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4.1 Dai cwong

Hinh 4.1: Dao dong con lac don
Xét bai toan co ban vé dao dong ciia con lac don xac dinh bai
phuong trinh vi phan bac 2

2
d (29+gsin¢9=0
dt [

6: Goc tao boi con lac va truc thang ding.
g: Hang so hap dan.
[: Chi€u dai1 con lac. 3



 Trudng Dai hoe Bich Khoa - PHQG-HCM
4.1 Pai cuong Q)

Véi gia tri 0, ta xap xi sinf ~ 0, khi d6 bai toan tré thanh tuyén tinh:

2
df+g9:0
dt

V6i bai toan nay ta co thé giai bang cac phuong phap quen
thuoc. Tuy nhién khi gia tri 6 16n, ta khong thé xem sinf ~ 6.
Pé tim nghiém cho bai toan nay, ta can str dung cac phuong phap
xap xi nghiém.
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4.1 Dai cuong

»
2

Bai toan Cauchy

{y ()= 1t y() J<t<h o

y@a)=«a

Véi y=y(t) 1a ham can tim, kha vi trén doan [a,b], y, 1a gia tri ban
dau cho trudc cua y(t) tai t=a.

Véi bai toan Cauchy (1) ta chi c6 thé tim duoc nghiém dung cia
mot s6 phuong trinh don gian. Poi véi trudng hop f(x,y) ¢ dang bat
ky thi khong c6 phuong phap giai. Truong hop co thé tim ra nghiém
ding cua bai toan Cauchy (1) qua phurc tap nén it dung.

Vigc tim ra phuong phap giair ding bai toan Cauchy co vai tro quan
trong trong thuc té.
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BK
4.2 Phuwong phap Euler ‘J
Pé tim nghiém gan dung ciia bai toan (1), ta chia doan [a,b] thanh
n doan bang nhau h—g
h =
n

Khi d6 cac diemnutlaty, = a,t,=to + kh,k =0,1,2,..,n,t, = b

Gia st y(t) 1a nghiém duy nhat ctia bai toan (1) c6 dao ham dén
cap 2 lién tuc trén doan [a,b].

Khi d6 v6i modi k=1,2,...,n-1 theo cong thuc khai trién Taylor trén
doan [ty, tg4q]:

(tk+1 B ZLk )2
) 2

Y(t) =y )+ '@ ), —t)+y"(S,
Voi: ¢, €(4,1.,)



 Trubmg Dai hoc Bich Khoa - DHQG-HCM
4.2 Phwong phap Euler

2
&2

Vi y=y(t) la nghiém ctua phuong trinh (1) va h = t;, .1 — t

nén ta co:
2

Wt) = y(t) 4 hof (1, 7,) + %y"(@)

Bing cach bo di phan du, ta xap xi y, = y(t;,) véi k=1,2,...n, ta
cO cong thire Euler

Yo =&

Vi @YV T, 0,0),

Vé1k=0,1,2,...,n-1.



 Trubmg Dai hoe Bich Khoa - DHQG-HCM
4.2 Phwong phap Euler

YA

y' =1y,
ya) = o

Wi
a ——

t0=la t 5}2 tNl=b t
Hinh 4.2: Y nghia hinh hoc ciia phwong phdp Euler:

Tu (¢, yo) = (a,a) thuéc duong cong y=y(t), ké tiép tuyén VOl
du:(mg thang cong (co hé s6 goc la y ’(a)=f(a, a)). Puong tiép tuyén
s& catt = t; tai y; chinh Ia g1a tri gan dung cua y(tq).

Tai (t1, ¥1), ta ké duong thang véi hé so goc f(ty, y;) cat t=t, tai y,
1a gia tri gan ding cua y(t,)
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 Trubmg Dai hoe Bich Khoa - DHQG-HCM
BK
4.2 Phwong phap Euler “

Vi du 4.1: Sir dung phuong phap Euler dé xap xi nghiém cua bai
toan Cauchy:

y'(x)=y—-t*+1; 0<¢<2
»(0)=0,5

Véi h=0,2. Tai nhitng diém nut chia so sanh gia tri gan ding
vO1 gia tri chinh xac, biét nghi€ém chinh xac cua bai toan la
y(t) = (t + 1)%—0,5¢e¢



4.2 Phwong phap Euler
Vi du 4.1

Giai

t, = 0,2k, yo = 0,5
Cong thure tinh nghiém gan ding 1a
Yir1 = Yk + h(yp — ti + 1)
V&1 k=0,1,...,9

Bimmay: Y =YV +0.2(Y = X2 +1): X =X+ 0.2
1. CALC Y=0.5=,X=0=
2. Y=X=0.2=
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4.2 Phwong phap Euler

