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1. Introduction

TP. HCM

o A typical signal processing system includes 3 stages:
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% The digitalized samples are processed by a digital signal processor.

d The digital processor can be programmed to perform signal processing

operations such as filtering, spectrum estimation. Digital signal processor can be

a general purpose computer, DSP chip or other digital hardware.

% The resulting output samples are converted back into analo a
% Th lting output sampl ted back int log by
D/A converter.

Digital Signal Processi%%DuongThanCOng com

https://fb.com/tailieudientucntt

Sampling and Reconstruction


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

2. Analog to digital conversion

% Analog to digital (A/D) conversion is a three-step process.

11010

+x(t) +x(n)
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3. Sampling

¢

“* Sampling is to convert a continuous time signal into a discrete time

signal. The analog signal is periodically measured at every T seconds

ideal sampler

analog x(0) F\
signal * -
$ x(1)

 x(n)=x(nT)=x(t=nT), n=...-2,-1,0, 1, 2, 3...
% T: sampling interval or sampling period (second);

-

x(nT)
-

sampled
signal

x(nT)

I

% Fs=1/T: sampling rate or frequency (samples/second or Hz)
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Example 1 &

%* The analog signal x(t)=2cos(2nt) with t(s) is sampled at the rate F =4
Hz. Find the discrete-time signal x(n) ?

Solution:
“ x(n)=x(nT)=x(n/Fs)=2cos(2nn/Fs)=2cos(2nn/4)=2cos(nn/2)
_n | 0 | 1 | 2 | 3 | 4
0 -2 0 2

x(n) 2

%* Plot the signal
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Example 2

* Consider the two analog sinusoidal signals
7 1
X (t) = ZCOS(Zﬂgt), X, (t) = 2cos(27z§t); t(s)

These signals are sampled at the sampling frequency F.=1 Hz.
Find the discrete-time signals ?

Solution: ' Y £ 3
X.(N)=x(nNT)=x(h—)=2c0s(27x—-n) =2c0os(—zn
() =x,(nT) = x( F) (7r81) (47r)

s~ 1 T
=2c0s((2— Z);zn) =2 cos(z n)

1 11 1
X, (N)=x,(nNT)=x,(h—) =2cos(27—-n) =2cos(— zn
,(N) =X%,(nT) = X,( Fs) (7r81) (47r)

% Observation: x,(n)=x,(n) = based on the discrete-time signals, we
cannot tell which of two signals are sampled ? These signals are

called “alias”
Sampling and Reconstruction
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Fig: Illustration of aliasing
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4. Aliasi f Si id BE
iasing of Sinusoids ¢

% In general, the sampling of a continuous-time sinusoidal signal

X(t) = Acos(2zFt + 0) at a sampling rate F.=1/T results in a
discrete-time signal x(n).

%* The sinusoids X, (t) = Acos(2zFt+6) is sampled at F_, resulting
in a discrete time signal x, (n).

% If F,=F,+tkF, k=0, £1, £2, ..., then x(n)=x,(n) .
Proof: (in class)
% Remarks: We can that the frequencies F,=F +kF_are

indistinguishable from the frequency I, after sampling and hence
they are aliases of I,

o . . . on
D‘glta| S|gna\ |Drocess'r’(E(t;LDuongThanCong.com J https://fb.com/taiIieudientucnttsamp‘Img and Reconstruct


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

5. Spectrum Replication

& Tet x(nT)=X(t) = x(t)25(t NT) = x(t)s(t) where s(t)—z5(t nT)

N=—o0

“* s(t) is periodic, thus, its Fourier series are given by

=3 sneiZ”Fs“‘ where S, == j S(t)e 12t = = j 5(t)dt = i
Thus, S(t) _ = Z eJZ;zFSnt
N=—o0 1 -
which results in X(t) = x(t)s(t) == Z x(t)e!# !
« Taking the Fourier transform of X(t) yields| X (F)= Z X (F —nF)

