No6i dung 6n tap Toan cao cap 3

1. Trinh bay khai niem dai s6 va o-dai s, kiém tra xem mot 16p tap hgp c6 1a dai s6 hoac
o-dai s6 khong? Chiing minh mot 16p tap hop 1a o-dai s6 sinh bdi mot 16p tap hop ban

dau.

(a)
(b)

()
(d)

Bai tap

Phat biéu dinh nghia o-dai s6 va o-dai s6 sinh bdi 16p cac tap hgp con o ctia tap X.

X ={0,1,2,3}. Chiing minh réng dai s6 sinh béi 16p {{0,1},{1,2,3}} 1a

o = {0,{0}, {1}, 12,3}, {0, 1},{0,2, 3}, {1,2,3}, X }.

Goi o7 13 16p tat ca cac tap con A C X ma 1 trong hai tap A hay A€ 1a hitu han hosic dém
duge. Chitng minh &7 13 mot o-dai s6.

Cho X la mot tap vo han va . 1a 16p cac tap chi gom mot phan tit trong X . Chitng minh
o-dai s6 sinh béi .# 13 16p tat ca cac tap con A C X ma 1 trong hai tap A hay A€ 1a hitu
han hoic dém dugc.

2. Dinh nghia vé do do, chiing minh cic tinh chat cia do do.

Bai tap

Phét biéu khai niem do do trén mot khong gian do duge (X, 7).
Mot do do p xac dinh trén [0, 1] thod man

1 1
pl0,1) = 0.8;u[5,1) = 0.3; u[5, 1] = 0.2.

Hay tinh p([0,1]) va p{1}.
Cho khong gian do do (X, .%, u), Hay chting minh :
i) u(A\ B) = p(A) — pu(B) véimoi A,B € .F va B C A, u(B) < +o0;
i) w(B) < p(A) véimoi A, B € # va B C A,
iii) u(AUB) = pu(A\ B) = u(A) véi moi A, B € % thoa man u(B) = 0;
Trong khong gian do do (X,.%, u), tap X c6 do do 1, chitng minh rdng néu Ay, As 1 cac
tap c6 do do 0 thi A = A§ N AS§ ciing 1a tap do duge. Do do ciia tap nay bang bao nhieu?
Tim céc vi du dé chiing té:
i. hop khong dém dugce cac tap c¢6 do do khong co thé c6 do do duong;
ii. giao khong dém dugc cac tap ¢6 do do 1 ¢6 thé c6 do do khong.
Cho khong gian do do (X,.#, ), khi d6 ta co:
i. V6i moi ho dém duge A; € Z(i =1,2,...) (khong can rdi nhau) ta c6

p(Ua) <3
=1 1=1

ii. V6i moi ho dém duge A; € (i =1,2,...) (khong can roi nhau) ta c6

() 40) = a0}
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iii. Néuday A; € Z (i =1,2,...) la don dieu tang tic A; C Ay C ... thi

(UA) = lim p(A;).

(g) Cho £ la o-dai 6 trén R thod man (a,b) € % v6i moi a < b € R. Ching minh [a, b); (a,b] €
P véimoia<beR.

3. Do do Lebesgue - Stieltjes trén R.
Bai tap

(a) Cho ham s6

—2mnéut <0,
—1néul<t<2,
2néu 2 <t<3,
3néut >3,

F(t) =

Hay tim do do Lebesgue-Stieltjes cdm sinh bdéi cac ham dé6 cta cac tap sau:
(—OO, 1] [373] (37 OO)

4. Hoi tu theo do do va hoi tu hkn.
Bai tap
(a) Phat biéu khai niém hoi tu theo do do.
(b) Vé6i p 1a do do di, hay ching minh: Néu f,,(z) & f(z) v f(x) = g(z) (hkn) thi f,(z) &
9(x) (hkn).
(¢) Ching minh néu f,(z) & f(z) va fu(z) 5 g(2) thi f(z) = g(z) (hkn

(hkn).
(d) Chitng minh néu fo(z) % 7(2) 2 ga(2) % g(z) thi fa(z) + ga(x) 5 [(2) + 9(a).
(e) Cho day ham f, (n=1,2,...) do dugc khong am trong (X,.%, ). Chiing minh rang néu
Jx fndp — 0 thi f, — 0 theo do do p.

