EXAMPLE 2.2.1
Determine the response of the following systems to the
input signal. . In|, —3<n<
*m) = {0, otherwise

(@) y(n) = x(n) (identity system)

(b) y(n) = x(n - 1) (unit delay system)

(b) y(n) = x(n + 1) (unit advance system)

(d) y(n) = 75 [x(n +1) + x(n) + x( n — 1)] (moving average
filter)

(c) y(n) = median {x(n + 1), x(n), x(n — 1)} (median filter)

(f) o .
y(n) = Z x(k) =x(n) +x(n—-1) +x(n-2) + - (accumulator)  (2.2.3)
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EXAMPLE 2.2.1 Solution

First, we determine explicitly the sample
values of the input signal

x(n)={..,0,32101,230,..}
T

Next, we determine the output of each system
using its input-output relationship.

(a) In this case the output is exactly the same
as the input signal. Such a system is known
as the identity system.
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55 EXAMPLE 2.2.1 Solution

(b) This system simply delays the input by one
yin)={...,0,3 2, 1,0, 1,2, 3 0, ...}

i

(c) In the case the system " advances” the input
one sample into the future.

y(n)={...0,321,01,230,..}

T
d) The output of this system at any time is
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EXAMPLE 2.2.1 Solution

(e) This system selects as its output at time n
the median value of the three input samples

x(h—1), x(n), and x(n + 1)
yin)={0, 3 3 3,2, 1,2,3,3,3,0, ...}
T

(f) This system is basically an accumulator
yin)={...,0,35,6,6,7,9, 12,0, ...}
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EXAMPLE 2.2.4

Determine if the system shown in Fig. 2.2.8 are
time invariant or time variant.

(a) This system is described by the input —
output equations

y(n) =T [x(n) ] =x(n) -x(n—1) (2.2.15)
Now if the input is delayed by k unit in time and
applied to the system

y(n,k) = x(n—k)—x(n—k—1) (2.2.16)
If we delay y(n) by k unit in time, we obtain
y(h—k) =x(n—k)—x(h—k—1)
The system Is time invariant
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EXAMPLE 2.2.4

(b) The input-output equation for this system is
y(n) =T [x(n) ] = nx(n) (2.2.18)
The response of this system to x(n — k) is
y(n,k) = nx(n — k) (2.2.19)
Now if we delay y(n) in (2.2.18) by k units in
time, we obtain
y(n—k) = (n—k)x(n—K)
= nx(n — k) — kx(n — K) (2.2.20)
This system is time variant, since y(n,k) # y(n-k)

B
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EXAMPLE 2.2.4

(c) This system is described by the input-output
relation

y(n) =T [x(n) ] =x(-n) (2.2.21)
The response of this system to x(n — k) is
y(n,k) =T [x(n-Kk)] =x(-n-Kk) (2.2.22)

If we delay the output y(n), as given by (2.2.21),
by k unit in time, the result will be

y(h—k) =x(-n + k) (2.2.23)
Since y(n,k) # y(n — k), the system is time variant.
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EXAMPLE 2.2.4

(d) The input-output equation for this system
IS

y(n) = x(n) coswyn (2.2.24)
The response of this system to x(n — k) is
y(n,k) = x(n — k) cosw,n (2.2.25)

If the expression in (2.2.24) is delayed by k
unit and the result is compared to (2.2.25), it is
evident that the system is time variant
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EXAMPLE 2.2.5

Determine if the systems described by the
following input-output equation are linear or
nonlinear

(a) y (n) = nx(n) (b) y (n) =x(n?)
Solution.

(a) Fortwo input sequence x,(n) and x,(n),
the corresponding output are

y1(n) = n Xx4(n)
¥o(n) = n x,(n) (2.2.31)
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EXAMPLE 2.2.5

A linear combination of the two input sequences
results in the output.
y3(n) =T [a;x,(n) + ayx,(n)] =n [a;x,(n) +
ayX,(N)]

= a,hx,(n) + a,nx,(n) (2.2.32)
A linear combination of the two outputs In
(2.2.31) results in the output

a.y,(n) + ayy,(n)=a,nx,(n) +a,nx,(n) (2.2.33)

