esson 5: Producer Behavior

1. Technology
2. Costs
3. Costs minimization


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Technologies

¢ A technology is a process by which
Inputs are converted to an output.

¢ E.g. labor, a computer, a projector,
electricity, and software are being
combined to produce this lecture.
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Technologies

¢ Usually several technologies will
oroduce the same product -- a
olackboard and chalk can be used
Instead of a computer and a
projector.

¢ Which technology is “best”?
¢ How do we compare technologies?
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Input Bundles

¢ X. denotes the amount used of input I;
l.e. the level of input I.

¢ An input bundle is a vector of the
Input levels;  (Xy, X5y «vv 5 X,)-

¢ E.g. (X4, X,, X3) = (6, 0, 9:3).
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Production Functions

¢y denotes the output level.

¢ The technology’s production
function states the maximum amount
of output possible from an input
bundle.

y=1(X1,A ,Xp)
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Production Functions
One input, one output

Output Level y = f(x) is the

y!

production
function.

vy’ = f(x’) is the maximal
i output level obtainable
' from X’ input units.

Y

Input Level
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Technology Sets

¢ A production plan is an input bundle
and an output level; (X4, ... , X, Y).

¢ A production plan iIs feasible if

y <f(X1,A Xp)

¢ The collection of all feasible
production plans is the technology set.
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Technology Sets

One input, one output

Output Level y = f(x) is the
A production
y’ function.

y”

—————————————— y’ = f(x’) is the maximal
output level obtainable
from x’ input units.

_____________ ® Yy’ =1f(x’) is an output level

. that is feasible from X’
. input units.

X’ X
Input Level

.
>
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Technology Sets

The technology set Is

T={(X1,A ,Xpn,y) |y =f(Xq,A ,X,) and
X1 2 0,K ,x, =0}
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Technology Sets
One input, one output

Output Level

The technology
set

Y

Input Level
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Technology Sets

One input, one output

Output Level

y!

y!!

—

Technically
" Inefficient

. plans

Technically
efficient plans

The technology
set

x!
Input Level

Y
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Technologies with Multiple Inputs

¢ What does a technology look like
when there is more than one input?

¢ The two Input case: Input levels are
X, and X,. Output level isy.

¢ Suppose the production function is

1/3,1
y =f(xq,xp) = 2x3"°x 3.


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Technologies with Multiple Inputs

¢ E.g. the maximal output level
possible from the input bundle
(X4, X5) = (1, 8) Is

y=2x%/3X%/3=2x11/3x81/3=2><1><2=4.

¢ And the maximal output level
possible from (x,,x,) = (8,8) Is

y=2x1"3x33 = 2x 83« 813 = 2x2x2=8.
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Technologies with Multiple Inputs



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Technologies with Multiple Inputs

¢ The y output unit isoquant is the set
of all input bundles that yield at most
the same output level y.
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Isoquants with Two Variable Inputs

Xo
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Isoquants with Two Variable Inputs

¢ Isoquants can be graphed by adding
an output level axis and displaying
each isoquant at the height of the
iIsoquant’s output level.
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Isoquants with Two Variable Inputs
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Isoquants with Two Variable Inputs

¢ More isoquants tell us more about
the technology.
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Isoquants with Two Variable Inputs

Xo



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Isoquants with Two Variable Inputs

Output, y
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Technologies with Multiple Inputs

¢ The complete collection of iIsogquants
IS the Isogquant map.

¢ The iIsoquant map Is equivalent to
the production function -- each Is the
other.
1/3.,1/3
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Technologies with Multiple Inputs

Xo
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Technologies with Multiple Inputs
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Technologies with Multiple Inputs
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Technologies with Multiple Inputs
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Technologies with Multiple Inputs
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Technologies with Multiple Inputs
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Technologies with Multiple Inputs
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Technologies with Multiple Inputs
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Technologies with Multiple Inputs
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Technologies with Multiple Inputs
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Technologies with Multiple Inputs
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Technologies with Multiple Inputs
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Technologies with Multiple Inputs
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Technologies with Multiple Inputs
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Technologies with Multiple Inputs
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Technologies with Multiple Inputs



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Cobb-Douglas Technologies

¢ A Cobb-Douglas production function
IS of the form

y = AXZIX52xA x X"

¢E.Q. 1/3.1/3
y=X1 X2
With 1 1
n=2,A=1,a1=§anda2=§.
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Cobb-Douglas Technologies

X2

All isoquants are hyperbolic,
asymptoting to, but never
touching any axis.

x 22
=X

\'>y' y 1 2
a

X11x52 =y’
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Fixed-Proportions Technologies

¢ A fixed-proportions production
function is of the form

y = min{a{Xq,a8sX9,A ,anXp}.

¢E.Q. .
¥y =min{xy,2x2}
with
n=2,a;=1 and ajp =2
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Fixed-Proportions Technologies

X, y = min{x1,2X5}

Xy = 2%,

min{x,,2x,} = 14
min{x,,2X,} = 8
— mMin{X,2x,} =4

4 8 14 X4
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Perfect-Substitutes Technologies

¢ A perfect-substitutes production
function is of the form

y=a1X1+asXo+A +ayXp.

