dce

= Chapter 2 : Discrete-Time Signal and Systems

- There are some alternative representations of a
discrete —time signal.

(1, for n=1,3
+ Functional X(n)= 34 forn=2 (2.1.1)
\0, elsewhere

+ Tabular n o =-2-1012345
Xm) -0 0014100 -

0,0,1,4,1,0,0 -
+ Sequence X(n) = { . }

Symbol 1 isrepresented n=20

( 2.1.2)
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m2.1.1 Some Elementary Discrete-Time Signals

+ The unit sample sequence:

o~ (1, forn=0
6 (n) = {o, for n=0 (2.1.6)
Figure 2.2: Graphical representation of the unit
signal
6(n)
1
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m2.1.1 Some Elementary Discrete-Time Signals

+ The unit step signal:
(L, fornz0
uln) = {O, forn<0

Figure 2.3: Graphical representation of the unit step
signal u(n)

(2.1.7)
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m2.1.1 Some Elementary Discrete-Time Signals

+ The unit ramp signal
_(n, fornz=0
u,,.(n) = {O, for n<0
Figure 2.4: Graphical representation of the unit ramp
signal

(2.1.8)

2
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dce

2.1.1 Some Elementary Discrete-Time Signals

+ The exponential signal.

X(n) =a™ foralln (2.1.9)
X(n) = r"el®n (2.1.10)
=r"(cosfn + jsinfn)

Figure 2.5 Graphical representation of exponential signal

_ O<a<1 a>1  x(n)
HHHI.TTTTTHH.. wnn‘rTTTTT.HHH
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2.1.2 Classification of Discrete-Time signals
+ The energy E of a signal X(n) is defined as

E= Z 1x(n)|? (2.1.15)

n=-—u

If O<E < then x(n) called an energy signal

+ The average power of a discrete-time signal x(n)
Is defined as

= lim m Z % (n)|? (2.1.16)

N=2
n=-N

+If -~N<n<N as
N

- Ey = Z 1x (n)|?

n=-N
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2.1.2 Classification of Discrete-Time signals
+ The we can express the signal energy E as

E=limE)y (2.1.18)
and R
P= ‘1\1%2'\. 1E\- (2.1.19)

+ If P is finite the signal is called a power signal.
Periodic signals and aperiodic signals.

+ Signal x(n) is periodic with period N (N>0)

ifand only if X(n+N) = X(n) forall n (2.1.20)
then N is called the fundamental period

+ If there is no value of N that satisfies (2.1.20), the
signal is called nonperiodic or aperiodic.

ooooooooooooooooo
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1 2.1.2 Classification of Discrete-Time signals

+ If X(n) is a periodic signal with fundamental
period N and takes on finite values, its power is given
by N-1

Pz—z 1x(n)|? (2.1.23)

Y
N
~
n=0

Consequently, periodic signals are power signals.
- Symmetric (even) and antisymmetric (odd) signal.
+ A real-valued signal X(n) is called symmetric

(even) if X(-n) = X(n) (2.1.24)
+ A signal X(n) is called antisymmetric (odd)
if X(-n) = - X(n) (2.1.25)
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12.1.2 Classification of Discrete-Time signals
Figure 2.8 Example of even (a) and odd (b) signal

x (n)

T

4 -3 -2 -1 0 1 2

(a)

8K i -
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2.1.2 Classification of Discrete-Time signals

x(n)

Xs(n) = -[*c(n) +x(—n)]

Xo(n) = [X(n) x(—n)]
% - X(n)=X (n)+X0( n)

(2.1.26)

(2127)
(2.1.28)
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r'T™ 2.1.3 Simple Manipulations of Discrete-Time
! Signal

Transformation of the independent variable (time)
A signal X(n) may be shifted in time by replacing
iIndependent variable n by n - k, where k is an integer

Figure 2.9 Graphical representation of a signal, and
its delayed and advanced versions.

x(n)

ooooooooooooooooo
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2.1.3 Simple Manipulations of Discrete-Time
Signal

x(n-3)

CuuDuongThanCong.com
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LT 2.1.3 Simple Manipulations of Discrete-Time
Signal

To replace the independent variable n by —n is a folding
or a reflection of the signal about the time origin n =0

+ Time-delay operation by TD and the folding
operationby FD : TD, [x (n)] = x (n-k) k>0
FD [x(n)] = x(-n) (2.1.29)
Now TD, { FD[x(n)] } = TDg[x(-n)] =x(-n-k) (2.1.30)
Whereas FD {TD, [x(n)] } = FD [x(n-k)] = x(-n - k) (2.1.31)
+ Replacing n by un, is as time scaling or
down-sampling. U 1S an integer

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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L'T™ 2.1.3 Simple Manipulations of Discrete-Time
Signal

Addition, multiplication, and scaling of sequences

+ Amplitude scaling of signal by a constant A is
accomplished by multiplying the value of every signal by A

y(n) = Ax(n) -0 < <e

+ The sum of two signal X,(n) and X,(n)
y(n) = x4(n) + x,(n) -0 <N <

+ The product of two signal

& Y(n) X1(n)X2(n)
" uuuuuuuuuuuuuu e O i3, CE Department
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2.2 Discrete-Time Systems

Discrete-Time Systems is a device or
algorithm that operates on a discrete-time
sighal, called the input or excitation, to produce
another discrete-time signal called the output
or response of the system.

