dce EXAMPLE 5.1.1

Consider the signal x(n) =a" u(n), O<a<1

The spectrum of this signal is sampled at frequencies
w,=2mk/N, k=0,1, ..., N-1.

Determine the reconstructed spectra for a = 0.8
when N =5and N = 50.

Solution. The Fourier transform of the sequence
x(n) is N nggon — 1
X(w) = Z areIen = ——

n=0
Suppose that we sample X(w) at N equidistant
frequencies w, =2k /N, k=0, 1, ..., N- 1.
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EXAMPLE 5.1.1 Solution

Thus we obtain the spectral samples

. 21k 1
X(wk) = X (T) = k=01..N-1
The periodic sequence x,(n), corresponding to
the frequency samples X(2mk/N), k = 0,1, ...,N-1,
can be obtained from either (5.1.4) or (5.1.8).
Hence . 0

'xp(ﬂ-) = Z x(n—IN)= Z a"V

[==cc
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EXAMPLE 5.1.1 Solution

n
. . a
x, (n) =g Z aL'v — 3 0<n<N-1
1-a

(=0

where the factor 71/ (1 — aV) represents the effect
of aliasing. Since 0 < a < 1, the aliasing error
tends toward zero as N — «.

For a = 0.8, the sequence x(n) and its spectrum

X(w) are shown in Fig.7.1.4(a) and 7.1.4(b),

respectively. The aliased sequence x,(n) for

N =5 and N = 50 and the corresponding spectral

samples are shown in Fig. 7.1.4 (c) and 7.1.4)d),
s respectlvely
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EXAMPLE 5.1.1 Solution

If we define the aliased finite-duration sequence

x(n)as _ . {xp(n)_, 0<n=<N-1
X(n) = .
0, otherwise
then its Fourier transform is
N-1 N-1 N -'NN
1 1-a"e”
X(w) = ¥ (n)e™9n = x,(n) e 7“n = - ,
; ,Z) () 1-a" 1-qe®

Note that although¥(w) = X(w), the sample
values at w, = 2k / N are identical. That is,

27 1 1—a"
% (—k) - . o
N 1—aV¥ 1-—ae '
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58 EXAMPLE 5.1.1 Solution

Figure 5.4 (a) Plot of sequence x(n) = (0.8)" u(n);
(b) its Fourier transform (magnitude only);

(c) effect of aliasing with N = 5;

(d) reduced effect of aliasing with N = 50

(1) . X(w)|

1.0 T.
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EXAMPLE 5.1.1 Solution
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Sag EXAMPLE 5.1.2

A finite-duration sequence of length L is given as
oy (] 0znzl-1
x(n) = {0, otherwise
Determine the N-point DFT of this sequence for
N=L.
Solution.  The Fourier transform of this

sequence Is
L-1

L 1 -jwl
- _Ze jon _ 1-e” _ sm(wL/Z)e_}w.L 02
1-e79  sin(w/2)

ooooooooooooooooo


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

l-lo—-l,*'
|

EXAMPLE 5.1.2 Solution

The magnitude and phase of X(w) are
llustrated in Fig .7.1.5 for L = 10. The N-point
DFT of x(n) is simply X(w) evaluated at the set
of N equally spaced frequencies w, = 2k / N,
k=01, ... N— 1. Hence

1 - e-jZ'HkL;"N
X(k) = — e k=01.N-1
— sin (HkL;"'N ) e-j-nk(l.-i},.";\i

sin (mk/N)
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58  EXAMPLE 5.1.2 Solution

Figure 5.5 Magnitude and phase characteristics
of the Fourier transform for signal in Example
5.1.2.
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| EXAMPLE 5.1.2 Solution

If N is selected such that N= L, then the DFT

becomes (L k=0
X(k) = 00 k=12,.,L-1

Thus there only one nonzero value in the DFT .
This is apparent from observation of X(w), since
X (w) = 0 at the frequencies w, =2k /L, k # 0.