5. Ham do dudc va cac phép toan bao toan tinh do duge. Chitng minh mat ham s6 1a do
dugc.

Bai tap

(a) Phat biéu khai niém ham do dugc.
(b) Cho X = [0, 1] va o-dai s6 sau xac dinh trén X:

o ={0,0,5).[5.1),{1},[0,1),[0,3) U {1}, [5, 1], X }.

Hay kiém tra xem cac ham s6 sau c¢6 do duge khong ?
i) fi() =1 1+ 211 ii) f2(x) = 1j1) + 2.141)
iii) f3(x) = 3.1 1) — Ly W) fa(w) = 2.1 1) + 11y

_ ) f(z) méuf(z)<1
file) = {1 néu f(z) > 1.

¢6 do dugce trén X khong? Tai sao?
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6. Tinh tich phan Lebesgue.

Bai tap

() Tinh f(@) = [ (E)dm.

[0.10]
(b) Tinh f(z) = [ (2z)dm.

[0,2]
(¢c) Tinh f(z) = [ (sinz)dm.

[0,27]
(d) Cho ham s6 f(z) = n néu x € [5, 5-05) va bing —n néu = € [51, 37.05). Ching minh

rang khong ton tai [ f(z)dm.

(0,1]

7. Céc Dinh 1y hoi tu don diéu va Dinh 1y héi tu bi chian cho tich phan cia ham do dugc
cting nhu ham do dugc khong am.

Bai tap

(a) Phat biéu dinh ly hoi tu don diéu d6i v6i ham do duge bat ky.
(b) Phét biéu dinh 1y hoi tu bi chan (troi) déi véi ham do duge bat ky.
(c) Cho day ham fp(z) = 1ppey R =R vsin=1,2,....

i. Hay tim lim f,(x).
n—oo
ii. Ching minh rang nh_{goﬂ{fn(w)dm # JLH;oR{f”(x)dm
iii. Giai thich xem gia thiét ndo trong dinh ly hoi tu don diéu ciing nhu trong dinh 1y hoi
tu troi khong duge thod man trong trucng hop nay.
(d) Cho fn := 1jg,)/n. Héi 6 ton tai ham g khé tich (d6i v6i do do Lebesgue) ma thod man

g(x) > fn(z) v6i moi n € N,z € R?
(e) Gid st f la ham s6 khong bi chan, kha tich Lebesgue trén (X, %, u). Dat

= {f néu |f| < n,

0 néu|f] > n.
Chitng minh rang [ fdp = lim, oo [ [flndp.

8. Tinh tich phan Stieljes va tich phan Lebesgue bang tich phan Stieltjes.
Bai tap
(a) Cho ham sb sau xac dinh trén [0, 1]:

x, x vo ti,xl/4
flx)=< =, xzvotizl/4
10, z€Q.
Tinh tich phan Lebesgue [ f(z)dm.
[0,1]
(b) Cho ham s6 sau x4c dinh trén R:

t% néu t < —2,
Hit)=<t+3 néu —2<t<2,
6 —e>t néut>2,
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hay tinh
2
i. tich phan Stieltjes [ t?dH;
=3
ii. tich phan Lebesgue [ fdu v6i ham f do duge trén (X,.#,pu) c6 H(t) 1a ham phan
X
phoi.
(c) Cho cac ham s6
0 néus<Oo,

F(s)=<s néul<s<l,

2 néus>1

va ham
0 néu t <0,
G(t) = {5t+1 fut>0
T neut >
Hay tinh

i. tich phan Lebesgue [ fdup véi ham f do duge nhan F' lam ham phan phdi;
X

ii. tich phan Lebesgue [(g+ 1)2dpg v6i ham g do duge nhan G lam ham phan phoi;
X
2

iii. tich phan Stieltjes [ G(t)dF;
0

2
iv. tich phan Stieltjes [ F(¢)dG.
0

9. Dinh nghia va cac vi du vé khong gian metric, sy hoi tu trong khong gian metric.

Bai tap

(a) Phat biéu dinh nghia vé metric.