y(n) = [x(n)] (2.2.1)
to denotes the transformation by the -
.Jsystem on x(n) to produce y(n

ccccccccccccccccc
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m 2.2.1 Input-Output Description of Systems

Figure 2.12 Block diagram representation of a discrete-time

system

JIN

x (n)

Input signal or
excitation

B
‘u , CuuDuongThanCong.com

Discrete-time
System

il

y(n)

>

Output signal or
response
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W 2.2.1 Input-Output Description of Systems

The general input- output relationship in (2.2.1),

alternatively. LT, ',
X(n)=vy(n) (2.2.2)

+ which simply means that y(n) is the system - to the
excitation x(n)

+ The additional information required to determine y(n) for
n zn, is the initial condition y(n,- 1)

+ If the initial condition is y(n,- 1) = 0, thus system is
initially relaxed.

+ Block Diagram Representation of Discrete-Time System
in fig 2.12

ooooooooooooooooo
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m 2.2.2 Block Diagram Representation of
Discrete-Time Systems

+ An adder
Figure 2.13 Graphical representation of an adder

X (n)
m y (n) =x, (n) +x, (n)
+ >

/

+ A constant multiplier

Figure 2.14 Graphical representation of a constant
multiplier.

X, (n)

x(n) a y(n) = ax (n)

CuuDuongThanCong.com
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LT 2.2.2 Block Diagram Representation of
l Discrete-Time Systems

+ A signal multiplier
Figure 2.15 Graphical representation of a signal

multiplier
p X1(n) ? y(n)= X, (")Xz (n)
> X »

x,(n)
+ A unit delay element

Figure 2.16 Graphical representation of unit delay
element

x(n) y y(n)=x(n-1)
> y 4 >

o

& .
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LT  2.2.2 Block Diagram Representation of
Discrete-Time Systems

+ A unit advance element

Figure 2.17 Graphical representation of unit
advance element

x(n)

CuuDuongThanCong.com
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L'’ 2.2.3 Classification of Discrete-Time
Systems
Static versus dynamic systems

+ A discrete-time system is called static or
memoryless if its output at any instant n
depends at most on the input sample at the
same time, but not on past or future samples
of input.

+ |n other case, the system is said to be
dynamic or to have memory of duration N.

ccccccccccccccccc
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LT 2.2.3 Classification of Discrete-Time

Systems
+ System are static or memoryless
y(n) = ax(n) (2.2.7)
y(n) = nx(n) + bx3(n) (2.2.8)
+ System are dynamic:
y(n) = x(n) + 3x(n-1) (2.2.9)
v (n) = x(n—k) (2.2.10)

v =Y - 2211
k=0

uongThanCong.com
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LT 2.2.3 Classification of Discrete-Time
Systems
Time-Invariant versus time-variant system

A system is called time invariant if its input-output
characteristics do not change with time.

A relaxed system - is_rtime invariant or shift invariant
ifand only if. x(22) — v (92)
implies that c

x(n—k) -y (n—k) (2.2.14)

for every input signal x(n) and every time shift k.

Figure 2. 19 Examples of a time-invariant (a) and
some time-variant systems (b) - (d)

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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mz.zs Classification of Discrete-Time

Systems
x(n) y(n) = x(n)- x (n-1)
B “Differentiator”
71
(a)
X(n) %‘) y(n) = nx(n) x(n) . y(n)=x(-n)
“Time” multiplier “ ”
n (c) Folder
(b)
x(n) : @ y(n) = x(n! cos w,n

Modulator
cos wyn

B (d)
‘u ’ CuuDuongThanCong.com
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'~y 2.2.3 Classification of Discrete-Time
Systems

Linear versus nonlinear systems

A linear system is one that satisfies the
superposition principle.
+ A signal is linear if and only if

() +a )] = o] ogln()] (2226

for any arbitrary input sequences x.(n)
and x,(n), and any arbitrary constants a,

' ©2013, CE Department
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m—2.2.3 Classification of Discrete-Time
Systems

Suppose that a, = 0, then (2.2.26) reduces to

tlax,(n)] = atlyy(n)]=ay, (n)  (2227)
Where y,(n)= 1 [x,(n)]

Suppose that a, = a, = 7in (2.2.26), then

tlxy(n) +x;(n)] =[xy ()] + 7lx, ()
=y (1) 3,0 (2228)
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m 2.2.3 Classification of Discrete-Time
Systems

Figure 2.20 Graphical representation of the superposition
principle cis linear if and only if y(n) =y’ (n).

X, (n)
QN y (n)
o
X, (n) /
azr
X, (n)
> a_:
X, (n)
e —
g 92

B
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'~y 2.2.3 Classification of Discrete-Time
Systems

Causal versus noncausal system

A system is causal if the output of the system
at any time n, depends only on present and past
inputs.
y(n) =F [x (n), x (n-1), x (nN-2),...] (2.2.29)
where F [.]is some arbitrary function.

If a system does not satisfy this definition, it is
called noncausal.

ccccccccccccccccc
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r'T™ 2.2.3 Classification of Discrete-Time
Systems

Stable versus unstable systems

A arbitrary relaxed system is said to be
bounded input- bounded output (BIBO)
stable if and only if every bounded input
produces a bounded output.

