tap c6 do do nhé tuy y
dé su hoi tu tré thanh hai tu déu.

3.16 Dinh 1y (Lusin). Cho mét tap A C R¥ ¢6 dé do u(A) < +oco. Mot ham sé f(x) xdc
dinh va hitu han trén tap A la do dude khi va chi khi véi méi € > 0 ton tai mot tdp dong
F C Asaocho u(A\F) <eva f(x) lién tuc trén tip F.

Tt dinh 1y trén, ta thiy rang, mic du ham do dudc rong hon ham lién tuc rat nhiéu

nhung ham do dudc chi khac ham lién tuc trén mot tap c6 do do khong dang ké.

§ 3. TICH PHAN LEBESGUE
CUA HAM PO PUGC KHONG AM

3/3.1 Pinh nghia va mét so tinh chat
Cho khéng gian d6 do bat ky (X, #,u) va mot ham f do dugc khong am:

f:X—10,+0o0],
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56 < 3. TiCH PHAN LEBESGUE

3.17 Dinh nghia. Tich phdn (Lebesgue) ciia f(x) trén X dbi véi dé do u la gia tri (hitu

han hoac v6 han) sau:
/ fdy :=sup {/ pdu:0< ¢ < f,ham ¢ la don gian khong ém} :
X X

Néu f 1a ham do dugc khong &m va A € . thi f1, cling 1a ham do dudc khong 4m
va ta sé dinh nghia tich phdn Lebesgue cua f trén A dbi véi do do u 12 gid tri

/Afdu = /Xf~1A dp.

B6 dé sau cho thay rang tich phan Lebesgue c6 tinh don diéu d6i véi ca ham lay tich

phan va tap lay tich phan.

3.18 B6 dé. a) Néu cdc f, g la cac ham do dugc khéng dm trén khong gian d¢ do
(X, Z,u)va f < gthi

/ Fdu < / qdi. (3.18)
b) Néu f la ham do dugc khéng am trén khong gian dé do (X, #,u) va A, B € Z,
A C Bthi
du < / du.
/Af w< [ fp

Chiing minh. a) Néu ¢ 12 ham don gian khong 4&m théaman 0 < ¢ < fthi0 < ¢ < g.
Tu dinh nghia, ta suy ra (3.18).
b) Vi f14 < le,két qua b) nhan dudc tu a). [

Vi du 3.14. Xét khong gian X = [0,1],.# = 2[0,1],» = m va ham sb f(x) = x. Khi d6
v6i n € N bat ky ta xét hai ham don gian sau:

< n

X 1

N

X x 1

=

Him j{x)=x Ham [, (x) Ham g, ()
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3.3 Tich phan Lebesgue cia ham do dugc khong am < 57

Dé dang thay rang f, (x) < f( )<8n( ,dodo [y fu(x)dm < [y f(x)dm < [y gu(x)dm.
Ta tinh dlIOC fxfn dWZ— Z kl = n 1 trongkhl fXgn dm_ Z i% — ﬂ-l-l Vay

/f )dm <—\7nem:>/f ;

n—1

Pinh Iy sau 12 mot dinh 1y quan trong vé tinh hi tu cta tich phan Lebesgue.

3.19 Dinh ly (Pinh ly héi tu don diéu 1 (Beppo - Levi)). Néu {f,} la day don diéu
ting cdc ham do duoc khéng dm héi tu dén f trén khong gian do do (X,.7,u), thi

/deu = lim/andy. (3.19)

Pinh 1y hoi tu don diéu 1 chi hitu dung khi xét su héi tu d6i véi tich phan ctia day cac
ham do dudc khong am don diéu. Trong khi do, hé qua sau ctia né, dudc chiing minh béi
Pierre Fatou niam 1906 lai rat hitu ich khi nghién ctu su hoi tu d6i véi tich phan ctaa
day cac ham do dudc khong am bdt ky.

3.20 Pinh ly (Fatou). Cho {f,} la day cdac ham do duoc, khéng Gm. Khi do / lim f,du <
X

lim | fudp

Ching minh. Dat g, = inf{f,, f41,... }. Khi do, {g,} 1a day ham khong &m don diéu

tang dén lim f,: gm < fu,Vm < n. T tinh don diéu ctia tich phan, ta suy ra | x §mdp <
f x fndp,Vm < n. Theo dinh ly vé su hdi tu don diéu, ta cé

lim f,du = i / du <1 /nd.
/Xﬁfﬂ lim / ﬂ_ﬁxfﬂ

Bat déng thic trong B dé Fatou c6 thé xay ra ddu nho hon thuc su. That vay, xét vi

du sau.
Vi du 3.15. Xét day ham do dudc khong am trén khong gian d6 do ([0, 1], £([0,1]), u):

m, néu0<x<di,
fm(x){ "

0, trong truong hop con lai.

Khi d6 lim f,, = lim f,, = 0 trong khi [, fudp = 1 v6i méi m, do vay / lim fudy <
X

lim / fndp.
X
Vi du nay ciing cho thay gia thiét don diéu trong dinh 1y 3.19 khong thé bé qua.
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Nhu vay st dung dinh nghia ban dau ta dé dang ching minh dudc tinh don diéu va
hoi tu ctaa tich phan Lebesgue ham do dude khong am. R6 rang moi ham do duge khong
am déu la giéi han cta mot day téng cac ham don gian khong am. Do dé, theo dinh ly
3.19, tich phan cta né sé bang giéi han cua day tich phan cdc ham don gian khong 4m
héi tu t6i né. Piéu d6 trung véi nhan xét ban dau cta ching ta. St dung nhén xét d6, ta
sé s6m dat dudc mot tinh chat hét stc quan trong tir tich phan Lebesgue cia ham don

gian khong 4m ma ching ta mudn bao toan, dé 1a tinh chat cong tinh.

3/3.2 Tinh chat cong tinh cua tich phan Lebesgue

3.21 Pinh ly. Cho f,g la cdc ham do dugc, khong Gm xdc dinh trén khéng gian do do
(X, Z,u), sb ¢ > 0 bat ky, khi dé ta cé:

1) [xcfdu=c [y fdu.

i) [x(f+g)du= [x fdu+ [xgdp.
Chiing minh. i) Gia st {f,} 1a day ham don gidn khéng Am hoi tu dén f. Khi d6 {cf,}

1a day ham don gidn khong Am hoi tu dén cf. Theo nhan xét trén, ta suy ra két qua can
ching minh.

ii) That vay, gia st {f,} va {g,} 12 cac diy ham don gian, khong 4m, héi tu dén f
va g tuong ting. Khi d6 ta c6 [y (fu + gn)dp = [y fudp + [ gndp. Ngoai ra, f, + g, cing
12 ham don gian, khong am, hoi tu don diéu tang dén f + g, nén tu déng thic trén cho
n — oo ta nhan dudc diéu phai chitng minh. n

Tu tinh chat cong tinh caa tich phan, két hop véi tinh hoi tu don diéu, ta rat ra mot
s6 hé qua sau. Trude hét 1a tinh cong tinh cé thé mé rong déi mot s6 vé han dém dudce

cac ham do dudc khong am.

3.22 Hé qua. Gid st {g,} la mét day cdc ham do dudc khong am bdt ky trén khong
gian do do (X, .7, ). Khi do

/(Zgn du— /gndy

Chung minh. Pat f, = g1 + - - - + gu, st dung tinh chit cong tinh cta tich phan ta c6

dy = /id.
/anﬂ ;Xgﬂ

Mat khac, day f, la day cac ham do dugc khong am, don diéu tang téi f := ),” ; g, SU
dung Pinh 1y hoi tu don diéu, ta c6

/X(Zgn dﬂ—}ggo/fndﬂ—gggoﬁ/gldﬂ— 1(/Xgndu)-
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3.4 Tich phan Lebesgue ctia ham do dugc batky < 59

Hé qua da dudc ching minh. n

Nhu vy néu f(x) = ¥, aila, v6i a; > 0,Vi va cac A; r6i nhau thi [, f(x)dy =
Yicq aipt(A;).

Tich phan Lebesgue ciing ¢ tinh chét cong tinh dbi véi tap lay tich phan nhu két qua
dudi day.

3.23 Hé qua. Cho f la mét ham sé do duoc, khéng am trén khong gian do do (X, .F, 1),
khi dé ham sb6 m £ xdc dinh trén 7 béi dang thic:

mf(A):/Afdy VA F

la mét do do.

Nhu vay theo hé qua trén ta cé

du = du,
fan = L J, S
v6i A, 1a cac tap roi nhau thuoc ..

3.24 Pinh ly. Gid st f la mot ham do dugc, khong dm. Khi do fX fdu = 0 khi va chi
khi f =0 (h.k.n).

3.25 Hé qua. Néu f,g la cdc ham do dugc, khéng ém va f = g (h.k.n) thi / fdu =
b'¢
du.
/Xg H

Chiing minh. Pat A = {x: f(x) # g(x)}. Theo gia thiét, ta c6 u(A) = 0. Tt d6 suy ra
d:/d/d: d:/d:/d.
/Xfu it | fdu= | fip= | gdu= | gdp u

Pinh 1y vé su héi tu don diéu 1 van con dung khi su hoi tu 1a su hoi tu h.k.n.

3.26 Hé qua. Gid st {f,} la day ham do dugc khéong dm don diéu tang, hoi tu h.k.n
trén X dén ham do dugc khong am f. Khi dé

/X Fdu = lim /X Fadu.
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60 < 3. TiCH PHAN LEBESGUE

§ 4. TICH PHAN LEBESGUE CUA HAM PO PUGQC BAT KY

3/4.1 Khai niém
Xét ham s6 f(x) bat ky do dudc trén tap X. Ta biéu dién
f=ft—f,trongdé f* =sup{f,0},f =sup{—f,0} >0.

3.27 Pinh nghia. Néu hiéu [, f*du — [y f~du c6 nghia (ttc 1a khong c6 dang oo — oo)
thi ta goi no la tich phdn (Lebesgue) ciia ham f trén X, va ky hiéu la [ f(x)du(x) (hodc

don gian la [ fdu):
du(x) = / tdy - / ~d
[ Fnx) = [ fran— [ fan
(tich phan nay c6 thé 1 hitu han hoéc v6 han).

3.28 DPinh nghia. Néu Jx f *du < oo thi [ « fdp 1la mot s6 hitu han va f dudc goi 1a khd
tich trén X dbi véi do do u.
Tap hgp cac ham kha tich trén X dude ky hiéu 1a £ (X,.Z, 1) hay £ (X).

3.29 DPinh nghia. Ta dinh nghia tich phdn cia f trén tip A € </ nhu sau:
du = / Ladp.
/A fdp:= | fladp
Néu tich phan trén ton tai va hitu han thi ta néi f kha tich trén tap A.
Lé di nhién ton tai nhitng ham do dudc khong kha tich. That vay, xét vi du sau:

Vi du 8.16. Cho ham s f : [0,c0) — R dinh nghia nhu sau:

J®
lo——
1 |
—néun—1<x<n-—3, YT —
flx)=49" 1 N S S N S
——néun—i<x<n ol romy 2 2 LB
n | | -—
14 ‘_'
Goi m la do do Lebesgue trén R, khi dé theo dinh ly héi tu don diéu f (x)dm —

fO,oo f*(x)dm khi n — co. Ma ta thay

Jof 01 =2%%w

nén dm = +o0. Tuong tu x)dm = 400 nén khéng ton tai x)dm.
j‘[0,00 ( )
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3.4 Tich phan Lebesgue cia ham do dudc bat ky < 61

Nhu vay ching ta da dinh nghia day da vé tich phan d6i véi ham do dudc. Pau tién
ching ta dinh nghia tich phan d6i véi cac ham don gian do dudc, réi md rong ching doi
v6i 16p cac ham do dude khong am. Pé dat dudc diéu d6, chiing ta phai két hop dinh ly
héi tu don diéu va su x4p xi mot ham do duge khéng 4m bat ky bang mot day ham don
gian khong am. Cudi cung chiing ta md rong khai niém tich phan déi véi ham do dudc
bat ky bang cach dinh nghia né 1a hiéu cta tich phan hai phan duong va 4m caa ham
s6. Chu y réng méc du viéc dua ra tinh chat do dude cia mot ham sé trén khong gian do
duge 1a nham muc dich tinh tich phan nhung khéng phai ham do duge nao ciing c6 thé
14y tich phan dudgc.

Vi du 3.17. Xét truong hgp khong gian (X,2%,u) véi X 1a vé6 han dém dugc : X =

{x1,x2,...}.
Gia st ham do dudgc f trén (X, 2%, 1) thod man Y32« | f(x)|u(x) < oo, khi d6 ta c6 thé
xac dinh [ f(x)dp.

Dua vao nhan xét sau hé qua 3.23 ta thay néu f 1a do dudc khong am thi
J fin =Y flu(x). (3.29
i=1

Ta sé chiing minh két qua trén van ding néu f 1a ham do dugc bat ky thoa méan
Y5 x |f(x)|u(x) < co. That vy, khi d6 [y f"du va [ f~du la hitu han nén dang thdc
(3.29) dung véi f* va f~. Suy ra (3.29) dung v6i moi ham f = f+ — f~.

Néu X = N, u(n) = 27", f(x) = x. Khi dé

/]Nfduzoo;,ﬁi

n=1 n=1

n+1 n+2\
on—1 - on = 2.

3/4,2 Cac tinh chat co ban cua tich phan
Chiing ta luén gia thiét khong gian d6 do 1a (X,.Z, ).

3.30 Ménh dé. Cho ham s6 f do dugc trén (X,.%,u). Khi dé ta co:
i) Néu tich phén [y fdy ton tai thi | [y fdu| < [y |fldp.
ii) f kha tich khi va chi khi |f| khd tich.

Chiuing minh. i) Ta co

/X\f\d#Z/XfWWF/deﬂ > I/Xﬁdu—/xfdﬂ\ = }/deﬂ\-

ii) Néu f hodc |f| kha tich thi c& hai tich phan [, f*du déu hitu han. Do d6 tinh kha
tich cua f kéo theo tinh kha tich cta |f| va ngudc lai. n

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

62 < 3. TiCH PHAN LEBESGUE

Nhu vay ta c6 f € £ (X,.Z, ) tuong duong véi |f| € L1(X,.Z,u).

3.31 Ménh dé. Néu f, ¢ la hai ham do dugc trong khéng gian dé do (X, .Z, i) va Jx fdu
va [y g du cé nghia, khi do

fggh.k.nthi/ Fdu < / edu.

D' D'
Vi thé
—ghhnthi [ fap= [ gdn
f=ghknthi | fdu= | gy

Chiing minh. Trong trudng hop f,¢ > 0 thi bat dang thic 1a ding.
Gia st f,¢ 1a hai ham do dugdc bat ky c6 tich phan trén X. Néu f < ¢ h.k.n thi
ff<g¢g"hknvaf >g¢ hkn.
Khi do ta co:
d:/ +d—/ ~d </ +d—/ ~d :/d.
/Xfﬂ Sran— | fraps | grdp— | grdp = | gdp

Néu f = ¢hknthi f < g < fhknnén [, fdu < [, gdu < [y fdu. Vay [, gdu =
Jx fiu n

3.32 Hé qua. Néu f khd tich trong (X,.Z,u) thi f hitu han h.k.n déi véi dé do p.
Chiing minh. Xét ham ¢ khong am, kha tich. Pat B = {x € X : g(x) = oo}. Ta co:
g(x) >nlpg(x) v6imoix e X.

Do dé:
nu(B) = / nlpdy < /gdy v6i moi 7.
X
Suy ra: u(B) = 0.
Do f kha tich nén tit trén ta c6 f* hitu han h.k.n. Do d6 f hitu han h.k.n. ]
3.33 Hé qua. Néu ham f la do dudc va A € F thod man u(A) =0thi [, fdu = 0.
Vi du 3.18. Cho ham sb sau xac dinh trén [0, 1]:

nnéux=21n=12...

fl2)= {x néu x # %

Khi d6 f(x) = x hkn trén [0,1] theo 6 do Lebesgue nén [ fdm = [ xdm = % (theo
[0,1] [0,1]
vi du 3.14).
Ngoairam(QN[0,1])) =0nén [ fdm =0.
QN[0,1]
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3.4 Tich phan Lebesgue ctia ham do dugc bat ky < 63

Tiép theo, tinh chit tuyén tinh cta tich phan van dude bao toan d6i véi ham do dude
bat ky.

3.34 Dinh ly. (tinh chét tuyén tinh ciia tich phdn) Gid st hai ham sé f,g do dudc trén
(X, Z,u) sao cho [y f duva [y g du cé nghia, x € R bat ky. Khi dé:

i) Tich phdn [y (af) dy cé nghia va [y (af)dy = a [ fdpu.
it) Néu ham g khd tich thi tich phén [y (f + g)du ¢ nghia va

/}((f+g)du=/}(fdu+/xgdu-

Nhén xét. Ta dabiét [, f u= [ f" du— [ f~ du, bay gid néu ham do dugc f 13 hiéu
hai ham kha tich khong am f;, f, nao d6: f = f; — f, thi f cing kha tich va ta ciing c6

d :/ d —/ du.
/Xf H Xfl H sz p
3.35 Ménh dé. Gid st A,B € 7; ANB = @, f la ham do dugc. Khi do:

i) Néu [, pfdutontaithi [, fduva [, fdu ciing ton tai, va

/A fdu= /A Fdu+ A; Fdu (*)

ii) Nguoc lai, néu téng 6 vé phdi cia (¥) ¢ nghia thi ) aup fau ton tai va ta cé (¥).
3.36 Hé qua. Gid st A,B € %, BC Ava f do dugc trén A. Khi do:

i) Néu f > 0trén Athi [, fdu < [, fdpu.

it) Néu [, fdyu ton tai thi [, fdu ciing ton tai.

ii) Néu f khd tich trén A thi f ciing kha tich trén B.

Chitng minh. i) 1a hién nhién.

ii) dugc suy tit ménh dé 3.31.

Ta ching minh ii): Do f kha tich trén A nén [, fdu déu hitu han. T i) suy ra
[ f¥du déu hitu han nén f kha tich trén B. m

8.37 Hé qua. Néu u(B) = 0thi [, fdu = [, 5 fdu = [, p fdu (gid thiét 1 trong 3 tich

phan ton tai).

Chu y. Hé qua trén cho thay viéc thay d6i gia tri cia mot ham sb trén mot tap hop cé
d6 do khéng thi tich phan cta ham s6 dé (néu c¢6) khong thay doi. Ti d6 ngudi ta cé thé

mé rong dinh nghia ham s6 do dudc va tich phan nhu sau:
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64 < 3. TiCH PHAN LEBESGUE

Gia st f 1a ham sb do dugc trén E, E C A € . va u(A\ E) = 0. Khi d6 ta van néi
rang fdo dudc trén A (8 day f c6 thé chi xac dinh hau khap noi trén A).
Néu f 12 ham s6 do dudc trén A theo nghia trén thi

/A Fdu = /E Fdy.

Cac dinh Iy vé tich phan van ding néu trong gia thiét mot diéu kién nao dé xay ra

trén toan bé A dugc han ché béi viée xay ra hau khip noi trén A.

3/4,3 Cac dinh ly vé giéi han cua tich phan

3.38 Dinh ly (Pinh ly héi tu don diéu 2). Cho {f,} la mét day don diéu tang (giam)
cdc ham do dugc trén khong gian do do (X, F,p) va [y frdu > —oo ([ frdu < 400). Khi
do:
Jim /andu = /X lim fudp.
Dang thitc cing nhdan dudc trong trusng hop ddc biét: {f,} la day don diéu cdc ham
do dugc trén X va f la kha tich.

Chu y. Ta khong thé bé diéu kién [, fidu > —oo cho du ¢6 thé thay béng [, fydu > —oo
v6i k € IN nao d6. That vay, ta xét vi du sau.
Vi du 3.19. Cho khéng gian do do (IN,2™, 1) trong d6 u(®) = 0 va u(S) = ¥ % véi
i€S
S € N. Day ham f, xac dinh trén N nhu sau:
, 2
fu(i) = ——.

n
Dé dang thay day ham f, héi tu dén 0 trong khi
[ fadn = Y faliu(i) = = 3 — = —co.
N i=1 i=1

Nhu vay ro rang lim, ;e [y fudp = —c0 # 0= [ limy, e fin dpt

St dung dinh 1y hoi tu don diéu trén két hop véi b dé Fatou vé ham do dude khong
am, va tinh chat tuyén tinh quan trong ctia tich phan ta sé chitng minh dugc cac dinh
1y hoi tu sau. Truée hét 1a dinh 1y sau, né thuc chat 1a su md rong cia bs dé Fatou cho
truong hop ham do dudc bat ky.

3.39 Pinh ly. Gid si {f,} la mét day cdc ham khd tich va ton tai ham g khd tich théa

man |f,| < g véi moi n. Khi dé ta cé:

/Xli_rnfndy < li_m/andpt < E/andy < /Xﬁfndy-
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3.4 Tich phan Lebesgue ctia ham do dugc bat ky < 65

3.40 Pinh 1y (Pinh 1y Lebesgue vé hdi tu bi chan (tréi) 1). Cho day ham do dugc
fnva g trén khong gian do do (X, 7, u). Gid st f, — f h.k.n, f do dugcva |f,| < g h.k.n,
Vn, g la kha tich. Khi do

lim [ fudye = [ fap.

Nhén xét. Nhu vay dé kiém tra xem giéi han ctia mot day tich phan cdc ham do duge
¢6 bang tich phan ctia ham giéi han hay khéng, ta ¢6 hai phuong phéap. Trudc hét néu
day 1a tang (giam), ta kiém tra diéu kién ctia dinh Iy héi tu don diéu roi st dung. Néu
khong dugce hay kiém tra liéu gia tri tuyét d6i cia day ham nay cé bi chan béi mot ham
kha tich hay khong roi 4p dung dinh 1y hoi tu bi chan.

uxc [k o<k<

n’ n

Vi du 3.20. Xét tich phan [ xdm. Ta thiy day ham f,(x) =
[0,1]
n thod man |f,(x) — f(x)| < % nén day f,(x) hoi tu dén f(x). Ngoai ra f,(x) < 1, la

ham kha tich trén [0, 1] nén theo dinh ly héi tu bi chédn 3.40 ta c6

Slk‘

/fdm = lim /fndm = lim ” —1_ %

Tl—)OO n—o00 n
0]

Két qua nay trung véi két qua ta da tinh trude 6 vi du 3.14.

Vi du 3.21. Xét day ham sin”(x) hoi tu t6i ham 1, /, v6i moi x € [0, 7r]. Ngoai ra sin” x <
11,7 la ham kha tich trén [0, 7], do vay theo dinh 1y hi tu bi chan 3.40 :

lim sin” (x)dm = / 1, /dm = 0.
[0,7]

n—00 [0/7-[}

Vi du 3.22. Néu b6 tinh chat bi chan di thi dinh ly 3.40 khong con ding. That vay xét
day ham sb & vi du 3.15 trong khong gian d6 do ([0, 1], 2([0,1]), m):

m, néu0<x<di,
fmnx) = T
0, trong truong hop con lai.
Dé thay f,,(x) hoi tu dén 0 trén [0, 1] trong khi Joq fAm =1 [ Jig 0dm.
Tém lai cac dinh 1y hoi tu dbi véi tich phan doi héi cac diéu kién sau:

e V6i day ham do dudc khong am, trong khi diéu kién bi chin duéi luon dude bao
dam, phai thoa man la day ham don diéu khong giam.

e V6i day ham do dudc bat ky, néu 1a day ham don diéu khong giam thi phai bi chén
dudi, néu l1a day ham hoi tu thi phai bi chan trén 1an dudi.
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66 < 3. TiCH PHAN LEBESGUE

Cac dinh 1y hoi tu khéng ap dung dudc véi tich phan Riemann. Chéng han ta xét vi

du sau:

Vi du 3.23. Gia sit tap sb hitu ty trong doan [0, 1] dugc liét ké thanh day sau: QN [0,1] =
{x1,x3,...}. Cho day ham sb f,(x) xac dinh nhu sau:

falx) = {1 néux € {x,...,x,};

0 trong truong hdp con lai.

Khi dé dé thay day ham don gian fn don diéu khong gidm, bi chén va hoi tu t6i ham
1gn[o,1)(x). Tuy nhién ham nay khong kha tich Riemann.

§ 5. TICH PHAN LEBESGUE TREN R
Xét khong gian d6 do Borel (R, Z(R), m). Khi d6 tich phan Lebesgue ctia ham f trén R

dude ky hiéu nhu sau:
dm.
S

Tich phan lay trén mét tdp S C R nao d6 ciing dude ky hiéu 1a

/Sfdm.