(b) Cho mot vi du vé metric trong khong gian R3 va gidi thich.

(c) Phat bidu dinh nghia metric d,, va ds trong RE.

(d) Chiing minh rang mot ham d: X x X — R thod mén cac diéu kién v6i moi z,y, z € X:
L. d(xvy) = d(y,x),
2. d(x,2) < d(z,y) + d(y, 2).
3.d(z,y) =0 =1y,
ciing sé thod méan diéu kien d(x,y) > 0,Vzr,y € X.

(e) Chitng minh bat ding thitc ti gidc trong khong gian metric (X, d): |d(x,y) — d(u,v)| <
d(z,u) + d(y,v), Vo, y,u,v € X.

(f) Chitng minh trong khong gian metric (X, d), néu x, — x va y, — y thi d(z,,y,) — d(z,y)
(ham s6 d(z,y) 14 ham lién tuc theo ca hai bién).

(g) Chiing minh bat ding thitc tam gidc d6i v6i metric do, trong khong gian R¥.

10. Tap dong va tap mé trong khong gian metric.

Bai tap

(a) Cho khong gian metric (X, d) ching minh tap A C X la tap dong khi va chi khi A = [A4].

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

(b) Trén R? hay chitng minh tap md trong (R2, dy) ciing 1a tap mé trong (R?, ds) va ngudc lai.
(c) Chitng minh hinh vuong don vi (0,1) x (0,1) 14 tap md trong khong gian (R?, dy).
(d) Chitng minh tron tam (0,0) ban kinh 1 14 tap md trong khong gian (R?, d).

11. Khai niém vé khong gian du.
Bai tap

(a) Chtng minh trong khong gian R, d(z,y) = | — y| & mot metric va khong gian metric nay
1a khong day du.

b
(b) Ching minh khong gian C[ﬁ p) cac ham lien tuc tren [a, b] v6i metric d(z,y) = / |z(t) —
y(t)| dt khong 1a day du.

12. Ham lién tuc trén khong gian metric, tinh chat ctia ham lién tuc trong khong gian metric
compact.

Bai tap

(a) Hay phat biéu ba diéu kién tuong duong dé khong gian metric (X, d) 1a compact.

(b) Thita nhan két qua & trén, hay chitng minh mot tap déng va bi chan trong (R¥, dy) 1a tap
compact.

(c) Ching minh tap hgp A = {(z,y) € R? : 22 + 3y < 10;z > 0;y > 0} la tap compact trong
(R2, dy).

(d) Cho (X,d) 1a mot khong gian metric, a € X ¢6 dinh va dinh nghia ham s6 f: X — R 1a
f(z) = d(x,a). Ching minh f la lién tuc (metric trong R la metric thong thuong).

(e) Cho (X,dx), (Y,dy) va (Z,dz) la cac khong gian metricva f: X =Y, g:Y — Z la cac
ham lién tuc, hay chitng minh ham hgp

h=gof:X—>2Z7

tic 1a h(z) = g(f(z)), Ve € X ciing lien tyc.

(f) Chitng minh néu f 14 ham lién tuc tit khong gian metric (X, d) vao R va A 14 tap compact
trong X thi ton tai zg,y0 € A sao cho f(xg) 1a gid tri cyc dai ctia f trén A, f(yo) 1a gia
tri cuc tiéu cta f trén A.
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