IX(n)] = M, <, |y(n)]=sM,<» (2.2.45)
where M, M, - are finite numbers.

If for some bounded input sequence x(n), the
output is unbounded, the system is classified
as unstable.

ccccccccccccccccc
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§2.2.4 Interconnection of Discrete-time Systems

&

These interconnects are illustrated in fig.2.21

yi(n) = 4= [X(n)] (2.2.46)
y(n) = o= [y4(n)] = 1 oz [x(n)]} (2.2.47)
)248.2( C o = o

- In the cascade interconnection:

If ,- and ,- are linear and time invariant, then
al 4~ is time invariant

b/ - = o-1- = 517 IS time invariant
- In the parallel interconnection:

y3 (n) P [X(n)] where
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m.2.4 Interconnection of Discrete-time Systems

Figure 2.21 Cascade (a) and parallel (b) interconnections
of systems.

___________________________________________________

x(n)

___________________________________________________

—————————————————————————————————————————————————————————————————————

x(n)

CuuDuongThanCong.com
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L™ 2.3 Analysis of Discrete-Time linear
time-invariant (LTl) Systems

Systems are characterized in the time domain
simply by their response to a unit sample
sequence.

Any arbitrary input signal can be decomposed
and represented as a weighted sum of unit
sample sequences.

ooooooooooooooooo
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LT 2.3.1 Techniques for the analysis of linear
' systems
+ Fist method ( a different equation )

For an LTI system, the general form of input-

output relationship is
N

y(n) = Z“k)’" k) Zbk x(n—-k) (2.3.1)
k=1

where {a,} and { b,} are constant parameters.

The solution of (2.3.1) is the subject of Section
2.4.

ooooooooooooooooo
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dce

2.3.1 Technical for the Analysis of
linear Systems

+ Second method (‘analyzing the behavior )

)= ) 60 2.3.2)

k
yi(n) E-[x(n) ] (2.3.3)

y(n) = lx(w)] =7 [Z ci () ‘
k

= Y ardu@] = ) e

ThanCong.com

(2.3.4)

©2013, CE Department
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dce 2.3.2 Resolution of a Discrete-Time
' signal into impulses

We select the elementary signals x,(n) to be

x,(n) = &6(n-k) (3.3.7)
since only 6(n-k) = 1 when n = k, then
x(n) &6(n-k) = x(k) 6(n-k) (3.3.8)
x(n) = Z x(k)é6(n—k) (3.3.10)
k=—cc

Figure 2.22: Multiplication of a signal x(n) with
a shifted unit sample sequence

ooooooooooooooooo
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2.3.2 Resolution of a Discrete-Time Signal

_into Impulse
x(k)

S R A
(a)
é6(n-k)
v—v—v—v—v—v—v—v—v—v—v—Jl_v—v—ﬁ
0 (b) k n
x(k) 6(n-k)

x(k)
"s”."" CuuDuongThanCong.com (c) ' entucntt
: ©2013, CE Department
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£'T42.3.3 Response of LTI systems to Arbitrary |
Inputs: convolution sum

The response y(n,k) of the system to the input unit
sample sequence at n=k by the special symbol h(n.k)

y(n, k) = h(n, k) =:[d(n—- k)] (3.3.11)
where -0 < K <
vin)=[x(n)l=1 [ x(k)S( n—k)]
= ) x(t[s(n—K)] (2.3.14)
k=—cc
= Z x(k)h{n, k)
k=—cc

g (2. 3 14) |s known as the superposition summation

8K
' ’ uuuuuuuuuuuuuu hips /DS - ©2013, CE Department
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rt™2.3.3 Response of LTIl systems to Arbitrary '
l Inputs: convolution sum

If the response of the LTI system to the unit
sample sequence 3(n - k) is denoted as h(n) , that
IS. o

y(n) = Z x(k)hin—k) (2.3.17)

k=—cc

The formula in (2.3.17) is called a convolution sum
The response at n =n, is given as

oC

y(:'n.o) = Z X ‘:k)h('no - k)

k=-cc

ooooooooooooooooo
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dce 2.3.3 Response of LTI systems to Arbitrary
Inputs: convolution sum

The process of computing the convolution
between x(k) and h(k) involves the following four
steps.

1. Folding. Fold h(k) about k = 0 to obtain h(-k)

2. Shifting. Shift h(-k) by n, to obtain h(n, - k)

3. Multiplication. Multiply x(k) by h(n, — k) to
obtain v, (k) = x(k) h(n,- k)

4. Summation. sum all the values of the
product sequence v, (k)

ooooooooooooooooo
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LY 2.3.3 Response of LTI systems to Arbitrary

Inputs: convolution sum
Example 2.3.2

The impulse response of a linear time-invariant
system is h(n) = {1,%, 1, -1} (2.3.19)
Determine the response of the system to the input
signal x(n) = {1 2,1, -1} (2.3.20)

Solution: at n = 0

y(0) = Z x(k)h(=K)
k=—cc

volk) = x(k)h(-K)

yv{0) = Z ve (k) =4

k=—oc

ccccccccccccccccc
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2.3.3 Iiesponse of LTI systems to Arbitrary

Inputs: convolution sum
Figure 2.24 Graphical computation of convolution.