Since the right-hand sides of (2.2.32) and
2.2. 33) are |dent|cal the system is Imear
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EXAMPLE 2.2.5

(b) we find he response of the system to two
separate input signals x,(n) and x,(n). The result is

y1(n) = x4(n?) y2(n) = x,(n?) (2.2.34)
The output of the system to a linear combination of
X,(n) and x,(n) is

y3(n) = T [a;x,(n) + ax,(n)] = a;x,(n?) + ayx,(n?)]
(2.2.35)

A linear combination of the two outputs yields
a,y;(n) + azy,(n) = a;x,(n°) + axx,(n®) (2.2.36)
We conclude that the system is linear.
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EXAMPLE 2.2.6

Determine if the systems described by the
following input-output equations are causal or
noncausal.

(@) y(n) =x(n) —x(n—1) (b) v(x) = Z x (k)

K=—oo

(c) y(n) = ax(n) (d) y(n) =x(n) + 3x(n + 4)

(e) y(n) = x(n?) (f) y(n) =x(2n) (@) y(n) =x (-n)
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EXAMPLE 2.2.6

Solution. The systems described in parts
(a), (b), and (c) are clearly causal, since the
output depends only on the present and past
iInputs.

The system in parts (d), (e), and (f) are clearly
noncausal, since the output depends on future
values of the input. The system in (g) is also
noncausal, as we note by selecting, for
example, n = - 1, which yields y(-1) = x(1). Thus
the output at n = - 7 depends on the input at

n = 1, which is two units of time into the future.
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EXAMPLE 2.3.1

Consider the special case of a finite-duration
sequence givenas x(n)={2,4,0, 3}

T

Resolve the sequence x(n) into a sum of
weighted impulse sequences.

Solution.  Since the sequence x(n) is
nonzero for the time instants n = -1, 0, 2, we
need three impulses at delays k =-17, 0, 2
Following (2.3.10) we find that

x(n) = 20(n +1) + 46(n) + 36(n — 2)
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EXAMPLE 2.3.3

Determine the output y(n) of a relaxed linear

time-invariant system with impulse response
h(n) = a"u(n), |la| < 1

when the input is a unit step sequence, that is,

x(n) = u(n)
Solution

In this case both h(n) and x(n) are infinite-
duration sequences. We use the form of the
convolution formula given by (2.3.28) in which
x(k) is folded.

ccccccccccccccccc
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EXAMPLE 2.3.3 Solution

The sequences h(k), x(k), and x(- k) are shown
in Fig.2.24.

The product sequences v,(k), v,(k), and v,(k)
corresponding to x(- k)h(k), x(1- k)h(k), and x(2 -
k)h(k) are illustrated in Fig.2.24(c), (d), and (e),
respectively.

Thus we obtain the outputs

y(0) =1
y(1)=1+a
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5%  EXAMPLE 2.3.3 Solution

Clearly, for n > 0, the output is

1 - an+1
y(n=1+a+a?+...+a" = : (2.3.29)
for n < 0, the product sequences conasist of all

zeros. Hence y(n) =0, n<0

A graph of the output y(n) is illustrated in Fig.
2.3.3(f) for the case 0 < a < 1. Note the
exponential rise in the output as a function of
n. Since |a| < 71, the final value of the output as
n approaches infinity is

y(0) = limy(n) =

7 —0oC 1 —a

(2.3.30)

ooooooooooooooooo
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55  EXAMPLE 2.3.3 Solution

Figure 2.24 Graphical computation of convolution in
Example 2.3.3

h(k) x(K)

(©)
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EXAMPLE 2.3.3 Solution

A4 (k)
ra - k) !
(d)
\) (k)
T(Z -K) :
y(n) ©
----------------------------- e  asymptote
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EXAMPLE 2.3.4

Determine the impulse response for the
cascade of two linear time-invariant systems
having impulse responses

hy(n) = (5)"u(n)
1

and ho(n) = ( r

) u(n)

Solution. To determine the overall impulse
response of the two systems in cascade, we
simply convolve h,(n) with h,(n).
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EXAMPLE 2.3.4 Solution

Hence , _ Z hy (K) Ry (n— K)