¢E.Q.
Yy = X1+ 3X>5
with
n=2,a;=1 and aj=3.
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Perfect-Substitution Technologies

y =Xq+ 3X>9
X2

X, +3X, =18

X1 ¥ 3X, =36

Kx1+3x2:48
A

Il are linear and parallel
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Marginal (Physical) Products

y =f(xXq1,A ,Xp)

¢ The marginal product of input i Is the
rate-of-change of the output level as
the level of input i changes, holding
all other inputdevels fixed.

That is,
¢ That is |\/|Pi=é,y
O X;
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Marginal (Physical) Products

E.qg. If
y = f(x1,x2) = x1" x5

then the marginal product of input 1 is

MP; = 228 123,213

§X1 3
and the marginal product of input 2 Is

MP, = oy _ EX%BXEUB_

0”X2 3
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Marginal (Physical) Products

Typically the marginal product of one
Input depends upon the amount used of
other inputs. E.g. If

1 _
MP]_ = §X1 2/3X%/3 then,

. 1. — 4 _
x,=8, MPL= X 2/3g2/3 _ 4,213

3
and If x, =27 then

MP; = éXI2/3272/3 _ 3x72/3,
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Marginal (Physical) Products

¢ The marginal product of input i is
diminishing if it becomes smaller as
the level of input I Increases. That is,

If
OMP; g ( 2y 52y<0
X OX;\ IX;

ﬁx
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Marginal (Physical) Products

E.g. if y=x%/3x%/3 then

1 _ 2 _
I\/”:)1=3X12/3X%/3 and |\/|P2=3X%/3X21/3

SO é’MP1= 2 —5/3X%/3<O

ﬁXl 0
and
OMP, _ 2,113,413
5X2 o)

Both marginal products are diminishing.
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Returns-to-Scale

¢ Marginal products describe the
change in output level as a single
input level changes.

¢ Returns-to-scale describes how the
output level changes as all input
levels change in direct proportion
(e.g. all input levels doubled, or
halved).
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Returns-to-Scale

If, for any input bundle (X4,...,X,),
f(kxq,kxo,A kKXn)=kf(X1,X2,A ,Xp)

then the technology described by the
production function f exhibits constant
returns-to-scale.

E.g. (k = 2) doubling all input levels
doubles the output level.
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Returns-to-Scale
One input, one output

Output Level
y =1(x)

Constant
Vi ' returns-to-scale

Input Level
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Returns-to-Scale

If, for any input bundle (X4,...,X,),

f(kxq,kxo,A KXpn) <Kf(X1,X2,A ,Xp)

then the technology exhibits diminishing
returns-to-scale.

E.g. (k = 2) doubling all input levels less
than doubles the output level.
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Returns-to-Scale
One input, one output

Output Level

2f(x’)
f(2x)
f(x’)

____________ y = f(x)

Decreasing
returns-to-scale

X’ 2X’
Input Level

Y
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Returns-to-Scale

If, for any input bundle (X4,...,X,),

f(kxq,kxo,A KXpn)>Kf(X1,X2,A ,Xp)

then the technology exhibits increasing
returns-to-scale.

E.g. (k = 2) doubling all input levels
more than doubles the output level.
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Returns-to-Scale
One input, one output
Outpu} Level

Increasing

returns-to-scale
f(2X°) |- - -

y =1(x)

2f(X’) |- ------- e Ao
f(xX’)F---------=5

X’ 2X’
Input Level

Y
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Returns-to-Scale

¢ A single technology can ‘locally’
exhibit different returns-to-scale.
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Returns-to-Scale
One input, one output

Output Level

Increasing y =)

returns-to-scale

Decreasing
returns-to-scale

.
>

X
Input Level
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Examples of Returns-to-Scale

The perfect-substitutes production
function Is
y=aiX1+asXo+A +ayXp.

Expand all input levels proportionately

by k. The output level becomes
al(kx1)+a2(kx2)+A + Ap (an)

=k(aixy+asXxo+A +apXp)

= Kky.
The perfect-substitutes production
function exhibits constant returns-to-scale.
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Examples of Returns-to-Scale

The perfect-complements production

function is
y = min{a{Xq1,asX2, A ,anXp}-

Expand all input levels proportionately

by k. The output level becomes
min{az (kxz),az(kx2), A ,an (KXp)}

=k(min{aiXq,asX2, A ,anXn})

= Kky.
The perfect-complements production
function exhibits constant returns-to-scale.
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Examples of Returns-to-Scale

The Cobb-Douglas production function is
y = x?lxgz A Xan.
Expand all input levels proportionately
by k. The output level becomes
(kx1)% (kx2)#2A (kxp)en
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Examples of Returns-to-Scale

The Cobb-Douglas production function is
y = x11x22A Xan .
Expand all input levels proportionately
by k. The output level becomes
(kx1)% (kx2)*2A (kxp)on

= kK2 A kxR 32 A % @n

(a1+a2+A +a”x?1X22A Xﬁ”

— a1tA +any.
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Examples of Returns-to-Scale

The Cobb-Douglas production function is
y = x11x22A Xan .