h(k) x(k)
2 ® 3
R 4l
-1 1 01234 k

*—@
0 l 3k 1
| @)
oW duct

_ N\“\“\) Produc
h(-k) /g Volk)  sequence
2 e D e
-2 I I L
o—o PN — 000 —
l 101 -
1” U (b)
o em CuuDu I%haltgng com : ©2013, CE Department
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2.3.3 Response of LTl systems to Arbitrary
Inputs: convolution sum

:> Product

h(1-k) Multiply with x(k) vi(k)  sequence

0[1]2

v_,(k) Product
h(-1-k) Multiply with x(k) sequence

21012

CuuDuongThanCong.com

©2013, CE Department
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2.3.3 Response of LTl systems to Arbitrary
Inputs: convglytion sum

y (n) =2 v, (k)

32101234267 n
-2
_ (e)

n=1  y(1)= Z x(h(1-k) =8 (2.3.23)
h=—cc

n=-1 y(-1)= Z x(Oh(-1-k) =1 (2.3.24)
h=—cc

y(n) ={..0014883-2-10,0,..} (2..3.26)

1“ t
bt CuuDuongThanCong.com ) ©2013’ CE Department
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LYY 2.3.4 Properties of convolution and the
interconnection of LTI system

An other form of the convolution formula

y(n) = Z x(n—k)h(k) (2.3.28)
k=—cc
Using an asterisk to denote the convolution
operation. Thus,

y(n) = x(n)«h(n)= Z h(k)hin—k)  (2.3.31)

k=—cc

yin)=hn)+x(n) = Z hik)x(n—k) (2.3.32)

2 T
BK b
u’ CuuDuongThanCong.com i ©2013, CE Department
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r'T™42.3.4 Pererties of convolution and the '
\ interconnection of LTI system

+ Commutative law

x(n) *h(n) =h(n) * x(n) (2.3.33)

+ Associative law
[x(n) * hy(n)] *hy(n) =x(n) *[h,(n) " hy(n)] (2.3.34)

+ Distributive law
x(n)* [h,(n) + hy(n)] = X(n)* hy(n) + x(n)* h,(n) (2.3.36)

ooooooooooooooooo
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2.3.5 Causal linear time-invariant systems

An LTI system is causal if and only if its
impulse response is zero for negative values

of n. -
yin) = Z hik)x(n—k) (2.3.39)
k=0
n
y(n) = Z x(k)hin—k) (2.3.40)
k=—cc

The response of a causal system to a causal
iInput sequence is causal, since

P y(n) =0 forn<20.

ooooooooooooooooo
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2.3.6 Stability of linear time-invariant systems

If x(n) or y(n) is bounded, there exists a
constant My or M, such that

ly(n)| <M, < ly(n)] <M, <
for all n

A linear time-invariant system is stable if its
impulse response is absolutely summable.

Z lh(k)| < oo

k=—cc

uuuuuuuuuuuuuuu
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r'T™ 2.3.7 System with Finite-duration and
' infinite-duration impulse response

Linear time-invariant system is subdivided into two types

+ A finite-duration impulse response (FIR) system
has an impulse response that is zero outside of some

finite time-interval.
If h(n) =0 with n<0andnz=M

then -
y() = > h(k)x(n— k)
k=0

+ And those that have an infinite-duration impulse
response (lIR). e .
y(n) = Z h(k)x(n—k)
k=0

CuuDuongThanCong .com | 2613, CE Department
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LT 2.4 Discrete-time system described by
difference equations

The convolution summation

y(n) = Z hik)x(n—k) (2.4.1)
k=—cc

In the case of FIR systems, realization involves
additions, multiplications, and a finite number

of memory locations.

If the system is /IR, which is more conveniently
described by difference equations.

This family of IR systems is very useful in a
varlety of practlcal appllcatlons

uuuuuuuuuuuuuu /Ifb.com/tailieudientu CE Department
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LTT) 2.4.1Recursive and Nonrecursive Discrete-

time systems
Suppose that the cumulative average

1
y(n) =—— 1,‘Z;x(l\:) (2.4.2)
and hence 1
y(n) =n—y(‘n 1) -

n=QL“.0SkSn

Figure 2.28 Realization of a recursive cumulative
averaging system. xm)

x(n) (2.4.3)
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7y 2.4.1Recursive and Nonrecursive Discrete-
time systems

+ The causal linear time-invariant FIR system
described by the convolution formula in
following are nonrecursive.

yin) = Z h(k)x(n— k)

-h()()+h()(n 1)+ -+ h(M)x(n- M)
=F[x(n)x(n—-1),..,x(n—M)]
where F[.]is S|mply a Imear weighted sum of

present and past inputs and the impulse
'S response values h(n).

uuuuuuuuuuuuuu
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M2.4.2 Linear Time-Invariant Systems Characterized

by Constant-Coefficient Difference Equations
Suppose that

y(n) =ay(n-1)+ x(n) (2.4.7)
Thus

y(n) = a" y(-1) +Z ad*x(n-k) n=z0 (2.4.8)
k=0

Figure 2.31: Block () y(n)
diagram realization of “

a simple recursive
system.

uongThanCong.com i ©2013, CE Department
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LT 2.4.2 Linear Time-Invariant Systems Characterized
by Constant-Coefficient Difference Equations