Khi S = [a, b], ta goi d6 1a tich phan Lebesgue ctia ham f trén doan [a,b] va c6 thé ky

/abf dm = / f dm.
[a,b]

Tap cdc ham kha tich d6i véi do do Lebesgue trén [a,b] (tic J 0, f dm ton tai hitu
han) dudc ky hiéu 1a .#1[a, b].
Cac dinh ly vé tinh tuyén tinh ciing nhu hdi tu cta tich phan van ding trén R. Tuy

hiéu nhu sau:

nhién dé tinh tich phan Lebesgue trén theo dinh nghia 14 khong dé. Ching ta sé chi ra
moi lién hé gitta tich phan Riemann véi tich phan Lebesgue, sau d6 s dung dinh 1y co

ban trong tich phan (cong thitc Newton-Leibnitz) dé tinh ra két qua.
3.41 DPinh ly. Cho ham f : [a,b] — R bi chdn. Khi d¢ ta c6

i) Ham f kha tich Riemann néu va chi néu f lién tuc hkn theo do do Lebesgue trén
[a, b].

ii) Ham f khd tich Riemann thi ciing khd tich dbi véi do do Lebesgue trén |a,b] va hai
tich phdn nay la bang nhau.
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3.5 Tich phan Lebesgue trén R < 67

Vi du 3.24. f[o,l] xdm = f01 xdx = 3.
Vi du 3.25. Xét ham Diriclet sau trén [0, 1]:

1 .4 _m .
s néux="¢€Q;

D(x) = )
Oneéu x ¢ Q.

Ta sé chiing minh ham sb nay lién tuc tai cac diém v6 ty thudc doan [0, 1]. That vay,
xét xg € [0,1] \ Q bat ky. V6i moi e > 0, can chi ra ton tai 6 > 0 sao cho khi |x — xg| < 6
thi |D(x) — D(xg)| = D(x) < e.

Gidst1/e <mnp e N, dat o = min{% —xolm <n < no}. Khi d6 néu x € [0,1] \ Q thi

hién nhién D(x) = 0 < e. Néu x = % € QN[0,1] va |x — xo| < 6 third rang b > ny nén

1
D(x) = o <e
Vay ham s6 nay lién tuc hkn trén [0, 1] (tap cac diém gian doan 1a Q N [0,1] ¢6 d6 do

0) nén n6 kha tich Riemann va ciing kha tich Lebesgue. Ta tinh tich phan nay nhu sau:
1
Do D(x) = 0hkn trén [0,1] nén [ D(x)dx = | D(x)dm = [ 0dm = 0.
0 [0,1] 0,1]
M6 rong két qua trén d6i véi cac tich phan suy rong ta c6 két qua sau:

b
3.42 Pinh ly. Gid stz ham f(x) > 0 va ton tai tich phén suy rong [ f(x)dx (a,b cé thé
a

bang vé han), khi dé f(x) khd tich Lebesgue trén [a,b] va hai tich phdn bang nhau.
Khi f nhan ca hai diu trén [a,b] thi c6 thé x4y ra tinh huéng [ ffdmva [ f-dm

[a,b] [a,b]
déu bang oo nén khong kha tich Lebesgue trong khi van c6 thé ton tai tich phan Riemann

suy rong. That vay ta xét lai vi du 3.16 sau.

Vi du 3.26. Cho ham sb f(x) 6 vi du 3.16:

“ﬂxl
1 ¢—o
1 . .
— néun—1§x<n—%, ! [ —
f(X): nl , I ' : : I ’tl-x
- néun_l<x<n 0 : 11 : 12 | 13
n 2 — : X ] i —
i I Lo
g e
[] 1—c+|c]

C
2 A - R C — s < Y
Trudc hét ta kiem tra dugce [ f(x)dx = o vein - 1 <c<n—3vabing
0

[e9) c
néun— 1 <c<nDodé [ f(x)dx = lim [ f(x)dx = 0 trong khi ta da biét f ¢ Z(R) .
0 0

C—00
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68 < 3. TiCH PHAN LEBESGUE

Su khac biét co ban gitra tich phan Riemann va tich phan Lebesgue la phuong thiic
14y phan hoach. Trong khi tich phan Riemann phan hoach mién xéc dinh ctia ham s
thanh nhiéu khoang thi tich phan Lebesgue lam viéc dé véi mién gid tri ciia ham sb va
xét tap cac diém trén mién xac dinh cé gia tri cia ham sb roi vao mot trong cac khoang
d6. Chung ta c6 thé so sanh hai cach 14y tich phan trong truong hop tap X C R va f do
duge khong am c6 tap gia tri dém dude . Néu ta nhém cac phan ti ¢6 cung gia tri qua
f thanh mot tap roi lay do do cia tap nay nhan véi gia tri d6 ta sé dudc mot s6 hang
duong. Tich phan Lebesgue chinh 1a téng chudi s6 duong nay. Con viéc 1ay tich phan
Riemann, ta lam bang cach chia tap X thanh cac phan hoach roi nhau, liy do do cac
phan hoach nay nhan véi mot gia tri nao doé trong tap gia tri cia phan hoach. Khi do6
khi ta 14y téng lai ta sé dudec mot két qua dude hy vong 1a gan dung véi tich phan. R6
rang cach lam truéc co6 vé chinh xac hon so véi cach thuc hién sau.

Sau day chung ta s€ trinh bay cac vi du ap dung cac dinh ly hoi tu va su lién hé gita

hai tich phan nay.
L

Vi du 3.27. Tinh [ ——5dx.
o 1+x

TI‘II()C hét ta thé.y m =1- xlo + x20 —_ xSO + .- V61 \v’x c [0, 1] Ta dét g](x) =
(1 — x19)x2% 1a cac ham khéng am kha tich trén [0,1]. Ap dung hé qua (3.22) ta c6

1

1 1
1 i > 1 1 1
—= . —= . = 1 —_—— _—— — . ..
/1+x10dx /Z:g](x)dx Z/g](x)dx H + 51 31 +
0 0 /=0 =09
, v FPIn(x+n) _
Vi du 3.28. Tinh lim [ —— ¢ *dx.
n—oo 0
2 2 A Y ~ ln(x + Tl) _ . ca 2 2
Truéc het ta thay rang day f,(x) = — e ¥ — 0 khi n — co. Tuy nhién dé ap

dung dugc dinh ly hoi tu bi chin, ta can tim mot ham ¢ khong 4m kha tich trén [0, )
sao cho |f,(x)| < g(x),Vx € [0, c0).

1 , )
“(xn+”) < x:” <x+1<2x Néux<1,dé

Ta thay rang Iny < y véiy > 1, do d6

In(x +n)
n

thay < 2. Nhu vay day ham sb6 fn bi chan béi ham g sau

2xe ™ khix >1,
2e % khi x < 1.

g(x) =

Ham nay kha tich trén [0,c0) (ban doc tu kiém tra) nén st dung dinh ly héi tu bi chan
ta co - -
lim [ g gy [0

n—00 n n—»00 n
0 0

e *dm = 0.
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3.6 Hoi tu theo d6 do & 069

§ 6. HOI TU THEO PO PO

3.43 Pinh nghia. Cho cac ham sb f,(x), (n = 1,2,...) va f(x) do dudc. Ta néi day f,(x)
héi tu theo dé do u t6i f(x) va viét: f,(x) LS f(x) hoac fn — f theo dé do, néu

(¥e > 0) lim u{x : fu(x) — F(x)] > €} = 0.
Vi du 3.29. Xét X = [0,1] va dat:

g1 =1x

g2=Toy & =1y

N\’—‘

8¢=1py 8 =11y g =1y

e
=

Khi d6 dé dang thay u{x : |f,(x) — 0| > e} =27" néu 2" < n < 2m*1,
Vay ¢, (x) hoi tu theo do do téi 0.

Sau day 1a lién hé gitta hai khai niém héi tu theo d6 do va héi tu hau khip noi.
3.44 Dinh ly. Gid s do do y la hitu han va cdc ham f,, f la do dugc.

C.1. Néu f, — f hkn thi fu(x) 2 f(x).

C.2. Néu f,(x) 5 f(x) thi ton tai mét day con f,, héi tu h.k.n téi f(x).

Vi du 3.30. Xét day ham g, 6 vi du 3.12. Day ham nay héi tu dén 0 nén ciing hoi tu dén
0 theo do do Lebesgue. That vay, ta xét

1 1
m{|gn — 0| > e} = m{gn(x) > e} = m[O,E] == 0.
Vi du 3.31. Phan 1 ctia dinh Iy trén khong con ding néu y(X) = co. That vay, xét X = R
va day ham f, = 1}, ,;q)- Khi d6 f, — 0 nhung p({x : |fu(x) — f(x)] > e}) =1,

Vi du 3.32. Day ham g, dudc xay dung 6 vi du 3.29 héi tu theo d6 do dén 0 nhung khong
héi tu hkn. That vay, véi moi x € [0,1] ¢6 v6 s6 n dé g,,(x) = 1. Tuy nhién day con gom lai
hoi tu dén 0 hkn.

3. 45 Pinh ly (Pinh ly Lebesgue vé héi tu bi chan (tréi) 2). Gid stz day ham do dugc
fn LN f trén khong gian dé do (X, F,u) va |fu| < g Vn, g, f la cdc ham do dugc; g la mot
ham sb khé tich, khi dé

lim /X Fudi = /X Fdu.

n—o0
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70 < 3. TICH PHAN LEBESGUE

3.46 Hé qua. Néu day ham sb do dudc {f,} héi tu h.k.n hodc theo dé do dén mot ham
s6 do duoc f trén khong gian do do (X,.7,u), u(X) < o va |fy| < M h.k.n trén X,¥n, M
la hang sé thi

lim /andu = /deu-
BAI TAP
C.1. Trong ba ham s6 & bai tap B.26 chuong 2, ham nao 13 ham don gian. Hay biéu dién
cac ham don gian nay 6 dang (3.1).
C.2. Hay biéu dién 6 dang (3.1) va tinh tich phan Lesbegue cia ham don gian f trén
mién X trong céc truong hop sau:
(@) f(x) =Int(y/x),X =[0,10], u = m.
(b) f(x) =Int(2x),X =[0,2], 4 = m.
(¢) f(x) =Int(sinx), X = [0,27], u = m.

C.3. Gia st yur va ug la hai d6 do Lebesgue-Stieltjes cAm sinh bédi cac ham sb

. ~1  néut<2,
s mneéus <1, p
F(s) = ] G(t) =12 neu?2 <t <3,
2 neul <s - <
T neut >3

Cho f = 2.1[_1’1} + 3.1[2,3}, g = 4:.1(_00’1) — 5.1[1’2] — 2.1[3,00).
Hay xac dinh

a. [fdur  b. [gdur ¢ [fduc  d. [gduc.
R R R R

C.4. Cho khong gian do (X, .<7) 6 bai tap B.4 chuong 2, hay kiém tra xem cac ham sb
sau c6 do dudc khong ?

ll)fl (x) = 1[0,%] + 2.1( 1] b)fz(x) = 1[0,1) + 2.1{1}
3.1[%,1) = 1{1} d)f4(x) = 2.1[0, ) + 1(

NI—

(9}
N—
P
—~

=
N—

Il

1)

Nj—
NI—=

C.5. Cho khong gian do (X, <) & bai tap B.5 chuong 2, hay kiém tra xem cac ham sb
sau c6 do dudc khong ?

a)g1(x) = Lo1y — 123 b)ga(x) = 21403 + 112}
c)gs3(x) = 1y + 2.1{1/2} d)gs(x) = 3.1{1/3} + 12
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3.6 Hoi tu theo do do <> 71

C.6".

C.7.

C.8.

C.9%.

C.10.

C.12.

C.13.

Trong viéc xay dung cac ham don gian f, v6i f(x) = x trén [0, o) (dinh ly (3.12)),
gia tri 16n nhat caa f3 bang bao nhiéu? f3 ¢6 bao nhiéu gia tri khac nhau trong
mién gia tri ctia né?

Néu f 1a mot ham sb do dudc trong khong gian (X,.#) thi ham sb

f(x) meéuf(x) <1
1 néu f(x) > 1.
c6 do dudc trén A khong? Tai sao?
Ching minh rang, néu ham sb f(x) do dugc trén (X,.#) thi ham sb [f(x)]! ciing do
dugc trén (X,.7)(X,.F), trong d6 [f(x)]2, (a < b) dudc xac dinh béi
f(x) wvéicacxmaa < f(x) <,
[f(0)]s=1b véi cac x ma f(x) > b,
a véi cac x ma f(x) < a.
Cho (X, .27) 1a mot khéong gian do dudc va céc tap E, do dugec khong can roi nhau,
6 hgp 1a X. Gia stt v6i mdi n, f, do dugc trén E, va véi x bat ky thuoc E,, N E,, m, n
bat ky thi f,(x) = fu(x). Pat f(x) := fu(x) v6i x € E, va n bat ky. Chiing minh f
do dudc.
Ching minh tinh do dugc cia ham Riemann trén doan [0, 1]:
£ P s o
néu x = — la so huu ti,

1
flx)=144
0

néu x 1a s6 vo ti.
Cho day ham f,(x) = 1j,,41): R > Rvéin=1,2,....
(a) Hay tim nh_r)r.}ofn(x)
(b) Ching minh réang nlgl;o%fn(x)dm # I{nlgr(}ofn(x)dm.

(c) Giai thich xem gia thiét nao trong dinh ly hoi tu don diéu ciing nhu trong dinh
ly hoi tu troi khong dude thoa man trong truong hop nay.

Cho X = R véi o-dai s6 .# sinh béi ho cac khoang (1,1 4 1],n € Z véi d6 do dugc
gan nhu sau

1
un,n+1] = mvéi |n| >1,=0khin =0.

M6t ham do duge f tu (R,.Z) vao R dugc xac dinh nhu sau: f(x) = Int(x). Ching
minh ring khong ton tai [ f(x)dyu.
X
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72 < 3. TICH PHAN LEBESGUE

C.14*.

C.15%.

C.16*.

C.17%.

C.18*.

C.19*.

C.20*.

C.21.

C.22.

C.23.

C.24.

Trong khéong gian (X,.7, ), chiing minh ring néu |f| < ¢ (h.k.n), f do dudc va g
kha tich trén X thi f kha tich trén X.

St dung két qua bai tap trén, ching minh néu f1a mot ham s6 do dudc va bi chin
h.k.n trén tap hop X c6 do do hitu han thi f kha tich trén X.

Stt dung két qua bai tap trén, chiing minh néu f 1a mét ham sb kha tich trén mot
tap hop X, ¢ la mét ham s6 do dudc bi chén h.k.n trén X thi fg1la mot ham s6 kha
tich trén X.

Cho f 1a mot ham kha tich trén X d6i v6i d6 do u va dat A, = {x € X : |f(x)| > n}.
Chiing minh nu(A,) — 0.

Cho f, € Z(X) thod man f, > 0, fu(x) = fo(x), Vx va [ fudu — [ fodu < +oo.
Ching minh [ |f, — foldu — 0.

Gdiy: (f, — fo)~ < fo; ap dung dinh Iy vé su hdi tu trdi ta chi ra [ (fu—fo) du — 0.
Xét khong gian do do (X,.Z, u) va f 1a ham thuc do dugc, sao cho [ f2du < 0. Cho
day ham do dudc g, hoi tu dén g do dudc sao cho |g,(x)| < f(x), Vx € X. Ching
minh rang:

/(gn +g)2dy — 4/g2dy < +o0.

Gia st fy 5 f, fu > 0va [ fudu — [ fdpu < co. Chiing minh réng [ |f, — f|du — 0.
Gdi y: xem bai tap C.13 .

Cho f, := 1y, /n. Hoi o ton tai ham ¢ kha tich (d6i v6i do do Lebesgue) ma troi
hon moi f,?

Cho ham sb:

x2, xvotix>1/4
fx) =% x, xvoti,x<1/4
10, x € Q.

Tinh tich phan Lebesgue cta f(x) trén doan [0,1]?
Tinh tich phén Lebesgue |, 01 f(x)dm chia ham s6:

x2, xvo ti,
f(x) =

1, xhuuti

Tinh tich phan Lebesgue [}, ; f(x)dm ctia ham s6:

\/X;T, Vélng

trong dé F 1a tap bat ky c6 d6 do khéng.

fx) = {\3/}, véi x € F,
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3.6 Hoi tu theo do do <> 73

C.25.

C.26".
C.27.

C.28.

C.29.

C.30*.

C.31.

C.32.
C.33*.

Gia st f 12 ham s6 khong bi chiin, kha tich Lebesgue trén (X,.7, u). Dit

B {f néu |f] < n,

0 néulf| > n.

Chting minh ring [, fdu = limy_e [5[f]ndp
Ching minh fol ncosx/(1+ n2x3/2)dx — 0 khi n — oo.

Tinh tich phan Lebesgue: / \/xT

Chohamsof()—nneuxe[ L

57, 3r7) VA bang —n néu x € (57, 55 ). Chiing
1

minh ring ton tai tich phan Riemann suy réng [ f(x)dx = 1jn(1) fa f(x)dx nhung
0 a—

khong ton tai [ f(x)dm
(01]
d 1 .1 1 1 . . X .. ~ .
Cho ham f = x <x sin < ) = siny — p cos ;. Chiing minh ton tai tich phan Rie-

mann suy rong fo x)dx = hm f f(x)dx nhung khéng ton tai tich phan [ f(x)dm.
[0,1]

Trén doan [0, 1], xét cac ham

. i—11
fi(")(x) _ 1 néuxce [ifll #
0 néux¢ [T'ﬂ

Ta viét cac ham nay duéi dang mot day ham nhu sau:

01(x) = (%), 92(x) = FP (%), 3(x) = A2 (),
01(x) = £ (%), 5(x) = AV (%), s(x) = AV (%), ...

Hay chiing minh day ham ¢, (x) héi tu theo d6 do dén 0.

V6i 1 12 do do @i, hay ching minh: Néu f,(x) & f(x) va f(x) ~ g(x) thi fu(x) 5
8(x).

Chting minh néu f,(x) LN f(x) va fu(x) LS g(x) thi f(x) ~ g(x).

Cho day ham f,, (n = 1,2,...) do dugc khong am trong (X,.%, 1). Chiing minh rang
néu [ fudy — 0 thi f;, — 0 theo do do p.
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Phu Luc

Chitng minh ctia mét s6 dinh ly

Chiing minh (Chiing minh caa dinh ly 8.3). Xét A; = A;NX = A;N (U}”:1 Bj) = Uit (AiNB;j);
trong d6 cac tap A; N Bj, (j = 1,2,...,m) d6i mdt réi nhau.
Vi thé
n m n m
Y aip(A;) = Zai(z],t(A,-ﬂB ) YY) aau(A;inB)
i=1 i=1 j=1 i=1j=1
Tuong tu,

n

ibjy( iZb]yAﬂB)
i

1i=

—_

Néu A; N B]' = @ thi ]/t(AZB]) =0, con néu A; N B]' # @ thivéi x € A; N B] ta co f(x) =a; = b], suy

ra a; = b;. [ |

Chiing minh (Ching minh cua dinh ly 3.19). Do f la giéi han cia mét day ham do duge khong
am nén f 12 ham do dugc, khong am. Vi f, < f, 11 < f nén theo b6 dé 3.18 ta c6

/andy < /anﬂdy < /dey, Vi € IN.
Do vay
I / di < / d.
im | fadp < | fdp
Pé chitng minh bt déng thitc ngudc lai, ta 14y « 1a s6 thuc théa man 0 < a < 1 va ¢ la ham
don gian théaman 0 < ¢ < f. Pat

Ap={xeX: fu(x) > ap(x)}.
Khi d6, A, € #,A, C A1 va X =JA,. Dua vao két qua cta bo de 3.18, ta nhan dudc
fxd</ d</ du. 3.46
/A,,“””—.Anf””— | Sndh (3.46)
Vi day {A,} don diéu ting va c6 hop 1a X, theo tinh chat ctia d6 do, ta c6

dzl'/ m
/Xfl’# im |

Khi d6, bang cach lay giéi han theo n, tit cong thic (3.46), ta nhan dudc

uc/ pdu < lim/ fudp.
X X
Diéu nay ding véi moi « théa man 0 < & < 1, cho « tién t6i 1 ta c6
/ ody < lim / Fadi.
X X

Hon nita, vi ¢ 12 ham don gian khéng am bat ky théa man 0 < ¢ < f nén
| fan= sup [ odu <tim [ fudp.

Nhu vay, ta nhan dudc dang thic can chiing minh. [
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3.6 Hoi tu theo do do < 75

Chiing minh (Ching minh cta hé qua 3.23). R6 rang m¢(A) > 0,VA € #.Talaico f.15 =0

nén mp(@) = [, fdp = [y fledp = [ 0du = 0.
Cubi cung, ta phai kiém tra tinh o-cong tinh cta m 5. Giast A, € F (n=1,2,...) roi nhau

ting d6i mot. Ta ¢6 1= 4, = Y _ 1a,. Ap dung hé qua (3.22) suy ra

n=1

my U Ar) /flu,,l P‘:/X’gflflndﬂ:gl/xflAndV:g/Anfdﬂzgmf(A )

Vay my 1a mot do do trén 7. n

Chitng minh (Chitng minh cta dinh 1y 3.24). 1) Diéu kién can. Gia st Jx fdu =0.Ta can chi
ra f =0 (h.k.n).

Pt A= {x:f(x) #0}; By ={x: f(x) > 1}.Tac6: By C By C... va A = Uy~ By.

Theo gia thiét:

1 1
Oz/d:/d/dz/dz “du = = u(B,).
S A [ fanz [ fapz | sdn= 2 (B

Vi thé u(B,) = 0 v6i moi n € IN. Tit d6 suy ra A 1a hgp dém dudc cac tap c6 do do 0 nén A
ciing c6 dé do 0 hay f = 0 (h.k.n).
2) Diéu kién dii. Gia st f = 0 (h.k.n).

Néu A = {x : f(x) > 0} thi u(A) = 0. Pat f, = n14. Khi d6, f < lim f, = col. Tt b6 dé
Fatou ta nhan dugc

0< [ fau< [ lim fudp <lim [ fudp.
X X X
Nhung / Fadit = nu(A) = 0. Tt d6 suy ra / Fdu =0, .
X X

Ching minh (Ching minh caa hé qua 3.26). Giast N € &/, u(N) =0va f, — ftrén M =
X\ N.Khi d6 f,1p — f1p trén X. Theo dinh ly héi tu don diéu, ta c6

/X Flydy = lim /X Fulmdp.

Ngoai ra,
1nd ——/ wIndu = 0.
/Xf NZH Xf NGH

Vif=fly+ fin; fu = fulm + fuln, ta suy ra

/ fdu = / fipmdy = lim/ fulpmdy = lim/ fudy.

X X X X

Chitng minh (Chiing minh cta dinh 1y 3.34). i) Ta da biét diéu nay ding véi ham f 1a do duge
khong am trén X va a« > 0.

V6i ham f nhu gia thiét, két qua nay hién nhién ding khi a = 0. Néu & > 0 thi (af)* = af*.

Suy ra
/)((“f)+dﬂ—/)<(“f)_dﬂZIX[/XfJ’dy—/Xf_dy} =
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76 < 3. TiCH PHAN LEBESGUE

nén tich phan [, (af) dyu c6 nghia va bang « [, fdy.
Con néu ¢ < 0 thi (cf)* = (—c)fT, ta chiing minh tuong tu.

ii) Pau tién, ta chd y rang phan tich f = f* — f~ la theo nghia "cuc tiéu", tuc la: néu
f=h—gvéih,g>0thi ff <hvaf <g Thatvay, f=h—g<hdodé f" =sup(f,0) <hva
f=h—g>-gdodo—f <gvaf =sup(—f,0) <g.

Theo gié thiét, do [, f du ¢6 nghia nén khi d6 hodc [, f*dy hitu han hodc [y f~du hitu han.
Gié st [y f~dy hitu han. Hién nhién do g kha tich nén [, ¢*du va [, ¢~ dy déu hitu han. Khi d6
f~,¢~ déu hitu han hkntrén X,dod6 f = f* — f~ > —0c0o, g = g7 — ¢~ > —conén f + g X4c
dinh h.k.n trén X.

bath=f+g Tacoh™ < f~ +g .Dod6h  hittuhan h.k.n trén X va

h—d</—d /—d<.
/X p< Xf pt [ 8 dp <o

Do f~,g7,h™ déu hitu han trén X nén tu
W—h"=f"—f g -8
suy ra
W+ f +g =h +f"+g".
Nhu vay
whdp+ [ frdpr [ grdp= [ nmap [ frau [ gtdn
/X pt [ frdpt [ grdp= | hodpt | frdp+ | g7y
Do [y fdu, [y, g du va [, h~dy déu hitu han nén chuyén vé déng thic trén ta c6 diéu phai

chiing minh.
Truong hop [y fTdy hitu han duge chiing minh tuong tu. [

Chitng minh (Chiing minh ctia ménh dé 3.35). Truong hop f 1a do dudc , khong 4m trén A U

B ta da cé:
du = d du.
AUBf iz /Af u+/Bf iz

Trudng hop f 1a ham do duge bat ky trén A U B va ton tai | up fdu. Khi d6 f* 1a cdc ham do
dudc, khong Am trén A U B. Theo két qua trén ta cé:

/Ausf+d”:/Af+dP‘+/Bf+dﬂ (3.46)
f_dVZ/Af_dij/Bf_dy (3.46)

Vi [, p fdy ton tai nén it nhat mot trong 2 tich phan [, , f*du va [, ; f~du hitu han. Chéng
han [, . f~du hitu han. Tit (3.46) ta suy ra ca hai tich phan [, f~du va [, f~dy hitu han. Nhu
vay [, fdu va [, fdu déu ton tai. Tri (3.46) cho (3.46) ta nhan duge (¥).