(kx1)21 (kx2)#2A (kxp)®n =k31+A +any,

The Cobb-Douglas technology’s returns-
to-scale is

constant ifoa;+...+a, =1
increasing-if a;+...+a, >1
decreasing If a,+...+a, <1,
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Returns-to-Scale

¢ Q: Can atechnology exhibit
Increasing returns-to-scale even
though all of its marginal products
are diminishing?
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Returns-to-Scale

¢ Q: Can atechnology exhibit
Increasing returns-to-scale even if all
of its marginal products are
diminishing?

¢ A: Yes.

oEg. y= x%/?’xgm.
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Returns-to-Scale

213,213 a
y =X X5 =Xx71X5

4 . _
aitaz=,> 1 so this technology exhibits
Increasing returns-to-scale.

2 _ L.
But MP; = 3xll/?’xgl?’ diminishes as X,
Increases and
% _ L.
MP, = Bxf/?’lel3 diminishes as X,

Increases.
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Returns-to-Scale

¢ So atechnology can exhibit
Increasing returns-to-scale even if all
of its marginal products are
diminishing. Why?
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Returns-to-Scale

¢ A marginal product is the rate-of-
change of output as one input level
Increases, holding all other input
levels fixed.

¢ Marginal product diminishes
because the other input levels are
fixed, so the increasing input’s units
have each less and less of other
iInputs with which to work.
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Returns-to-Scale

¢ When all input levels are increased
proportionately, there need be no
diminution of marginal products
since each input will always have the
same amount of other inputs with
which to work. Input productivities
need not fall and so returns-to-scale
can be constant or increasing.
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Technical Rate-of-Substitution

¢ At what rate can a firm substitute one
input for another without changing
Its output level?
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Technical Rate-of-Substitution

The slope iIs the rate at which
Input 2 must be given up as
input 1’s level is increased so as
not to change the output level.
The slope of an isoquant Is Its

technical rate-of-substitution.
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Technical Rate-of-Substitution

& How Is atechnical rate-of-substitution
computed?
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Technical Rate-of-Substitution

& How Is atechnical rate-of-substitution
computed?

¢ The production function is Y = T(X1,X2).

¢ A small change (dx,, dx,) in the input
bundle causes a change to the output

level of
oy oy
dv = —2-dxq1 + —2-dX».
y 0”X1 1 5X2 2
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Technical Rate-of-Substitution

oy oy
dv = —2-dxq1 + —2-dX».
y 0”X1 1 ﬁXz 2

But dy = 0 since there is to be no change
to the output level, so the changes dx;
and dx, to the input levels must satisfy

0= ﬂdxl + ﬂdxz.
ﬁXl é’XZ
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Technical Rate-of-Substitution
0= o”y dX1+ﬂdX2
é’Xl ﬁXZ
rearranges to
a"y dX ﬂy Xm
5X2 5X1
SO dxp _dyldxy
Xm o”y/a"xz
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Technical Rate-of-Substitution

dﬁ= 5y/§x1
Xm ﬁy/ﬁxz

IS the rate at which input 2 must be given
up as input 1 increases so as to keep
the output level constant. It is the slope
of the iIsoquant.
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Technical Rate-of-Substitution: A
Cobb-Douglas Example

b
y =f(X1,X2) = X{X3

so gy =ax‘i‘_1x2 and 9y bX?XB_l-
0"X1 0”X2

The technical rate-of-substitution is

dﬁ_ 5y/5X1_ aX]_ -1 b_ axo
dx;  9yldxy  pxx871  bxg
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Technical Rate-of-Substitution: A

Cobb-Douglas Example

X
; y=x%/3x%/3; a=:13andb=:23

axo (1/3)X2 X9

TRS = =
le (2/3)X1 2X1

\\ TRS=_%2 __ 8 __4
81--\-- 2X1 2% 4
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Technical Rate-of-Substitution: A

Cobb-Douglas Example

X
; y=x%/3x%/3; a=:13andb=:23

axo (1/3)X2 X9

TRS = =
(2/3)X1 2X1
___6 __1
2x12 4
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Well-Behaved Technologies

¢ A well-behaved technology Is
®monotonic, and
@convex.
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Well-Behaved Technologies -
Monotonicity

¢ Monotonicity: More of any input
generates more output.

\ yA

monotonic
Nnot
monotonic

) X
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Well-Behaved Technologies -
Convexity

¢ Convexity: If the input bundles X’
and x”’ both provide y units of output
then the mixture tx’ + (1-t)x”
provides at least y units of output,
forany 0 <t <1.
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Well-Behaved Technologies -

Convexity
X, |
X
(tx'l +(1=t)Xq, tXo + (1— t)Xlzl)
S yE}OO
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Well-Behaved Technologies -

Convexity
X,
X -
(tx'l +(1- t)xlll, tx'2 +(1- t)xlz')
Kof e y=100
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Well-Behaved Technologies -
Convexity

X5 1 Convexity implies that the TRS
Increases (becomes less
negative) as X, Increases.
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Well-Behaved Technologies

X, ! higher output

y=200
N L
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The Long-Run and the Short-Runs

¢ The long-run is the circumstance In
which a firm is unrestricted in Its
choice of all input levels.

¢ There are many possible short-runs.