+ The system Is at zero state and its corresponding
output is called the zero state response or forced
response and is denoted by y,.(n)

n

y..(n) = Z akx(n— k) nz=0 (2.4.9)
k=0
+ The output of the system with zero input is called the

zero-input response or natural response, and Is
dented by y,(n)

y,i(n) = a™y(-1), n20 (2.4.11)
+ The total response of the system can be expressed
as y(n) = yzi(n) + yzs(n)

CuuD ThanCong. lieudientucntt
uuuuuuuuuuuu m ! , CE Department
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m 2.4.2 Linear Time-Invariant Systems Characterized
by Constant-Coefficient Difference Equations

+ The general form of recursive system described
by linear constant-coefficient difference equations.

y ()= - Zg=y oy (n=k) + Dz by (k) (2.4.12)
or, equivalently,
N

Z a,y(n—k)= Z byx(n—k), a,=1 (2.4.13)
k=0

k=0

The Integer N is called the order of difference
g equation.

ccccccccccccccccc
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LT 2.4.2 Linear Time-Invariant Systems Characterized
by Constant-Coefficient Difference Equations

+ A system is linear if it satisfies the following three
requirements:

1. The total response is equal to the sum of
the zero input and the zero-state responses.

2. The principle of superposition applies to the
zero-state response (zero-state linear).

3. The principle of superposition applies to the
zero-input response (zero-input linear).

+ The recursive system described by a linear
constant-coefficient difference equation is linear
#8 and time invariant.

‘J uuuuuuuuuuuuuu
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dce 2.4.3 Solution of Linear constant-coefficient
Difference Equations.

i
~ + The direct solution method is to determine

the output y(n), n =2 0, of the system given a
specific input x(n), n = 0, and set of initial
conditions.
Total solution is the sum of two parts:
y(n) = yn(n) + y,(n)
y,(n) —the homogeneous or complementary
solution.

y,(n) —the particular solution.

uuuuuuuuuuuuuuuuu https://fb.com/tailieudientucntt


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

dce 2.4.3 Solution of Linear constant-coefficient
Difference Equations

+ The homogeneous solution of a difference
equation.

To Assume that x(n) =0, from ( 2.4.13), we

obtain the homogeneous difference equation
N

Z a,y(n—k)=0 (2.4.14)

k=0
We assume that the solution is in the form of
an exponential

yu(n) =A™ (2.4.15)

ooooooooooooooooo
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dce 2.4.3 Solution of Linear constant-coefficient
Difference Equations

N
E a.ka_‘n—k — O
or =

AN (AN + g AN-T + g AN-2 +_ +a3, A+a,)=0 (2.4.16)

The polynomial in parentheses is called the
characteristic polynomial of the system.

It has N roots, which we denote as A, A, ...... Ay

If the roots are distinct, that is.
yn(n) = C,A", + C,AN, + ... + C\ A", (2.4.17)
P Where c,, c,,..., ¢y are weighting coefficients.

8
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dce 2.4.3 Solution of Linear constant-coefficient
Difference Equations

The particular solution of the difference
equation y,(n).

+ y,(n) is required to satisfy the difference
equation (2.4.13)

V
Zakypn k) Zbkxn k) a,=1 (2.4.25)

k=0

+ Our assumed form for the particular solution
takes the basic form of the particular signal x(n).

ooooooooooooooooo
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m 2.4.3 Solution of Linear constant-coefficient
Difference Equations

Table 2.1 General form of the particular
solution for several types of input signals.

Input signal, Particular solution,
x(n) Y, (n)
A (constant) K
AM" KM"
AnM K,nV+K,nV1 +...+K,
A'nM A" (K,nV'+K,n"1 +...+K, )
Acosw)n A ]
sin w,n K, cos w,n + K, sin w,n

BK b
‘ u’ CuuDuongThanCong.com i ©2013, CE Department
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L'ty 2.4.3 Solution of Linear constant-coefficient

Difference Equations

The total solution of the difference equation

As the linearity property of the linear constant-
coefficient difference equation, we have

y(n) = yu(n) + y,(n)
The resultant sum y(n) contains the constant
parameters { C; } embodied in the
homogeneous solution component y,(n).

These constants can be determined to satisfy
the initial conditions

ooooooooooooooooo
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L'’ 2.4.4 The impulse response of the linear
Time-Invariant recursive system

In the simple first-order rescusive system, the zero-
state response givenin (2.4.7)

Yos (M) = Za x(n—k) (2.4.37)

with  X(n) =93(n) =
then

¢

Ve (n) = Z a*5(n—-k) =a", n =0

k=0
The impulse response of the first-order recursive

system described by (2.4.7) is
g h(n) a"u(n)

ccccccccccccccc

(2.4.38)

©2013, CE Department



http://cuuduongthancong.com
https://fb.com/tailieudientucntt

L]  2.4.4 The impulse response of the linear
Time-Invariant recursive system

In the general case of an arbitrary, linear time-
Invariant recursive system, we have

n
Yzs (n) = Z h(k)xin-k), n=0  (2.4.39)
k=0

when the input is an impulse, reduces to
y,s(n) = h(n) (2.4.40)
since x(n) =0 for n >0, that is,

ccccccccccccccccc

It ©2013, CE Department
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dce

P 2.5 Implementation of discrete-time systems
' + Let us consider the first-order system.

y(n) = - a;y(n-1) + box(n) + byx(n-1) (2.5.1)
+ Nonrecursive system described by the

equation.
v(n) = byx(n) + b,x(n-1) (2.5.2)
+ Recursive system described by the equation.
y (n) =-a,y(n-1) + v(n) (2.5.3)

It is called a direct form I structure in Fig
2.32(a).