K==—oc

where h,(n) is folded and shifted. We define
the product sequence

vy = hy(K)hy(n— k) = 5)*m

which is nonzerofork=0and n— k=0 or
n =k = 0. On the other hand, for n < 0, we
have v, (k) =0 for all k, and hence

oooooooooooooooo
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B4  EXAMPLE 2.3.4 Solution

Forn =k =0, the sum of the values of the
product sequence v, (k) over all k yields

n

h(n) = Z(%)"(;t)”“‘ T (%)HZ 2%

k=0

1
h(n) = (™2™ = 1) —(—) (—)"] nz0

©2013, CE Departmen


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

tJ

EXAMPLE 2.4.4

Determine the homogeneous solution of the
system described by the first-order difference
equation

y(n) +a,y(n—-1)=x(n) (2.4.18)
Solution. The assumed solution obtained by
setting x(n) = 0is y, (n) = A"

When we substitute this solution in (2.4.18), we
obtain [with x(n) = 0]

AM+a, An=T =0 — A =-a,

The solution to the homogeneous difference
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5%  EXAMPLE 2.4.4 Solution

The zero-input response of the system can be
determined from(2.4.18) and (2.4.19).

With x(n) = 0, (2.4.18) yields y (0) =-a, y(-1)
And from (2.4.19) we have y, (0) =C

Hence the zero-input response of the system is
Vun)=(-a,)"*"y(-1),n20  (2.4.20)

With a = - a, this result is consistent with

(2.4.11) for the first-order system, which was
obtained by iteration of the difference equation
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EXAMPLE 2.4.5

Determine the zero-input response of the
system described by the homogeneous second-

order difference equation
y(n)—3y(n—1)—-4y(n—-2) =0 (2.4.21)
Solution. First we determine the solution to

the homogeneous equation. We assume the
solution to be the exponential

Yp(n) = A
Upon substitution of this solution into (2.4.21),
we obtain the characteristic equation

AN - BAN-T - 4A0-2 =0 i
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EXAMPLE 2.4.5 Solution
A2 - (A2 -3A—-4) =0
Therefore, the roots are A =- 1, 4, and the

general form of the solution to the homogeneous
equation is . () =, 1%+ C, 1"

=Cy(-1)" +C(4)" (24.22)
The zero-input response of the system can be
obtained from the homogenous solution by
evaluating the constants in (2.4.22), given the
initial conditions y(- 1) and y(- 2). From the
difference equation in (2.4.21) we have

o y(0) = 3y(- 1) + 4y(- 2)
‘J uuuuuuuuuuuuuu https:/fb.comitailieuciensientty S5 = SRS,
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B3  EXAMPLE 2.4.5 Solution

y(1) =3y(0) +4y(- 1)
=3 [3y(-1) +4y(-2) ] +4y(- 1)
=13y(- 1) + 12y(- 2)
On the other hand, from (2.4.22) we obtain
y(0) =C,+C,  y(1)=-C,+4C,
By equating these two sets of relations is
C,+ Cy= 3y(-1)+ 4y(-2)
-C,+4C,=13y(- 1) + 12y(- 2)
The solution of these two equations is

1 - 16 15
G-y +oy(=2) (= —y(=1) +—y(=2)
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dcg EXAMPLE 2.4.5 Solution

Therefore, the zero-input response of the system

IS
4
yam =[5y (-1 + 5y (2.4.23)
6 16
Ty T y(=2)I@ nz=0

For example, if y(- 2) =0and y(- 1) = 5,
then C,=1,C,=16, and hence

vz (n) = (1) + (9", nz=0

uuuuuuuuuuuuuuuuu
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EXAMPLE 2.4.6

Determine the particular solution of the fist-order
difference equation

y(n)+a;y(n—1)=x(n), la, <71 (1.4.26)
when the input x(n) is a unit step sequence,
that is, x(n) = u(n)

Solution. Since the input sequence x(n) is a
constant for n = 0, hence the assumed solution

of the difference equation to the forcing function
x(n), called the particular solution of the
difference equation, is y,(n) = K u(n)
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EXAMPLE 2.4.6 Solution

where K is a scale factor determined so that
(2.4.26) is satisfied. Upon substitution of this
assumed solution into (2.4.26), we obtain

Ku(n)+a,Ku(n—-1)=u(n)

To determine K, we must evaluate this equation
for any n = 1, where none of the terms vanish.