%* Observation: The spectrum of discrete-time signal is a sum of the
original spectrum of analog signal and its periodic replication at the
interval F_
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spectral I spectral
replicas X(f) replicas
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e - X(F421) X(f+f,) X(ff) X(f-2f) ...
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Fig: Spectrum replication caused by sampling

f“-.

srpen, M A\

-2 f. f 2 0 f2 f of.
—'411\:3{3?55{“—
Fig: Aliasing caused by overlapping spectral replicas
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6.S ling Th gz
ampling Theorem 5N

“* For accurate representation of a signal x(t) by its time samples x(n'T),
two conditions must be met:

1) The signal x(t) must be band-limited, i.e., its frequency spectrum must
be limited to F__ . b xp

i 4 - f
ffnmx l:::l f max

Fig: Typical band-limited spectrum

2) The sampling rate I, must be chosen at least twice the maximum

frequency F F =2F

max*

% F =2F___is called Nyquist rate; F /2 is called Nyquist frequency;
I-F./2, F /2] is Nyquist interval.
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%* The values of F___and F, depend on the application

Biomedical 1 KHz 2 KHz
Speech 4 KHz 8 KHz
Audio 20 KHz 40 KHz
Video 4 MHz 8 MHz
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7. Ideal analog reconstruction ""'" |

ideal ideal
sampler reconstructor
A
x(1) T x(nT) X, (1)

- - Ll —
analog sampled o » | analog
signal signal S22 signal

rate f, lowpass filter
cutoff=f/2

Fig: Ideal reconstructor as a lowpass filter

%* An ideal reconstructor acts as a lowpass filter with cutoff frequency
equal to the Nyquist frequency Fs/2.

T Fe[-F/2,F/2]
0 otherwise

% An ideal reconstructor (lowpass filter) |H(F) = {

Then

X,(F)=X(F)H(F)=X(F)
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E le 3 4 BK
xample o

%* The analog signal x(t)=cos(20xt) is sampled at the sampling
frequency Fs=40 Hz.
a) Plot the spectrum of signal x(t) ?
b) Find the discrete time signal x(n) ?
c) Plot the spectrum of signal x(n) ?
d) The signal x(n) is an input of the ideal reconstructor, find the
reconstructed signal x_(t) ?
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Example 4 ="}
‘ ‘ ’\

%* The analog signal x(t)=cos(100xt) is sampled at the sampling
frequency Fs=40 Hz.
a) Plot the spectrum of signal x(t) ?
b) Find the discrete time signal x(n) ?
c) Plot the spectrum of signal x(n) ?
d) The signal x(n) is an input of the ideal reconstructor, find the
reconstructed signal x_(t) ?
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% Remarks: x (t) contains only the frequency components that lie in the

Nyquist interval (NI) [-F /2, F_/2].

. sampling at F ideal reconstructor

% x(t), Fy € NI —--mrimeemem - > X(f1) > x,(9), F,=F,
. sampling at F ideal reconstructor

*%* Xk<t>7 Fk:FO+kFS “““““““““ > X(ﬂ) _____________________ > Xa<t>) Fa:FO

% The frequency F, of reconstructed signal x_(t) is obtained by adding
to or substracting from F, (FF,) enough multiples of Fs until it lies

within the Nyquist interval [-F_ /2, F_/2]. That is

F, = F mod(F,)

Digital Si ' [ [
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Example 5

e
&

* The analog signal x(t)=10sin(4nt)+6sin(16xt) is sampled at the rate 20
Hz. Find the reconstructed signal x_(t) ?
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Example 6 B,
<

% Let x(t) be the sum of sinusoidal signals
x(t)=4+3cos(nt)+2cos(2nt)+cos(3nt) where t is in milliseconds.

a) Determine the minimum sampling rate that will not cause any
aliasing effects ?

b) To observe aliasing effects, suppose this signal 1s sampled at half its
Nyquist rate. Determine the signal x (t) that would be aliased with
x(t) ? Plot the spectrum of signal x(n) for this sampling rate?
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Example 7

A wheel, rotating at 6 Hz, is seen in a dark room by means of a strobe light flashing at a rate
of 8 Hz. Determine the apparent rotational speed and sense of rotation of the wheel. Repeat
the question if the flashes occur at 12 Hz, 16 Hz, or 24 Hz.