CuuDuongThanCong .com lieudientuent CE Department
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LT 2.5.1 Structures for the Realization of Linear
Time-invariant System

Figure 2.32 Steps in converting from the direct from |
realization in (a) to the direct form Il realization in (C)

X (n) b, V() y(n)
] N N ]
71
by
(a)
e o
| zlv zl
-ak )
w (n-1) w (n-1)
(b)

CuuDuongThanCong.com

©2013, CE Department
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7y 2.5.1 Structures for the Realization of Linear
l Time-invariant System

X (n) R @ w (n) b; @ y(n)
Bt b,
w (n-1)
(c)

From this figure we obtain the two difference equations

w(n) =-a,w(n-1) + x(n) (2.5.4)

y(n) = b,w(n) + b,w(n-1) (2.5.5)
These two elements w(n-71) can be merged in to one a
delay, as show in figure 2.32 c.

g It is called the direct form Il structure.

8K
' , CuuDuongThanCong .com
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LYY 2.5.1 Structures for the Realization of Linear
Time-invariant System

+ The d|fference equation.

y(n)= Zaky(n k)+Zbkx(n k) (2.5.6)
k=1
+ This structure requires M+N delays and N+M+1
multiplications.

Nonrecursive system.

M
vin) = bpx(n—k)
Recursive system

y) = =) apy (n—k) +v(n)
= k=0 .
" CuuDuongThanCong.com gl ©2013, CE Department
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m—2.5.1 Structures for the Realization of Linear

Time-invariant System
Figure 2.33 Direct form [ structure of the system described by

(2.5.6) x(n) by  ~\vin) y (n)

71 71

by Q (o)

A

CuuDuongThanCong.com

©2013, CE Department
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7y 2.5.1 Structures for the Realization of Linear

l Time-invariant System
We obtain the direct form Il structure show in Figure
2.34 for N > M It is the cascade of a recursive system.

win) = —Z a.w({n— k) + x(n) (2.5.9)
followed by a nonrecursive system
y(n) = Z b.w(n—k) (2.5.10)
If N = M, this structure requires a number of delays

equal to the order N of the system.
If M > N, the requires memory is specified by M.

ooooooooooooooooo
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Time-invariant System
Figure 2.34 Direct form Il structure of the system described by

(256) ,——

+
|
L)
N <
L)
)
L)

CuuDuongThanCong.com

.'2.5.1 Structures for the Realization of Linear

o ) >
\T y (n)

NG

Z-l

9, w(n-1) , b;
Z—l

-a, w(n-2) b,
Z—l

-0, w(n-3) b,

Ay, w(n-M) by,

an-1

_aN
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7y 2.5.1 Structures for the Realization of Linear
. Time-invariant System

The direct form |l structure requires M + N +1
multiplications and max{ M, N } delays.

It" s sometimes called a canonicform .
A special case of (2.5.6),Ifa, =0, k=1, ...,N,
then

y(n) = Z b.x(n—k) (2.5.11)

Which i1s a nonrecursive linear time-invariant
system.

ooooooooooooooooo
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P2y 2.5.1 Structures for the Realization of Linear
' Time-invariant System

The system output is basically a weighted
moving average of the input signal, or a
moving average (MA) system.

+ A system is an FIR system with an impulse
response h(k) equal to the coefficients b,, that

IS, - _ bk. 0 ':_: k i M
(k) = {0_. otherwise

+ from (2»-'5'6) and set M=0,

yn) =- Z apy(n—k) +byx(n)
o k=1

ooooooooooooooooo
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P2y 2.5.1 Structures for the Realization of Linear
Time-invariant System

The most general second-order system is
described by the difference equation

y(n) = - a,y(n-1)-azy(n-2)+byx(n)+b,x(n-1)+byx(n-2)
(2.5.14)

It N=2, M =2 shown in fig 2.35a

If a,=a,=0 shown in fig.2.35b

y(n) = byx(n) + b,x(n-1) +b,x(n-2) (2.5.15)
+If b, =b,=0 shown in fig.2.35c

y(n) =-a,y(n- 1) + ayy(n - 2) + byx(n) (2.5.16)

ooooooooooooooooo
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LT 2.5.1 Structures for the Realization of Linear
Time-invariant System

Figure 2.35 Structures for the realization of second-order
system : (a) general second-order system; (b) FIR system;
(c) “purely recursive system”.

x (n) b,
—( + l >
z-1
a, b,
+/‘
z-1
a, b,

CuuDuongThanCong.com
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2.5.1 Structures for the Realization of Linear
Time-invariant System

x (n) 1 =
b, b, b,
(+) /+ > y(n)
(b)
xtn) ~ y (n)
b, @ N
a, i-a,
21 z1
(c)

Br i
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dce 2.5.2 —Recursive and nonrecursive
l realizations of FIR Systems

A causal recursive system is described by an
input-output equation of the form

y(n) = F[y(n-1),....y(n —N), x(n),...., x(n —=N)]

(2.5.17)