Piéu ngudc lai, néu tong vé phai ctia (*) ¢6 nghia thi Jaftdu+ [3 ftdu hoac [, f~du +
J5 f~dpu 1a hitu han. Tu (3.46) va (3.46) ta suy ra [, , f"du hoac [, ,f du la hitu han. Vay
S aup fdu ton tai. "

AUB
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3.6 Hoi tu theo do do < 77

Chiing minh (Ching minh cta dinh ly 3.88). Xuét phat tir gia thiét —¢ < f, < g. Trudc tién,
ta xét cac ham f, + ¢ > 0. Ap dung dinh ly Fatou, ta c6

l'ndgl'/ndh/l'nd/dgl’/nd/d.
/X@(fﬂLg)u @X(f+g)u ay X@f wt [ sdu @Xf nt [ 8dn

Do g kha tich, 0 < / gdu < +oo nén ta suy ra
X

/hgfndy < hg/ fndp.
X X
Tiép theo, xét cac ham g—fn>0.Tacé
/}(1@@ — fu)dp < 1@/}(@ = fu)dp-
T d6 chd ¥ rang lim(—f,,) = — lim f,,, ta suy ra m/ fndu < / lim f,du. (]
X X

Chiing minh (Ching minh cta dinh ly 3.39). Ta xét truong hop ham don diéu tang, [, fidu >
—conén [, fidy < co. Do d6 f;” hitu han h.k.n. Béng céch thay déi gia tri cia ham f; trén tap
B € Z,u(B) = 0 (néu can) ta c6 thé coi f; hitu han trén X. Vi f;7 < f; nén {f, + f; } 1a mot day
don diéu tang nhitng ham s6 do dude khong am. Theo dinh Iy hoi tu don diéu 3.19, ta c6

Jotim fodn+ [ frap= [ lim (ft f)dp = lim [ (4 f)dp = lim [ fudnt [ fdp.

Do [ f; du < oo ta ¢6 thé cong hai vé v6i [, f; du d€ nhan dude dpem.
Truong hop day ham don diéu téng, ta nhan dudc két qua can chiing minh nhd viéc d6i dau

cac ham so. ]

Chiing minh (Ching minh caa dinh ly 3.40). Vi g kha tich nén do f, < g, h.k.n, Vn ta suy ra
fn kha tich. Néu can ta c6 thé thay ddi gid tri cAc ham s f, trén tap c6 do do khong dé c6 f, hitu
han, limy_e fy = f va |fs| < g h.k.n.
Vi|fy|<gnénf,+g>0vag—f, >0,n=12,....Chon — oo ta dude |[f| < ghknnén f
kha tich.
Ap dung b6 dé Fatou cho 2 day {f, + ¢} ta dudc tuong ting
J = [ lim (fu = g)dp < lim [ (= g)dp

n—o0

Trit hai vé cia cac bat déng thic trén cho | « §dp ta dugc

li Ay > / d 3.46
Lm [ Sedi 2 | Sy (3.46)
Tm /X Fudpt < /X Fdy (3.46)

Do limy e [y fudpt ton tai nén ta cé6 dpem. n
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78 < 3. TiCH PHAN LEBESGUE

Chiing minh (Ching minh ctia dinh 1y 3.44). 1. Pat B = {x : f,(x) » f(x)}. Xét e 1a mot s6
duong tuy y. Néu Vn, 3k : | f,x(x) — f(x)| > e thi ré rang x € B, cho nén

Utlfosr(x) = f(2)| = €} C B,

1k=1

DY

n

do do,
(N Ul fusk(x) = f(x)| = €}) = 0.

n=1k=1
Dit tiép Ey = U {|fusk(x) — f(x)| > ¢} ta thiy ring

EtDED---DE;D

vaviu(Ey) < +oonén u(NY_ E,) = lim, 0 #(Ey), do d6 u{|fu(x) — f(x)| > e} < p(E,) — 0. Nhu
vay, fa(x) 5 f(0).

2. Theo gia thiét f,(x) & f(x), 1Ay n; = 1 ta c6 thé chon mét day n; > n;_; sao cho
1 _
x| fu () = f(0)[ 2 2} <2 -

. o 1 o A _
bat A = U {|fn, — fl = } Khi d6 pu(A;) < 25 w{lfu — f ZE}<Zk:i2 k=2l k
Xét tap hdp sau

A=A
i=1

c¢6 d6 do nhé hon A; v6i moi i nén tir d6 suy ra u(A) = 0. Néu x ¢ A thi c6 mot s6 i sao cho x ¢ A;,
1 N

tic la véi moi k > i: |, (x) — f(x)] < o bieu nay c6 nghia la f, (x) — f(x), v6i moi x € A°. Vay

fn, — f hkn. n

Chiing minh (Chiing minh cta dinh ly 3.45). Gia sitala gi6i han riéng caa day { [, fudu} (*).
Khi d6 ton tai day con {fn, } cta day ham sb {fu} sao cho lim;_, fx fndy = a. Vi day ham sb
{fu} % f nén tén tai mot day con {fnk]_} ctia n6 hoi tu h.k.n dén f. Vi |fnk]_| < ¢ hk.n, theo dinh

ly trén ta suy ra lim;_, fonkjdy = [y fdu, do d6 lim;_, fonkjd],t =a. Vay a = [, fdu la giéi
han riéng duy nhéat caa day (¥). Tt d6 suy ra day (*) hoi tu dén J: w fdp. [
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cHuonG 4

TiCcH PHAN STIELTJES

C6 thé thay tich phan Lebesgue cia ham do duge f duge tinh kh4 dé dang trong trudng
hop tap gid tri ctia f 14 dém dude. Tuy nhién, néu tap gia tri cia f 1a cdc khoang trong R
(tap khong dém dugc) thi tinh tich phan Lebesgue bang dinh nghia sé khé hon nhiéu. Pé
giadi quyét van dé nay, ching ta sé xem xét moéi lién hé giita tich phan Lebesgue va mot
loai tich phan dudc goi l1a tich phan Stieltjes, ciing nhu cach chuyén tich phan Stieltjes

vé tich phan Riemann c6 dién.

Tu bay gio cho dén hét muc ching ta sé luén xét mot doan [a, b] ¢b dinh trong dé a < b.

§ 1. CAC KHAI NIEM VA TINH CHAT

4/1.1 Khai niém tich phan Stieltjes

Cho hai ham s ¢ va F xac dinh va hitu han trén [a,b]. Ta chia doan [a,b] béi cac diém
chia

a=ap<m<---<ap,=D>

trong d6 n € IN nao d6 va goi ho tap hgp {ag,a1,...,a,} 1a mot phdn hoach caa [a,b], ky
hiéu 1a P. Gi4 tri 16n nhat trong sb chiéu dai cac khoang [a;_1,4;] ctia P dudc goi 1a bdn
kinh cua P, ky hiéu d(P).

Ta lay cac diém & € [a;_1,4;],i = 1,...,n bat ky va goi tong sau
n
Rp =) ¢(&i)[F(a;) — F(a;1)]
i=1

12 mot tong Riemann-Stieltjes dbi véi P.

Bay gio ching ta chuyén dén dinh nghia chinh ctia muc nay.

79
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80 < 4. TiCH PHAN STIELTJES

4.1 Pinh nghia. Cho ¢, F 12 hai ham s6 xac dinh va bi chén trén [a,b]. Ky hiéu P 1a
phan hoach ctia [a,b] va lay cac diém & € [a;_1,a;] bat ky. Gia st ton tai giéi han hitu
han

I = lim Rp,
d(P)—0

theo nghia véi moi ¢ > 0, ton tai & > 0 sao cho |I — Rp| < & v6i moi P thod mén d(P) < §
thi I dudc goi la tich phédn (Riemann-)Stieltjes cia ham sb @ v6i ham F va ky hiéu la

f(p ) hoac f(de

Néu tich phan f pdF ton tai, ta sé néi ¢ la kha tich Stieltjes v6i do do F hoac F - kha
a
tich.

Nhan xét. Dé dang ching minh duge ham ¢ 1a F- kha tich c6 tich phan 14 I tuong duong
v6i khang dinh sau: véi moi e > 0, ton tai § > 0 sao cho |Rp — I| < € v6i moi phan hoach
P thoa man d(P) < 4.

Néu ban nhé lai dinh nghia caa tich phan Riemann thi ré rang cach xay dung nén
tich phan Stieltjes cing dudc ap dung 6 day. Trong khi véi tich phan Riemann, d6 do
ctia mét khoang con [a;_1,a;] thudc [a, b] bang chiéu dai ctia né a; — a;_; thi dbi véi tich
phan Stieltjes, dd do cia mét khoang con [a;_1,4;] 12 bang F(a;) — F(a;_1). Néi cach khac
tich phan Riemann la truong hop dac biét cua tich phan Stieltjes.

Khi ta thay ham s6 F(t) trong dinh nghia ctia tich phan Stieltjes bang ham s6 F(t) = ¢
va ham s6 @ 1a t - kha tich thi ¢ dudc goi 12 khd tich Riemann. Tich phdn Riemann cia
¢ khi d6 dugc ky hiéu fb @(t)dt

a

Trude khi xét cac vi du sau, ta nhic lai ham chi tiéu 15 v6i S C R 14 ham sb

15(x) 1 néuxes,
s\X) =
0 trong truong hdp con lai.

Vi du 4.1. Xét trudng hgp ¢(t) = 1,Vt € R, F xac dinh va hitu han trén [a, b]. Khi d6 tong
" 1 @(Ci)|F(a;) — F(a;_1)] = F(b) — F(a) v6i moi ph&n hoacha =ap <a; < --- <a, =b
b

nén [ dF = F(b) — F(a).

Vidu4.2. Cho F = 1[%/1] va ¢ =idoq).
V6i moi e > 0, ta chon mot phan hoach P bat ky ctia [0, 1] sao cho d(P) < e. Khi dé

1 1
§+S>RIP2§—S,
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4.1 Céc khai niém va tinh chat ¢ 81

cho nén ham sbé @ 1a F- kha tich. Do ¢ > 0 1a tuy ¥, ta dé dang suy ra

1

1
0

Vidu4.3. Cho F = 1[%’1] = ¢. Khi d6 ta c6 véi phan hoach P bat ky khong chita % thi
Rp = 1 néu chon mot & nao dé nhé hon %, bang 0 néu chon & nao d6 bang % Vay khong
ton tai tich phan Stieltjes f01 @dF.

Sau day ching ta sé ban dén trong truong hgp nao thi ¢ 1a F-kha tich cing nhu lién hé
gitia tich phan Stieltjes véi tich phan Riemann.

/1.2 Ham s6 c6 bién phan bi chin va ham s6 lién tuc
tuyét doi

Cho ham s6 F(t) xac dinh trén doan [a,b] va phan hoach P nao d6 ctia doan [a,b] gom n
diém chia :
a=ay<m<a<---<ap=Dh.
Ky hiéu v(P) 1a tong sau:

n

o(P) =Y |F(ai_1) — F(a;)|. (4.1)

i=1
4.2 Pinh nghia. Bién phdn toan phan (bién phdan) cia F(t) trén doan [a,b] 12 can trén
ding tap tt ca cac gia tri v(P), ky hiéu la
1

var (F) = sup {ni: |F(ajz1) — P(ai)|} . (4.2)
P =0

[a,b]

4.3 Pinh nghia. Ham sb F(t) dudc goi 1 c6 bién phan bi chin (hay bién phdan gidi noi)

néu var (F) < oo.
[a,]

Vi du 4.4. D& dang thay ham hang s6 F(t) = C c¢6 bién phan bang 0 trén [a, b].

Ta c6 thé chiing minh diéu ngugc lai ciing ding tic néu ham sb F(t) c6 bién phan
bzng 0 trén [a, b] thi F(t) 1a hang sb.

That vay néu F(t) khong 1a hang sb tic ton tai a; < ap € [a,b] sao cho F(a;) # F(ay)
thi ta chi can chon phan hoach P gom 4,4y, a5, b thi

o(P) = [F(a1) — a| + [F(az) — F(a1)| + [F(b) — F(az)| > |F(az) — F(a1)| > 0
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82 < 4. TiCH PHAN STIELTJES

Vi du 4.5. Cho F 1a ham buéc nhay sau trén [a,b] : F(t) = ¥/, 0611[,11 a;,,]- Khi d6 ngudi
ta ching minh dudgc \[ra}ﬁ (F) = Z?;ol loiiq — a.
a,

Chang han cho ham F sau xéc dinh trén R

(

0, néut <1, 34 .
1, néul<t<2, §
) 2 -
2, néu2<t<3, = :
F(t)=1{3, néut=3, ! * ! i
1, néul3<t<4, i § , .
. 1 2 3 4 5
—1, neu4d <t <5, : |
1 —
k0, néut > 5.

Khidé\[/al]‘ (F)=1+1+2+2=6.
14

Nhan xét. e Mot ham s6 don diéu khong giam bat ky F(t) c6 bién phan bi chin, vi
tong (4.1) ctia n6 ludn bang F(b) — F(a), bat ké chia doan [4, b] nhu thé nao.

Nhu vay hién nhién ham don diéu khong téng cling c6 bién phan bi chén.

e Do x[/abﬁ (F£G) S\[/abl]r (F)+ \[/abﬁ (G), nén téng hay hiéu ctia hai ham s6 c6 bién phan
a, a, a,

bi chan thi ciing c6 bién phan bi chan. Néi riéng thi hiéu cta hai ham s6 don diéu
khong giam c6 bién phan bi chin. Diéu ngudc lai cling ding nhu dudc chi ra 6 dinh
ly 4.7 duéi day.

4.4 Pinh ly. Néu F(t) thod man diéu kién Lipschitz: ton tai hdang sé C sao cho |F(u) —
F(v)| < Clu —v|,Yu,v € [a,b] thi E(t) c6 bién phdn bi chidn trén [a,b).

Chiing minh. That vay, gia st F(t) thod man diéu kién Lipschitz thi véi phan hoach P
bat ky ta cé

Z |F(aiy1) — F(a;)| < |C Z a1 — a;)| < |C(b—a).

Do d6 tap {v(P)} bi chn nén F(t) c6 bién phan bi chin. n

4.5 Hé qua. Néu ham s6 F(t) xdc dinh va lién tuc trén [a, b, c6 dao ham bi chdn trén
(a,b) thi F(t) c6 bién phdn bi chdn.

Chiing minh. Néu F(t) c6 dao ham bi chiin béi C > 0 thi theo dinh Iy Lagrange, v6i moi
u,v € [a,b] bat ky, ton tai & sao cho

[F(u) = F(v)| = [F'(&)(u — )| < Clu—o|.
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4.1 Cac khai niém va tinh chat < 83

4.6 Hé qua. Néu ham sé F(t) c6 dao ham lién tuc trén [a,b] thi F(t) c6 bién phdn bi
chan.
Vi du 4.6. Ham sb
£ sin %, néu t # 0,
0, néut=0
xac dinh va lién tuc trén [0, 1], c6 dao ham bi chén trén [0, 1].
Do vay ham sb F(t) c6 bién phan bi chin.
Di nhién céc tinh chét bi chin, lién tuc hodc tham chi kha vi trén (a,b) chua da dé
khang dinh mét ham s6 c6 bién phan bi chan.
Vi du 4.7. Ham s
t sin l, néu t 0,
R = {1 et
0, néut =20
lién tuc trén doan [0, 1] nhung khéng c6 bién phan bi chin trén doan dé.

That vay, chi can xét day a, = %

1 vh’ U\/ . 1

Pinh 1y sau day cho biét ddu hiéu ctia ham c6 bién phan bi chan:

4.7 Pinh ly. Mot ham s6 F(t) c6 bién phdn bi chdn khi va chi khi né la hiéu cia hai
ham sé don diéu khong gidm.

Vi du 4.8. Chiing minh ham s6 sau c6 bién phan bi chén trén [-1,1]:

F(t) = V1- £

Gidi: Truéc hét ta thay ham F(t) khong don diéu trén toan bo doan [—1,1] va ciing
khong c6 dao ham bi chan. Do d6 ching ta can ap dung dinh ly 4.7.
Xét hai ham sb sau
V1—12, néu —1<t<0, 0, néu —1<1t<0,

hi(t) = ) ;o (b)) = /
1, neul<t<1, 1—vV1—x2, neu0<t<1,
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84 < 4. TiCH PHAN STIELTJES

flx) hi(x) ha(x)
A A
: | b | /
0 1 2~ o ;o 0] I >

Dé dang thay F(t) = hy(t) — ho(t),Vt € [—1,1] 12 hiédu hai ham don diéu khong giam.
Duéi day 1a nhiing tng dung quan trong cia ham c6 bién phan bi chén.

4.8 Pinh ly. Moi ham c6 bién phdn bi chdn trén doan [a,b] déu c6 dao ham hitu han
hau khdp noi trén doan do.

2 . . o . PPN N . 2 N 2 .1
Khang dinh ngudc lai cia dinh ly trén la khéng diung. Chang han ham so f(t) = t.sin ;

c¢6 dao ham hitu han h.k.n trén doan [0, 1] nhung khéong c6 bién phan bi chan.

4.9 Hé qua. Gid st ham F khad tich Lebesgue trén [a,b|, khi dé ham

F(t) = /atfdm

c6 bién phdn bi chdn trén [a, b).

Chiing minh. Ta thay F(t) = [! fdm = [ ftdm — [! f~dm = F(t) — B (t). D& dang
kiém tra dudc hai ham F(t), F;(t) 1a don diéu khong gidm nén F(t) 12 ham c6 bién phan
bi chan. [

Theo dinh ly 4.8, ham F(t) = f; fdm c6 dao ham h.k.n va dao ham dé6 chinh la f(¢).
4.10 Dinh ly. Cho ham f khd tich Lebesgue trén [a,b|, khi do
4 d h.k
ﬁ/afm—f(t) k.
Chung ta hy vong c6 thé thiét lap cong thic
t t
/ F'dm = F(t) — F(a) hay F(t) = / F'dm + F(a). (4.10)
a a

Lé di nhién khi d6 ham F(t) c6 bién phan bi chin nhung diéu dé 1a chua da dé cong
thuc (4.10) dang. That vay ta xét vi du sau.

Vi du 4.9. Cho ham F(t) sau xac dinh trén [0,2]:

Onéu0<t<1;

F(t) =1p = {

1néul <t<2.

D& thiy F(t) ¢6 bién phan bi chian va F' = 0 hkn nhung [ F'dm = 0 # F(2) — F(0).
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4.1 Cac khai niém va tinh chat < 85

Lép cac ham thoa mén (4.10) sé 1a 16p con ctia 16p ham c6 bién phéan bi chén va duge
dinh nghia duéi day.

4.11 Dinh nghia. M6t ham s6 F(t) dudc goi 1a lién tuc tuyét doi trén doan [a, b] néu véi
moi ¢ > 0 cho trude déu ton tai 6 > 0 sao cho v6i moi ho khoang (a1, b1),. .., (ay, b,) roi

nhau trong [a, ]:
n

Y (b; — a;) <(5:Z|F — F(ay)| < e
i=1

i=1

Vi du 4.10. Ham s6 t? lién tuc tuyét dbi trén [a, b]. That vay gid st Y" ,(b; — a;) < 6 suy

ra
n n n
Yo b7 —af| =) b —ailb; + ai| < (la] + b)) (Y [bi — ai]) < (|a] + [b])5.
i=1 i=1 i=1
. R £
Vay véi ¢ > 0 bat ky, chi can chon 6 = .
|a| + [b]

C6 thé dé dang chi ra ham da lién tuc tuyét dbi ciing sé lién tuc trén [a,b]. Ta ciing da
biét ham lién tuc chua chic c6 bién phan bi chin (vi du 4.7), tuy nhién ta van c6 két qua

sau.

4.12 Pinh ly. Ham F : [a,b] — R lién tuc tuyét doi trén [a,b] thi ciing cé bién phdn bi
chdn trén [a,b].
Ham lién tuc trén doan [a, b] chua chac da lién tuc tuyét doi trén doan dé.
Vi du 4.11.
tsin% néut # 0

F(t) = .
0 néut =20

lién tuc trén doan [O, 1] nhung khéng lién tuc tuyét dbi. That vay, bang cach chon 1, m €
N, xét day x;, = (R ) ¢6 tong Y 7' |xkr1 — x¢| nhé tuy ¥ nhung tong Y 7', |F(xks1) —
F(xi)| c6 thé 16n tuy y.

Ta st dung mét s6 ddu hiéu don gian sau day dé nhan biét ham lién tuc tuyét dbi:

4.13 Pinh ly. Ham F(t) théa man mét trong cdc diéu kién sau sé lién tuc tuyét doi trén
doan [a, b]:

1) F(t) lién tuc va don diéu trén [a,b].
2) F(t) lién tuc trén [a,b] va c6 dao ham bi chdn trén khodng (a,b).

Pinh 1y tiép theo chi ra su dong nhat gitta ham lién tuc tuyét d6i va ham cén trén.
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86 < 4. TiCH PHAN STIELTJES

4.14 DPinh ly. Gid st ham f khd tich Lebesgue trén [a,b], khi d6

t
F(t) = / Fdm
a
lién tuc twyét déi trén [a,b). Nguoc lai ta ciing cé néu F la lién tuc tuyét dbi trén [a,b), thi
F' la kha tich trén [a,b] va

F(t) = /;F’dm.

4/1.8 Cac tinh chat cd ban cua ham kha tich Stieltjes
Chung ta sé thay tich phan Stieltjes va tich phan Riemann c6 nhiéu tinh chat chung.
Viéc ching minh chung dudc vao dinh nghia tich phan Stieltjes.

Trong muc nay chung ta sé luon gia st la ham ¢, F bi chan trén [a, ).

Tinh chit 4.1.1. Néu ¢ 1a F-kha tich trén [a,b] va c € [a,b] thi trén [a,c] va [c, b], ¢ ciing

F - kha tich. Khi d6 ta c6 b b
Cc
/ godF:/ godF—l—/ odF.
a a C

Tich phan Stieltjes ciing ¢ tinh chat rat quan trong nhu ciia tich phan Riemann, d6 la
tinh chat tuyén tinh déi véi biéu thitc 1y tich phan. Cu thé ta c6 tinh chat sau.

Tinh chit 4.1.2. Gia st hai ham s6 ¢ va ¢ 1a F kha tich trén [a,b] va k € R bat ky, khi
do ta cé

/ﬂb(kqo—l—gb)dl-":k/ab(deJr/ubtde.

Tinh chit 4.1.3. Néu ham ¢ 1a F va G - kha tich trén [a,b] thi ¢ ciing 1a (F + G) - kha

tich trén [a, b] va ta c6

b b b
/(pd(P+G):/ (de+/ dG.

Két qua sau rat hitu dung, né dudc goi 1a cong thiic tich phén tiing phan.

Tinh chit 4.1.4. Néu ham sb ¢ la F kha tich trén [a,b] thi ta ¢ F ciing 1a ¢ kha tich

trén [a,b] va

b b
| odE = F(b)p(b) — F(@)g(a) - | Fdp.

Pinh 1y tiép theo sé chi ra mot 16p cac ham kha tich Stieltjes.

4.15 Dinh ly. Néu ¢ la lién tuc va F c6 bién phan bi chin trén [a,b] thi ton tai fab @dF.
Hon niia

b
/ (de‘ < sup |¢| var (F).
a [a,b] [a,b]
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4.1 Cac khai niém va tinh chat < 87

Két hop dinh 1y véi tinh chét 4.1.4 (c6ng thiic tich phan ting phan), ta thiy rang chi can
mét trong hai ham ¢ hodc F 1a lién tuc, ham kia c6 bién phan bi chin trén [a,b] thi sé
ton tai tich phan | ab @dF.

Néu chi dua vao dinh nghia khong dé tinh dudc tich phan Stieltjes. Trén thuc té ching
ta phai tim cach chuyén tich phan Stieltjes vé tich phan Riemann. Néu lam dude diéu
dé, chiing ta c6 thé st dung cac cong thiic tich phan Riemann quen thudc, gitp cho viéc
thuc hanh dé dang hon rat nhiéu. Chéc chin khong phai lic nao ching ta ciing chuyén
dugc tich phan Stieltjes vé tich phan Riemann, tuy nhién d6i v6i mot truong hop rat
quan trong va hay gép thi ching ta lai lam dudc diéu doé.