Dlglta| S|gna| ProceSSIrEi%LDuongThanCOng.com 20 https://fb.com/taiIieudientucnttSampllng and Reconstruction


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

8. Ideal antialiasing prefilter

%* The signals in practice may not band-limited, thus they must be
filtered by a lowpass filter

input spectrum prefiltered spectrum replicated
_ _{ / . L _{ 4 A spectrum
r | —prefilter ! |
L1 (Y LYY Ny
- - t t -
0 12 0 f/2 /s 0 7
P . . ; N .
X.(f) ideal X(f) T X(f)
—  prefilter — - -
analog H(f) bandlimited |jdeal sampler| sampled
input spectrum spectrum
cutoff f = f./2 rate f

Fig: Ideal antialiasing prefilter

21 Sampling and Reconstruction
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9. Practical antialiasing prefilter ‘BK

% A lowpass filter: [-F__ , F

pass> pass| 18 the frequency range of interest for
the application (F

max pﬂSS)

% The Nyquist frequency Fs/2 is in the middle of transition region.

** The stopband frequency F, = and the minimum stopband

attenuation Ay, dB must be chosen appropriately to minimize the

aliasing effects. A IH(f)l ’/ideal prefilter

transition —
F FpaSS FStop region \ / \ f
"1-&1_0]_1
il 2 2 ~—_ .

Tﬁ:mp _f pass 0 j}:-ass fslop f

- smpband—-—| |-||— passband —l-| |-¢— stopband —m

Fig: Practical antialiasing lowpass prefilter
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TTTTTT

** The attenuation of the filter in decibels is defined as

HE)
H(F,)

where {, 1s a convenient reference frequency, typically taken to be at
DC tor a lowpass filter.

A(F)=-20log,,|——=| (dB)

% o,y =A(10F)-A(F) (dB/decade): the increase in attenuation when F is
changed by a factor of ten.

% o, =AQRF)-A(F) (dB/octave): the increase in attenuation when F is
changed by a factor of two.

% Analog filter with order N, |H(F) |~1/FN for large F, thus a,, =20N
(dB/decade) and o, =6N (dB/octave)

Digital Signal ProcessQ%DuongThanc gcom 23 hitps:/b.comtailieudientuc ttSamp\lﬂg and Reconstruction


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Example 6

** A sound wave has the form

X(t) = 2Aco0s(10xt) + 2B cos(30xt) + 2C cos(50t)
+ 2D cos(60t) + 2E cos(90t) + 2F cos(125xt)

where t 1s 1n milliseconds. What is the frequency content of this
signal ? Which parts of it are audible and why ?

This signal is prefilter by an anlog prefilter H(f). Then, the output y(t)
of the prefilter is sampled at a rate of 40KHz and immediately
reconstructed by an ideal analog reconstructor, resulting into the final
analog output ya(t), as shown below:

. V(1) v(nT) V(1)
*) . prefilter | - 40 kHz | analog e
H(f) sampler . .| reconstructor
analog | analog | digital analog
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Example 7 d=%)
<

Determine the output signal y(t) and ya(t) in the following cases:

a)When there 1s no prefilter, that is, H(F)=1 for all E

b)When H(F) is the ideal prefilter with cutoff Fs/2=20 KHz.
c)When H(F) 1s a practical prefilter with specifications as shown
below:

H(p) } Analog Prefilter

(0 dB)

(-60 dB)

1 60 dB/octave

f

-

0 20 40 60 80 kHz

The filter’s phase response is assumed to be ignored in this example.