Thus K+aK=1
1
_1+a.1

K

ooooooooooooooooo
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EXAMPLE 2.4.8

Determine the total solution y(n), n =2 0, to the
difference equation

y(n) +a, y(n—1) =x(n) (2.4.28)
When x(n) is a unit step sequence [i.e.,x(n)=u(n)]
and y(- 1) is the initial condition
Solution. From (2.4.19) of Example 2.4.4, the
homogeneous solutionis  y,(n) = C (- a,)"

and from (2.4.26) of Example 2.4.6, the

particular solution is o 1
Vy(n) =

1+ ay
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B¥  EXAMPLE 2.4.8 Solution

Consequently, the total solution is
. 1
(n) = C(—a "+
y(n) = C(-ay) 1+a,
Where the constant C is determined to satisfy the
initial condition y(- 7).

We wish to obtain the zero-state response of the
system described by the first-order difference
equation in (2.4.8). Thenwe set y(- 1) =0. To
evaluate C, we evaluate (2.4.28) at n=0 obtaining

a y(0)+a1y( =1 o y(O)—1

uuuuuuuuuuuuuu https://fb.com/tai Ieudent cntt
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5§ EXAMPLE 2.4.8 Solution

On the other hand, (2.4.29) evaluated at n =0

lelds 1
4 ¥(0) = € =
1+ a4
Cons.equently1
¢+ =1 o C=—2
1+ay 1+ay

Substitution for C into (2.4.29) yields the zero-

state response of the system

1 — (_al)n-‘}-l

Vo) = n=0
B* JZS( ) 1+a1

ccccccccccccccccc
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B¥  EXAMPLE 2.4.8 Solution

If we evaluate the parameter C in (2.4.29)
under the condition that y(— 7) # 0, the total
solution will include the zero-input response
as well as the zero-state response of the

system.
In this case (2.4.8) yields
y(0)+a;y(-1)=1 < y0)=-ay(-1)+1
On the other hand, (2.4.29) yields

1

1+ay

yv(0)=C+

ooooooooooooooooo
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EXAMPLE 2.4.8 Solution

By equating these two relations, we obta&n
1 PN W
C+——=-a,y(-1)+1 C=-a;y(-1)+—
1+a.1 1/( ) 1+a‘1
Finally, if we substitute this value of C into
(2.4.29), we obtain

| 1 — (_a )n+1
(n) = (—n n+l (=1 4 1
y(n) (—ay) y(-1) 1 +a,

n=10

©2013, CE Department
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dag EXAMPLE 2.6.1

Determine the crosscorrelation sequence r, (/)
of the sequences

x(n)={..,0,0,2-1,371,2-30,0, ... }
T
y(n)={..,0,0 1,-1,2 -2.4,1,-25 0,0, ... }

T

Solution. Let us use the definition in (2.6.3)
to compute r,(I). For / = 0 we have

ry (@)= > x() ¥ ()

ooooooooooooooooo
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. EXAMPLE 2.6.1 Solution

The product sequence v,(n) = x(n)y(n) is

vo(n) ={...,0,0,2,1,6,-14,4,2,6,0,0, ...}
T

and hence the sum over all values of n'is r,,(0)=7

For /> 0, we simply shift y(n) to the right relative
to x(n) by I units, compute the product sequence
v,(n) = x(n) y(n — 1), and finally, sum over all
values of the product sequence. Thus we obtain
ro(1) =13, r,(2)=-18,1r,3) =16, r,(4)=-7,
ry(9) =95, Xy(6) =-3, ry(l) =0, 127
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EXAMPLE 2.6.1 Solution
For / < 0, we shift y(n) to the left relative to x(n)

by ['units, compute the product sequence v,(n) =
x(n) y(n — 1), and sum over all values of the
product sequence. Thus we obtain the values of
the crosscorrelation sequence

I xy(' 1) =0, r xy( - 2) =33, I xy( 3)
rxy(' 4) = 36 rxy(' 5) =19, xy( 6)
ry(- 7) =10, ry () =0, 1=-8
Therefore, the crosscorrelation sequence of x(n)
and y(n) is

o Dy(l) = {10 9,19,36, 14330713 -18, 16 75 -3}
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