& A short-run IS a circumstance In
which a firm iIs restricted In some
way In its choice of at least one input
level.
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The Long-Run and the Short-Runs

¢ Examples of restrictions that place a
firm Into a short-run:

®temporarily being unable to install,
or remove, machinery

®being required by law to meet
affirmative action quotas

®having to meet domestic content
regulations.
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The Long-Run and the Short-Runs

¢ A useful way to think of the long-run
IS that the firm can choose as it
pleases in which short-run
circumstance to be.
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The Long-Run and the Short-Runs

¢ What do short-run restrictions imply
for a firm’s technology?

¢ Suppose the short-run restriction is
fixing the level of input 2.

¢ Input 2 is thus a fixed input in the
short-run. Input 1 remains variable.
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The Long-Run and the Short-Runs

X2
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The Long-Run and the Short-Runs

=10
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The Long-Run and the Short-Runs

=10
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The Long-Run and the Short-Runs
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The Long-Run and the Short-Runs
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The Long-Run and the Short-Runs
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The Long-Run and the Short-Runs

Four short-run production functions.
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The Long-Run and the Short-Runs

1/3,1/3 . .
Yy=X1 X2 isthelong-run production

function (both x, and x, are variable).

The short-run production function when

X;=1is  y=xl/811/3 _,1/3

The short-run production function when
X, =101is vy =xi/310Y3 = 2.15x7/3.
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The Long-Run and the Short-Runs

Four short-run production functions.
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2. Cost Curves
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Types of Cost Curves

¢ A total cost curve is the graph of a
firm’s total cost function.

¢ A variable cost curve is the graph of
a firm’s variable cost function.

¢ An average total cost curve is the
graph of a firm’s average total cost
function.
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Types of Cost Curves

¢ An average variable cost curve is the
graph of a firm’s average variable
cost function.

¢ An average fixed cost curve Is the
graph of a firm’s average fixed cost
function.

¢ A marginal cost curve is the graph of
a firm’s marginal cost function.
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Types of Cost Curves

& How are these cost curves related to
each other?

¢ How are a firm’s long-run and short-
run cost curves related?
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Fixed, Variable & Total Cost Functions

¢ F Is the total cost to a firm of its short-
run fixed inputs. F, the firm’s fixed
cost, does not vary with the firm’s
output level.

¢C, (y)Is the total cost to a firm of its
variable inputs when producing y
output units. c,(y) is the firm’s variable
cost function.

¢c, (y) depends upon the levels of the
fixed Inputs.
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Fixed, Variable & Total Cost Functions

¢ c(y) is the total cost of all inputs,
fixed and variable, when producing y
output units. c(y) is the firm’s total
cost function:

c(y)=F+cy(y)
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c(y)=F+cy(y)
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Av. Fixed, Av. Variable & Av. Total
Cost Curves

¢ The firm’s total cost function is
C&’? = %s"' Cy Fyl)
Fory > 0, the firm’s average total
cost function |

AC(y) e ?_: + CV (y)
y y

= AFC(y) + AVC(y).
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Av. Fixed, Av. Variable & Av. Total
Cost Curves

¢ What does an average fixed cost
curve look like? 2

AFC(y) =
%

¢ AFC(y) Is arectangular hyperbola so
its graph looks like ...
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Av. Fixed, Av. Variable & Av. Total
Cost Curves

¢ In a short-run with a fixed amount of
at least one input, the Law of
Diminishing (Marginal) Returns must
apply, causing the firm’s average
variable cost of production to
Increase eventually.
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Av. Fixed, Av. Variable & Av. Total
Cost Curves

¢And ATC(y) = AFC(y) + AVC(y)
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Marginal Cost Function

¢ Marginal cost is the rate-of-change of
variable production cost as the
output level changes. That is,

Mc(y)= 2.
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Marginal Cost Function

¢ The firn&sySoLa c_lcgsétvft%ction IS

and the fixed cost F does not change

with the outpué level y, 58
C C
oy oY

¢ MC Is the slope of both the variable
cost and the total cost functions.
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Marginal and Variable Cost Functions

¢ Since MC(y) Is the derivative of c,(y),
c,(y) must be the integral of MC(y).
That Is, MC(y) o 0 Cy (y)

— L }/I\/IC(z)dz.
0
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Marginal and Variable Cost Functions

4

y
cy(y') = (j)I\/IC(z)dz

A

Area Is the variable

cost of making y’ units

Y
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Marginal & Average Cost Functions

¢ How is marginal cost related to
average variable cost?
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Marginal & Average Cost Functions
AVC(y) — CV (y) |

y
0 AVC(y) _yxMC(y)-1xcy(y)
oy y2
o AVC(y)> >
5 ) Z yx MC(y)=cy(y).
y < <
8 AVC(y)~

Z ey (y)
MC(y)="Y""7 = AVC(y).
oy < (Y)< y (Y)
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Marginal & Average Cost Functions

0 AVC(y) i MC(y) z AVC(Y).

oy <« <
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0 AVC(Y) <0

MC(y) < AVC(Yy) =
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dAVC(Y) _

MC(y)> AVC(y) =
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d AVC(y) _

0
C(y) = AVC(y) =
M

oy
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d AVC(y) _

0
C(y) = AVC(y) =
M

oy
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Marginal & Average Cost Functions
aTc(y) =Y

8 ATC(y) _ yx MC(y) - 1x c(y)

oy y?
> >
0 A;'C(Y) _ y x MC(y)=c(y).
y < <
o ATC(Y)i MC(y) i c(y) = ATC(y).

oy < <y
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OATCHYZy  Mc(y)ZATC(Y)

0y < <
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Marginal & Average Cost Functions

& The short-run MC curve intersects
the short-run AVC curve from below
at the AVC curve’s minimum.