D‘glta| S|gna| |Drocess'%%DuongThanCong.com 25 https://fb.com/taiIieudientucnttSamp‘Img and Reconstruction


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

10. Practical analog reconstructors ‘BK

sin(zF t)
Lt

*¢* 'The ideal reconstructor has the impulse response: h(t) —

which is not realizable since its impulse response 1s not casual

staircase

1
ideal h(r) reconstructor

* It is practical to use a reconstmcmr\
staircase reconstructor /

3T 2T\ /:r 0 T\___/zzr sr !

v v, (1)
[ " ' —
*? y(t) D/A v, (1) — ]
T | — staircase > .| T
reconstructor
- o §
sampled signal reconstructed signal
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ideal reconstructor A

staircase reconstructor

partially attenuated
central replica

g TN

————

Fig: Frequency response of staircase reconstructor
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g

11. Anti-image postfilter

“* An analog lowpass postfilter whose cutoff is Nyquist frequency Fs/2

is used to remove the surviving spectral replicas.

.
*? ¢ — — |t
anti-image e

" reconstrutor || lowpass >
digital analog postfilter analog

signal signal cutoff 7.2 signal

|«———— ideal reconstructor ———

Fig: Analog anti-image postfilter

anti-image A
lowpass pos.tfilrer\ sharp cutoff Zi?éfé‘;?m
/ |
T ! Ju dU 4 .'I FLTa I'l Ing . i T/ 1
.II !: .': !! |[I |II II| III |II :A FOST |II !:
1 :, I|I ' I|I |[ | i I I, j:l i
-2 S S20 2 2/

Fig: Spectrum after postfilter
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Review

< Hoat dong cta bd 1lay mau 1y tuéng?

¢ Hién tuong chéng 1an?

% Tinh chat lap pho?

% Phat biéu dinh 1y 1ay mau?

¢ Hoat dong cua bo kho1 phuc 1y tudng?

¢ Tai sao phai dung tién loc/hau loc?

¢ Hoat dong cua b0 tién loc 1y tuong/thuc té?

iqi [ r ' [ construction
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Homework 1

Determine which of the following sinusoids are periodic and compute their funda-
mental period.

(a) cos00lmn (b) cos (7 %) (¢) cos3mn (d) sin3n (e) sin (rr %")
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Homework 2

g

Determine whether or not each of the following signals is periodic. In case a signal
is periodic, specify its fundamental period

(a) x,(t) = 3cos(5t + 7 /6)

(b) x(n) =3cos(5n + 7 /6)

(¢) x(n) =2exp[j(n/6— )]

(d) x(n) = cos(n/8) cos(mn/8)

(e) x(n) = cos(xn/2) —sin(mn/8) + 3cos(mn/4 + m/3)
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Homework 3

(a) Show that the fundamental period N, of the signals
sp(n) = /7N =0,1,2,

is given by N, = N/GCD(k, N), where GCD is the greatest common divisor of
k and N.

(b) What is the fundamental period of this set for N =77
(¢) What isit for N = 167
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Homework 3

(a) Show that the fundamental period N, of the signals
sp(n) = /7N =0,1,2,

is given by N, = N/GCD(k, N), where GCD is the greatest common divisor of
k and N.

(b) What is the fundamental period of this set for N =77
(¢) What isit for N = 167
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Homework 4

Consider the following analog sinusoidal signal:

xg (1) = 3sin(100m 1)

(a) Sketch the signal x,(f) for 0 <¢ < 30 ms.

(b) The signal x, (1) is sampled with a sampling rate F; = 300 samples/s. Determine
the frequency of the discrete-time signal x(n) = x,(rnT), T = 1/F;, and show
that it is periodic. |

(¢) Compute the sample values in one period of x(n). Sketch x(n) on the same
diagram with x,(z). Whatis the period of the discrete-time signal in milliseconds?

(d) Can you find a sampling rate F; such that the signal x(n) reaches its peak value
of 37 What is the minimum F, suitable for this task?

Digital Signal Processi 34 ' i
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Homework 5

An analog signal x,(f) = sin(480x1) + 3 sin(720x ) is sampled 600 times per second.
(a) Determine the Nyquist sampling rate for x,(f).