4.16 Dinh ly. Vii ¢ la lién tuc va F lién tuc twyét doi trén [a,b), khi d6

b b
/ @dF = / @F'dx.
a a

Vi du 4.12. Cho ham sb ¢(t) = t va F(t) = t, khi d6 ta c6:
b b 2(p —
/ td(1) = / ttydr = 20 =)
a a 3
Tich phan nay c6 thé tinh bang dinh nghia. Tuy nhién, néu lam nhu vay gan nhu ching

ta phai chitng minh dinh ly 4.16.

Chu y. Mic dt [’ ¢dF tén tai khi F ¢6 bién phan bi chin va F’ tdn tai h.k.n nhung dinh
1y 4.16 khong ding khi F chi thoa man diéu kién c6 bién phan bi chan. Chang han véi
truong hop don gian khi ¢ = 1, vi du 4.9 da chi ra ton tai ham F c6 bién phan bi chin
nhung f: dF #+ fab Fldx.

Ap dung dinh 1y 4.16 va dinh nghia cta tich phan Stieltjes, ta c6 thé tinh tich phan
Stieltjes véi diéu kién ctia F dudc giam “nhe” nhu trong dinh ly sau.

4.17 Pinh ly. Cho ¢ la ham lién tuc va F la ham bi chdn trén [a,b], F lién tuc va c6 dao
ham bi chan trén (a,b). Khi do:

[ 9)F = gla) (Ea) ~ F@)] + [ 9P (1t + g(8) [F(8) ~ (o™
Vi du 4.13. Cho ham sb

0 néut <0,
F(t)y=493—-2¢t néu0<t<1,

10 —4e~ ! néut>1.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

88 < 4. TiCH PHAN STIELTJES

Ta théy trén doan [0,1] ham F(t) théa man diéu kién ctia dinh 1y 4.17 nén
1 1
/ eldF = [F(0T) — F(0)] + / S ()dt+ e [F(1) — F(17)] = 14240 = 3.
0 0

Chu y rang do F(t) lién tuc trai tai 1 nén s6 hang thi 3 trong tong c6 thé khong viét ra.

Tich phan foz e!dF sé dudc tinh nhu sau:

2 1 2
/ eldlF = / eldF + / eldr
0 0 1

= 3+4el[F(1+) — F1)] + /ZefF’(t)dt 3 te(7—2)14=5+7e
1 e '

Tiép theo, ching ta c6 thé dinh nghia tich phan Stieltjes suy rong nhu sau:

4.18 Dinh nghia. Néu ¢ va F x4c dinh trén (a,b) thi
b ' £ N
/ ¢dF:= lim | ¢dF (nbu giéi han nay ton tai).
a

a—at Ja
b —b—

Ngoai ra
[ v ) .
/ @dF := lim @dF (neu gi6i han nay ton tai).

-0 Jq!

b —oc0
Chung ta c6 thé dinh nghia tuong tu tich phan trén [a,b), (—co,b), v.v.
Pinh ly 4.16 dudc mé rong trong truong hop tich phan suy rong nhu sau.

4.19 Pinh ly. Vi ¢ la lién tuc va F don diéu khéng giam, lién tuc tuyét déi trén doan

(a,b] C R bét ky, khi d6
/ @dF :/ @F'dt.

§ 2. LIEN HE GIUA TICH PHAN LEBESGUE VA TICH PHAN

STIELTJES
Cho f 1a mét ham do dude trén khong gian d6 do (X, %, u). Ham F dude xac dinh trén R
béi cong thic
F(t)y =u{x e X: f(x) <t}
dudc goi 12 ham phdn phéi ciia ham do dudc f.

Ta c6 thé kiém tra dugc F(t) 1a mot ham khong 4m, don diéu khong gidm va lién tuc trai
trén R thod man F(—oc0) = 0.
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4.2 Lién hé gitta tich phan Lebesgue va tich phan Stieltjes < 89

Vi du 4.14. Xét ham F xac dinh béi:

< F(x)
0, néut< -1, i —
F(t)=4{3% mnéu —1<t<], h s

1, nbut> 1 " 1

Khi d6 F(t) 1a ham phan phéi ctia ham do dudc f trén X thod man u{x : f(x) = 1} =
ulx: f(x) = -1} = 3, u(X) = 1.

Néu dinh nghia ur([a,b)) = u{x € X :a < f(x) < b} thiré rang ur([a,b)) = F(b) — F(a)
hay ur la d6 do Lebesgue - Stieltjes caAm sinh bdi ham F.

Pinh Iy sau cho chiing ta méi lién hé giita tich phan Lebesgue véi tich phan Stieltjes.

4.20 Pinh ly. Gid st (X,.#,u) la khong gian d6é do hitu han; ham f do dugc, hitu han
h.k.n trén X va cé ham phén phéi la F. Khi dé

b
d :/ tdF.
/u<f(x)<bf # a

Trong dinh ly trén, ham f dudc tinh tich phan trén tap ma 6 dé f bi chan, han ché d6
duoc loai bd trong dinh 1y sau bang cach st dung tich phan Stieltjes ruy rong.

4.21 Dinh ly. Néu mét trong hai tich phdn Jx fdu hodc [ tdF ton tai, hidtu han thi
tich phdn con lai ciing ton tai, hitu han. Khi dé, hai tich phén bdng nhau:

/dey — /_0; tdF,

Cac két qua trén tiép tuc dudc mé rong d6i véi dang tich phan | « ¢(f)du trong d6 ¢ la

ham lién tuc. Nhé lai rang hop cta ham lién tuc v6i ham do dude sé 14 ham do dudgc.
4.22 Pinh ly. Gid st (X, .#,u) la khong gian d6é do hitu han; ham f do dugc, hitu han

h.k.n trén X va cé ham phdn phéi la F; ¢ la ham lién tuc trén doan [a,b). Khi do6

b
/agf(xkb(/)(f(x))du:/a o(t)dF.

Truong hop ddc biét khi ¢ lién tuc trén (—oo,0) dong thoi ¢(f) khd tich trén X thi tich
phén [ @dF ton tai va

[ otrndu= [~ pttyr.

Khi ¢ la ham lién tuc, khong am thi dang thiic trén luén ding ma khéng can gid thiét
@(f) khd tich trén X.
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90 < 4. TiCH PHAN STIELTJES

Nhu vay ching ta da c6 cac két qua lién hé gitia cac tich phan Lebesgue, Stieltjes va
Riemann. S dung ching, ta c6 thé tinh dudc tich phan Lebesgue ma 6 d6 ham do dudc
f ¢6 tap gia tri 1a nhiing khoang trong R. Ap dung dinh 1y 4.17, ta lai c6 thé chuyén tich
phan Stieltjes vé tich phan Riemann th6ng thuong. Trong trudng hop d6, ta thiy xuit
hién ham F/(t). Néu ham phan phdi F(t) = [*_ F/(u)du thi F/(t) con dugc goi 1a ham

mdt do cia ham f.

Vi du 4.15. Trén khong gian do do (X,.%, 1), xét ham do dugdc f c6 ham phan phdi F 6

dang sau:
t
F(t) = / ¢ (u)du.
. ; AeMop>00 N
O day ¢(t) = HF(t) = chinh la ham mdt dé cta ham f.
0, t <O0.
Ta co

/fdy / tdF = / :/ t)xe_)‘tdt:%.

Tuong tu, xét ham ¢(t) = e lién tuc, khong am. St dung dinh ly 4.22 ta c6

/e)‘fd,u:/ e”dl—“:/ eMAe Mt = co.
X —o0 0

Vi du 4.16. Cho ham f do dugc trén (X,.7, ) v6i ham phan phéi F = (3 —e )1,
hay tinh [, e/dp.

Theo dinh ly 4.22, ta c6:
/efdy = / e'dF = / et.0.dt + e®[F(0T) — +/ e 2)'dt
X —o0
= 2+/ e tdt =2+2=4.
0

4.23 Pinh nghia. Xét f(x) = x, ¢(t) kha tich trén R va ham F don diéu khong gidm
trén R. Khi d6 ton tai d6 do ur cAm sinh béi ham F thod man up(x < t) = u(—oo,t) =
F(t) — F(—o0). Ta goi tich phan f @(t)dur la tich phdn Lebesgue-Stieltjes cia ham ¢.
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4.2 Lién hé gitia tich phan Lebesgue va tich phan Stieltjes < 091

Nhan thay rang F 1a ham phan phbi ctia ham f dbi v6i do do ur. Dua vao dinh ly 4.22,
ta c6 hé qua sau lién hé tich phan Lebesgue - Stieltjes véi tich phan Stieltjes.
4.24 Hé qua. Néu ham ¢(t) lién tuc h.k.n theo dé do Lebesgue trén [a,b), ham F bi chdn,
khong giam va lién tuc trdi thi
b
| etdus = [ g(t)ar.
[a,b)

Vi du 4.17. Cho ham sb F(t) dugdc x4c dinh nhu sau

t néu t <0,
F(t) = .
t+1 mneut >0,

va hai ham

t néut#2, t néut#0,
p1(t) = { p2(t) = {

1 néut=2, 1 néut=0,

Hay lan lugt tinh cdc tich phan Lebesgue - Stielties [ gidurva [ @odur.
(13) [~11]

y y
4

2

14 + 1

x

=
| ]

1

=

Ham F Ham ¢ Ham ¢,

O day, ta thay ur(gq(t) # t) = ur({2}) = 0 nén ¢;(t) = t h.k.n theo 6 do yr. Do vay
theo ménh dé 3.31, chudng Tich phan Lebesgue va hé qua 4.24 ta dudc

3
/(pldyp: / td]/lp: /tdyp—/{}tdyp:/td(t+1)—0:4.
1
1

(13) (13) [13)

1
Tuong tu, [ ¢@odur = | @2dF nhung ré rang khong thé thay ¢, bing t trén toan bo
[-1,1) “1

[—1,1) do pup(¢a(t) #t) = up({0}) # 0. Thay vao dé ta sé lam nhu sau:

1
/ Qodyur = / @2dur + / P2dur = /902dF + ¢2(1)[F(17) — F(1)]
~1,1] ~1,1) 1 1
1

0
— [ tat+ g2(0)[FO0") — F(O)] + [td(t+1) +0=1.
—1 0
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92 < 4. TicH PHAN STIELTJES

Mic du tich phan Stieltjes ¢6 vé hitu dung hon tich phan Lebesgue béi lién hé truc tiép
cua no6 véi tich phan Riemann quen thudc, tuy nhién trong trusng hop tap gia tri cua
ham do dudc 1& hitu han hodc dém dudc thi viéc tinh tich phan Lebesgue bang dinh
nghia van don gian hon tich phan Stieltjes, ké ca khi da biét ham phan phdi. Ngoai ra,
dé 4p dung dugc dinh ly 4.16 thi ta phai ¢6 ¢(t) lién tuc trén [a,b].

Vi du 4.18. Xét khong gian do do ([0, 1], #(0,1],m) va ham do duge f = 1) 1)\ q- Néu ta
mudn st dung tich phan Stieltjes thi luu y rang ham F = 1(1,00) khOng lién tuc tuyét doi
nén khong thé st dung dinh 1y 4.16. Néu tinh tich phan fol tdF theo dinh nghia hoan
toan khong dé. Trong khi d6, néu st dung tich phan Lebesgue truc tiép ta thay:

/[0 | fm = 0m(Q) + Lm((0,1]\ @) =1.
Vi du 4.19. Cho ham do dudc f c6 ham phan phéi F(t) = 11, (t) va ham ¢(t) =

1(% c)o)(i?). Dé thay ¢(f) = 1{f(x)>%} la ham don gian va [, ¢(f)du = 0. Tuy nhién, trong
truong hop nay khong ton tai tich phan Stieltjes trén [0,1] cia ham ¢ déi v6i ham F.

§ 3. PO PO TICH VA PINH LY FUBINI

4.25 DPinh nghia. Cho hai khong gian do dudc (X, «7) va (Y, %). Ta ky hiéu & ® £ la
o-dai s6 sinh béi ho cac tap {A x BC X x Y|A € &/, B € #}.
Khéng gian do dugc (X x Y, o ® %) dugc goi la khong gian tich cha (X, «7) va (Y, AB).

4.26 Dinh ly. Cho (X, o/, 1) va (Y, %,v) la hai khéng gian dé do. Khi dé ton tai duy
nhdt moét dé do xdc dinh trén khong gian tich (X x Y, o/ @ B), ky hiéu la u x v thod man

uxv(AxB)=u(A)xv(B),VA € «/,B e B

Vi du 4.20. Cho hai ham sb lién tuc trai va khong giam sau:

) -1 néut <2,
s mneus <1, P
F(s) = ) G(t) =<2 neu?2 <t <3,
2 neul<s 5t+1 £
——— neut > 3.
t+1

]
s

=
[
w
s

Ham F Ham G
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4.3 Do do tich va dinh ly Fubini < 93

Goi pr, uc la hai d6 do cdm sinh béi F, G, khi d6 ta tinh dudc

pp(—00,1) =00, ug(3,00) =3, up{1} = F(1) = F(17) =1, uc{3} = G(3) —G(37) =2.

Vay d6 do tich ctia mién (—co,1) x (3, 0) bang co, d6 do tich ctia dudng thang {1} x (3, 00)
bang 3, d6 do tich ctia diém {1} x {1} bang 2.

Chotap A C X x Y. Véi mbi x € X ¢b dinh, dat A* ;== {y € Y: (x,y) € A} vay €Y
¢ dinh, dit AY := {x € Y : (x,y) € A}. Néu A € 7 @ BthiVx € X, AX € B;Vy €Y,
AV e o

Gia st ham f(x,y) do dudc trén (X X Y, o/ ® %, u x v), ta goi tich phan

J[ feratexv)
XxY
(néu ton tai) 1a tich phdan boi ctia ham f(x,y).

R6 rang viéc tinh tich phan béi theo dinh nghia 1a rat khé khan. Théng thuong ching
ta sé tim cach 14y tich phan theo mot bién trudc, roi lay tiép tich phan theo bién kia sau.

Tich phan dudc xac dinh theo cach trén dudc goi la tich phan lap.

Tu ham f(x,y) trén X x Y, ta dinh nghia cdc ham mét bién f(-,y) : x — f(x,y) va

f(x,:) : vy — f(x,y). Gia st ton tai tich phan [, f(-,y)du(x) v6i moi y € Y, né sé xac

dinh mét ham s6 méi F(y) = [y f(-,y)du(x). Néu tiép tuc ton tai [ F(y)dv(y) thi ta goi
Y

do6 1a tich phdn lap cta ham f(x,y) va ky hiéu la [ [ f(x,y)du(x)dv(y). Tich phéan lap
Y X

[ | f(x,y)dv(y)du(x) dudc dinh nghia tuong tu.

XY

Vidu4.21. Cho X =Y =[0,1],4 = v = m vA ham s6 f(x,y) sau

1
2 ‘ O<x<y<l
2 ntful<y<x<l,
x,y) =¢ —— néul<x<y<l1
f( y) ]/2 4 v D<y<x<l
0 trong truong hdp con lai .
0 1
X
s 11 v 1 1 .
Khido [ f(x,y)du(x)= [ Zdu(x)+ [ ——du(x) = - —1— == —1. Do vay
0,1] y X o Y y y

| | fepauavy) = -1

[0,1] [0,1]
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94 < 4. TiCH PHAN STIELTJES

Tuong tu ta tinh dudc

|| fepavmnt) =

(0] [01]

Nhuvay [ [ f(x,y)du(x)dv(y) # [ [ f(x,y)dv(y)du(x).
0,1] [0,1] [0,1] [0,1]

Tiép theo, ta sé& kiém tra liéu f(x,y) c6 kha tich déi véi d6 do tich khong. Trudc tién ta

tinh  [[  f*(x,y)d(x x v). Cht ¥ rang
[0,1]x[0,1]

l ntu0<y<x<l1
friny) =% ’ '
0 trong truong hdp con lai .
Xét ham don gian sau
nnéu f*(x,y) € [n,n+1)
p(x) = . o
0 trong truong hdp con lai .

Khi d6 ¢(x) < f*(x) v6i moi x nén

// £ Gy x v) // PGexv) = Yomfx v {f(oy) € I+ 1))

[0,1] n=1

C6 thé kiém tra thay

{fray) emn+ )} ={(xy) :x €5 7))}

c6 dién tich bang
1/1 1
2\n n+1)°

Thay vaotacé [[ (x,y)d(uxv) = » s =oconén [ fT(x,y)d(uxv) = co.
[0,1]x[0,1] n=1 [0,1]x[0,1]

Tuong tu ta cing tinh dugc ff f x,y)d(p X v) = oo.
[0,1]%
Vay ham f khong kha tich tren mién [0,1] x [0,1].

Pinh 1y sau cho ta méi lién hé giita ba tich phan nay. Trong hau hét cac truong hop
thong thudng, ching sé bang nhau.
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4.3 Do do tich va dinh ly Fubini < 95

4.27 Pinh ly (Pinh ly Fubini). Cho (X, <, u) va (Y, %,v) la hai khéng gian dé do o
- htu han, f(x,y) la mét ham do dugc trén (X x Y, o/ @ B). Néu f(x,y) khd tich trén
X x Y thi ton tai cdc tich phdn ldp f(x,y) thod man:

/fxy (4 % v) /(/fxydv)dy /Y(/Xf(x,y)dy)dv

Mic du dinh 1y trén rat hay nhung thong thudng viéc kiém tra ham f(x,y) kha tich trén
X x Y lai khong don gian, trong khi viéc xac dinh tich phan lip dé hon nhiéu.

Pinh 1y tiép theo sé cho ta thaiy véi diéu kién nao chi cAn mét trong hai tich phan lip

ton tai thi ton tai tich phan boi va ching bang nhau.

4.28 Pinh ly Pinh ly Tonelli). Cho (X, o7, 1) va (Y, B,v) la hai khéng gian dé do o -
hitu han, f(x,y) : X XY — R la khong am do duge. Khi dé tén tai cdc tich phén ldp va

boi ctia f(x,y) va cdc tich phan nay déu bang nhau:

[ (fremar)an= [ ([ o) av= [[ rxpateco).

XxY
Vi du 4.22. Cho ham sb sau x4c dinh trén R?:
1+xy néu0<yx<2
flxy) = ,
0 trong truong hdp con lai.

V6i cac d6 do jir, jic dude xac dinh 6 vi du 4.20, ta sé tinh cac tich phan lap [ [ f(x,y)d(ur X pg)
R R
va [ [ f(x,y)d(uc x ur). Hién nhién cac diéu kién caa dinh ly Tonelli déu dudc thod méan nén

hai tich phan nay phai biang nhau va bang tich phan boi [[ f(x,y)d(ur X pg)-
RxR

Trude hét ta thiy khi y < 0 hodic y > 2 thi f(x,y) =0, do d6 ta c6

[(1+4xy)dup(x) néu0d<y<2,
[ FGpdup(x) = L , = o5 (v) [ Fxy)dur(x).
R 0 néuy ¢ [0,2] R
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96 < 4. TiCH PHAN STIELTJES

Chu y rang ngoai doan [0,2], f(x,y) = 0, do d6 ta cé:
[ Feyane) =102 | fxy)dus(x)
R 0.2]

“1o(0) | [ femdur)+ [ floyaduex) + [ fxy)due(x)
{0} (01) {1}

+ [ Floydus(x)

(12]

1
( +/ 14 xy)dx + ( 1—|—1y)1—|—0)
0

3
=Tjo(v) (1 toytyt 1> =1 () (2 + 2y>
1
Cht ¥ raing theo hé qua 4.24, tich phan Lebesgue-Stieltjes [ f(x,y)dur(x) # [ f(x,y)dF nhung
(0,1) 0

1
van bang [ f(x,y)dx (C4c ban c6 thé tu kiém tra).
0

Tiép tuc tinh

/ ( / f (x,y)dup(x)) duc(y) = / <2+ §y> dpuc(y)
R \R

(0,2]

/ (2 + ;y> duc(y) + / (2+ y) duc(y) = 5.uc(2) = 5.3 = 15.

02 {2}

~

Bay gio ta sé kiém tra [ (f f(x,y)dydy)) dur(x). Trude hét ta co:
R \R

/fxydﬂc(y)—l[oz] /fxydﬂc +/fxydﬂc()

(0.2) {2}
=)o) (%) (0+3.(1+2x)) = (6x +3)1g 5 (x).

Tiép tuc tinh

/ ( / f<x,y>duc<y>) dur(x) = [ (6x+3)dpr(x)
R R

[0.2]

—/6x+3 d]/lp+/ (6x +3) dyp+/ (6x 4 3)dur + / (6x +3)dur
{0} 01) {1} (12]

=0+/ (6x +3)dx + 9pup(1) +0 =6+ 9 = 15.
0

Vay [[ f(x,y)d(pr x pc) = 15.
RxR
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4.3 Do do tich va dinh ly Fubini < 97

BAI TAP
D.1. Ching minh ham sb H(t) thod mén diéu kién Lipschitz trén [a, b]:
|H(u) — H(v)| < Clu —v|,Vu,v € [a,b],C > 0 nao d6

sé lién tuc tuyét doi trén [a, b].

D.2. Cho ham sb sau xac dinh trén R:

% néut < -2,

~~

H(t)=<t+3 néu —2<t<2,
6—e*t mnéut>2
Chitng minh H(t) thoa méan diéu kién Lipschitz nén lién tuc tuyét déi.
D.3. V6i ham H(t) cho 6 bai tap D.2, hay tinh cac tich phan:
2
a) [ t*dH,

-3

b) [ e?duy v6i up 1a d6 do Stieltjes trén R cAm sinh béi ham H(t);
(04]

¢) [ fdu véi ham f do dugc trén (X, .7, 1) ¢6 H(t) 1a ham phéan phbi.
X

D.4. Cho cic ham sb

0 néusSO,

F(s)=q9s néu0<s<l, G 0 néu t <0,
2 néul<s; Sl néut > 0.

Hay tinh cac tich phan
a) [ fdu v6i ham f do dugc nhan F lam ham phan phoi;
X

b) [(g+1)%du véi ham ¢ do duge nhan G lam ham phan phoi;
X
2

¢) [ G(t)dF;
0

d) fzf(t)dc.
0

D.5. Tinh tich phan [ (x+1)(y+ 1)d(pr x pug) trong d6 pr, g la cac d6 do cam
(0,4] % (0,4]
sinh bdi cac ham F, G.
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98 < 4. TiCH PHAN STIELTJES

Phu Luc

Chitng minh ctia mét s6 dinh ly

Chitng minh (Chitng minh ctia dinh 1y 4.7). Truéc hét ta c6 thé chi ra \[;abl]r (f) I\[Zil]‘ (f)+ ?;ahl]’
(f) v6i x € [a,b].

bat v(x) :?ﬁ}]‘ (f),x € [a,b]. Khi d6 dé dang thiy rang v(x) 12 ham khéng giam. Dit g(x) =
v(x) — f(x). Ta cing phai chi ra g(x) khong giam. That vay, gia stta < x; < xp < b thi

g(x2) — g(x1) = v(x2) —v(x1) — (f(x2) — f(x1)).

Chu y rang v(x2) — v(x1) :[Var] (f) > |f(x2) — f(x1)| do [Var} (f) 1a can trén cta tat ca cac tong
X1,X2 X1,X2
v(P) trong khi |f(x2) — f(x1)| chi 1a mot tong v(P) véi P = {x1,x2}.
Do vay g(x2) — g(x1) > 0 nén g la ham khéng giam. R6 rang f = v — ¢ 1a hiéu hai ham khong

giam. [

Chitng minh (Chiing minh cta dinh 1y 4.20). Dau tién tich phan Lebesgue & vé trai ton tai
do f hitu han hkn va u(X) < co. Tich phan Stieltjes bén vé phai ton tai theo dinh ly 4.15 (& day
F 12 khong giam nén hién nhién c6 bién phan bi chan).