¢ And, similarly, the short-run MC
curve intersects the short-run ATC
curve from below at the ATC curve’s
minimum.
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Short-Run & Long-Run Total Cost
Curves

¢ A firm has a different short-run total
cost curve for each possible short-
run circumstance.

¢ Suppose the firm can be in one of
just three short-runs;
X, =X,
OI' X2 — X2H X2I < X2H < XZ'"-
or X, = X,
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F' = wyX,' Cs(yixz)

F” — W2X?" | .
Cs(Y:X5")

F,,

I:I
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F' = WX, Cs(Y;X,')

r — r’
= W)X,

rryr — rry
= WyX5 .
C.(Y:X5")

- ? / Cs(Y;X,"")
F /

FI
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Short-Run & Long-Run Total Cost
Curves

& The firm has three short-run total
coSst curves.

¢ In the long-run the firm is free to
choose amongst these three since it
IS free to select x, equal to any of x./,
X,'", or X,'"".

¢ How does the firm make this choice?
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I:HI
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FI
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Cs(Y;%,)

Cs(Y;x,")

- c(y), the
- firm’s long-
. run total

£ i . coSst curve.
_
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Short-Run & Long-Run Total Cost
Curves

¢ The firm’s long-run total cost curve
consists of the lowest parts of the
short-run total cost curves. The
long-run total cost curve is the lower
envelope of the short-run total cost
curves.
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Short-Run & Long-Run Total Cost
Curves

¢ If input 2 is available in continuous
amounts then there is an infinity of
short-run total cost curves but the
long-run total cost curve is still the

lower envelope of all of the short-run
total cost curves.
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Cs(Y;%,)

Cs(Y;%,")
c(y)
Cs(Y:iXo"") / C
' ///
=
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Short-Run & Long-Run Average Total
Cost Curves

¢ For any output level y, the long-run
total cost curve always gives the lowest
possible total production cost.

¢ Therefore, the long-run av. total cost
curve must always give the lowest
possible av. total production cost.

¢ The long-run av. total cost curve must
be the lower envelope of all of the
firm’s short-run av. total cost curves.
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Short-Run & Long-Run Average Total
Cost Curves

¢ E.g. suppose again that the firm can
be in one of just three short-runs;

X, = X5
OI’ X2 — X2H (XZI < XZH < XZIH)
or X, =X,

then the firm’s three short-run
average total cost curves are ...
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AC,(Y;x,")
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Short-Run & Long-Run Average Total
Cost Curves

¢ The firm’s long-run average total
cost curve is the lower envelope of
the short-run average total cost
curves ...
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AC,(Yy;x,")

AC,(y;X,')

/Acs(y;xz">

AC(y)

/



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Short-Run & Long-Run Marginal Cost
Curves

¢ Q: Is the long-run marginal cost
curve the lower envelope of the
firm’s short-run marginal cost
curves?
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Short-Run & Long-Run Marginal Cost
Curves

¢ Q: Is the long-run marginal cost
curve the lower envelope of the
firm’s short-run marginal cost
curves?

¢ A: No.
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Short-Run & Long-Run Marginal Cost
Curves

¢ The firm’s three short-run average
total cost curves are ...
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MC,(y;x,")  MCq(y;X,")
ACs(y;XZ,")

.‘//

o —

AC,(Y;X,')
AC,(Y;x,")

MC(Y;X5"")
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MC,(y;x,")  MCq(y;X,")
ACs(y;XZ,")

AC,(Y;X,')
AC,(Y;x,")

AC(y)

MC(Y;X5"")
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MC,(y;x,")  MCq(y;X,")

ACs(y;XZ,H)

AC,(Y;X,')
AC,(Y;x,")

>
[

| P I » -

L o ol AC(y)

W - MC(y;x,"")
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MC,(y;x,")  MCq(y;X,")
ACs(y;XZ,")

AC,(Y;X,')
AC,(Y;x,")

.

/ MC(y;x,"')

MC(y), the long-run marginal
cost curve.
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Short-Run & Long-Run Marginal Cost
Curves

¢ For any output level y > 0, the long-
run marginal cost of production is
the marginal cost of production for
the short-run chosen by the firm.
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MC,(y;x,")  MCq(y;X,")
ACs(y;XZ,")

AC,(Y;X,')
AC,(Y;x,")

.

/ MC(y;x,"')

MC(y), the long-run marginal
cost curve.
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Short-Run & Long-Run Marginal Cost
Curves

¢ For any output level y > 0, the long-
run marginal cost is the marginal
cost for the short-run chosen by the
firm.

¢ This Is always true, no matter how
many and which short-run
circumstances exist for the firm.
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Short-Run & Long-Run Marginal Cost
Curves

¢ For any output level y > 0, the long-
run marginal cost is the marginal
cost for the short-run chosen by the
firm.