(b) Determine the folding frequency.

(¢) What are the frequencies, in radians, in the resulting discrete time signal x(n)?

(d) If x(n) is passed through an ideal D/A converter, what is the reconstructed signal
Va(t)?
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Homework 6

The analog signal x(t)= 10sin(27rt) +10sin(87rt) +5sin(12711), where t is in seconds, is
sampled at a rate of f; = 5 Hz. Determine the signal x, (f) aliased with x(f). Show that the
two signals have the same sample values, that is, show that x(nT)= x,(nT). Repeat the
above questions if the sampling rate is f; = 10 Hz.
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Homework 7

The signal x(t) = cos(577t) + 4 sin(271t)sin(377t), where 1 is in milliseconds, is sampled at
a rate of 3 kHz. Determine the signal x; (t) aliased with x(t).

Determine two other signals x; () and x; (t) that are different from each other and from
x(r), yet they are aliased with the same x4 (f) that you found.
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Homework 8

g

\

Let x(t)= cos(87rt)+ 2cos(41rt)cos(67rr), where t is in seconds. Determine the signal
Xg () aliased with x (1), if the sampling rate is 5 Hz. Repeat for a sampling rate of 9 Hz.
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Homework 9

The analog signal x(t)= sin(67rt) [1 + 2 cos(471t) |, where t is in milliseconds, is sampled
at a rate of 4 kHz. The resulting samples are immediately reconstructed by an ideal recon-
structor. Determine the analog signal x, (f) at the output of the reconstructor.
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Homework 10 a5

Consider the following sound wave, where t is in milliseconds:
X(f)=sin(107rt) + sin(2077t) + sin (60717t) + sin(907T1)

This signal is prefiltered by an analog antialiasing prefilter H (f) and then sampled at an
audio rate of 40 kHz. The resulting samples are immediately reconstructed using an ideal
reconstructor. Determine the output y, (f) of the reconstructor in the following cases and
compare it with the audible part of x(t):

a. When there is no prefilter, that is, H (f) = 1.

b. When H (f) is an ideal prefilter with cutoff of 20 kHz.

c. When H (f) is a practical prefilter that has a flat passband up to 20 kHz and attenuates
at a rate of 48 dB/octave beyond 20 kHz. (You may ignore the effects of the phase
response of the filter.)
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Homework 11 BK

% Cho tin hiéu ngd vao twong tu X(t) = 3cos10%xt — 4sin10%xt (t: s) di qua

hé thong lay mau va khoi phuc Iy tuéng véi tan so lay mau F,= 8 KHz.

a) Viét biéu thuc ctia tin hiéu sau 1ay mau x[n]? Xac dinh gi4 tri mau
X[n=2] cua tin hiéu sau lay mau.

b) C6 hay khong 1 tan s6 lay mau khac (F,, # 8 KHz) cho cung két qua
tin hiéu sau lay mau x[n]? Néu khong, hdy chimg minh. Néu c6, hay
chi ra 1 tan so lay mau khac do.

¢) V& pho bién do cua tin hiéu sau lay mau trong pham Vi tan so tir 0 dén
10 KHz.

d) Xac dinh biéu thuc cia tin hiéu sau khoi phuc.

e) Xéc dinh biéu thirc cta tin hiéu sau khoi phuc trong truong hop ding
thém bo tién loc thong thap thuc té co bién d6 phang trong tam [-4 4]
KHz va suy giam véi toc do -1@0dB/decade bén ngoai dai thong.
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Homework 12 BK

% Cho tin hi¢u ngo yé\o twong tu X(t) = 2 — 4sin6mt + 8cos10mt (t: 5)
di qua h¢ thong lay mau va khoi phuc ly tudng véi tan so lay mau
lya chon F,=7,@ KHz.

a) V& pho bién d6 cua tin hiéu ngd vao x(t).