XétphanhoachP={a=0ap <x1 <--- <a,=0b}vadat X; = (x € X|a;_1 < f(x) < a;]. Khi
do dé thay

v6i cac X; 1a roi nhau nén
[ fan=Y" [ fan= Ywan(x) < [ fn < Y wn(x)).
X i=17Xi i=1 X i=1

Tuy nhién u(X;) = F(a;) — F(a;_1). Do d6 14y gii han ctia hai tong trén khi ban kinh d(PP) —
0, ta duge [ tdF. do 6 [ fdu = [ tdF. "

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

CHUONG D

KHONG GIAN METRIC

Trong nhiéu van dé ctia toan hoc ciing nhu ddi séng, chiing ta can quan tam dén khai niém
khoang céch giita hai d6i tuong. Chang han khoang cach giita hai diém trong khéng gian, ching
ta thuong nghi dén chiéu dai doan thing néi gitta hai diém. Tuy nhién néu hai diém nam trén
bé mat Trai P4t thi ro rang khoang cach trén khong c6 miy y nghia. Khi d6 khoang cach ngin
nhét gitta hai diém trén Trai Dat sé 1a dudng ndm trén bé mat - duong chim bay. Tuy nhién dé
di chuyén giita hai diém trén mét mang luéi giao théng, ta bat budc phai di theo mang ludi dé va
khoang cach dudc xem nhu chiéu dai doan ngan nhat dé di tir diém nay dén diém kia va ngudc

lai.

i/ \

Trong gido trinh nay ching ta sé dic biét quan tam dén cac dinh nghia vé khoang cach gitta hai

ham s6 cling nhu cac dng dung cta ching.
St dung khai niém vé khoang cach ching ta c6 thé nghién ctu vé su héi tu mét cach tong
quat. Cho mot day x,, cac diém thudc mot tap X, su hoi tu cta x,, téi mot diém x c6 thé ducce hiéu

riang khoang cach gitta x, va x dan dén 0.

Tuy nhién cé mét sé su héi tu thi vi sé khéng thé dinh nghia bang metric. Chéng han
néu ching ta dinh nghia su héi tu cia mét day cac ham fn "theo diém" nhu sau: f, — f c¢6 nghia
1a f,(x) — f(x) v6i moi x, né dan dén (v6i mot 16p du 16n cdc ham x4c dinh trén mot tap khong
dém dudc) c6 thé khong ton tai metric e nao sao cho f, — f tuong duong véi e(f,, f) — 0.

99
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100 < 5. KHONG GIAN METRIC

§ 1. KHAI NIEM METRIC

/1.1 Khai niém
Chung ta trudc hét nhic lai khoang cach thong thuong gitta hai diém 7, s trén dusng thing thuc
R bang |r — s|. N6 thod mén cac tinh chét sau:

1) |[r—s|>0Vr,seR, |[r—s|=0&cr=s,

2) |r—s|=|s—r|,Vr,s €R,

3) |r—t| < |r—s|+|s—t],VrsteR.

Chu ¥ rang tinh chat thi ba rat quan trong déi véi cac két qua vé su hdi tu. Tt d6 ta dua ra dinh
nghia vé khoang cach gitta hai diém trong mét tap hop X ciing sé phai thoa méan ba tinh chat

trén.

5.1 Pinh nghia. Cho tap X # @, mot metric trén X 1a mot ham d tu X x X vao [0; +c0) thoa

man:

d(x,y) >0,Vx,y € X; d(x,y) =0khivachikhix=y,, (5.1)
d(x,y) = d(y,x),Vx,y € X (tinh chat déi xting), (5.2)
d(x,z) < d(x,y) +d(y,z),Vx,y,z € X (B4t dang thiic tam giac). (5.3)
A o
A rd
&
* d(x.) ¥

Tap X clng metric d trén dé dudc goi 1a mot khong gian metric, ta thudng ky hiéu 1a (X, d). Méi
phan t& x € X ta goi 12 mot diém cta X, d(x,y) con dudc goi 1a khodng cdch gitia x va y.
Trong muc nay, ta luén quy udc (X,d) 1a mét khong gian metric bat ky. Dudi day 12 mot sb tinh
chét dé thiy ctia metric.

1) Vxy,x2,...,x, € Xed(xq,x,) < d(x1,x2) +d(x2,x3) + - +d(x-1,%n).

2) Bat dang thic ti gidc: |d(x,y) —d(u,v)| < d(x,u) +d(y,v), Vx,y,u,0 € X.

Tu d6 suy ra: |d(x,y) —d(z,y)| < d(x,z).

Gia st ta ¢6 mot diém xp € X var > 0, dit B(xo,7) := {y € X : d(x0,y) < r}. Khi d6 B(xo,r) dudc
goi 1a hinh cau md véi tAm tai xo va ban kinh r. Ngoai ra, ta con goi B(xo,7) 1a 7 - ldn cdn cta xo.

Blxo,7] := {y € X : d(xo,y) < r} dudc goi 12 hinh cdu déng tam tai xo va ban kinh r.
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5.1 Khai niém Metric < 101

Vi du 5.1. Trong R véi metric |x — y| hinh cau B(x,r) 1a khodng mé (x — 7, x + ). Ngudc lai, bat
ky khoang mé (a,b) nao véi a < b trong R ciing c6 thé dugc viét thanh B(x,r), 8 d6 x = (a +b)/2,
r=(b—a)/2.

5.4 Pinh nghia. Cho khéng gian metric (X,d), mét tdp Y C X khac rong véi metric d han ché
trén Y, ky hiéu la (Y, d), dugc goi la khong gian metric con cia khong gian (X, d).

Vi du 5.2. Doan |4, b] v6i metric |x — y| la khéng gian metric con ctia R. Khi d6 [a,¢) véic € (a,b)

12 mot hinh cau mé trong [a, b].

5/1.2 Céc vi du vé khong gian metric

Vi du 5.3. Vi du ¢6 dién ctia mot khong gian metric 1a R véi "metric thong thuong" d(x,y) =
|x — y|. Ngoai ra, ta c6 thé dua ra mot metric d(x,y) = A x |[x —y|,A > 0.

Vi du 5.4. Mot tap X bt ky véi metric d(x,y) bang 0 néu x = y; bang 1 néu x # v.

Khi d6 ta goi d la metric roi rac trén X va (X, d) la khéng gian metric roi rac.

Vi du 5.5. Trén khong gian RF ¢6 nhitng metric thong dung sau:
Véi x = (x1,...,x0),y = (y1,...,yx) € R

k
D di(xy) = lillxi—yi\;
1=

[ k
2) dy(x,y) = _Zl(xi — y;)?2, ta goi riéng metric nay trén R¥ 1a khodng cdch Euclid.
=

D& chi ra do diing la metric, ta kiém tra 3 tinh chdt ciia metric. Hai tinh chdt (5.1) va (5.2)

déu dé dang théy ding, véi tinh chat (5.3) ta can phdi chiing minh:

i=1 i=1

k k k
Y (i —zi)? < | ) (xi— i)+ | (i —zi)2

Thay a; = x; — yi, bi = yi — zi, ldy binh phuong hai vé, ta dugc bat ding thiic tuong duong:

k k k k k
> (ai+bi)* <) ai+2,| (Y af) (Y 07) + ) br
i=1 i=1 =1 i i=1
Gidn wdc tong Y5, a? + Y5, b? 6 hai vé ta c6
k k k
2aibi < | (2 ) (b))
i=1 =1 =1
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102 < 5. KHONG GIAN METRIC

Trong truong hop a;, b; > 0, bt ding thic trén chinh la bat ding thite Cauchy-Bunhiacopski

nén la dung, tw dé suy ra no dung véi moi a;, b;.

| k
3) Tong quat hon ngudi ta con ching minh dude d,(x,y) = {/ ¥ |x; — y;|P cang 14 mot metric
i=1

trén RF véi 1 < p < 0.
4) Cho p — oo, ta c6 metric deo (¥, ) = maxy<k<, | Xk — Vi

y y ¥

(5 dy e, ) oot y)

Cac khoang cach dy,dp, d gitta cac diém x,y € R?
J

Cac hinh cau tdm O, ban kinh 1 tng vé6i cac khoang cach dq, ds, dp,de trong R2

-1

1
| | (‘
-1 0 | | | !
-1

1 T

1

Vidu5.6. Tap b, = {(x1,x2,...,%n,...)| ¥ ¥} < oo} (tap cdc day so vd han c¢6 tong binh phuong
k=1
bi chéin) 1a mét khong gian metric véi:

[ee]

da(x,y) = | Y (e — )2

k=1
Vi du 5.7. Tap Ba, b] gdm toan bo cac ham bi chén trén [a, b] véi metric: deo (x,y) = SUp,<pcp |X() —
y(t)|,Vx,y € Bla, b].
Hai diéu kién (5.1) va (5.2) déu dé thay. Ta sé kiém tra diéu kién (5.3) v6i ba ham x(t), y(t),z(t) €
Bla, b
|x(t) = z(O)] < |x() —y(B)| + [y () — z(£)|, vt € [a, 1],
= [x(t) —z(t)[ < sup |x(t) —y(t)[ + sup |y(t) —2(t)[ = deo(x, ) + des(z,y), Vt € [a,]],

a<t<b a<t<b

= doo(x,2) < deo(%,Y) + doo(2,7),

do deo(x,Y) + des(z,y) dugc xem nhu la mét can trén cua tap |x(t) — z(t)|,t € [a,b] trong khi

deo(x,2) = sup, ., |x(t) — z(t)| 1a can trén nho nhéat.
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5.1 Khai niém Metric < 103

Tap C[a, b] cdc ham lién tuc trén [a, b] v6i metric: deo(x,y) = sup, ., [x(t) —y(t)| 1a mot khong
gian metric con ctia B[a, b]. Chi y rang d6i véi khong gian C[a, b], luén ton tai T € [a,b] sao cho
|x(T) —y(T)| = de(x,y),¥x,y € Cla,b]. Nhu vy, trén C[a, b]: de(x,y) = max,<;<p |x(t) — y()].

Vi du 5.8. Xét trong khong gian R? v6i ham d; /5(x,y) dude dinh nghia nhu sau:

2
yste) = (s =l s =l ) v6ix = (o130 = ()

Ta co dl/Z((]-/O)/ (0,1)) = 4trongkh1 dl/z((l, O), (0, 0)) =1= dl/z((0,0), (0,1))Vé.y d1/2((1, 0), (0,1)) >
d1/2((1,0),(0,0)) +dy1,2((0,0), (0,1)) nén khong thod méan bat ddng thic tam gidc. Vay d; /, khong

phai 12 metric trong R?.

Ta c6 thé ching minh tudng tu d6i véi dp,p < 1. D6 1a ly do tai sao khong gian metric (Rk, dp)
doi hoéi p > 1.
/1.3 Su héi tu trong khéng gian metric

5.5 Pinh nghia. Ta néi day diém xq, x5, ... cia mot khong gian metric X hdi tu dén diém x ca

khong gian d6 néu lgn d(xy,x) = 0. Ky hiéu:
n—o00
Xy, — x hodac limx, = x,
va x dudc goi 1a gidi han cua day {x,}.

Nhéc lai rang 1i_r>n d(xy,x) = 014 hoi tu cha mot day trong R vdi metric thong thuong, tic la
n—oo

v6i moi £ > 0, ton tai s6 tu nhién N > 0 sao cho d(x,, x) < £ vi moi n > N.

. - - - s
X X . *
2 4 A .« €7
- DX L :
X, . . N+l v,
’ o 53
X3 XN B

Vidu 5.9. 1) Su hoi tu trén dudng thang R véi metric d(x,y) = |x — y| 12 su hdi tu cta day sb
thong thuong.
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104 < 5. KHONG GIAN METRIC

2) Trong Rk, su héi tu cta day x, = (x%n),xén), ... ,x,En)) t6i x = (x1,x2,...,x;) theo cac metric

dp,p>1 déu tuong duong véi su hoi tu theo ting toa do, nghia la:

(n)

X, — x khin — oodéivéimetricdp,p >lex ' —x,Vi=1,...,n

3) Trong khong gian C[0, 1] cac ham lién tuc trén doan [0, 1] v6i khodng cach de(x, y). Xét day

ham

nt 0<t<1/n

Xn (t) ==

1 1/n<t<1
va ham x(t) = 1. Ta thay rang x, - x, vid(x,,x) > |x,(0) — x(0)| = 1.
5.6 Pinh nghia. Cho khong gian C[a,b] cac ham lién tuc trén [, b] v6i khoang cach de(x,y).
Khi d6 day ham x,, hoi tu dén x con dudc goi 12 héi tu déu dén ham x(t).
Vi du 5.10. Xét day ham sau trén C[0,1]

xn(t) = (1 — t"T“)m .
Ta sé chiing minh day ham nay héi tu déu dén ham sb6

x(t)=1—t.

L 4

0 1

Xét ham sb f(t) = (1 —#7)7 —1+t,p > 1¢6

1-p
1—tP\ 7 1
/ = — —_= p:—
f(t) ( ” ) +1=0&t 5

Dé thay f(t) dat cuc dai tai diém t# = ] va cuc tiéu tai hai diém t = 0,1 trén [0,1]. Vay

1/p
0§f(t)§2<;> —1,Vt € [0,1]. Tk d6 suy ra

1\

Sau day 1a mot s6 tinh chat cta day hoi tu trong khong gian metric:

Tinh chét 5.1.1. Néu x, — x va x, — x’ thi x = ¥’ (giéi han cia mét day diém néu c6 1a duy

nhdt). That vay, dua vao bat dang thic tam giac ta c6

0 <d(x,x") <d(x,x;)+d(xn,x") — 0.
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5.2 Tap Pong va Tap Mé < 105

Tinh chat 5.1.2. Néu x, — x va Yp — y thid(x,,y,) — d(x,y) (ham s d(x,y) la ham lién tuc

theo ca hai bién).

Tinh chét 5.1.3. Néu day x, — x thi moi day con clia né héi tu téi cling giéi han.

§ 2. TAP DONG VA TAP MO

/2.1 Tap mé

5.7 Pinh nghia. Hgp ctia mot ho bat ky cac hinh cau mé trong (X,d) dudc goi 1a mét tdp md
trong khong gian metric (X, d). Tap @ trong X dudc quy udc la mot tap mé.
Cho x € X, N C X (m6 hodc khong). Néu ton tai U mé nao d6 thod man x € U C N thi N dudc

goi 1a moét ldn cdn caa x.

Vi du 5.11. Véi moi khong gian (X, d), dé thay tap mé 16n nhét trong X ciing 1a X vi né 1a hop

cua tat ca cac hinh cau mé bén trong.

Vi du 5.12. Moi hinh cau mé B(x,r) déu la tdp mé va nhu vay trong khong gian R véi metric
thong thudng, (a,b) 1a tap mé véi a < b bat ky, ké ca (a, +00) va (—oo,b).

That vay ta c6 (a, +00) = U (a,a +n) va (—o0,a) = U (a — n,a) déu 1a hop ctia mot ho
cac hinh cau ma.
Trong R? hinh tron {(x,y) : (x —a)? + (y — b)?> < r?} 1a tap mé nhung trong R3, tap {(x,y,z) :
(x —a)?>+ (y — b)? < r*} khong 1a tap mé.

Vi du 5.13. Trong khong gian metric rdi rac (X,d), moi tap con déula tapmédoVa € A C X :
A= UaeA B(El, %)

Tiép theo, ching ta sé xem xét mét s6 tinh chat va diéu kién dé mot tap 1a tap mé.

5.8 Pinh nghia. Cho A 1a tap bat ky thudc (X,d), diém x € A dudc goi l1a diém trong ctia A
néu ton tai r > 0 sao cho B(x,7) C A.

Tap hop tat ca cac diém trong ctia A dudc goi 1a phdn trong cia A, ky hiéu la int A.

G

Vi du 5.14. Trong R, phan trong cta [a,b], [a,b) va (b,a] déu l1a (a,b). Diém a khéong la diém

trong cua [a, b) hodc [a, b] tic [a,b) khong thé 1a 1an can cta a.
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106 < 5. KHONG GIAN METRIC

Ménh dé sau gitp ta c6 thé dé dang kiém tra xem mot tap khi nao 1a tap mé.
5.9 Ménh dé. Tép hop A la tdp md khi va chi khi A = int A.

Chiing minh. Gia st A mé, xét x € A bat ky. Khi d6 ton tai y € X var > 0 sao cho x € B(y,7) C
A. Pét s :=r —d(x,y). Khi d6 s > 0 va néu ching ta chiing minh dugc B(x,s) C A thi rd rang
x 1a diém trong cta A. That vay, xét z € B(x,s) tuy y, khi d6 ta ¢6 d(y,z) < d(y,x) +d(x,z) <
d(y,x)+s=r.Vayz € B(y,r),Vz € B(x,s) hay B(x,s) C B(y,r) C A. Suyra A = int A.

d(x,y)

s=1-d(xy)

Ngugc lai nédu A = int A, dé thiy v6i moi x € A ton tai hinh cau mé B(x,r,) C A. Vay A =
U {B(x,7x)} nén A la mé. n

xeA

P& chitng minh tap A 13 mé ta chi can chira Vx € A, x 14 diém trong ciia A. Nhu vy tap md

A chinh 12 hgp ctia mét ho hinh cau mé ¢6 cac tam 1a toan b cac diém thuoc A.
Vi du 5.15. Tap [a, b] trong R khong phai tdp mé do 4, b khong phai 14 cac diém trong cta [a, b].
Duéi day ta dua ra mot s6 tinh chat rat quan trong cia tap md.

5.10 Dinh ly. i) Hop ctia mot ho bat ky cac tap mé 14 mé: Cho tap chi s6 bat ky I va mot ho cdc
tap mdé U, (x € 1), khi do
U U, la tép md.

wel

ii) Giao ctia hitu han céc tap mé 12 mé: Cho mét sé hitu han cdc tap mé {U;}"_, khi dé
n
ﬂ U; la tap mé.
i=1

iii) Tap A C X bt ky, khi dé int A = J{U : U la tdp md ndm trongA}.

Chiing minh. i) Khang dinh 1a hién nhién (theo dinh nghia).

ii) Pau tién, ta ching t6 giao ctia hai hinh cAu mé bt ky 13 mot tap mé. Gid st x,y € X, 7 > 0
vas > 0. Diat U = B(x,r) N B(y,s). Ldy z € U va t = min{r — d(x,z),s — d(y,z)} > 0. V6i moi
w € B(z,t) tic 1a d(z,w) < t thi tit bat dang thic tam gidc ta c6 d(x,w) < d(x,z) +t < r. Tuong
tu, d(y, w) < s. Do vay w € B(x,r) vaw € B(y,s), nén B(z,t) C U. Suy ra véi méi diém z thudc U

déu 1 diém trong ctia U nén U mé. VAy giao hai hinh cAu mé 1a mét tap mé.
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5.2 Tap Pong va Tap Mé < 107

t=r—d(x, z)

Gia st V va W la hai tap mé, thi V = J A va W = | B véi A va B la nhiing ho tap hop caa
cac hinh cau mé. Khi dé:

VAW =|J{ANB: A€ ABce B}

Tu i) suy ra VN W la hgp cia mot ho cac tap mé nén ciing la mé. Nhu vay giao hai tap mé 1a
mot tap mab, do dé giao hitu han cac tap mdé ciing 1a mé.

iii) Cho A C X va dat % = {U : U la tap md nam trongA}. Néu x € int A thi ton tai hinh
cau md B(x,7) C Ama B(x,7) € % nén x € Y% . Vay int A C U%. Ngudc lai néuy € U%
thi ton tai U € % sao cho y € U ma U la md nén y 1a diém trong ctia U, ton tai hinh cau md
B(y,s) CUC A.Vayy € intAnén J% C intA. Suyra|J% = int A. [

Tt khang dinh iii) cta dinh 1y trén c6 thé suy ra int A 1a tp mé 16n nhét chia trong A theo
nghia: Néu U 1a tap md nam trong A thi U C int A.

Vidu5.16. N, (1 — %; 1+ %) = {1} khong la tap mé, do vay giao vo han céc tap mé chua chac

la tap mé.

/2.2 Tap dong

5.11 Pinh nghia. Cho khéng gian metric (X, d), tap A C X dudc goi la tdp déng néu phan bu
A° la tap mé.

Vi du 5.17. Trong R, cac tap [a,b], [a, +0), (—c0, ]| 1a tap dong.
That vay, do (a, +00), (—o0,a) la cac tdp mé nén [a, +c0) = R\ (—0c0,4), (—o0,a] = R\ (a, +0),
[a,b) =R\ ((—o0,a) U (b, +00)) la cac tap dong.

Vi du 5.18. Cho khong gian metric (X,d) v6i x € X va 86 r > 0 tuy ¥, hinh cau déng B[x, 7] 1a
tap dong.

Ta can phai chi ra X\ B[x, 7] 1a tAp mé tiic moi diém ctia n6 déu la diém trong. Xét y € X\B|x, 7]
va sb s = d(y,x) —r > 0. Gia st diém z € B(y,s) tuy y. Khi d6 d(x,z) > d(x,y) —d(y,z) >
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108 < 5. KHONG GIAN METRIC

d(x,y) —s = r. Do d6 z € X\B[x,r] v6i moi z € B(y,s). Nhu vay B(y,s) C X\B[x,r]. Suy ra
X\Blx,r] la tap mé.

r s=dlzy) -r

Vi du 5.19. Trong khong gian metric X bat ky, vi @ va X déu la md va la phan bl ctia nhau,
ching ciing 1a tap déng. Vay X, @ la cac tap vita déng, vita mé. Pong thoi, ta cling thiy ton tai
cac tap hop khong dong ciing khong mé, vi du "cac khoang ntta- mé" [4,b) va (a, b] trong R.

5.12 Pinh nghia. Giao clia tit ca cac tap déng chita tap A C X dudc goi 1a bao dong cia A, ky
hiéu 1a [A] (hoic A): [A] = N{A, : A, dong chita A}.
14

Nhu vay véi tap A C X bat ky ludn ton tai phan trong va bao déng cta A.

Tap 0A := [A]\ int A dudgc goi 1a bién cha tap A. O phan bai tap ta sé chi ra bién cta A 1a tap
dong.
Nhén xét. x € 9A < Vr > 0: B(x,r) vita chia diém y € A, via chia diém z € A

gFa

AC

-84

Do hop bat ky cta cac tap mé 1a tdp md, nén theo dinh 1y De Morgan, giao bat ky cta cac tap
dong 1a tap dong. Nhu vay [A] 1a déng va 1a tap déng nho nhat chiia A, nghia 1a néu V 1a mot
tap déng chia A thi V D [A].

Ban doc hay tu ching minh cac Ménh deé sau.

5.13 Ménh dé. Tap A C X bét ky, ta c6 [A]° = int(A°).

Godi y: Dua vao dinh nghia ctia bao dong, sit dung céng thiic De Morgan va Dinh 1y 5.10 iii).
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5.14 Ménh dé. Tép A C X la tap dong khi va chi khi A = [A], néi cdch khdac A dong khi va chi

khi moi diém bién clia A déu thuéc A.

5.15 Dinh nghia. Cho tap A C X, mot diém x € X dudc goi la diém tu hodc diém gidi han cha

A néu moi l1an can cta x chita vo so6 diém ctia A.

Pinh nghia nay 14 tuong duong véi khing dinh méi 14n can cta x chia it nhit moét diém cta A
khéc x. That vay chiéu suy ra la hién nhién, ngudc lai xét S; 12 mot 1an can nao d6 cia x chia
diém x; # x. Lay S, = B(x,r;) trong d6 r; < d(x1,x) 12 mot 1an can ctia x khong chita x; nén né
phai chita mot diém x, khéc x; va x.

Tiép tuc qué trinh nay ta chon dudc day cac 1an can S,,S3,... lan ludt chia v sé diém
X1,X2,...vanhu vay S; chita vo s6 diém phan biét caa A.

Hién nhién béng cach chon 1, 7,, . .. tién t6i 0 trong qua trinh trén, ta thu dude day x1, x,, . ..

hoi tu téi x va nhu vay ta co:

Diém x la diém tu ctia tdp A néu va chi néu ton tai moét day diém phan biét {x,} € A sao cho

Xy — X.
Diém y € A dudc goi 1a diém cé ldp ctia A néu né khong phai 1a diém tu cta A.

Chu y 14 diém tu ctia mot tap chua chic da thudc tap dé.

x la diém tu trong khi y 14 diém c6 1ap cta tap A.

Vi du 5.20. Trong Rtap A = {1,1/2,...,1/n,...} ¢6 mét diém tu duy nhét 1a 0, moi diém thudc

A déu la diém c6 lap caa né.
Ta c6 su lién hé gitta day hoi tu trong khong gian metric véi tap dong va mé 6 dinh 1y sau.

5.16 Pinh ly. i) Tap U C X md khi va chi khi véi moi x € U, néu x, — x, ludn ton tai sé tu
nhién N sao cho x, € U véi moi n > N.

ii) Véi tdp A C X bat ky, [A] la tdp hop tat cd cdc gidi han ctia cdc day ciia A hoi tu (chita cdc
x € X sao cho tén tai ddy x, € A thod man x, — x).

i) Tap A C X dong khi va chi khi véi moi day x, — x, x, € A vdi moi n, ta c6 x € A.
Tt dinh Iy trén dé dang suy ra A 1a déng khi va chi khi moi diém tu ctia A déu thudc A, bao

déng ctia mét tap gom tap dé hop véi cac diém tu khong thude né. Ciang tit dinh 1y trén va tit ly
thuyét s6 thuc, ta nhan thay trong R bao déng ciia tdp cdc sb hitu ty Q chinh la tdp sé thuc R.
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110 < 5. KHONG GIAN METRIC

/2.8 Tap tru mat. Khong gian tach dudc

5.17 Dinh nghia. Trong khéng gian metric (X,d) bat ky, mot tap hop A C X dudc goi 1a trit
md@t trong X khi va chi khi bao déng [A] = X.
Khong gian (X, d) dudc goi 1a tdch duodc (khd ly) khi va chi khi X ¢6 mot tap con dém dudc tria

mat trong X.