For a linear time-invariant system specifically,
by the dif‘]ference equatig),n

y(n) = —Z a,y(n—k)+ Z bpx(n—-k) (2.5.18)
k=1 k=0

ooooooooooooooooo
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| 2.5.2 Recursive and nonrecursive
\ realizations of FIR Systems

Causal nonrecursive system don’ t depend on
past values the output

y(n) = F[ x(n), x(n —1), x(n),...., x(n —M)]

(2.5.19)
The nonrecursive and FIR system specifically
with ay=0 for k=1,2,...N.

y(n) = Z b x(n—k) (2.5.20)
k=0

ooooooooooooooooo
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LY  2.5.2 Recursive and nonrecursive

realizations of FIR Systems
Suppose that we have an FIR system of the form:

M
1
yin)= T 1;x(-n— k) (2.5.21)

for computing the moving average of a signal x(n).

With impulse response

1
hin)= r 0 =n =M

M
1 1
y (n) M+1kiox(n 1 k)+M+1[XJI) x(n—1-M]

L= Dy Miﬂ[x(n) Cx(n-1-M)] (2.5.22)

BK b
‘ u’ CuuDuongThanCong.com i ©2013, CE Department



http://cuuduongthancong.com
https://fb.com/tailieudientucntt

LT  2.5.2 Recursive and nonrecursive

realizations of FIR Systems
Figure 2.36 Nonrecursive realization of an FIR moving

average system.

x (n)

ozt

o z1

z-1

N b 2 _I

N y (n)

&+ 1

M+1

Figure 2.37 Recursive realization of an FIR moving average

system

x (n)

o 71

> z‘l S

—>

z-1

CuuDuongThanCong.com

| x (n-M-1)
e

o 4 + >
+ 1 v

M+1 21
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2.6 Correlation of discrete- time signals

+ The correlation between the two signal is to
measure the degree to which the two signal are
similar and to extract some information .

+ For example — we can represent the received signal
sequence form Fig.2.38 as

y(n) =ax(n-D) + w(n) (2.6.1)
where:

a is some attenuation factor representing the
signal loss involved in the round-trip transmission

of the system x(n).
D is the round-trip delay, an integer multiple

W(n) represents the additive noise.

uuuuuuuuuuuuuu https://fb.com/tailieudientucntt
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2.6 Correlation of discrete- time signals

Figure 2.38 Radar target detection

Transmitted signal
Reflected signal

B i
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2.6 Correlation of discrete- time signals

The problem is to compare y(n) and x(n) to
determine

1/ If a target is present .

2/ Time delay D and compute the distance
to the target.

Correlation provides us with a means for
extracting this important in formation from

y(n).

ooooooooooooooooo
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LT 2.6.1 Crosscorrelation and Autocorrelation
l Sequences

The Crosscorrelation of x(n) and y(n) is a
sequence r,,(l), which is defined as

oC

Tey(l) = Z x(n)yln-1), 1=0,11,%2,... (2.6.3)
n=-c
or  Ty(l)= Z x(n+lyn), 1=0,11,%£2,... (2.6.4)
n=-uo

The index | is the (time) shift (or lag) parameter
xy Indicate the sequences being correlated.

B

ooooooooooooooooo

https/fb. t:a ©2013, CE Department



http://cuuduongthancong.com
https://fb.com/tailieudientucntt

LT¥1 2.6.1 Cross correlation and Autocorrelation

\ Sequences
If we reverse the roles of x(n) and y(n):
Ty (1) = Z vin)x(n—1) (2.6.5)
n=—oax
or ry(l) = Z x(n+ Dvyin) (2.6.6)

Nn——0oc

By comparing (2.6.3) with (2.6.6) or ( 2.6.4) with
(2.6.5), we conclude that.

Iy, (1) =1, (<) (2.6.7)
+ The convolution of x(n) with y(-n) yields the cross
correlation r, (I), that is

r, (1) =X ()* 1, (-} (2.6.8)

oooooooooooooooo
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M2.6.1 Cross correlation and Autocorrelation
Sequences

In the special case where y(n) = x(n) we have
the autocorrelation of x(n),

Toll) = Z x(n)x(n—1) (2.6.9)
or Teell) = Z x(n+ Dx(n) (2.6.10)

n=-oc

©2013, CE Department
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LT 2.6.1 Crosscorrelation and Autocorrelation
l Sequences

If x(n) and y(n) are causal sequence of length N,
the crosscorrelation, autocorrelation
sequence may be expressed as

N-lkl'l-
Toy(l) = Z x(n)yln—-1) (2.6.11)
n=l
N’“‘l’l—
and e ll) = Z x(n)x(n—-1) (2.6.12)
n=i

awhere i=1 k=0for/=20,andi=0, k=1[/forl <O.

hitps:/fb.comitai ©2013, CE Department
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m 2.6.2 - Properties of the Autocorrelation and
Crosscorreletion Sequences

Assume we have two sequences x(n) and y(n) with
finite energy from which we form the linear combination

y(n) =ax(n) + by(n - )
The energy In this signal is

oCc

Z [ax(n)+ by(n-1D]* = a® Z xt(n)+ b2 Z yin-1)

n=-c n=-c n=-c

+2ab Z xin)vin—10) (2.6.13)

MN——o0ocC

= ar,,(0) + b°r, (0) + 2abr, (1)

uuuuuuuuuuuuuuuuu
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LT 2.6.2 - Properties of the Autocorrelation and
\ Crosscorreletion Sequences