b) V& pho bién do ctia mot tin hiéu chong lan (aliased signal) voi

X(1).
c) Vé phé bién do ctia tin hiéu sau lay mau trong pham Vi tan so tur
0 dén 10 KHz.

d) Tim gié tri mau X[n=2] cua tin hiéu sau lay mau.

e) Xac dinh biéu thuc (theo thoi gian) ctia tin hiéu sau khdi phuc.

f) Tim diéu kién ctia tan so6 1ay mau dé khoi phuc dtng tin hiéu ng6

vao X(t).
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Homework 13 BK

% Cho tin hiéu ng6 vao tuong tu X(t) = 14sin?3xt + 3sinl4nt (t: ms) di qua

hé thong 1ay mau va khoi phuc Iy twéng véi tan so lay mau F = 8 KHz.

a) Tim gia tri mau X[n=4] cta tin hiéu sau lay mau?

b) Xac dinh biéu thirc cta 1 tin hiéu chong lan (aliased signal) voi tin
hiéu ban dau x(t)?

c) V& pho bién do cua tin hiéu sau lay mau trong pham Vi tan so tir 0 dén
8 KHz?

d) Xac dinh biéu thirc cta tin hiéu sau khoi phuc?

e) Xac dinh biéu thirc cua tin hiéu sau khodi phuc trong truong hop diing
thém bo tieén loc thong thap thuc t€ c6 bién do phang trong tam 4 KHz
va suy giam véi toc do -4@dB/decade bén ngoai dai thong?

f) Xé&c dinh 1 tap gia tri thich hop (A, B, F, # Fg) cta tin hiéu ngd vao
X(t) = AsinF,t + BsinFgt  (t: ms) dé tin hiéu sau khoi phuc (khi
khong dung thém bo tién loc) y(t) = 2sin2xt (t: ms)?
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Homework 14 BK
P

¢+ Cho tin hiéu ngd vao tuong tu X(t) = 1 — 2cos6nt + 3sinl4nt (t: ms) di qua hé

thong 1ay mau va khéi phuc Iy tuéng véi tan so lay mau F, = 8 KHz.

a) Tim gia tri mau x[n=2] cua tin hiéu sau lay mau?

b) Xac dinh biéu thtrc (theo thoi gian) cua 1 tin hiéu chong lan (aliased signal) véi
tin hiéu ban dau x(t)?

C) V& pho bién d6 cia tin hiéu sau ldy mau trong pham Vi tan s6 tir 0 dén 8 KHz?

d) Xé&c dinh biéu thirc (theo thoi gian) cta tin hiéu sau khdi phuc?

e) Xé&c dinh biéu thirc (theo thoi gian) cua tin hiéu sau khdi phuc trong truong hop
dung thém bd tién loc thong thap thuc té co bién d6 phang trong tam 4 KHz va
suy giam véi toc do -6@dB/decade bén ngoai dai thong?

f) Tim diéu kién cua chu ky lay mau T, sao cho tin hiéu sau khdi phuc (khi khong
dung thém b tién loc) giong tin hiéu ban dau x(t)?

g) Tim tan so lay mau F, 16n nhat c6 thé sao cho tin hiéu sau khoi phuc (khi khong
dung thém bo tién loc) la tin hiéu mot chiéu khdng doi. Xac dinh gia tri mot
chiéu khéng doi nay?
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Homework 15 BK

¢ Cho tin hiéu gc(t) = 4cqs(0’.6nt) + 2 cos(6mt) + cos(1@mt) voi
t (ms), dl‘ro'c lay mau o tan so {=8KHz. Xac dinh tin hi¢u sau khi
qua bo tién loc y(t) va tin hi€u kho1 phuc y,(t) trong cac truong hop
sau (bo qua anh huong dap ing pha cua b loc):

a) Khong c6 bo tién loc, nghia la H(f)=1 cho tat ca gia tri cua f.

b) H(f) 1a bo loc thong thap 1y tuéng cb tan so cat tai f,/2=4KHz.

¢) H(f) 1a bd loc co dap tmg tan s6 nhu hinh.
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