Chu y. Tap Q 1a tru mat trén dudng thing R, nén R 1a tach dudc (véi metric théng thudng).
Tap s6 thuc R v6i metric roi rac khong tach dudge.

5.18 Dinh ly. Mot khong gian metric (X,d) la tdch dugc khi va chi khi ton tai mot ho dém dudc

cdc hinh cGu mé % thod man véi moi tdp mé A C X, A la hop ciia moét ho con cdc tdp thude % .

Do R 1a tach dudc, ta c6 thé két luan ring moi tdp md trong R déu la hop cia ho hitu han
hodc dém dugc cdc khodng md, tham chi 1a roi nhau (néu c6 mot s6 khoang mé 1a giao nhau, ta

chi can tinh 1a mét khoang).

§ 3. KHONG GIAN DAY PU VA KHONG GIAN COMPACT

O tiét trude chung ta da hoc vé hai dang tap hop c¢6 y nghia quan trong dbi véi su héi tu trong
khong gian metric 1a tap déng va mg, trong tiét nay ching ta sé c6 thém hai loai tap hdp nita c6

tinh chat héi tu tha vi. Ca hai dang tap hop nay déu xuét hién trong tap sb thuc R.

/8.1 Khong gian da

5.19 Pinh nghia. Mot day {x,} trong khéong gian X véi metric d dudc goi 1a day Cauchy néu
nlgrolo sup,,~., d(xm, x,) = 0. Khong gian metric (X,d) dugc goi la day diu (di) khi va chi khi moi
day Cauchy trong né déu héi tu.
Vi du 5.21. 1) R véi khoang cach thong thuong la khong gian metric du (nguyén ly Cauchy) va
nhu vay cac khong gian R* v6i metric Euclid 14 cac khong gian d.

2) Q véi khoang cach thong thusng khéong la khong gian metric da. Day hoi tu (14 1/2)" ¢6
giéi han 1a sb vo ti e.

3) Tap R vdi khoang cach d(x,y) = |e* — ¢/| khong la khong gian metric du.

Xétday x, = —n,n=1,2,.... Ta co:

d(xy —xpm)=1le " —e

Nhung x, = —n khong héi tu. That vay, gia st ngudc lai, néu {x,} héi tu dén x € R khi dé
X

limd(x,,x) =0 limle™" —e*| =0hay 0 = lgrl e " =e".
n—o0

Diéu nay 1a vo Iy, vi véi moi x € R : e¥ > 0.
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5.3 Khong gian Pay da va Khéng gian Compact ¢ 111

Duéi day ta sé trinh bay moét khong gian day da khéc, d6 1a C[a, b]. Nhéc lai C[a, b] 12 khong gian

cac ham lién tuc trén [a,b] véi metric deo(x,y) = sup |x(t) — y(t)|. Day x, bat ky thuoc C[a, b]
te(a,b]
hoi tu d6i véi do, dudc goi 12 héi tu déu. Su hoi tu déu bao toan tinh lién tuc (kha dé& dang) theo

Ménh dé sau:
5.20 Ménh dé. Cho day x, € C[a,b] hoi tu déu tdi x. Khi dé, x € C[a, b].
Chitng minh. Véi e > 0 bat ky, chon N sao cho de(xn, x) < e/3. V6i bat ky t € [a,b], do xy 12 lién
tuc ta chon dugc &; sao cho néu |u — t| < & thi |xn(t) — xn(u)| < e/3. Khi dé
[x(8) = x(u)] < |x(t) = xn(0)] 4 [xn () = xn ()] + [xn () — x(u)]
<e/3+¢e/3+¢/3=¢
Do vay x la lién tuc trén [a, b]. ]
5.21 Pinh 1ly. Khong gian metric (Cla,b],d~) la khong gian day dii.
Chiing minh. Cho x, 1a day Cauchy trong C[a,b]. Khi dé véi mdi t € [a,b], x,(t) 1a mot day
Cauchy trong R, nén né hdi tu t6i mét sb thuc nao dé, ky hiéu 1a x(t). Khi Ay v6i méi m va moi ¢,
|x(£) — 2 ()| = limy—eo | X0 (£) — X (1) | < limy—y00 doo (X, X)) — 0 khi m — o0, nén de (x, X)) — 0.
Nhu vay x € C[a, b] theo Ménh dé trén. ]
Vi du 5.22. Khong gian cac ham kha vi trén [a, b], ky hiéu C![a, b], v6i metric d, khong phai 1a
khong gian du.
That vy, ta xét day ham s6 sau trong (C'[—1,1], dw):

1 nédu —1<t<0,
x”(t) - n+l VIL-H A
(1—tT> néu0<t<I.

Ta kiém tra dugc day ham nay kha vi trén [—1,1]:
d
41 w)

o\
dt S \1—tP

bang 0 khi + = 0. Péng thoi day ham nay hoi tu déu dén ham sb

==

1 néu —1<t<0,
1—t néu0<t<1.

nén day 1a day Cauchy. Tuy nhién ham s6 x(t) khong kha vi tai diém 0 nén khéong thuée C'[—1,1].

-

1
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112 < 5. KHONG GIAN METRIC

Ta sé thay c6 mot lién két giita tinh chat déng ctia mot tap véi tinh day da ctia né khi tap
dé dudc xem nhu mot khong gian metric con. Hién nhién, khéng gian con day da ctia mot khong

gian metric phai la déng, chung ta ciing ¢6 két qua ngudc lai trong mot truong hop dac biét.
5.22 Dinh ly. Moi tdp dong trong khong gian metric du la khong gian metric du.

Chitng minh. Cho (X,d) 1a khong gian metric da bat ky va R C X 1a mot tap déng. Xét day co
ban bat ky {x,} C F,tacé x, — x € X do (X,d) 12 d4. Mt khéc, do F déng nén x € F. Nhu vay

(F,d) cung la khong gian metric du. ]

Vi du 5.23. DPoan [a, b] 1a dong trong R nén [a, b] khi dugc xem nhu mot khong gian metric ciing
la khong gian du.

Vi du 5.24. Tap C'[a,b] C C[a, b] khong 1a khong gian di nén duong nhién cling khéng phai tap
dong.

Nhu vay tinh chat day da dudc xem 14 manh hon tinh chat déng cta tap hop, bay gio ta sé

dua ra mot tinh chat con manh hon ca tinh day dua cta tap hop, d6 1a tinh compact.

/3.2 Khoéng gian metric compact

Cho khong gian metric (X,d) va A 1a mot tap con ctia X. Mot ho cac tdp hop ma hgp caa chiung
chita A dudc goi 1a mot phi ciia A. Néu ho d6 chi gom céc tap md, thi né dudc goi 1a mot phi mé
ctia A. Néu tap con A chua dudc chi rd, thi ta mic dinh A = X, khi d6 hop cac tap thudc phi cta
X cting chinh la X.

5.23 Pinh nghia. Khong gian metric (X,d) dudc goi 1a khong gian metric compact khi va chi
khi véi méi phtt mé ctia X déu ton tai mot pha con hitu han, tic néu % 1a ho cac tap mé thoa
mén |J% = X thi ton tai ph1 con ¥ C % hitu han sao cho U ¥ = X.

Moét tap con A thude X dude goi 1a tdp compact néu véi moi phtt mé ciia A déu ton tai pha

con hitu han phu A.

Chi ¥ & dinh nghia trén, tit "moi" 1 rat quan trong, vi véi khong gian metric (X, d) bat ky,
luén ton tai moét s6 phtt mé véi phit con hitu han - néi cach khac luén ton tai phtt mé hitu han

chang han pht mé chi chita dung mot tap X, vi tap X ludn 1a mé.

Vi du 5.25. Cac khoang mé (—n,n) tao thanh mot phtt mé cia R ma khong ¢6 mot phua con hitu
han. Cac khoang (1/n,1) véin = 1,2,... tao thanh mét phtt mé caa (0,1) ma khong c¢6 phu con
httu han. Nhu vay, R va (0,1) khéng phai 1a compact.

Doan [g,b] c6 thé dugc chitng minh 1a tap compact trong R bang dinh nghia nhung sé tuong
d6i dai dong va khé hiéu. Pinh 1y sau khang dinh diéu dé.
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5.24 Dinh ly (Heine-Borel). Cho a va b la cdc s6 thuc bét ky thod man a < b. Khi dé, khodng
dong [a;b] la tdp compact cia R.

Ching minh dinh Iy trong phan phu luc.

Pinh Iy tiép theo phat biéu tong quat cho trusng hop cac tap con déng ctia khoéng gian compact.

5.25 Pinh ly. Cho (X, d) la mét khong gian compact va F la mét tdp con dong ciua X. Khi do, F

la tdp compact.

Chitng minh. Lay % 1a mét phti mé ctia F. Khi d6 % U {X\F} 12 mot phti mé cta F, nén sé c6
mot phu con ¥ hitu han. Khi d6 '\ {X\F} 1a mét pha httu han cua F, thudc vao % . [

Bay gio ta xét tap compact [0, 1]. Moi s6 x trong [0,1] c6 mot biéu dién thap phan x = 0.dydds . . .,
theo nghia, x = Yi>1 dj/10j. O day méi di = dj(x) la mot s6 nguyén va 0 < d;j <9 v6imoi j. Trong
thuc tién, chung ta chi lam viéc véi mot vai chit s6 dau tién cta phan biéu dién thap phan. Vi
du, ching ta st dung 7 = 3,14 hodc 3.1416, rat hiém khi can biét ring 7 = 3.14159265358979.. . ..
Diéu nay minh hoa mét tinh chat rat quan trong ctia céc sb trong [0,1]: Cho mét do chinh x4c
bat budc tuy y (vi du ldy £ > 0 bat ky), ton tai mot tap F hitu han céc sb trong [0,1] sao cho moi
s6 x trong [0,1] c6 thé biéu dién bang mét s6 y trong F véi do chinh xdc mong mudn (nghia la

|x —y| <e.
Tinh chat trén mé rong cho cac khéng gian metric nhu sau.
5.26 Pinh nghia. M6t khong gian metric (X, d) dudc goi la hoan toan bi chdn khi va chi khi

cho moi ¢ > 0, ton tai mét tap hop Awtu han F C X sao cho véi moi x € X, ton tai y € F sao cho
d(x,y) <e.

Pinh nghia trén tuong duong véi su ton tai moét phtt mé ciia X gom hitu han cac hinh cau mé

¢6 cung ban kinh «.

(2

RG rang [0, 1] cing nhu [4, b] cling la cac tap hoan toan bi chéan.

Bay gid, ta dua ra mot mot s6 tinh chét tong quat hay dung ca cac khong gian compact.
5.27 Dinh ly. Cho khong gian metric (X,d) bat ky, cdc tinh chdt sau la tuong duong:

(i) (X,d) la khong gian metric compact.
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114 < 5. KHONG GIAN METRIC

(ii) (X,d) la day di va hoan toan bi chdn.
(iii) Moi tdp con vé han ctia X cé mot diém tu.

(iv) Moi day cdc diém ciia X c6 mét day con hoi tu.

Vi du 5.26. R 1a khong gian day d nhung vi thiéu tinh chat hoan toan bi chian nén khong 1a
khong gian compact.

Doan [a4,b] 1a day du, dong thoi 1a hoan toan bi chian bang cach xét tap hitu han F = {a,a +
e,a+2¢...,a+ke}. Do d6 theo dinh ly 5.27 ii) thi [4, b] 1a tap compact. D4y la mét cach ching
minh ngan gon dinh ly Heine-Borel 5.24.

Xét khong gian metric (X,d) va A C X, duong kinh cia A dugc dinh nghia la diam(A) :=
sup{d(x,y) : x € A,y € A}. Tap A dudc goi la bi chdn khi va chi khi dudng kinh ctia né 1a hitu
han.

Trong khong gian Eclide R¥, tap compact A ciing 1a tap dong va bi chan. Tuy nhién, diém dic
biét nay khong thé mé réng cho cac khong gian metric day da tong quat. That vay, cho S 1a tap
hop vb han bat ky. Véi x # y trong S, dit d(x,y) = 1, va d(x,x) = 0. Khi d6 S 1a da va bi chin,

nhung khéng hoan toan bi chan nén khong compact.

§ 4. HAM sO LIEN TUC

5/4,1 Pinh nghia va tinh chit ctia ham s lién tuc

Trong R, m6t ham sb f dudc goi la lién tuc tai x néu véi moi day x, — x (theo metric thong
thuong) thi f(x,) — f(x) hodc theo ngdn ngit ¢,6: v6i moi ¢ > 0 ton tai d(¢) > 0 sao cho khi
ly — x| < 8 thi [f(y) — f(x)| < e. Dinh nghia nay c6 thé dudc mé rong dbi véi khong gian metric,
khoang cach trén R dude thay bang khoang cach metric bat ky.

5.28 DPinh nghia. Cho hai khong gian metric (X,d) va (Y, e), mot ham s6 f tit X vao Y dugdc goi

1a lién tuc tai x néu véi moi ¢ > 0 ton tai 5(¢) > 0 sao cho khi d(y,x) < § thie(f(y), f(x)) <e.

Ta dé dang chiing minh duge dinh nghia nay tuong duong véi f(x,) — f(x) véi moi day
X, — x. Ham s f dudc goi la lién tuc néu né lién tuc tai moi diém x € X. Néu A 1a tap con ndm
trong X thi c6 thé coi (A,d) 1a mot khong gian metric con va khéi niém f lién tuc trén A dugc
dinh nghia tuong tu.

Doi véi khong gian metric, ham s6 lién tuc cé dic diém sau:

5.29 Pinh 1ly. Cho ham sé f tir khéng gian metric (X,d) vao khéng gian metric (Y, e). Khi dé,
ba khang dinh sau la tuong duong:

(1) flalién tuc;
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(ii) Nghich dnh ctlia moi tap dong trong Y déu la tap dong trong X.
(iii) Nghich dnh ciia moi tGp mé trong Y déu la tap md trong X.

Chitng minh. (i) suy ra (ii): Gia st F 1a tap déng trong Y, dé ching minh f~!(F) déng trong X
ta can chi ra néu mét day {x,} C f~'(F), x, — xo thi xo € f~'(F). That vay do f 1a lién tuc nén
f(xn) — f(x0), f(xn) € Fva Fladéng nén f(xo) € Fhay xo € f~!(F).

(ii) suy ra (iii): Hién nhién néu U mé trong Y thi Y\ U 1a déng trong Y nén theo ii), f~1(Y\U) =
X\f~1(U) 1a d6ng trong X. Vay f~1(U) 1a mé trong X.

(iii) suy ra (i): Xét diém xo € X bat ky. V6i moi £ > 0, nghich anh ctia hinh cAu mé B(f(xo), ¢)
trong Y 12 md trong X. Khi d6 do xo thudc tdp mé diy nén ton tai mot hinh cau mé B(xo, o)
thude f~1(B(f(xo),¢)) trong X hay f(B(xo,6)) thude B(f(xo), ) trong Y. Vay néu d(x, x9) < 6 thi
e(f(xo), f(x)) < & nén f la anh xa lién tuc.

f'l

Vi du 5.27. Cho ham f(x) := x2 tit R vao chinh né va dit U = (a,b). Khi d6 néu 0 < a < b thi
Y U) = (—b'/?, —a?) U (a'/?,b'/?). Nhu vay nghich anh ctia mot khodng mé qua f khong phai
ludn 1a moét khoang (trong trusng hop nay, né la hop cua hai khoang réi nhau) nhung né luén la
mot tap mé. Mat khac, f((—1,1)) := {f(x) : =1 < x < 1} = [0,1) khéng phai la mé. Do vay anh
ctia mét tAp mé qua mot ham lién tuc chua chic phai mé ciing nhu Anh ctia mét tap déng chua

chic 1a déng.

Ngoai ra, do tap md bat ky trong R 1a hgp clia cac khoang (a,b) nén véi ham gia tri thuc f
trén khong gian metric (X,d) 1a lién tuc, tuong duong véi f~1(a,b) mé trong X véi moi a < b.
Chu ¥ rang giao hai tap mé 1a luén mé va (a,b) = (a,00) N (b,0) nén ham f 1a lién tuc ciing
tuong duong véi f~1(a,00) 12 md trong X véi a bat ky. Tit nhan xét nay va vi mdt tap mé trong R
la do dudce do né 1a hop ctia mot s6 hitu han hoic dém dudc cac khoang mé, nén ham lién tuc la
ham do dudc (xem chuong sau).

M6t dnh xa dong phoi ctia X 1én Y 1a mét ham f 1-1 tit X 1én Y sao cho f va f~! 1a lién tuc. Néu
mét f nhu vay ton tai, (X,d) va (Y, e) dudc goi 1a dong phoi véi nhau.

Vi du 5.28. Mot khoang mé hitu han, khac réng (a,b) 1a dong phéi véi (0, 1) qua phép bién déi
tuyén tinh: f(x) := a + (b — a)x. Toan bo R 1a dong phdi véi (-1,1) bang cach dat y = f(x) :=
2arctg(x) /7, va nhu vay la dong phdi véi moi khoang (a,b), va dong phéi véi khoang (0, +c0) qua

anh xa e¥, do d6 ciing 1a dong phoi véi khodng (a, +c0) va (—oo,a).
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0
)
2

Cho (X,d) va (Y, e) la hai khong gian metric. M6t song anh f tut X vao Y dudc goi la mét dnh xa
dang cu khi va chi khi e(f(x), f(y)) = d(x,y) v6i moi x va y thude X. Khi dé6 (X,d) va (Y,e) dudc

goi 1a dang cu véi nhau.

Vi du 5.29. Cho vi du, néu X = Y = R?, v6i metric khoang cach O-clit thong thudng, thi ta cé
cac dang cu bang cach lay f(u) = u + v v6i mét vects v (tinh tién), bang phép quay (quanh tam
bat ky), d6i xtiing qua mét dudng thang, va cac phép hop thanh cta ching.

Hai khong gian metric déng cu véi nhau thi cac quan hé giita cic phan tit ctia ching vé mit
metric 12 tuong duong nén ta c6 thé dong nhat hai khéng gian nay. Chang han, xét hai khéng gian
metric dang cuc (X,d), (Y, e). Véi day {x,} C X;x € X. Khi dé: d(x,,x) — 0 < e(f(x,), f(x)) — 0.

/4.2 Ham lién tuc trén mét tip compact

Trong linh vuc t6i uu héa, khi ngudi ta dang ¢6 1am cuc dai hodc cuc tiéu héa mot ham (thuong
12 mot ham nhiéu bién), sé rat t6t néu biét véi nhitng diéu kién nao cuc dai hoic cuc tiéu 1a ton
tai. Ta da biét trong giai tich v6i a < b bat ky trong R va ham f lién tuc tit [2,b] vao R, ton tai
mot x € [a,b] sao cho f(x) = sup{f(u) : a < u < b}. Tuong tu ton tai mdét y € [a,b] sao cho
f(y) = inf{f(v) : a < v < b}. Tinh chat mot ham thuc lién tuc trén mot doan 1a bi chin va dat

dude cuc dai va cuc tiéu, c6 thé mé rong cho cac khong gian metric compact.

5.30 Dinh nghia. Cho ham s6 f tit (X,d) vao (Y,e). Néu v6i moi ¢ > 0 ton tai mot & > 0 sao cho
khi d(x,y) < 6 suy rae(f(x), f(y)) < e v6i moi x va y thude X, thi f dugc goi 12 ham lién tuc déu
tit (X,d) vao (Y, e). Néu tinh chét nay chi ding trén mét tap con M C X thi f dudc goi 1a lién tuc
déu trén M.

Vi du 5.30. Ham f(x) = x? tit R vao chinh né 12 lién tuc nhung khong 14 lién tuc déu (véi e > 0
cho trude, khi x cang 16n, J lai cang nhd). Tuong tu ham f(x) = 1/x lién tuc trén (0,1) nhung

khong 14 lién tuc déu.

Hai vi du néu trén déu giéng nhau ¢ dic diém 1a tap X khong 1a compact. Néu X 1a compact thi

chic chin ham lién tuc trén X ciing lién tuc déu theo dinh ly sau.

5.31 Dinh ly. M6t ham lién tuc f tix moét tdp compact bat ky K C X dén (Y,e) la lién tuc déu
trén K (coi (K,d) nhu mdt khong gian metric con).

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

5.4 Ham s6 Lién tuc < 117

Chitng minh. Néu f khong lién tuc déu,tontaie > 0vax, € K, yn € Kvasaochod(y,, x,) <1/n
vae(f(yn), f(xs)) > € v6i moi n. Khi d6 vi day bat ky trong K ¢6 mét day con hoi tu (Pinh 1y 3.3),
ching ta c6 thé gia st x, — x v6i x € K, do vy y, — x.

Do tinh lién tuc cta f tai x, v6i n da 16n, e(f(yn), f(x)) < e/2 vae(f(x,), f(x)) < €/2, nén
e(f(yn), f(xn)) < &, mau thuln. Vay f 1 lién tuc déu. =

5.32 Pinh 1y. Néu ham f la lién tuc ti tap compact bét ky K trong khong gian metric (X,d) dén
(Y, e), thi anh ctia tdp K tic f(K) la compact trong (Y, e).

Chitng minh. Lay % 13 mot phtt mé ctia f(K). Khi dé {f~'(U) : U € %} 12 mot phtt mé cta K,
v6i phtt con hitu han {f~1(V) : V € ¥} v6i ¥ hitu han. Viy 7 12 mot phti con hitu han caa f(K).m

Pinh 1y 5.32 néi réng anh lién tuc ciia mot tdp compact ciing 1a compact, mét hé qua cta né la
néu f 1a mdt ham gia tri thuc lién tuc trén mot tap compact K, thi f bi chan (tidc f(K) bi chan
trong R), vi tap compact bat ky trong R bi chan (xét phtt mé bdi cac khoang (—n,n)). Tit d6 sé

suy ra ham thuc lién tuc trén tap compact sé dat gia tri cuc dai va cuc tiéu (bai tap E.22).

BAI TAP
E.1. Ching minh réng mét ham d : X x X — R thod mén hai diéu kién (5.2),(5.3) va diéu kién

d(x,y) = 0 & x = y ciing s& thoa man diéu kién 5.1: d(x,y) > 0,Vx,y € X.

E.2. Chiing minh bt ding thic ti gidc trong khéng gian metric (X, d): |d(x,y) — d(u,v)| <
d(x,u)+d(y,v), Vx,y,u,v € X.
E.3. Ching minh trong khéng gian metric (X, d), néu x, — x va Yo — ythid(x,,y,) — d(x,y)

(ham s6 d(x,y) 12 ham lién tuc theo ca hai bién).
E.4. Ching minh b4t dang thic tam giac d6i véi metric do, trong khéng gian RF.

E.5. Ching minh bt déng thitc tam gidc d6i v6i metric d, trong khong gian cac day sb c6 tong
binh phuong bi chén 2.

E.6. Trén R?, dat d; ((x,y), (u,v)) := |x — u| + |y — v|. Chi ra d; 12 mét metric va tap mé trong
(R?,d;) ciing 12 md d6i v6i metric thong thudng va ngugc lai.

E.7. Chiing minh ménh dé 5.13.

E.8. Chiing minh ménh dé 5.14.

E.9. Cho khéng gian metric (X,d) va tap hop A C X bat ky, bién ciia tip A dudc dinh nghia la
0A := A\ int A. Hay ching to:
a) Bién cua tap A la dong va trung véi bién cta tap X\ A.

b) Vé6i hai tap A va B bat ky trong X, (A U B) C dAUdB. Cho mét vi du khi 9(A UB) #
0AUO0B.
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E.10.

E.11.
E.12.
E.13.

E.14.

E.15.
E.16.
E.17.

E.18.

E.19.

E.20.

Mot khong gian metric (X, d) dudce goi 1a mot khong gian siéu metric va d 1a mot siéu metric
néu d(x,z) < max (d(x,y),d(y,z)) véi moi x,y va z trong X. Ching minh rang trong khong
gian siéu metric, hinh cau mé B(x,r) bat ky déu la tap déng.

Chiing minh hinh vuéng don vi (0,1) x (0,1) 1a tap mé trong khong gian (R?,d>).

Chitng minh hinh tron tdm (0,0) ban kinh 1 14 tap mé trong khong gian (R?,dy,).

Chiing minh trong khong gian R, d(x,y) = |arctg x — arctg y| 1a mot metric va khong gian
metric nay 12 khong day du.

