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Trurdmg Bai hoc Bach Khoa ~ DHQG-HCM
8.1. Phin tir thanh 2 nat mot chidu &S

1. Ma tran d0 cung

- Pé giai bai toan mot chiéu (1D) bang phu’O’ng phap phan ti
hiru han, ta su dung cac quan hé g suat - bién dang va quan
hé bién dang - chuyén vi.

- Xét mot thanh dong chat ling tru:
Véi
. = U — = Y
L: chidu dai thanh j

A: tiét dién mit cit ngang i X AE i
E: module dan hoi L .

u = u(x): chuyén vi

e = &(x): bién dang

o = o(x): ing suat



Trrimg Dai hoc Béch Khoa - DHQG-HCM 3
1 ) guﬁ
8.1. Phan tir thanh 2 niat mot chiéu P

1. Ma tran d0 cung

Quan hé bién dang - chuyén V1.
du ,
£ =—
7 (1)
Quan h¢ irng suat - bién dang:
o=Ec¢ (2)
Vi bai toan mot chiéu, vi phan thé tich viét dudi dang:

dv = Adx (3)
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Trrimg Dai hoc Béch Khoa - DHQG-HCM
\ 3 BK
8.1. Phan tir thanh 2 niat mot chiéu o N

1. Ma tran do cung
Phwong phap hinh thire

Xac dinh hai ham dang tuyén tinh sau:
N;(§) =1-¢, N; () =¢ (4)
Voi :

= -, 0<¢é¢<1
§=1 ;

Khi xac dinh duoc ham dang, truong chuyén vi cua phan tr s€ dugc
bi€u dién thong qua cac chuyén vi nut:

u(x) = u(é) = N;(u; + N; () (5)

Hoac:
Ui
u=[N Nif,|=nNu (6)



e -
8.1. Phan tir thanh 2 nit mét chiéu -

1. Ma tran do ctung

Tu phuong trinh (1) va (6):
_du |d Nlu =B .
° 7 dx |dx a= o (7)

Trong d6 ma tran B duogc go1 la ma tran bién dang-chuyén V1 cua
phan tur:
d dé

d
B=E[Ni(€) Nj(f)]=d_€E[Ni(€) N;(¢)]

ol 2
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8.1. Phan tir thanh 2 nit mét chiéu >

1. Ma tran do ctung

Theo dinh luat Hooke, ta c¢é biéu thirc ung Suat:
o = Fe = EBu (9)

Céc biéu thtc u =Nu, £¢=Bu, ¢ = EBu mbd ta chuyén
vi, bién dang va Ung suit qua cac gia tri chuyén vi ntt ctia phan
tir. Ta s& thé cac biéu thirc nay vao biéu thtrc thé ning cia thanh
dé thiét lap ma tran d6 cirng va ma tran luc nat cua phén tu



8.1. Phan tir thanh 2 nit mét chiéu
1. Ma tran do cung

Thé ning bién dang ctia phan tir:

1 1
U= j oTedV = > j (u"TBTEBu)dv

%uT f (BTEB)dV |u (10)

Ta c6 cOng thuc hi€n bo1 hai luc tal nut:

1 1 1 .
W=Efiui+§fjuj=zuf (11)



8.1. Phan tir thanh 2 nit mét chiéu

1. Ma tran do ctung

Cho h¢ bao toan nang lugng, ta co:
U=W

1 1
= Sul f (BTEB)dV |u = Su'f (12)

|l
—"

= f (BTEB)dV | u

Hoac > ku=f (13)
Véi k= [(BTEB)dV 1a ma trn d cimg phan tir

f 1a ma tran luc nat cua phan tir



Trrimg Dai hoc Béch Khoa - DHQG-HCM 3
1 ) §H§
8.1. Phan tir thanh 2 niat mot chiéu o

1. Ma tran do ctung
Dung ma tran bién dang-chuyén vi (8) dé tinh phuong trinh (12)

Ma tran d6 ctmg phan tu:

(D
_ ()L (s]1 1] _EAr1 1
k—JO<l>E[T ZAdx_L[_l N
\ L/

Thé ning bién dang cua phan tir:
1
U=-u'k
> U ku
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Trrimg Dai hoc Béch Khoa - DHQG-HCM g
1 ) §H§
8.1. Phan tir thanh 2 niat mot chiéu PO

1. Ma tran do ctung
Phuong phap truc tiép

Gia su thanh trong truong hop nay hoat dong nhu mot 10 xo, ta
suy ra ma tran do cirng cua thanh:

kK —k -? _%- EAp1 -1
kzl—k k]= EA EA =TL1 1]
L L

Phuong trinh phan tir hitu han:

- — L -
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8.1. Phan tir thanh 2 nit mét chiéu -

2. Ta1 nat tuvong duong

Gia su phén tir hiru han co6 thé tich V chiu tac dung cua luc thé
tich p va luc bé mat q trén dién tich S. Thé nang toan phan cua
phan tir [a U co thé viét dudt dang:

v = [[[ster@ar - [[[rrmar - [

Ta ¢ vector tai phan tir hay con goi 1a tai nat tuong duong:

) = ||| @i + [[[ w1 ayas
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Trrimg Dai hoc Béch Khoa - DHQG-HCM
2 2 BK
8.1. Phan tur thanh 2 niat mot chiéu o N

2. Ta1 nut twong duong
Truong hop phan ti thanh 2 ndt, duya vao ham dang ta ¢ tai nut
twrong duong:

X

.
a a 1

() = | INigydx= | {5 @ ba@dx
0 0 Z

. a J

Truong hop tai trong phan bo déu q(x) = q, = const

(B0%) a2 qea/2
Py =1 fut —™ >

Qo e a |

\ 2 )
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8.2. Phan tir thanh 3 nit mot chiéu ‘BKJ

1. Ma tran do cung
Ma tran phan tir thanh ba nut tuong tu cua Rhﬁn tor thanh hai nat. Tinh
toan ma tran do clrng va chuyén vi nat bao gom cac budc sau:
Buéc 1: Xac dinh nit ctia phan tir thanh.
Budc 2: Xéc dinh diéu kién bién 1a:
u(x =0) = uy; u(x=1L) =u,

Budc 3: Xac dinh hépl da,ng cua nut N, quan hé bién dang-chuyén V1
B va quan h¢ ing suat-bién dang o cua phan tur 1D.
Budc 4: Thiét lap ma tran d§ cing va vector luc nut cua tung phﬁn
tur trong hé toa do dia phuong

-2

L 1-1 1
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8.2. Phan tir thanh 3 niit m§t chiéu o X

1. Ma tran d0 cung
Budc 5: Thiét lap ma tran d0 ciring toan hé trong h¢ toa do chung.

Budc 6: Giai hé phuong trinh phan ti hitu han (13):
[KI{U} = {F}

Budc 7: Giai tim noi lyc trong tirng phan ti.
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Trudmg Dai hoc Bich Khoa ~ DHQG-HCM
8.2. Phan tir thanh 3 nit mot chiéu

2. Vidu
Vidu 1:

W @

(b) -

1 2 3
(a) Truc bac chiu kéo ding tam; (b) So do phan tir

Cho mdt truc bac chiu tac dung cua luc P=10 kN. Biét tiét dién cac doan: A =
20mm?; A, = 10mm?; chiéu dai cac doan I; = [, = 100 mm; va module
dan hoi E; = E, =200 GPa. Hay xac dinh chuyén vi tai B va C; phan luc tai
A: bién dang; img suat trong cac doan truc AB, BC.
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Trudmg Dai hoc Béch khoa ~ BHQG-HCM
\ 2 BK
8.2. Phan tur thanh 3 niat mot chiéu o N

2. Vidu
Chia truc thanh hai phan ttr 1 va 2
Bang ghép noi phan tir dugce thiét 14p nhu sau:

Phan tir Nut i Nut j
1 1 2
2 2 3
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8.2. Phan tir thanh 3 nit mot chiéu

2
€2

Xac dinh ma tran do cuing cua phén ta 1 va 2:

2. Vidu
A{E ¢
kl —_ :;1 1
— AZEZ [
2 l2

Xac dinh ma tran do cuing chung K:

K =

1 =11 _ T[4
—1 11 1[-4
1 =11 _[2
-1 11 [=2
4 -4 0
—4 442 =2
0o -2 2

—4
4 |
—2
2

10*N/m

10*N/m

10* N/
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8.2. Phan tir thanh 3 nut mot chiéu o
2. Vidu
e Vector lucniitchung: F=[0 0 10]7
« Hé phuong trinh phan tir hitu han:

Ku=F
4 -4 01" R,
:104[—4 4+ 2 —2]{uz}:{ 0 }
0 —2 2 1\u3 10x103

» Dit diéu kién bién:
Ta co u; = 0 do lién két ngam tai A, ta c6 hé phuong trinh:

=10*[ 5, 1t = {ioeior)
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. X BK
8.2. Phan tu thanh 3 nut mot chiéu P
2. Vidu

e Xac dinh chuyén vi, bién dang, irng suat:

Gia1l h¢é phuong trinh, ta dugc:
u, = 0,25 mm
u; = 0,75mm
Phén luc lién két:
R1 — 104(_4u2) — _10 kN
Bién dang dugc tinh cho moi phﬁn tu:

—U+ +Uu
1 l 2-25.10"3
—UZ + U3

l

81:

82 —_ —_ 5 10_3
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8.2. Phan tir thanh 3 nit mét chiéu
2. Vidu

Ung suét ctia mdi phan tir thanh:
01 = Egl = 500 N/mmz

o, = Ee, = 1000 NV y—
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Trudmg Dai hoc Béch khoa ~ BHQG-HCM 3
1 ) §H§
8.2. Phan tur thanh 3 niat mot chiéu P

2. Vidu
Vidu 2:

D 24,E D AE

Cho mdt truc bac chiu lién két ngam 2 dau va tac dung cta luc
P=200kN. Biét tiét dién cac doan A; = 2400mm?; 4, = 600mm?;
chiéu dai cac doan [; = 300mm; [, = 400 mm; va module dan hoi
E, = 70 GPa; E, =200 GPa. Hay xac dinh chuyén vi tai B; bién dang,
ung Suat trong cac doan truc AB, BC va phan luc ta1 A va C.
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8.2. Phan tir thanh 3 nit mot chiéu

2. Vidu
e Chia truc thanh hai phan tir 1 va 2
Bang ghép noi phan tir dugce thiét 14p nhu sau:

Phan tlr Nat i Nut j
1 1 2
2 2 3

'
&2
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8.2. Phan tir thanh 3 nit mét chiéu

« Xac dinh ma tran d6 cmg cua phan tir 1 va 2:
~2400.70. 103 ¢

300

—560

400

0

2. Vidu
_ AiEip1 -1
1 ll -_1 1 -
_ AErr1 -1
2 lz —_1 1 -
* Xac dinh ma tran do cung chung K:
560
K=|-560

—300

—300[103 N/,

300

1

—1
~600.200.103

1

—1

—11pN
1 .
~11N
1.

'
€2

/mm

[mm
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8.2. Phan tir thanh 3 nit mot chiéu ‘BKJ

2. Vidu
e Vector luc nit chung: F=[R; 200.10% R;]|T
« Hé phuong trinh phan tir hitu han:

Ku=F
560 —560 0 (W R4
= 103 |[-560 860 —300] {uz} = {200.103}
0 —300 300 [J\uz R

- Dit diéu kién bién:
Ta coé u; = uz = 0 do lién két ngam tai A, ta c6 hé phuong trinh:
= 860.u, = 200
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Trudmg Dai hoc Bich Khoa ~ DHQG-HCM
8.2. Phan tir thanh 3 nit mot chiéu
2. Vidu

e Xac dinh chuyén vi, bién dang, irng suat:

Gia1l h¢é phuong trinh, ta dugc:
u, = 0,23257mm

Phan luc lién két:
R, = 103(-560u,) = —130,233kN
R; = 103(=300u,) = —69,767kN

Bién dang dugc tinh cho moi phén tu:

—Uus +u

1l 2 =7,752.107%
—U-> +U
£, = Zl > = _5814.107*

81:
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8.2. Phan tir thanh 3 nit mot chiéu
2. Vidu

Ung suét ctia mdi phan tir thanh:

27



Trurerng Bai hoc Bach Khoa ~ PHAG-HCM
8.2. Phan tir thanh 3 nit mot chiéu ‘BKJ

2. Vidu
A
O 4E @T

Vidu 3:

Cho mét truc bac chiu lién két ngam | dau va tac dung cua luc
P=6.10*N. Biét tiét dién cac doan A, = A, = 250mm?; chiéu dai cac
doan L = 150 mm; va module dan hoi E; = 20 GPa. Khe ho giira C va
thanh cting la 1,2mm. Hay xac dinh chuyén v1 trong cac doan truc AB,
BC va phan luc tai A va C.
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Trudmg Dai hoc Béch khoa ~ BHQG-HCM 3
1 ) §H§
8.2. Phan tur thanh 3 niat mot chiéu P
2. Vidu

« Kiém tra dau C sau khi duoc tac dung luc co tiép xuc vol1
thanh cirng hay khong?

_PL _ 6.10*.150.10°
EA  20.10°.250

A = 1,8mm > A= 1,2mm

Nhu vay tiép xuc co xay ra.
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8.2. Phan tir thanh 3 nit mot chiéu
2. Vidu

« Xac dinh ma tran d6 cmg cua phan tir 1 va 2:
AETr1 -1
=k = [_1 1 ]

* Xac dinh ma tran do ciing chung K:

1 -1 0

AE

K=—|-1 2 —1] N/ mm
0 -1 1
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Trurdmg Bai hoc Bach Khoa ~ DHQG-HCM
8.2. Phin tir thanh 3 nat mot chidu &S

2. Vidu
e Vector lyc niitchung: F=[R;y P R3]’

e Hé phuong trinh phan tir hitu han:
Ku =F

1 -1 0171(" R,

F R

0 -1 1 Us R3
 Pit diéu kién bién:

Ta co u; = 0 do lién két ngam tai A, u; = A= 1,2 mm, ta c6 hé
phuong trinh:

AE
- —
L
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. X BK
8.2. Phan tu thanh 3 nut mot chiéu P
2. Vidu

e Xac dinh chuyén vi, bién dang, irng suat:

Gia1l h¢é phuong trinh, ta dugc:

_1 (PL + A) =15
uz = > \E2 = 1,omm
Phan luc lién két:
EA
Rl — T(_uz) — _5 104N
EA

R3 = T(_UZ + U,B) — _104N
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Trrmg Dai hoc Béch Khoa —~ PHQG-HCM
8.3. Phan tir thanh chiu xoiin Q)

Ham chuyén vi 6 duoc viét dusi dang: @ = BJ,

—1 1
Trong do: B=[B B, B, :7932 ]

Phuong trinh bién thién do thanh chiu xoan thuan tiy dudi dang ma
tran co dang:

l [
y! | B'GJBdxS, =y! | N'mdx,vy!
0 0

Trong d6 J 1a moment quan tinh cuc tri d6i voi trong tam cua tiét dién
ngang, m la moment xoan phan bo trén thanh.

Do phuong trinh ding vo1 moi ‘v’yZ nén ta co:

[
F, =jNdex
0
hay Keae :F;
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Trrimg Dai hoc Béch Khoa - DHQG-HCM
8.3. Phan tir thanh chiu xoiin £

Dua trén phuong trinh da cho, ta co:

[ [
K, = [ B'GJBdx F, = [ N'max
0 0

Trong phuong trinh trén, K, 1a ma tran do cmg phan tir ciia thanh chiu
xodn thuan tuay, F, la vector luc nut twrong duong cua phan tur. Sau khi
thuc hién tich phan, ta co:

G/ _GI oml
k =| ! ! va F = 2
¢ _GJ GJ ¢ ml
T 7
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Any
Questions?