Vi du 4.1: Két qua

Ltk

Yk

y(tx)

ly(tk) — vl

0.0

0.5000000

0.5000000

0.0000000

0.2

0.8000000

0.8292986

0.0292986

0.4

1.1520000

1.2140877

0.0620877

0.6

1.5504000

1.6489406

0.0985406

0.8

1.9884300

2.1272295

0.1387495

1.0

2.4581760

2.6408591

0.1826831

1.2

2.9498112

3.1799415

0.2301303

1.4

3.4517734

3.7324000

0.2806266

1.6

3.9501281

4.2834838

0.3333557

O OINO ORI W NE O X

1.8

4.4281538

4.8151763

0.3870225

—
-

2.0

4.8657845

5.3054720

0.4396874

Bang 4.1: Két qud Vi du 4.1.
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 Trubmg Dai hoe Bich Khoa - DHQG-HCM
4.2 Phwong phap Euler

Sai sé ciia cong thire Euler
Gia sir f 13 ham lién tuc va thoa diéu kién
f(ty)— [t y,)| S L]y, -y,
Véi hang s6 L>0 va ton tai M thoa
y'@t) <M Véit € [a,b]
Khi d6 véi y(t) 1a nghiém chinh xac cta bai toan gia tri dau
y'(t) = f(ty), as<t<b, y@=a va y ,

Y1, -, Yo la nghi€ém xap xi cua bai toan cho bo1 cong thirc Euler,
khi d6 véi moi k=0,1,...,n

hM

2(t) =] < E[em"_a) -1
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 Trubmg Dai hoe Béch Khoa - PHQG-HCM
4.3 Phuong phap Euler cai tién ‘BKJ
Cong thirc Heun

Trong cong thirc Euler, thay f (tg, yx) boi [y ] Z(t"“’y k1)

ta dugc cong thirc Heun

Y +hf(tk’yk)+f(tk+lﬂyk+1)
k

y(tk+1) ~ yk+1 — 2

V61 k=0,1,2,...,n-1

Viéc tinh toan theo cong thirc Euler cai tién rat phirc tap vi ca 2 vé
déu chtra y; ¢ 1a an can tim. D€ don gian ta thay y,, 4 ¢ v€ phai boi

Ve (8, 0,)
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 Trubmg Dai hoe Bich Khoa - DHQG-HCM
4.3 Phuong phap Euler cai tién

Cong thirc Heun
Luc nay ta co cong thirc:

Sy Gy (G, 0))
2

Yt )= Ya =y th

k=012 ...n—1
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 Trubmg Dai hoe Bich Khoa - DHQG-HCM
4.3 Phwong phap Euler cai tién ‘BKJ

Cong thirc Heun

Vidu 4.2

Str dung phuong phap Euler cai tién dé xap xi nghiém cia bai
toan Cauchy

y'()=y—t+1,0<¢<2
¥(0)=0,5

Véi h=0,2. Tai nhiing diém nit so sanh gia tri gan ding véi gia tri
chinh x4c dugc cho bsi y(t) = (t + 1)?—0,5¢t
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; e Lo K BK
4.3 Phuwong phap Euler cai tién ‘J
Cong thtc Heun
Vidu 4.2

Giai: h = 0,2,y, = 0,5. Cong thtrc tinh nghiém gan ding 1a:

Sy + Gy 0 (G, 0,)
2

VX)) RV =y th

Véik=0,1,...,9

Bimmay: Y =Y +0.1(Y =X?+14+Y + 0.2(Y =X% +1) —
(X +0.2)? + 1);

X=X+02

1. CALC Y=0.5=X=0=

2. Y=X=0.2
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4.3 Phuong phap Euler cai tién

Vi du 4.2: Két qua

Li

Yk

y(tx)

y(tk) — vl

0.0

0.5

0.5000000

0.0000000

0.2

0.826

0.8292986

0.0032986

0.4

1.20692

1.2140877

0.0071677

0.6

1.6372424

1.6489406

0.0116982

0.8

2.110235728

2.1272295

0.0169938

1.0

2.617687588

2.6408591

0.0231715

1.2

3.149578858

3.1799415

0.0303627

1.4

3.693686206

3.7324000

0.0387138

1.6

4.235097172

4.2834838

0.0483866

O OINOY ORI WNHEHO X

1.8

4.755618549

4.8151763

0.0595577

=
o

2.0

5.23305463

5.3054720

0.0724173
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 Trubmg Dai hoc Bich Khoa - DHQG-HCM
BK
4.4 Phwong phap Runge - Kutta ‘J

Cong thirc Runge — Kutta bac 2

Hai nha toan hoc ngudi Pic Runge va Kutta dd dé xuat mot
phuong phdp dé nang cao d0 chinh xdc nghiém cua bai todn
phuong trinh vi phan.

Y tuong cuia phuong phap nay 1a ting d6 chinh xac cua gia tri
Vik+1 tal dieém t;, + h, ta dua vao mot vai di€ém trung gian trong
dO'c:lIl [tk, Ly + h] nhu diém Ly + h/2.