Ching minh khéong gian C[La,b] cac ham lién tuc trén [a,b] véi metric d(x,y) = /a ’ |x(t) —
y(t)| dt khong 1a khong gian day du.

Goi y: Gia st [a,b] = [0, 1], stt dung d4y ham s6 sau:

1 v6i0<t< 1
Xu(t) =qn+1-2nt véil<t<l+ i
A1 1
0 V6i 5+ 4 <t <1

Tim m6t phi mé cta hinh vudng don vi (0,1) x (0,1) ma khéng ¢6 mot phu con hitu han.
Chiing minh trong khong gian metric (X, d), tdp A hoan toan bi chan thi ciing bi chén.
Cho khéong gian metric (X,d), a € X c¢6 dinh va dinh nghia f : X — R 1a f(x) = d(x,a).
Ching minh f 1a lién tuc.
Cho (X,dx), (Y,dy) va (Z,dz) 1a cac khong gian metricvanéu f: X — Y, g:Y — Z la cac
ham lién tuc thi ham hgp
h=gof:X—=Z
dinh nghia la 1(x) = g(f(x)) cung lién tuc.
Mot ham gia tri thuc f trén khong gian metric X dudc goi la nia lién tuc trén khi va chi
khi v6i mdia € R, f~!([a,00)) 1a déng, hodc nia lién tuc dudi néu — f 1a ntta lién tuc trén.
Hay chiing minh:
i) Ham f la nta lién tuc trén khi va chi khi véi moi x € X
f(x) = limsup f(y) := inf{sup{f(y) : y € U,y # x} : x € U}
Yy—00
v6i quy udc sup @ := —c0
ii) Ham f 1a lién tuc khi va chi khi né 1a nta lién tuc ca trén 1an dudi.
iii) Néu f 1a ntta lién tuc trén trong mét khong gian compact X thi véi t € X nao do,
f(t) =sup f :=sup{f(x):x € S}.

Goi y: Lay a, € R, a, 1 sup f. Xét f_l((—oo,an)),n =1,2,....

Gia st x, la mot day trong khéng gian metric compact sao cho moi day con hoi tu ciia né

déu ¢6 cung mot giéi han 1a x. Chitng minh rang x,, hoi tu t6i x.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

5.4 Ham s6 Lién tuc ¢ 119

E.21. Dua vao DPinh ly 5.27, hay chitng minh mot tap con dong va bi chan trong R” 1a compact.
E.22. Ching minh néu f 1a ham lién tuc tit khéng gian metric (X,d) vao R va A la tap compact
trong X thi ton tai xo, 1o € A sao cho f(x) 1a gia tri cuc dai cta f trén A, f(yo) 1a gia tri

cuc tiéu cta f trén A.

Phu Luc

Chiing minh ctia mét s6 dinh 1y

Chitng minh (Chiing minh cta dinh 1y 5.16). i) Néu U mé va x € U, ton tai mot hinh cau
B(x,r) nam trong U, khi d6 ton tai N sao cho d(x,x,) <r,¥n> Ntiaclax, € B(x,r) C U,Vn > N.
Ngudc lai, néu U khéng mé thi ton tai x khong 1a diém trong ctia U tiic moi hinh cau B(x,1/#)
déu c¢6 B(x,1/n) N UC # @. Chon day {x,} sao cho x, € B(x,1/n) N U, ta ¢6 x, — x nhung
{x,} ¢ U v6i moi n.

ii) Néu c¢6 mot day x, — x ma x ¢ [A] thi x,, ¢ A v6i np nao d6. That vay do x € [A]° trong
d6 [A]° md, theo i) ton tai x,, € [A]° hay x,, ¢ A v6i 1y nao d6. Vay moi diém tu ctia A déu thuge
[A].

Ngudc lai, néu x € [A], thi x khong 1a diém trong ctia [A]° nén tit chiing minh cta i) ta ciing
xay dung dugc mot day x, — x, {x,} & [A]° tic {x,} € [A] v6i moi n.

iii) Chu y rang A déng khi va chi khi [A] = A, va ap dung ii). [

Chitng minh (Chiing minh cta dinh 1y 5.18). Gia st A 1a dém dudc va tri mat trong X. Dat
% 1a tap hgp tit ca cac hinh cau B(x,1/n) véix € U van = 1,2,.... Dé thdy % 1a mét ho dém
dugc. D€ chiing minh chiéu thuan cia dinh ly, ta 14y U 1a tap mé bat ky va y € U. Khi d6 véi
m nao d6, B(y,1/m) C U. Do Dinh ly (5.16) iii), lay x € A sao cho d(x,y) < 1/(2m). Khi d6
y € B(x,1/(2m)) C B(y,1/m) C U, nén U 1a hgp cta cac phan t& thudc % ma né chia.

Ngudc lai, gia st ton tai mot ho dém dude % céc hinh cau trong X thod man gia thiét, c6
thé gia sit n6 chida cac tap khac réng. Do tién dé chon, 1y f 1a mot ham trén IN c6 tap gia tri
chtia it nhat mot diém ctia méi tap trong % . Khi d6 tap gia tri nay tru mat trong X. That vay
v6i x € X bat ky, B(x,1/n) luén chita mot tap trong % nén ciing chita mét f(k,,) nao do6, suy ra
d(x, f(ky)) < 1/n. n

Chiing minh (Chitng minh cta dinh ly 5.24). Goi % 1a16p céc tap md ctia R ma moi diém cta
doan [a, b] thudc it nhat vao mot tap mé ctia % . Chiing ta phai chi ra rang [a, b] dudc phii béi mot
hop hitu han cac tdp mdé cua % .

Goi S 1a tap tat ca cac T € [a;b] ma [a; 7] dude phli béi hitu han cac tap mé thude vao % va ky
hiéu s = sup S. Khi d6 s € W v6i W 1a tap md nao dé thudc vao %. Hon nita W 1a tap mé trong
R, va nhu vy ton tai > 0 thod man (s — §;s + ) C W. Mit khac s — § khong 14 can trén cta S,
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nén ton tai T € S thod man T > s — §. Tit dinh nghia cia S, [, 7] bi ph béi 16p hitu han céc tap
mé Vi, V,,...,V, thubc % .
Lay t € [a,b] thoAman T < t < s+ 6. Khi d6

[a,t] C[a,T]U(s—6,s+d) C VUV, U---UV,UW,

vado dét € S. Pacbiét s € S, va nhu thé thi s = b, vi néu khéng s khéng thé 1a can trén caa tap
S.Vay b € S suy ra [a, b] bi pht b6i mét hgp httu han cac tdp mé thude 7 . [

Chitng minh (Chiing minh cta dinh 1y 5.27). (i) suy ra (ii): Cho (X, d) 1a compact. Lay > 0
tuy ¥, tap hop tat ca cac l1an can {B(x,7) : x € X} 12 mdt phti mé va phai c6 mot phii con hitu
han. R6 rang tap hop hitu han tam cta cac hinh cau nay thod man tinh chat cta tap F trong
dinh nghia ca khong gian hoan toan bi chén. Do vay (X, d) la hoan toan bi chén.

Bay gio 14y {x,} 1a day Cauchy bat ky trong V. Khi d6 méi s6 nguyén duong m, ton tai n(m)
nao d6 sao cho d(xy, X, (,y)) < 1/m v6in > n(m). Pat Uy = {x : d(x, x,,(,yy) > 1/m}. Khi d6 Uy, la
mot tap mé. (Néu yeU,var:= d(xn(m),y) —1/m,thir > 0va B(y,r) C Uy.) Vay x, &€ U, véi
n > n(m) do dinh nghia ctia n(m). Do d6 x;, & U{U, : 1 < m < s} néu k > max{n(m) : m < s}.

Vi U,, khong c6 mot phii con hitu han, ching khong thé tao thanh mot pht mé cta X. Nhu
vay ton tai mét x sao cho x ¢ U, v6i moi m. Suy ra d(Xn, Xp(my) < 1/m v6i moi m. Khi d6 do bat
dang thic tam giac, d(x,x,) < 2/m. Nén lim, ,d(x,x,) = 0 va day {x,} hoi tu téi x. Do vay
(X,d) la da cang nhu hoan toan bi chén, vay (I) suy ra (I).

Tiép theo, gia st c6 (ii) va ta sé ching minh (iii). V6i méi n = 1,2,.. ., diat F, 1a mét tap con
httu han cta X sao cho véi moi x € X, tacé d(x,y) < 1/n véiy € F, nao do.

Cho A 1a tap con v6 han bat ky ctia X. (néu X 1a hitu han, thi hién nhién (iii) 14 ddng.) Vi ho
httu han cac 1an can B(y, 1) véi y € F; phu X, phai ton tai x; € F; nao d6 sao cho AN B(x1,1) 1avo
han. Bang quy nap, chiing ta chon x, € F, v6i moi n sao cho AN {B(xy,1/m):m=1,...,n}la
v6 han véi moi s6 nguyén duong n. Diéu nay suy ra d(x,, x,) < 1/m+1/n < 2/mkhim < n (ton
taiy € B(xm, 1/m) N B(x,,1/n) nao d6 va d(xu,, x,) < d(xm,y) + d(xn,y)). Nhu vay {x,} 1a mét
day Cauchy. Vi (X, d) 1a da, day nay hoi tu téi x € S, va d(x,, x) < 2/n v6i moi n. Do d6 B(x,3/n)
chita B(x,,1/1), bao gdom mét tap con v6 han ctia A. Vi3/n — 0 khi n — o, x 12 mot diém gidi
han cia A. Vay (ii) suy ra (iii).

Bay gio gia st c6 (iii). Néu{x, } 12 mot day véi tap gia tri vo han, cho x mot diém gidi han ctia
tap gia tri nay. Khi d6 ton tai n(1) < n(2) < n(3) < ... sao cho d(x, ), x) < 1/k véi moi k, nén
Xy (k) hoi tu t6i x khi k — co. Néu {x,} c6 tap gia tri hitu han, thi ton tai mét x sao cho x,, = x véi
vd han gia tri ctia n. Do d6 ton tai mot day con Xp(k) 580 €ho X,y = x v6i moi k, suy ra x,;) — .

Vay (iii) suy ra (iv).

Cubi cung, ching ta ching minh (iv) suy ra (i).
Cho 7 la mo6t phu mé caa X. Véi x € S, dat

f(x):=sup{r:B(x,r) C UvéiU € % nao dé6}.
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Khi d6 f(x) > 0 v6i moi x € X. Ta cAn mot khang dinh manh nhu sau:

5.33 BG dé. inf{f(x):x € X} > 0.

Chiing minh. Gia st b6 dé sai, ton tai mét day {x,} trong X sao cho f(x,) < 1/nvéin=1,2,....
Cho x, () 1a mét day con héi tu téi x € X nao d6. Khi d6 vé6i U € # var > 0,B(x,r) C U. Khi dé
v6i k di 16n sao cho d(x,, ), x) < r/2,ta cb f(x,()) > r/2, mau thuan véi k 16n. n

Bay gio tiép tuc ching minh (iv) suy ra (i), dit ¢ := min(1,inf{f(x) : x € X}) > 0. Chon bat ky
x; € S. Bang cach quy nap, cho trudc x;, ..., x,, chon x,,1 néu c6 thé dé d(x,. 1, xj) > ¢/2 v6i moi
j=1,...,n. Néu diéu dé cé thé thuc hién dugc véi moi 7, ta c6 mot day {x,} véi d(x,, x,) > c/2
va m # n. Mot day nhu vay khong c¢6 day con Cauchy va do d6 khong c6 day con hdi tu. Suy ra
¢6 mot 7 hitu han sao cho X = <, B(xj,c¢/2). Béi dinh nghia cta f va c, véi méij=1,...,nton
tai mot U; € % sao cho B(xj,c/2) C U;. Khi d6 hgp ctia nhitng U; nay 1a X, va % ¢6 mot pht con
hitu han, két thiic chiing minh dinh ly. n
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CHUONG O

KHONG GIAN CAC HAM KHA TiCH

§ 1. KHONG GIAN TUYEN TINH PINH CHUAN

Chiing ta da hoc vé khéng gian vects R” trong dai s6 tuyén tinh. Do nhu cau nghién citu vé céc
khong gian ham sb, chiing ta phai mé rong khai niém khéng gian vecto thanh 1y thuyét tritu
tuong tong quat.

/1.1 Khong gian vecto

6.1 Pinh nghia. Mot tap X (bat ky) dudc goi 12 mot khong gian vecto trén trudsng sé thuc néu:

a) Ton tai mot 4nh xa tit X x X — X tuong dng méi cip x,y € X bat ky véi duy nhat mot
phan tit ctia X, dudc goi 1a tong cia x va y, ky hiéu la x + y, va mét anh xa tu R x X — X tuong
tng méi s6 « € R va phan tit x € X v6i duy nhat mét phan tit cia X dude goi 1a tich cia x va a,
ky hiéu la ax.

b) Hai quy téc trén thoa méan 8 tién dé:
1) x+y =y + x (tinh giao hoan cta phép cong).
2) (x +y)+z=x+ (y+z) (tinh két hop ctia phép cong).

3) ton tai mot phan t& 0 (goi 14 phdn ti khéng hay vecto khéng) sao cho x +0 = x v6i moi
x e X.

4) V6i mbi x € X ton tai phan tit —x € X (goi 1a phan tiz dbi ciia x) sao cho x + (—x) = 0.
5) 1.x =«x.

6) a(Bx) = (aB)x, a, B € R batky.

7) (a+ B)x = ax + Bx.

8) a(x +y) = ax+ay.

123
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124 < 6. KHONG GIAN CAC HAM KHA TICH

Khong gian vectd con dude goi 1a khong gian tuyén tinh va cac phan ti cta né dude goi 1a vecto.

Vi du 6.1. Trong dai s6 tuyén tinh, ching ta da biét cac khong gian Euclid R* quen thuéc véi
phép cong hai vects va nhan vects véi 1 sb: Gia st x = (x1,x2,...,%0), ¥y = (y1,Y2,---,Yn) thi

x+y=(x1+y1, X2+ Y2, Xn+yn); ax = (ax1,axy, ..., axy).

Vi du 6.2. Khong gian cac ham bi chan trén [a, ], tic B[g, b] 1a khong gian vects véi hai phép
toan dudc dinh nghia nhu sau:

(x +y)(t) = x(t) +y(t),
(ax)(t) = a.x(t).

Ta da biét x + y,ax € Bla,b] v6i moi x,y € B[a,b],a € R nén hai phép toan dinh nghia nhu
trén 1a dung din. D& dang chiing minh dudc hai phép toan nay thoa méan 8 tién dé trén. 0 day
vectd khong la ham x = 0.

Vi du 6.3. Khong gian cdc ham kha tich Lebesgue trén khong gian do do (X, %, u), tiec L1 (X, F, u)
hay .#'(X) 1a khéng gian vectd véi hai phép toan dugc dinh nghia tuong tu nhu trong Bla, b] va
vectd khong ctung la ham f = 0.

O chuong Tich phan Lebesgue ta ciing da biét f + g, af € .2 (X) v6imoi f,g € £ (X),a € R.

Tap hop cac vécto Y thudc khong gian vects X dudce goi 1a khong gian con cia X néu Y # @ va né
kin dbi v6i hai phép toan vects : Vx,y €Y == x+y €Y, x €Y = ax € Y,Va € R.

Vi du 6.4. Tap tat ca cic nghiém ctia mét hé phuong trinh tuyén tinh thuan nhat cé nghiém

khong tam thudng 1a khong gian con cia khong gian R™.

Vi du 6.5. Ldp cac ham lién tuc trén [g,b], tic C[a,b] 1a mot khong gian vecto con cua B[g, b].
Khong gian cac ham lién tuc trén [a,b] va cung triét tiéu tai diém c € [4,b] 12 mot khong gian

con cua Cla, b].

6/1.2 Khai niém khéng gian tuyén tinh dinh chuin

Nhéan xét rang, khong gian tuyén tinh luén c6é mot vects 1a vects khong. Trong cac khong gian
vectd, dé xét t6i su hoi tu, thay vi stt dung khai niém metric ngudi ta thuong st dung khai niém

chuén. Mot chuédn trong khong gian vecto xac dinh mét metric va ngudc lai.

6.2 Dinh nghia. Mot khong gian vecto (tuyén tinh) dinh chudn 1a khong gian vecto X, trén dé
ton tai mot ham sb tit X vao R , ky hiéu ||x| : X — R, thoa man 3 tinh chét:

1 ||x|| >0,Vx € X; ||x]| =0 x =0,
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6.1 Khong gian tuyén tinh dinh chudn < 125

2) ||ax|| = |«|||x| (tinh thuan nhét ctia chuén),
3) |lx+yll < |lx|| + |ly|l (bat dang thiic tam gidc),

véimoix,y € Xvaa € R.

Gia tri ||x|| dudc goi 1a chudn cta phan ti x.

Nhu vay néu dat d(x,y) = |x — y| thi ré6 rang d 12 mét metric trén X, ngudc lai néu d 1a
metric trén khong gian vects X, ta xac dinh mot chuéan nhu sau ||x|| := d(x,0).

Vi du 6.6. Trong R, ta c6 cdc chudn sau:

k
Il =Xy [l
|x]2 = /XK x?, hotic néu coi x 1a mét vects cot thi ||x||?> = x'x,
Up .
Il = (2 b)) vsip > 1,

¥l =max|x|,i=1,2,... k

Vi du 6.7. Trong C[a,b] ta dinh nghia [|x|« = sup,,, [x(t)], khi d6 tusng tu nhu trong chuong
khong gian metric, ta khing dinh day 1a mét chuén.

Vi du 6.8. Trong khéong gian C[a, b] ta ¢6 thé dinh nghia mét chuéan khac nhu sau:

b
Il = [ 1x(e)at
»1“?)

WO

a [J]
Chuén ctia x(t) — y(t) 1a dién tich hinh bi chin trén va dudi béi d6 thi hai ham nay

Ta dé dang kiém tra dugc |lax||; = |a|||x|/; va

X+ yll < llxllv + llyll, VX, y € Cla,b], [[x[[1 = 0.
Bay gio ta phai chi ra néu ||x||; = 0 thi |x| = 0.

That vay néu ||x||; = 0, theo chuong 3 |x| = 0 hkn. Gia st ton tai ty sao cho x(ty) # 0. Khi d6
v6in € IN bat ky, trong khoang (o, fo + 1) phai ¢6 mét sb #, thod méan x(t,) = 0 béi néu khéng,
x(t) # 0,Vt € (to,to+ 1), mau thuln véi gia thiét |x| = 0 hkn. Vay ta s& chon duge mot day

{t.} — to sao cho x(t,) = 0, ma x lién tuc nén suy ra x(ty) = 0, vo ly. Vay x(t) = 0,Vt € [a, b].

Chung ta hy vong c6 thé mé roéng chuan tich phan nhu trén cho khéng gian cac ham kha tich
Lebesgue trén (X, .#, ). Tuy nhién khi d6, diéu kién [ |f|dm = 0 < f = 0 khong duge thoa man.
X
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126 < 6. KHONG GIAN CAC HAM KHA TICH

Ta chi c6 thé suy ra dudc f = 0 hkn. Diéu d6 c6 thé dudc khic phuc néu chiing ta dong nhét céc

ham bang nhau hau khap noi lam mét.

Nhéc lai trong 16p cac ham do dudc trén (X, #,u), quan hé sau, ky hiéu la ~, 1a mét quan hé
tuong duong
f~gs f=g(hkn).

Véi f € £Y(X), ky higu f~ = {g € £ (X) : ¢ ~ f} - tap hop cdc ham bang f hkn trén X,
con dudc goi 1a 16p tuong duong chia f. Chuy 6 day, f~ N g~ bang @ hoéc chinh 1a f~(khif=g
h.k.n).

6.3 Pinh nghia. Lép tit ca cactap f~, f € £'(X) 1a mot khong gian vects dinh chuén, ky hiéu
1a LY(X, 7, 1) - hodc L' (X) - v6i cdc phép toan duge dinh nghia nhu sau:

ff+g =(0+g)",
a(f~) = (af)”,Vf,g € L1 (X),a € R.

Chuén trén L' (X) dudc x4c dinh béi cong thic:

b
£l = [ Ifldm.

Dinh nghia ctia hai phép toan tuyén tinh trong L!(X) khong phu thudc vao viéec chon ham dai
dién ctia 16p tuong duong. That vay néu f~ = " va g~ = ¢y thirdrang (f +¢)~ = (f1 +§1)7-

Dé cho don gian, tit nay vé sau ta sé quy udc dung ky hiéu f thay cho f~ trong khong gian L.
Nhu vay trong L', hai ham f va g bing nhau hkn dudc xem 14 trung nhau.

/1.3 Su hoi tu trong khéng gian vects dinh chuan

Su hoi tu trong mot khong gian vects dinh chuéin véi metric gitia hai vectd x, y duge x4c dinh qua

chuén d(x,y) = ||x — y||, c6 thé dugc phat biéu lai theo ngdn ngit ctia chuin:

6.4 Dinh nghia. Day céc vects {x,} trong khong gian vectd dinh chuan X dudgc goi 1a hdi tu t6i
mét vectd xo € X néu ||x, — x| — 0 trong R.

Dua vao chuong khéng gian metric, ta suy ra mot sé tinh chat cta su hoi tu trong khong gian
vectd dinh chudn nhu sau:

1) Néu x, — xo thi ||x,|| — ||x0||, néi cach khéc chudn ||x|| la mét ham gid tri thuc lién tuc

cua x.

2) Moi day héi tu trong X déu bi chin theo nghia: Néu day {x,} hdi tu thi ton tai K sao cho

||xn || < K v6i moi n.
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6.2 Khong gian cac ham c6 luy thuta bac p kha tich < 127

3) Néu x,, — X0, Yn — Yo trong X thi x, + y, — xo + yo trong X, ngoai ra néu a, — ag trong R
thi a,,x,, — apxo trong X.
Ta goi day {x,} thudc X 1a day co ban hay day Cauchy néu lirB X, — x| = 0. Néu trong
m,n—00
khong gian vectd dinh chudn X, moi day co ban déu hoi tu thi X dudc goi 1 khéng gian dii hodc
khoéng gian Banach.
Vi du 6.9. Ta dé thay khéng gian hitu han chiéu R* 12 mét khong gian Banach, véi chuan thong
thuong |/x% + - -- + x2 hodc chuén |x1| + - - + |x|. Khong gian Cla, b] v6i chuén |.||e cling la
khong gian Banach.
Vi du 6.10. Khong gian Cla, b] véi chuén ||.||; khong 12 khong gian Banach. That vay ta xét day
sau trong C[—1,1]:
0 néu -1<t<0,

b fmmm e ———————

EC ) Y PR -

|1/n—1/m|

> — 0 khi m,n — oo. Day x,, nay hoi tu

1
Day la day Cauchy do [ |x, — x,|dt =
e

theo diém t6i ham sb sau:
0 néu —1<t<0,

x(t) =

1 nébu0<t<1.

Dé thay x(t) £ C[—-1,1]va [ |x, —x|dt — 0, tuy nhién van c6 thé ton tai ham g € C[—1,1] sao
[-11]
cho ||x, — g|l1 — 0. Ta s& chiing minh diéu dé khong thé xay ra.

That vay gia st ton tai ¢ € C[—1,1] sao cho ||x, — g[/1 — 0, khi d6
/ |x — gldt < / |x, — x|dt + / |g — xu|dt — 0.
[—1,1] (—1,1] [-11]

Dovady [ |x—g|dt=0.Suyra [ |x—g|dt=0= [ |x— g|dt ma x va g déu lién tuc trén
[—1,0) va [(0,1]) nén g(t) = x(t),Vt € [-1,0) U (0,1]. Nhu vay tlirgh () = 1,tlir51 ¢(f) = 0 nén
— —0-

ham g khéng lién tuc tai 0, vo ly.

Trong tiét sau ching ta sé nghién cttu khong gian dinh chudn dugc ta quan tam nhét, d6 1a cac
khong gian cac ham kha tich luy thiua bac p 1a LP(X).
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128 < 6. KHONG GIAN CAC HAM KHA TIiCH

§ 2. KHONG GIAN CAC HAM CO LUY THUA BAC p KHA
TICH

6/2.1 Cac bat dang thitc cho tich phan

Gia st f,¢ 1a cdc ham do duge trong khong gian d do (X,.#, ), € chiing minh tap tat ca cac
ham c6 luy thua bac p kha tich 1a mét khong gian vectd, chung ta can hai bat dang thic co ban

sau.