¢ So for the continuous case, where x,
can be fixed at any value of zero or
more, the relationship between the
long-run marginal cost and all of the
short-run marginal costs is ...
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Short-Run & Long-Run Marginal Cost
Curves
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Short-Run & Long-Run Marginal Cost
Curves

[\ |
. \ !/ AC(y)
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3. Cost Minimization

¢ A firm Is a cost-minimizer if it
produces any given output level y >0
at smallest possible total cost.

¢ c(y) denotes the firm’s smallest
possible total cost for producing y
units of output.

¢ c(y) is the firm’s total cost function.
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Cost Minimization

¢ When the firm faces given input
prices w = (wW,,W,,...,W,) the total cost
function will be written as

C(Wqyeeay W, Y).
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The Cost-Minimization Problem

¢ Consider a firm using two Inputs to
make one output.

¢ The production function is
y = 1(X1,X5).
¢ Take the output level y > 0 as given.

¢ Given the input prices w, and w,, the
cost of an input bundle (x;,x,) Is
WX, + WX,
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The Cost-Minimization Problem

¢ For given w,, w, and y, the firm’s

cost-minimjzation problem is to
solve  MIN W1X3 +W2X7
X1,X220

subjectto f(X1,X2) =Y.
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The Cost-Minimization Problem

¢ The levels x*(w,,w,,y) and x,*(w,w,,Yy)
In the least-costly input bundle are the
firm’s conditional demands for inputs
1 and 2.

¢ The (smallest possible) total cost for
producing y output units is therefore

(W1, Wo,Y) = Wix1 (W1, W2,Y)

*
+ WoXo(W1,W2,Y).
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Conditional Input Demands

¢ Given w,, w, and y, how is the least
costly input bundle located?

¢ And how Is the total cost function
computed?
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|So-cost Lines

¢ A curve that contains all of the input
bundles that cost the same amount
IS an 1S0O-COSt curve.

¢E.g., given w; and w,, the $100 iso-

cost line has the equation
W1{X1 + WoXo = 100.
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|So-cost Lines

¢ Generally, given w, and w,, the
equatlon of the %(\:/ ISOo-cost line is

X9 =C

|.e. Wl C
X2 = X1+—

W32 W32

¢ Slope is - w,/w,.
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|So-cost Lines

X2 | Slopes = -w,/w.,.

)
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The Cost-Minimization Problem

X2 A

All input bundles yielding y’ units
of output. Which is the cheapest?

f()irxz) =4
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The Cost-Minimization Problem

X2 A

All input bundles yielding y’ units
of output. Which is the cheapest?

f()irxz) =4
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The Cost-Minimization Problem
At an interior cost-min input bundle:

X2 1 (a) T(X1,X2)=Y" and
(b) slope of isocost = slope of
Isoquant; I.e.
TRS = _MPy at (xi,x;).
MP,
f()ilixz)EY’

X1
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A Cobb-Douglas Example of Cost
Minimization

¢ A firm’s Cobb-Douglas production
function Is 1/3,,2/3

y'=T(X1,X2) = X1 "X2
¢ Input prices are w, and w.,

¢ What are the firm’s conditional input
demand functions?
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A Cobb-Douglas Example of Cost
Minimization

At the input bundle (x,*,Xx,*) which minimizes
the cost of producing y output units:

(a) y = (x1)1/3(x2)2/3 and

(b) e
wy _dylaxg _ (1/3)(xq) 43 (xp)*"

wy  Bylaxy  (213)(x;)Y3(x5)7V3

*

X2

2X1
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A Cobb-Douglas Example of Cost
I\/Iinimization )

1/3 2/3 W1 _ X2

() y=(x1)"°(x2) (b) . W2 "o
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A Cobb-Douglas Example of Cost

Minimization )
* * W X
@y=0D)"0R)" @) l= %
2 2X1
From (b) W1t
) W2

Now substitute into (a) to get

(2w 213 oW 213
* 1 * 1 *
y=(X1) (Wz 1) (Wz) 1

213
So x’i = (sz) y is the firm’s conditional
W1 demand for input 1.
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A Cobb-Douglas Example of Cost

Minimization
2W W 2I3
Since x5 =°"1y" and x;= (2)
2 W 1 1 2W1 Y
X* _2W1(W2)2/3 _(Zwl)l/?)
2 Wo \2W1 y W o Y

is the firm’s conditional demand for input 2.
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A Cobb-Douglas Example of Cost
Minimization

So the cheapest input bundle yielding y
output units iIs

(XI(WLWz,Y),X;(Wl,Wz,Y))

( 213 1/3 )
W o 2W 1

B (ZW) y’(w ) Y|

N - y
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Conditional Input Demand Curves
Y 4

-ixed w, and w.,.