Which are the energies of x(n) and y(n),
a“r,,(0) + b°r,,(0) + 2abr,, () 20 (2.6.14)

e (0) (%) "4 27, (D) (g) +7,,(0) =0

,. . ,. |
|7y (D] = JTexl007y, (00 = JELE, (D6 15)

If y(n) = x(n), then
| r, ()| =r,(0) =E, (2.6.16)

Autocorrelation sequences of signal attains its
maximum value at zero lag.

ooooooooooooooooo
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!!I"! 2.6.2 Properties of the Autocorrelation '

.
S

and Crosscorreletion Sequences
The normalized autocorrelation sequences is

(1
Pl = - "‘,0% (2.6.17)
The normalized crosscorrelation sequences
Foay (1)

Py (1) = (2.6.18)

| J
\’0 Tex(0)7,,(0)

The crosscorrelation sequences satisfies the
property

hy () =1 () with y(n) = x(n),
then

Fyx (l) = I'x ('l) (2619)

https://fb.com/tail
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m 2.6.3 Correlation of Periodic Sequences

Let x(n) and y(n) be two power signals. Their

crosscorrelation sequences is defined as
M

If x(n) =y(n), the autocorrelat/on sequences:

Il) = lim T Z x(n)x(n—1) (2.6.23)

M=o
n=—-M

CuuDuongThanCong .com https:/fb. ©2013, CE Department
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2.6.3 Correlation of Periodic Sequences

If x(n) and y(n) are two periodic sequences,
each with period N, so that.

N-1
. 1 A )
Tayll) = N Z x(n)yin—1) (2.6.24)
: n=0
X N—1
Teell) = - Z x(n)xin—1) (2.6.25)
: n=0
For example y(n) = x(n) — w(n) 2.6.20)

x(n) - is a periodic sequences N ;
i w(n) - is an additive random interference.

8K
' .‘, CuuDuongThanCong .com
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2.6.3 Correlation of Periodic Sequences

Suppose that, we observe M samples of y(n) 0<n
< M-1where M > N,

M-1

. 1 . . .
Fyyll) = - Z vin)yin—1) (2.6.27)

M-1

yyld) = — Z[x(n)+u(n)][x(n—l)+u1n—l)

n-—

=l () + L () + 1 () + 1y () (2.6.28)

+ Only r,, (/) has large peaks for / > 0, to allows us to
detect the presence of the periodic signal x(n) buried
In the interference w(n) and to identify its period.

ooooooooooooooooo
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2.6.3 Correlation of Periodic Sequences

+ An example illustrates the use of autocorrelation to identify
a hidden periodicity in an observed physical signal in fig.2.40
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m 2.6.3 Correlation of Periodic Sequences

Figure 2.40: Identification of periodicity in the Woélfer sunspot
numbers: (a) annual Walfer sunspot numbers; (b) autocorrclation
sequence.

T (1)
1 ®

0.8 T e

0.6 T

0.4 T ’

1l
o | lHi 10

Lag - Year

(b)

CuuDuongThanCong.com ' ©2013, CE Department



http://cuuduongthancong.com
https://fb.com/tailieudientucntt

2.6.3 Correlation of Periodic Sequences

Figure 2.41. Use of autocorrelation to detect the presence of a
periodic signal corrupted by noise.
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m 2.6.3 Correlation of Periodic Sequences
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2.6.4 Computation of correlation sequences

To compute the crosscorrelation sequences of two
finite duration signal

x(tn) 0<ns<N-1 and y(n) 0<n<M-1

r M—1+1

Z x(n)yln—-1), 0=Il=N-M
Ty (1) =+ ,:‘ ; (2.6.30)
Zx(n)yin—l) N—-—M=I=N-1
\ n=I
if M >N, then

-rxytl)zZx(;n)y(n-l), 0=1l=N-1(2.6.31)

n=I|
Means of the following simple logarithm is illustrated
in the flowchart in Fig 2.43
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m 2.6.4 Computation of correlation sequences
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Figure 2.43. Flowchart for
software implementation of x@, n=0, 1, ....N-1
crosscorrelation
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dce

¢ 2.6.5 Input — Output Correlation Sequences
X(n) with r,,(I) is applied to an LTI system with impulse
response h(n).

Fx (1) = h(l) * ry(l) (2.6.32)
Using (2.6.8) with x(n) = y(n) and properties of
convolution.

() =y () =y () = [h(l) "x(-DI ™ [x() * x(-D]
= Tpn(l) ™ 1) (2.6.33)

The autocorrelation r,, (/) of the impulse response h(n)
exits if the system is stable. For /= 0 we obtain

ryy(0) = Z i (BT (k) (2.6.34)
~ k=-es

ooooooooooooooooo

g 13, CE Department



http://cuuduongthancong.com
https://fb.com/tailieudientucntt

dce

¥ 2.6.5 Input — Output Correlation Sequences

Figure 2.44 |nput-output relation for
crosscorrelation r,,(n)

Input I1.TI Output
. SYSTEM
r,, (n)
h (n) "y (1)

Problems 2.1,2.2,2.7,2.18,2.27, 2.31, 2.32, 2.37,
2.41,2.42,2.44,2.59, 2.60
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