6.5 Pinh ly (Bit dang thicc Holder). Cho hai s6 p va q thod man 1 < p < oo, :7 + ; = 1. Khi

[irstau< ([iran) ([ lstan)" 66
X X X

Bat déng thiic 6.6 con dudc viét nhu sau:

/Elfgldy < (/E !f!pd#);(/E |g|qdy)é- (6.7)

doé ta co

==

Chung minh. Néu [y |f|Pdu =0, thi f = 0h.knnén fg =0hk.n. Suyra [, [fg|du = 0 vabat
déng thic (6.6) 1a ding, ciing ching minh tuong tu véi Jx |fIP du = 0. Do d6 chung ta cé thé gia
st cac dai lugng nay khac 0.
Ta chi y 1a néu thay f va g bang ¢ f va dg véi c,d bat ky thi bat déng thic (6.6) 1a khéng ddi
nén c6 thé gia st [y |f|Pdu = [ |f|? du = 1 trong trudng hop hai gia tri nay 12 hitu han khac 0.
Tiép theo ching ta sé chitng minh bé dé sau:
P

6.8 B dd. Vii cdc s6 thuc a va b duong va p, q nhu trén, ab < ‘; o

Chiing minh. Chu ¥ 2 s p va g déu 16n hon 1. Chia 2 vé cho b7, chiing ta dua vé chiing minh
abb=1 1
+ —

P q
2 2 tp 1 2 % . A 2~ A
bat t = ab'~7, bat dang thic trén tré thanh t < ? + 5 beé chiing minh tiép, ching ta lay dao

ab' 1 <

2 1 N x 1z
ham ctaa ham so6 ¢(t) = v + i t theo t va dugc ¢'(t) = tP~! — 1 bang 0 tai t = 1. D& thiy ham

@(t) v6i t duong dat cuc tiéu tai 1 ma ¢(1) = 0nén 0 < ¢(t). Vay b6 dé da dugc chiing minh. m

{ 5 33 — ; ._ L35 o ACII LT {CI]
Ap dung bo de cho a(x) := |f(x)| va v(x) := |g(x)[, khi d6 ta co | f(x)g(x)| < ; + p véi
moi x. Lay tich phan hai vé ta dudc | «|fgldu <1,suyra bat dang thic Holder. Truong hop hai

gia tri 6 vé phai bat déng thitc bing vo cung thi né 14 hién nhién. Vay bat dang thic Holder ludn

dung. [
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6.2 Khong gian cac ham c6 luy thtta bac p kha tich < 129

Chu ¥ rang, khi p = q = 2 ta dudc mot bat dang thic rat néi tiéng va thuong xuyén dudc st
dung.

6.9 Hé qua (Bat dang thitc Bunyakowsky - Schwarz).

[ vrslaw< ([ 12a)* ([ 1sfa)

Bat déng thitc nay c6 mét chiing minh truc tiép tuong d6i nhanh nhu sau:
Ta co [(|f| —tig))?du = [ f2du —t2 [ |fgldu + > [ g?dy > 0 v6i moi t € R. Didu dé x4y ra
khi va chi khi biét thac A" = ([ ]fg]dy)z - (f ]f|2d;1) <f ]g!zdy) <0.

6.10 Pinh ly (Bat dang thitc Minkowski). Cho 1 < p < oo, f va g la hai ham do dugc trén

(X, 7, ) thi 1 1 |
(/X|f+g|pdﬂ>? < (/lel”du); + (/Xlgl”dy)ﬁ. (6.11)

Chiing minh. Véi p = 1, bat dang thic hién nhién ding.
V6i1 < p < oo, chon g sao cho % + % = 1, ap dung bat dang thiic Holder (6.6) ching ta c6

J sl an < [ AF1IF+glr ™ dut [ Ig]1f + gl ap
<( [ an)’ ([ 1f+glv D)+
+ (/X\g!”dﬂ)’l’(/xfﬂLgl(“” dﬂ);

S)(/x‘f‘pd”);+ (A’S’pdﬂy‘(/xlfﬂLg!’”dy); do (p—1)q = p.

1
Ma 1—1/q = 1/p, chia ca hai vé trén cho thita s6 cudi (f |f —i—g\f’> !, ta dugc bat dang thic
(6.11). ]

Chu y. Néu y 1a d6 do dém trén tap X c6 dém dudc phan tit va tap cdc gid tri cia ham f trén X

1a x1,x2,...; caa ham gla yy,y», ... thi cac bat dang thiic Holder va Minkowski ¢6 dang

o o 1/ / o 1/q
Y [xiyi] < (Z \xi\p> <Z !yi|q> ,
i=1 i=1 i=1

1 1/p o 1/p o 1/p
(Dxiwv) s(z\xiwﬂ) +<z|ym) .
i=1 i=1 i=1

véip>1,1/p+1/g=1

/2.2 Khong gian L7

6.12 Dinh nghia. Cho khéng gian d6 do bat ky (X, %, ) va 1 < p < oo, ta ky hiéu L7 (X, 7, i)
hodc L”(X) 1a tap hop ctia tt ca cdc ham do dudc f trén X sao cho [ 1fIPdu < co hay f c6 luy
thuta bac p kha tich trén X.
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130 < 6. KHONG GIAN CAC HAM KHA TICH

Néu X 1a tap do dugc Lebesgue trong R¥, 11 1a d6 do Lebesgue thi L7 (X, 1) duge ky hiéu 1a L7 (X).
Trudng hop X = [a,b] C R thi ta viét 12 L?(a,b) hodc qu b’ néu X = [0,1] thi don gidn ta viét 1a
L?.

Néu nhu ta xem hai ham bang nhau h.k.n 1a dong nhat trong tap L”(X,.7, 1) thi tit bat dang
thic Minkowski (6.11) suy ra tap L?(X,.%, i) 1la m6t khong gian vects v6i cac phép toan thong

thuong vé cong ham sb va nhan ham sb véi mot s6, dong thoi né ciing 13 mét khong gian dinh

I£e=( [ 1rran)”"

Chuén ||f| trong trudng hgp nay thuong dudc ky hiéu 1a ||f||,, doc 1a "chuén LP" hodc "chuén

chuén véi chuin

p". Hién nhién ta d& dang kiém tra cac diéu kién vé chudn cta LP(X,.#, u). Cac bat ding thic
Holder va Minkowski ¢6 thé viét lai thanh || fglli < || fllplIglly va I +gll, < IIfll, + lIgly-

6.13 Dinh ly (Tinh chat day da caa L?). Cho khong gian dé do bét ky (X, Z,u) va 1l < p <
oo, (LP(X, p), || - ||p) la moét khong gian dinh chudn di (khong gian Banach).

Chitng minh. Lay {f,} 1a mot day Cauchy trong L (X, u). Trong khong gian dinh chuén bat ky,

mot day Cauchy 14 héi tu t6i cing mot giéi han véi moét day con héi tu cia né nén ta chi can

chiing minh su hoi tu ctia mét day con. Do d6 c6 thé gia thiét 1 || f,, — fx |lp < 1/2" v6i moi n va

m > n.
Dt
Ay = {x | fu(x) = fura(x)| > 1/n%}.
Khi d6 14, /1% < |fu — fas1], nén lay tich phan luy thita bac p hai vé,

u(Ay)/n? < / |fu — fapa|Pdp <27, va Zy(An) < ZnZP/Z”P < oo V0l moi n.

Vi vay v6i B, := Uy Am, B(n) | va u(B(n)) — 0 khin — oo.

V6i bat ky x ¢ N> B(n), va vi thé v6i hau hét moi x, | f,(x) — fu1(x)| < 1/n% v6i moi n du
16n. Khi d6 v6i m > n bat ky,

| fn(x) = fu(x)| < Zl/jz-
j=n

Doy, 1/j* — 0 khi n — oo nén véi x nhu vay, {f,(x)} 12 mét day Cauchy c6 gi6i han la
f(x). Véi cac x khac, tao thanh mot tap c6 do do 0, dat f(x) = 0. Khi d6 f 1a do dude. Do B dé
Fatou,

[171Pdy < tim [ 15,17 dp
n—o00

nén f € LP(X, u). Tuong tu,
J1f = fulau < tim [ 1fy = ful? dye =0
m—0o0
khi n — co, vi thé || f, — f||, — 0. n

Ti chiing minh ctia Dinh ly trén dé dang rat ra dude hé qua sau.
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6.3 Toan ti tuyén tinh < 131

6.14 Hé qua. Néu day f, la hoi tu trong khong gian LP(X, i) thi né chita mét ddy con f,, héi tu
h.k.n trong LP(X, ).

Ta con goi su hoi tu trong L? (X, 1) 12 héi tu trung binh cap p va ky hiéu f, (:p>) f dé chi su hoi
tu d6. Néu day f, hoi tu trung binh cip p téi f, ta dit B = {|f,(x) — f(x)| > e}, khi dé ta c6

J ) = f@ P dp = [ 1fu(x) = )P = [ e dp = e (B),

suy ra j(B) — 0 khi n — oo.
Nhu vay:
Mot day ham hoéi tu trung binh ciing hoi tu theo dé do.

§ 3. TOAN TU TUYEN TINH

/3.1 Khai niém va cac vi du

6.15 Pinh nghia. Cho X va Y 12 hai khong gian vecto bat ky, mot todn ti tuyén tinh tit X vao
Y 12 mot anh xa A : X — Y thoa man hai tinh chét:

1) A(x1 4 x2) = Axy + Axp v6i moi xq, x € X.

2) A(ax) = aAx v6i moi x € X va s6 a bat ky.

O day, ta viét Ax ky hiéu thay cho A(x). Hai diéu kién trén con c6 nghia 1a A 1a tuyén tinh
d6i v6i phép cong hai vects va phép nhan mot sb véi vecto. Chu ¥ ta da hoc trong dai sb tuyén
tinh, khi X va Y 1a khong gian R¥ thi A con goi 1a bién doi tuyén tinh.

Ky hiéu Im A hay mién gid tri chia tap A 12 tap tt cd y € Y sao cho ton tai x € X dé Ax = v.
R6 rang cé thé kiém tra dudc Im A 14 mot khong gian con ctia Y vi né déng véi phép cong hai

vecto va phép nhan mét s véi vecto.

Vi du 6.11. 1) Nh6 lai ring moi phép bién déi tuyén tinh A trong khong gian R déu c6 thé biéu
dién nhu sau: A(X) = TX trong d6 X 1a vecto cot k chiéu con T 1a mét ma tran vudng cap k. Ta
c6 thé mé rong két qua nay véi toan t& tuyén tinh A tit R dén R” luén dude biéu dién 6 dang:
A(X) = TX trong d6 T la ma tran m hang k cot, cac cot ctia T theo thi tu chinh 1a cac vects anh
cta k vects don vi E;, E, . .., Ej trong RF.

2) V6i X = Y = C¥[a,b] (khong gian cdc ham s6 c6 dao ham lién tuc dén cap k trén [a, b)),
Ax(t) = ap(t) + ax'(t) + - - - + axx®(t) duge goi 1a mét todn tik vi phdn, trong dé ag, ay, . .., a; 1a
nhitng ham s6 cho truéc ctia t trong C¥[a, b].

3) V6i X = Y = Cla, b],
b
Ax(t) = / K(t,5)x(s)ds

12 mot toan tit tuyén tinh, trong dé K(t,s) 1a ham sb lién tuc ctia (t,5) trong mét hinh vuéng
t,s € [a,b]. Ta con goi A la todn ti tich phdn v6i hach 1a K(t,s).
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4) Céac todn tiz khong bién moi x € X thanh vecto khong va todn tiz dong nhdt bién méi vecto

x € X thanh chinh x ciing 1a cac toan ti tuyén tinh.

6/3.2 Toan tu tuyen tinh lién tuc
Cho X va Y 1a cac khéng gian dinh chuén, toan t& tuyén tinh A ti X vao Y 1a lién tuc néu x,, — x
trong X kéo theo Ax, — Ax trong Y.

C6 thé chitng minh mét toan tit tuyén tinh bat ky tit R* vao R” 1a lién tuc do né ludn c6 thé viét
dudi dang tich mét ma tran véi vecto. Tuy nhién trong khéong gian dinh chuén bat ky, khong
phai lic nao cac toan ti tuyén tinh ciing lién tuc. Ching ta sé can mot sé6 dau hiéu dé nhan biét

khi nao né la lién tuc.
Toan ti tuyén tinh A tit X vao Y dudc goi 1a bi chin (gidi ndi) néu ton tai hang sé K sao cho

|Ax|ly < K|lx|[x (Vx € X). (6.16)

Tap S trong mot khong gian dinh chudn dudce goi 12 bi chdn néu ton tai s6 M thod méan
|x|]| < M,Vx €S.

6.17 Dinh ly. Cho A la mét todn ti tuyén tinh tit X vao Y, ta cé 4 khang dinh sau la tuong
duong:

1) Alalién tuc tai mét diém xg € X.
2) Ala lién tuc trén toan X.
3) A bién tdap bi chdn thanh tdp bi chdn.

4) Ala bi chan.

Chiing minh. 1) suy ra 2): Gia st A 1a lién tuc tai mét diém xq € X. Xét day x, — x trong X, suy
ra x, — X + xo — Xo. Theo gia thiét thi A(x, — x + xy) — Axo hay A(x, — x) — 0 (& day ta hiéu 0
la vecto khong). Vay A lién tuc trén toan X.

2) suy ra 3): Ky hiéu S(M) hay S = {x € X : ||x]|x < M}, ta sé ching minh A(S) la mét tap
bi chan. That vay néu A(S) khong bi chin, ton tai day x, € S sao cho ||Ax,||y — co. Suy ra day
Yn = Xn/||Axy||y hoi tu téi vecto khong trong X nén Ay, hdi tu t6i vecto khong trong Y. Nhung
| Ay, |ly = 1 v6i moi n, v6 ly. Vay A(S) bi chan. Néu tap G 1a bi chén thi né phai thuéc mot tap
S(M) nao d6 nén ré rang A(G) phai thudc A(S) dian dén A(G) bi chén trong Y.

3) suy ra 4): Gia sit A bién S(1) thanh mét tap bi chén tidc ton tai K sao cho ||Ax||y < K véi
moi x € S(1). Khi d6 véi x € X bat ky, |x||x'x € S(1) nén ||x||5'||Ax|ly < K hay ||Ax|y < K||x||x.
Vay A gidi noi.

4) suy ra 1): Hién nhién A lién tuc tai vecto khong trong X. n

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

6.3 Toan ti tuyén tinh < 133

6.18 Pinh nghia. S6 K > 0 nhé nhat ma thoa mén (6.16) dudc goi 1a chudn ciia todn ti tuyén
tinh lién tuc A, ky hiéu la ||A||. Ta c6:

Ax
4l = sup 15— sup jax).
X0 =1

That vay, dau bang tht nhat 1a hién nhién, ddu bang thi hai dude suy ra do

| Ax|] x
Al = sup "=k = sup [ A( = )| = sup [ Ay]
P~ SR A= e
Nhu vay ta c6 mot s6 tinh chat ctia chuén toan ti:
D [[Ax]| < [|A[l[lx[x, Vx € X.

2) Néu Vx € X, || Ax|| < K||x[|x thi [|A[| < K.

Vidu6.12. 1) Toan tit tuyén tinh A : R — R sao cho Ax = ax véi s6 a € R cho truéc 1a

lién tuc (bi chan) va ||A|| = a. Toan ti dong nhat I : X — X sao cho Ix = x 1a lién tuc véi

|I]| = 1. Hién nhién néu toan ti tuyén tinh A c6 ||A|| = 0 thi chac chan day la toan ti
khong Ax = 0.

2) Cho X = C*®[a,b] 1a khong gian cac ham c6 dao ham lién tuc tai moi cip véi chudn max-
imum: [|x| = max,c, x(¢). Toan ti dao ham Du = u’ 1a khong lién tuc, chang han ham

u(t) = e thod man Du = Au. Khi d6 ||Du||/||u|| = A ¢6 thé nhan gi4 tri 16n tuy y.

3) Toan tit tuyén tinh A tit R¥ dén R” dudc xac dinh duy nhat béi mot ma tran A cé m hang
k cot. Ta sé goi chuan Euclid ctia ma tran A 1a chuén caa toan ti A dudc tinh nhu sau:

IAll2 = sup [[Ax| hay [|A]3 = sup [Ax]?
[lx[[=1 [lx[[>=1

Tuy nhién ta da biét cach tinh cuc dai nay thong qua ham Lagrange F(A,x) = ||Ax|]? —
A(|x|> —1) = x’A’Ax — A(x’x — 1). Cac diém ditng ctia ham nay phai thod man A’Ax = Ax.
Vay x 1a mot vecto riéng va A 1a mot gia tri riéng cua A’A. Chu y A’ A la mot ma tran vudéng
déi xting x4c dinh khong am do y'A’Ay = (Ay)'Ay > 0,Vy € RF nén moi gi4 tri riéng caa
Ax|l = [Ax]] = A

= 1, titc || Al chinh 1a gia tri riéng 16n nhat cta

Allz = VA(A'A)

n6 1a khong am. Véi x 1a vectd riéng cua A’A thod man ||x|| = 1, ta ¢6
Vay gia tri 16n nhat cta || Ax||? khi | x|
A’A. Ky hiéu gia tri nay la A(A’A) ta c6

F.1. Quay lai vi du 3) 6 muc 3.1, ta cé

||Ax|| = max
te(a,b)

/bK(t,s)x(s)ds‘ < ||x|| max /ab IK(ts)|ds,

a te(a,b]

nén suy ra

b
1A] < max/ IK(t,5)|ds.
telab] Ja

Vay A 1a mét toan ti tuyén tinh lién tuc.
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/3.3 Khong gian cac toan to L(X,Y)

Ky hiéu IL(X, Y) 1a tap hop tt ca c4c toan tit tuyén tinh lién tuc tit khéng gian dinh chudn X vao
khong gian dinh chudn Y. Trong IL(X,Y) ta c6 cdc phép toan tuyén tinh nhu sau:
Téng ctia hai toan tit A va B 1a toan tit A + B sao cho

(A+B)x=Ax+Bx, VxeX,
va toan ti tich ctia mét sé a véi toan ti a 12 A thod man
(A)x = aAx, VxeX.

R6 rang céc toan ti A + B va aA ciing 1a tuyén tinh va lién tuc nén cing thude (X, Y) hay
L(X,Y) 1a mot khong gian vecto. Trong IL(X,Y), ta dinh nghia mét chuén theo cong thic (6.16)
6 muc 3.2. Khi d6 IL(X,Y) la mét khong gian dinh chudn, c6 thé dé dang kiém tra 3 tién dé vé
chuédn déu dung:

1) Néu || A|| = 0 thi kéo theo Ax = 0 v6i moi x tiic A 12 toan tit khong. Ngugc lai 1a hién nhién.

2) ||« Al = a||A|| do ||aAx|| = «||Ax|| v6i moi x.

3) A+ B[ < [|A]l + ||B]| do [|(A + B)x|| = || Ax + Bx|| < || Ax|| + || Bx|| v6i moi x.

Trong IL(X,Y) ta dinh nghia mot su Aéi tu theo chudn: Ta néi A, — A néu ||A, — A|| — 0.
Su héi tu nay khéc véi héi tu theo diém: Day toan tit A, dudc goi 1a hoi tu theo diém dén A néu
Ap,x — Ax trong Y v6i moi x € X. Ro rang su hoi tu theo chudn kéo theo su hdi tu theo diém
nhung diéu ngudc lai khong ding. Ta ciing ¢6 thé goi su hdi tu theo chuén ctia mot day toan tix

12 héi tu déu.
6.19 Dinh ly. Néu Y la khong gian dii thi IL(X,Y) ciing la khéng gian di.
Chiing minh. Gia st A, la day cd ban trong IL(X,Y). Ta c6:
[Anx = Anx|ly = [[(An = An)x]ly < [[An = Amx|[Ix]|x, (6.20)

nén véi mot x € X cho trude A, (x) la mot day co ban trong Y. Ma Y du nén A, (x) phai hoi tu téi
mot gidi han, ta dat

Ax = lim A, x.
n—oo

Véi moi ¢ > 0 ton tai sé tu nhién N sao cho |Ay — Aml|| < € v6i moi m,n > N. Khi dé6
|Anx — Apx|| < el|x|| v6i moi x, cho m — oo suy ra ||A,x — Ax|| < ¢|x||.

Dé dang kiém tra dudc A 1a toan ti tuyén tinh nén A — A, ciing 1a toan t& tuyén tinh va la
lién tuc. Vay A — A, € L(X,Y) kéo theo A € L(X,Y) va

|A, — Al <e Vn>N.

Vay A, hdi tu theo chuén téi toan tit A € L(X,Y), dinh ly dudc chiing minh xong. [
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6/3.4 Phiém ham tuyén tinh

6.21 Pinh nghia. Trong truong hgp toan tit tuyén tinh f tu khong gian vecto X vao khong gian
vecto Y, véi Y 1a tap sé thuc R hodc phic C thi f dudc goi 12 mot phiém ham tuyén tinh trén X.

Moi tinh chat ctia toan t& tuyén tinh va diu hiéu lién tuc ctia né déu ap dung dudce cho phiém
ham tuyén tinh (& day || f(x)|| = |f(x)]). Ta dinh nghia dudc chuén ciia f khi né lién tuc nhu sau:

1A = sup EO — g 1701

w0 |lxll lx]|=1

Tap cac phiém ham tuyén tinh lién tuc trén X 1la mét khéng gian dinh chuén ky hiéu 1a X*,
thuong dudc goi 1a khong gian lién hop hay khong gian déi ngdu ciia X. Do R 1a da nén khong
gian lién hop ctia bat cit khong gian dinh chuén nao ciing 1a da, theo Pinh 1y 6.19.

Vi du 6.13 (Phiém ham tuyén tinh trén R¥). Ta thiy nhu & vi du 1 ctia muc 3.1, mot phiém ham
tuyén tinh f bt ky trén R déu c6 biéu dién duéi dang:

k
f(x) =) aix; (6.22)
i=1

trong d6 x = (x1,...,x;) con a = (ay,...,a;) 1a duy nhat dng véi f. Ky hiéu f(x) = (a,x) thuong
goi la tich v6 hudng ciia hai vectd a va x.

R6 rang ¢6 mot tuong tng 1-1 gitta f € (RX)* véi a € R¥. Anh xa d6 bao toan cac phép toan
tuyén tinh va ciing bao toan chuén do

£ = lla]-

That vay theo bat dang thitc Cauchy déi véi cac s6 thuc |(a,x)| < ||a||.||x||, & day 14 chudn Euclid.
BAat déng thic dat ddu bang khi a = x nén ta suy ra dudc déng thic bao toan chuin.
Tém lai 4nh xa néi trén 12 mot ddng cau va c6 thé dong nhat (RF)* véi R, khi d6 ta néi khong

gian R¥ 1a tu lién hop (khong gian lién hop ctia né c6 thé déng nhat véi chinh né).

BAI TAP

F.1. Cho (X, || - ||) 12 mét khong gian tuyén tinh dinh chuén, chiing minh d(x,y) = M
la mo6t metric trén X.

F.2. Chitng minh trong khong gian dinh chuén X, néu x, — x thi

|| = | x]]-

F.3. C'(a,b) 12 khong gian cac ham kha vi lién tuc trén [a, b] véi chudn

IfIl = sup f(x)+ sup f'(x).

x€[a,b] x€[a,b]

Chitng minh C'(a,b) 1a mét khong gian Banach.
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F.4. Cho X 1a mot khong gian dinh chuan. Chitng minh:

F.5.

F.6.

F.7.

F.8.

F.9.

F.10.

]l < max{{lx +yll, [x —yll}, VxyeX
Trén khong gian tuyén tinh C[a, b] tat ca cac ham lién tuc trén [, b], 4nh xa:

x(t) — max |x(t)] + /ﬂb 1x(£)|dt

a<t<b
6 thé 1a mot chuén trén Cla, b] hay khong? Tai sao?

Cho X 12 mét khéng gian tuyén tinh dinh chuén, chubi ¥ x,, dudc goi 14 hoi tu tuyét déi néu

L [xn

va chi néu moi chuéi hoi tu tuyét déi déu héi tu.

12 hoi tu t6i mot gia tri hitu han trong R. Ching minh X 1a khéng gian Banach néu

Cho A la toan t& tuyén tinh ti R” vao R, trong dé chuén lay trong R™ va RF 1a chuén

max: ||x|| = max ||x;||. Hay tinh || A|| theo ma tran A.

Cho phiém ham tuyén tinh ¢ : C[0,1] — R x4c dinh béi 5(f) = f(0). Gia sit chuén trong
C[0,1] 1a chu&n max: ||f|| = max f(x), hay chiing minh ¢ 12 bi chén va tinh chuén cta toan

0<x<1

ta d.
Néu chuén trong C[0,1] dugc cho 1a chuén | f|| = fol |f(x)| dx, hay chiing minh § khong bi

chan.
0 a2
A=

trong d6 a,b > 0. Hay tinh chudn Euclid cia ma tran A.

Cho ma tran vudng cap 2

Chting minh néu T, — T trong khong gian IL(X,Y) thi T,x — Tx véi moi x € X.
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