X2

X5(y")
X2(y')
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Conditional Input Demand Curves

X2

Xié*(y"')
Xz*(Y")
Xo(y')

-ixed w, and w.,.

x1(y") i x1(y")
x1(y")

y J
yrn

>

Xo(y")

x1(y') [ xa(y") Xq
x1(y")
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Conditional Input Demand Curves

X2

X’é*(y"')
Xz*(Y")
Xo(y')

-ixed w, and w.,.

output

expansion

x1(y") i x1(y")
x1(y")

y J
yrn

>

X2(y")

x1(y') [ xa(y") Xq
x1(y")
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Conditional Input Demand Curves

Y A Cond. demand
for
P input 2

-ixed w,; and w,.

y AXz(y) Xz(y"') X2
X5(y")

Cond.
idemand
for
|nput1

X1(y ) ) X

X1(y ) X (y"')
Xl(y”) X1(y")
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A Cobb-Douglas Example of Cost
Minimization

For the production function

1/3.2/3
y =1(X1,X2)=X1""X5

the cheapest input bundle yielding y output
units is

(Xi(Wl’WZ’Y)’XZ(Wl’WZ’Y))

( 2/3 1/3
W 2W 1
- (ZW) y’(w ) Y-
\ 1 2 y,
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A Cobb-Douglas Example of Cost
Minimization
So the firm’s total cost function is

(W1, Wo,Y) = Wix1 (W1, Wo,Y)+WoXa (Wi, Wp,Y)
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A Cobb-Douglas Example of Cost
Minimization
So the firm’s total cost function is

(W1, Wo,Y) = Wix1 (W1, Wo,Y)+ WoXo (Wi, Wa,Y)

2/ 3 1/3
_w (Wz) v+ w (Zwl) v
1 2\W 1 2 W o
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A Cobb-Douglas Example of Cost
Minimization
So the firm’s total cost function is

C(W1,Wp,Y)=WiX1(W1,W2,¥)+ WoXo(Wq1,W2,Y)
2/3 1/3
—wn( 2] yrwa 21y
1 2\W 1 2 W o

1)%'3 1/3 2/3 1/3. .1/3...2/3
=(2) y+ 27wy w5 Ty
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A Cobb-Douglas Example of Cost
Minimization
So the firm’s total cost function is

C(W1,Wo,Y) = W1X1 (W1, Wo,Y)+ WoXn (W1, Wa,Y)

213 1/3
B R MG G B
1 2\W 1 2 W o

1)%/3 1/3 2/3 1/3. 1/3...2/3
=(2) y+27 W1 TwW3 Ty

N\ 1/3
=3(W1W2) y.
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A Perfect Complements Example of
Cost Minimization

¢ The firm’s production function is
y = min{4x4,X»}.

¢ Input prices w, and w, are given.

¢ What are the firm’s conditional
demands for inputs 1 and 27

¢ What is the firm’s total cost
function?
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A Perfect Complements Example of
Cost Minimization

X2 ax. = x. Where is the least costly
1 2 : :

/ iInput bundle yielding

\\// y’ output units?

NN

/ min{4x,,X,} =y’
/

/ \\

/

X1
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A Perfect Complements Example of
Cost Minimization

X2 ax. = x. Where is the least costly
1 2 : :
/ iInput bundle yielding
N / y’ output units?

wxl’xz} =y’
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A Perfect Complements Example of
Cost Minimization

The firm’s production function is
y =min{4x1,X5}

and the conditional input demands are
X1(W1,W2,Y)=Z and X2(W1,W2,y)=Y.
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A Perfect Complements Example of
Cost Minimization

The firm’s production function is
y =min{4x1,X5}

and the conditional input demands are
Xi(Wl,Wz,Y)=Z and X2(Wq,Wp,y)=y.
So the firm’s total cost function is
C(W1,W2,Y) =WiX1(W1,W2,Y)
+WoXo (W1, W2, Y)
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A Perfect Complements Example of
Cost Minimization

The firm’s production function is
y =min{4x1,X5}

and the conditional input demands are
Xi(Wl,Wz,Y)=Z and Xo(Wq,Wp,y)=y.
So the firm’s total cost *function is
C(W1,W2,Y) =W1iX1(W1,W2,Y)
+ WoXo (W1, W2, Y)

w
=W121/+W2y=(41+W2)y.
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Average Total Production Costs

¢ For positive output levels y, a firm’s
average total cost of producing y

”ni,&sdfwl,wz,y) ~ C(Wl,;/Vz,Y)_
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Returns-to-Scale and Av. Total Costs

¢ The returns-to-scale properties of a
firm’s technology determine how
average production costs change with
output level.

¢ Our firm is presently producing y’
output units.

¢ How does the firm’s average
production cost change if it instead
produces 2y’ units of output?
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Constant Returns-to-Scale and Average
Total Costs

¢ If a firm’s technology exhibits
constant returns-to-scale then
doubling its output level from y’ to
2y’ requires doubling all input levels.

¢ Total production cost doubles.

¢ Average production cost does not
change.
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Decreasing Returns-to-Scale and

Average Total Costs

¢ If a firm’s technology exhibits
decreasing returns-to-scale then
doubling its output level from y’ to
2y’ requires more than doubling all

Input
¢ Total

evels.

oroduction cost more than

doubles.
¢ Average production cost increases.
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Increasing Returns-to-Scale and

Average Total Costs

¢ If a firm’s technology exhibits
Increasing returns-to-scale then
doubling its output level from y’ to
2y’ requires less than doubling ali

Input
¢ Total

evels.

oroduction cost less than

doubles.
¢ Average production cost decreases.
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Returns-to-Scale and Av. Total Costs

$/output unit

AC(y)

decreasing r.t.s.

constant r.t.s.