If we wish to have a better picture, we must
evaluate X(w) at more closely spaced
frequencies, say w, = 2rmk / N, where N >L. Then
the N-point DFT provides finer interpolation than

o the L- pomt DFT
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S8 EXAMPLE 5.1.2 Solution

Figure 5.6 Magnitude and phase of an N-point
DFT in example 5.1.2; (a) L = 10, N = 80,

(b) L =10, N = 100.
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EXAMPLE 5.1.3

Compute the DFT of the four-point sequence
xn)=(0 1 2 3)

Solution. The first step is to determine the

matrix W,. By exploiting the periodicity property

of W,and the symmetry property wy ¥ = -wk

The matrix W, may be expressed as

Wy, Wi wi wil 1101 1
wl wi w2 w3| |1 Wi Wi Wi
we w2 owi oweé| |1 Wi Wi Wi
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EXAMPLE 5.1.3 Solution

1 1 1 1]
I e B S |
We=l1 -1 1 -
1 j -1 —j.
6
Then -2+2)
Xy =Wyx, = 9
-2—-2j

The IDFT of X, may be determined by
conjugating the elements in W, to obtain W,
g and then applylng the formula (5 1.20).

uuuuuuuuuuuuuu
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EXAMPLE 5.2.1

Perform the circular convolution of the following
two sequences:

x,n)={2,1,2, 1} x,(n) ={1,2 3 4}
T T
Solution. it is desirable to graph each sequence
as points on a circle. Thus the sequences x,(n)
and x,(n) are graphed as illustrated in fig.5.8(a)

We note that the sequences are graphed in a
counterclockwise direction on a circle.

Now, x;(m) is obtained by circularly convolving
# X.(n) W|th x2(n) as specified by (5. 2 39)
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B¥  EXAMPLE 5.2.1 Solution

Beginning with m = 0 we have
3

%3 (0) = ) x, (W ((—)N
n=0

X,(( -n)),is simply the sequence x,(n) folded and
graphed on a circle as illustrated in Fig. 5.8(b). In
other words, the folded sequence is simply x,(n)
graphed in a clockwise direction.

The product sequence is obtained by multiplying
x,(n) with x, ((-n)),, point by point. This sequence
Is a illustrated in Fig. 5.8(b). Iso illustrated in Fig.
.ﬂ’ 5.8(b).
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EXAMPLE 5.2.1 Solution

We sum the values in the product sequence to
obtain x4(0) = 14 .

Form=1wehave  _ Z x (1) x,((1-n)),

X3(1) — 16 n=0 3
For m=2 wehave (3)=" s, ) x,((2- ),
X3(2) = 14 "

3
Form = 3we have ) _ Z x, (1) %, ((3— ),
X3(3) — 16 n=0
Finally x5(n) ={ 14, 16, 14, 16 }
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85  EXAMPLE 5.2.1 Solution

Figure 5.8 Circular convolution of two

sequencesu() =1 D=2
X,(2)=2 x,(0)=2 X,(2) =
(a)
X,(2) =3 X,(0)=1
x,(1) =2
- Folded sequence (b)
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EXAMPLE 5.2.1 Solutlon

X,(0) =1
X,(3)=4 .Xz(l)Z 8 4
Xy(2)=3 3
Folded sequence rotated by Product sequence
one unit in time (¢)
Xy(1) =2 7
X,(0) = 1. X,(2) =73 7 4 6
X,(3) =4 4
Folded sequence rotated by Product sequence
one unit in time (d)

CuuDuongThanCong.com
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EXAMPLE 5.2.1 Solution

X,(2) =73

3
X()=2 - X,(3) =4 4- r 8
X,(0)=1 1
Folded sequence rotated by one Product sequence
unit in time (e)

uongThanCong.com
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| EXAMPLE 5.3.1

By means of the DFT and IDFT, determine the
response of the FIR filter with impulse response

hn)={1,2, 3}
to the input sequence ?
x(n) =4{1,2 2,1}
T

Solution.  The input sequence has length

L = 4 and the impulse response has length M =3
Linear convolution of these two sequences
produces a sequence of length N = 6.

BK
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C EXAMPLE 5.3.1 Solution

Consequently, the size of the DFTs must be at
least six. For simplicity we compute eight-point
DFTs. Hence the eight-point DFT of x(n) is

7
X(k) — Z x(n) e i2mkn/8 — 1+ ze'j'nk,»"~4 1 ze-j-nk.-"'z Il e-j3-nk,-"'4! k= 0" 1'““"7
n=0

.

| | | 242 (44342
This computation yields *=—F—-J ( )

(KW

X(0)=6
X(2)=-1-—],
X(4)=10

X(6)=-14},
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EXAMPLE 5.3.1 Solution
The eig7ht-point DFT of h(n) is

H(k) = z h(n) e 2mkn/8 =1+ Qe ITkI4 L g pmimk/2

Hence
HO)=6, H()=1+\2-3+12), H(2)=-2-]1
H(3)=1-12+4j(3-12), H(4)=2
H(5)=1-v2-j(3-12), H(6)= -2+ )2