Cong thurc:

Pt = VDB 2 00+ £ (0, 0(6)
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 Trubmg Dai hoc Bich Khoa - DHQG-HCM
BX
4.4 Phwong phap Runge - Kutta ‘J

Cong thirc Runge — Kutta bac 4

Ta c6 thé x4y dung phuong phap Runge — Kutta véi cac bac cao, pho
bién nhat 1a bac 4.

( |
Vin =Yt +h) =y, +g(K1k +2K§ +2K§+Kf)
K1k =hf(t, )
h K*
4 Kéc :hf(tk+59yk+71)

h K*
K§‘=hf(fk+5,yk+72)

Kf :hf(tk+h9yk+K?f€)

19



 Trubmg Dai hoc Bich Khoa - DHQG-HCM
BK
4.4 Phwong phap Runge - Kutta ‘J

Cong thirc Runge — Kutta bac 4

Vi du 4.3: Sir dung phuong phap Runge — Kutta bac 4 dé xap xi
nghiém cua bai toan Cauchy
y'(x)=y-x"+1, 0<x<2
¥(0)=0,5

V6i n=10. Tai nhitng diém nat chia so sanh gia tri gan ding
vo1 gia tr1 chinh x4c, bi€t nghiém chinh xac cua bai toan la
y(x) = (x + 1)?—0,5e*
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 Trubmg Dai hoe Bich Khoa - DHQG-HCM
4.4 Phwong phap Runge - Kutta

Cong thirc Runge — Kutta bac 4

Vi du 4.3: Giai

V61 n=10 thi h=0.2,t;, = 0.2k, y, = 0.5. Ta c¢¢:

K =hf(t,y,)=0.2(y, —0.04k +1),

h KF
K§=hf(fk+5,yk+7l

h K*
K; =hf£tk +5,yk +72

=h

=h

Ve T

k
2

2

K ( h
L tk_|__
2

2
j+1

K =hf(t,+h,y, +K)=hly, + K5 —(x, +h)> +1].

N 4 4 1
Cong thirc tinh:  y.,, =¥, +g(K1k +2K, +2K; +K})

Vé1k=0,1,...,9
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 Trubmg Dai hoe Bich Khoa - DHQG-HCM
4.4 Phwong phap Runge - Kutta

Cong thirc Runge — Kutta bac 4

Vi du 4.3: Bam may 0.2(Y — X% + 1)
Tinh K2:CALCX = 0,Y = 0.5 = K Shift — STO — A

Tinh K):CALCX=0+02+2Y=05+A+
2 = K Shift —STO — B

Tinh K§:CALCX=0+02+2Y=05+B+
2 = K Shift —STO — C

Tinh K: CALCX=0+0.2,Y=0.5 +
C = K, Shift —STO—D
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 Trubmg Dai hoe Bich Khoa - DHQG-HCM
4.4 Phwong phap Runge - Kutta

Cong thirc Runge — Kutta bac 4

Vi du 4.3: Bam may

y(0.2) ~ y, = y, +é(K1° +2K) +2K; +K))

=O,5+%(A+ZB+2C+D) ~0,8292933

Shift — STO - F
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 Trubmg Dai hoc Bich Khoa - DHQG-HCM
4.4 Phwong phap Runge - Kutta

Cong thirc Runge — Kutta bac 4

Vi du 4.3: Két qua

k| x Yk y(x) | Iy (xk) — y«l
0 | 0.0 | 0.5000000 | 0.5000000 | 0.0000000
1 | 0.2 | 0.8292933 | 0.8292986 | 0.0000053
2 | 0.4 12114362 | 1.2140877 | 0.0000114
3 0.6 | 1.6404175 | 1.6489406 | 0.0026515
4 0.8 21088953 | 2.1272295 | 0.0183342
5 | 1.0 | 2.6079021 | 2.6408591 0.032957

6 | 1.2 | 3.1264849 | 3.1799415 | 0.0000474
7 | 1.4 | 3.6512660 | 3.7324000 | 0.0000599
8 | 1.6 | 4.1659056 | 4.2834838 | 0.0000743
9 | 1.8 | 4.6504464 | 4.8151763 | 0.0000906
10 | 2.0 | 5.0805126 | 5.3054720 | 0.0001089
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eEXErCISE

Bai tap 1: Cho bai toan Cauchy nhu dud1 day. St dung cong

2
&2

thirc Runge-Kutta cap 4 hay xap xi y(1,2) véi bude h=0.2

(p'=2x+xsin(x+2y),x>1
| y()=2,4
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Bai tap 1: Giai
bat f(X,Y)=2X+Xsin(X+2Y)

Xo =1,y =24

Nhap vao may tinh ham h.f(X,Y)

“0.2(2X+Xsin(X+2Y))”

“CALC”

X Y STO

X0 Yo A
Xg+h=+2 yotA+2 B
Xg+h+2 yot+B+2 C
K{;—Fh }Fu'i-c D

Ta co:

Dap so: y(1,2)=2,8449
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~AN\
Thanks

for your attention!

Have a nice day ©
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