Increasing r.t.s.

.
>

y
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Returns-to-Scale and Total Costs

¢ What does this imply for the shapes
of total cost functions?
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Returns-to-Scale and Total Costs

Av. cost increases with y if the firm’s
% technology exhibits decreasing r.t.s.
%,

Slope = c(2y’)/2y’
. = AC(2y’).
Slope = c(y’)ly’

= = AC(y’).
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Returns-to-Scale and Total Costs

Av. cost decreases with y if the firm’s
% technology exhibits increasing r.t.s.

c(2y’)

c(y’)

A

Slope = c(2y’)/2y’

= AC(2y’).

Slope = c(y’)ly’
= AC(Y’).
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Returns-to-Scale and Total Costs

c(2y’)

c(y’)

Av. cost decreases with y if the firm’s
% technology exhibits increasing r.t.s.
c(y)

Slope = c(2y’)/2y’
-------------------- i - § = AC(2y’).

: Slope = c(y’)ly’

= AC(Y’).

A
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Returns-to-Scale and Total Costs

Av. cost is constant when the firm’s
% technology exhibits constant r.t.s.

c(2yy c(y)
=20(y’) Slope — C(Zy’)l2y’
= 2¢(y’)i2y’
T — i o =c(y')ly
' AC(y’) = AC(2y’).
y’ 2y Yy
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Short-Run & Long-Run Total Costs

¢In the long-run a firm can vary all of
Its input levels.

¢ Consider a firm that cannot change
Its input 2 level from x,’ units.

¢ How does the short-run total cost of
producing y output units compare to
the long-run total cost of producing y
units of output?
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Short-Run & Long-Run Total Costs

¢ The long-run cast-minimization

- min WwixX1 +W»oX»
problem is X1 X0

subjectto f(X71,X2) =Y.

¢ The short-ru
problem is

n cost-minimizatjon
min wWqXq + WoX9

X120
subjectto f(Xq,x5) =Y.
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Short-Run & Long-Run Total Costs

¢ The short-run cost-min. problem is the
long-run problem subject to the extra
constraint that x, = x,".

¢ If the long-run choice for x, was x,’
then the extra constraint x, = X’ is not
really a constraint at all and so the
long-run and short-run total costs of
producing y output units are the same.
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Short-Run & Long-Run Total Costs

¢ The short-run cost-min. problem is
therefore the long-run problem subject
to the extra constraint that x, = x,”.

¢ But, if the long-run choice for x, # x,”
then the extra constraint x, = Xx,”
prevents the firm in this short-run from
achieving its long-run production cost,
causing the short-run total cost to
exceed the long-run total cost of
producing y output units.
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Short-Run & Long-Run Total Costs

X, 4 d Consider three output levels.
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Short-Run & Long-Run Total Costs

y" In the long-run when the firm
Is free to choose both x; and
X,, the least-costly input
bundles are ...

X2 A

y"

yl
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Short-Run & Long-Run Total Costs

Long-run costs are:

ey
oY C(y") = WX} + WX}
’ y" Lopg'[”” C(y") = wix{ + wox¥’
g;ppal;sion CY™) = WX WoxZ
y' path
XIH B \
[ :
X2 N
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Short-Run & Long-Run Total Costs

¢ Now suppose the firm becomes
subject to the short-run constraint
that x, = x,”.
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Short-Run & Long-Run Total Costs

Long-run costs are:

"
y Short-run C(y') \_ Wlxi n WZX’Z

Xo 4 OUtpUt C(y") _ Wlxir_l_ WZXIZN
" : _
Y\ expansion c(y"™) = Wix{+ WoxH’
path

Short-run costs are:
Cs(Y') >c(y’)
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Short-Run & Long-Run Total Costs

Long-run costs are:

"
y Short-run C(y') \_ Wlxi n WZX’Z

Xo 4 OUtpUt C(y") _ Wlxir_l_ WZXIZN
" : _
Y\ expansion c(y"™) = Wix{+ WoxH’
path

Short-run costs are:
Cs(Y')>c(y')
Cs(y") =c(y"”)
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Short-Run & Long-Run Total Costs

Long-run costs are:
c(y’) = W1xj + Wox5h
c(y") = WX} +wox¥

c(y"") = WX{"+ W x4’

Yy Short-run
X2 4 output
44 .
Y\ expansion

path
y’ Short-run costs are:
N Cs(y') > c(y’)
X2’y : Cs(y")=c(y")
x5 cs(y™) > S(y")
e ¢
Xi X" X"’ ‘ ;(1
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Short-Run & Long-Run Total Costs

¢ Short-run total cost exceeds long-run
total cost except for the output level
where the short-run input level
restriction is the long-run input level
choice.

¢ This says that the long-run total cost
curve always has one point in
common with any particular short-
run total cost curve.
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Short-Run & Long-Run Total Costs

A short-run total cost curve always has
% one point in common with the long-run
total cost curve, and is elsewhere higher
than the long-run total cost curve.

Cs(y)
c(y)

W2X'2' —_

.
>

y' yn ym y
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