H(7)=14+V2+j(3+2),
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B8 EXAMPLE 5.3.1 Solution

The product of these two DFTs yields Y(k),
which is

Y(0) = 36, Y(1)=-14.07 - j17.48

Y (2) =/4 Y (3) =0.07 +0.515

Y (4) =0, Y (5) =0.07-/0.515

Y (6) =-/4 Y (7)=-14.07 +j17.48
Finally, the7eight-point IDFT is

y(k) - Z Y(k) ejZ.nkn,,.rS!

k=0
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¥ EXAMPLE 5.3.1 Solution

This computation yields the result
yin)={1,4,9, 11,8, 3,0, 0}
T

We observe that the first six values of y(n)
constitute the set of desired output values.

The last two values are zero because we used
an eight-point DFT and IDFT, when, in fact, the
minimum number of points required Is six.

ooooooooooooooooo
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EXAMPLE 5.3.2

Determine the sequence y(n) that results from
the use of four-point DFTs in Example 5.3.1.

Solution. The four-point DFT of h(n) is

3
H(k) = Z h(n) e /2mkn/4 =1 L9g7M2 Lggikt - k=123

n=0

Hence H(0)=6, H(1)=-2-j2, HQ2)=0, H(3)=-2+j2
The four-point DFT of x(n) is

X(k)=1+2e7™2 Loe7km L e 37k |k =0,1,2,3
Hence
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EXAMPLE 5.3.2 Solution

The product of these two four-point DFTs is

Y(0)=36, Y(1)=j4, ¥(2)=0, ¥(3)=—j4

The four-point IDFT yields
3

1 m . )
y(n) = 2 E Y (k)el27kn/% n=20,1,2,3
k=0

1 g JEni2 _ :a _j3mn/2
=Z(36+]4e’””" — j4e’7T e

Therefore, Vi(n)={9,7,9, 11}
T
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EXAMPLE 5.4.1

The exponential signal

Is sampled at the rate F,= 20 samples per
second, and a block of 700 samples used to
estimate its spectrum. Determine the spectral
characteristics of the signal x,(t) by computing
the DFT of the finite-duration sequence.
Compare the spectrum of the truncated discrete-
time signal to the spectrum of the analog signal.
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dcg EXAMPLE 5.4.1 Solution

The spectrum of the signal is

The exponential analog signal sampled at the
rate of 20 samples per second yields the
-n/ .:.C’

sequence x(n) - e-m =p n 0
= (V) = (095) nz0
Now, let x(n) = (0.95)", 0=n=99

P 0, otherwise

ccccccccccccccccc
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EXAMPLE 5.4.1 Solution

The N-point DFT of the L = 7100 point
sequence is

99

1 .
X(k)= ZZ % (n)e 727k/N k

k=0

0,1,... N—-1

To obtain sufficient detail in the spectrum we
choose N = 200. This is equivalent to padding
the sequence x(n) with 100 zeros.

ooooooooooooooooo
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58  EXAMPLE 5.4.1 Solution

The graph of the analog signal x_(f) and its
magnitude spectrum [Xa(F)| are illustrated in Fig
5.16(a) and (b), respectively. The truncated
sequence x(n) and its N = 200 point DFT
(magnitude) are illustrated in Fig 5.16(c) and (d),
respectively.

Figure 5.16 Effect of windowing (truncating) the
sampled version of the analog signal in Example
5.4.1
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" EXAMPLE 5.4.1 Solution

| _(e™", t=0
llg _ *a(t) {0, t<0
0.8
0.6
0.4
0.2
00 I 2 (@ 3 4 s !
1
X, (F) =— , |F| =50

J1+ (2nF)?

|— | J | | FI— F
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it EXAMPLE 5.4.1 Solution
Figure 5.16 Continued

* — e, n=0,1,..,99
.". x(n) = xo(nT) = {0, otherwise
...
..
.....
...
"o.‘.....
MHWWWH WWWWTanM_, n
0 20 40 60 80 100
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EXAMPLE 5.4.1 Solution

[ 20k ]
L =100
T N =200 ]
mﬁ'ﬁmmmmmmmmmmmmmmmmmmm g
0 20 40 60 80 100 120 140 160 180 200
b7 (k) (d) P
° L= 20 °
N =200
{mmmrm Tﬂ .
0 100 140 160 200
(e)
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