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1. Discrete-time signal

“* The discrete-time signal x(n) is obtained from sampling an analog

signal x(t), 1.e., x(n)=x(nT) where T is the sampling period.

%* There are some representations of the discrete-time signal x(n):

v" Graphical representation: [
v" Function: (1 forn=13 1 .
X(n)=<4 forn=2 I I
s _o PY >
|0 elsewhere 1101 234 .

... O Y O O
" xn) . O O O 1 4 1 0 0 ..

v’ Sequence: x(n)=[... 0,0,1,4,1,0,...]=[0, 1, 4, 1]
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Some elementary discrete-time signals ¢

“* Unit sample sequence (unit impulse):

1 forn=0 o
o(n) = § !
0O fornz0
'——-l—-i—-i-—-—-—::—:]—-u-—?—;—;—; i -
** Unit step signal utn)
1 forn>0 Iy o T Y
u(n) =
0O forn<O -

iqi [ ' [ -Time Systems
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2. Input/output rules

TP. HCM

% A discrete-time system is a processor that transform an input

sequence x(n) into an output sequence y(n).

x(n)

—>

input sequence

% Sample-by-sample processing:

{X'D!XIJXEJ LRI !X”! =

H

y(n)

——»

output sequence

Fig: Discrete-time system

- } i {})D!})ll};zs = !};H! = }

. H H H
that 1S, Xg — Vo, X1 — V{, Xo — Vo and so on.

“* Block processing: x =

X
X]
X2

Yo

V1
yvo |TY
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Basic building blocks of DSP systems

a
% Constant multiplier x(n) —l->—> y(n) =ax(n)
(amplitier, scale)

% Delay X(N) —| > °— y(n) =x(n—D)

1

X, fn)
*» Adder xl(n) -PO - y(n) — xl(n) +X, (n)
(sum) s
X,(N)
2 Signal multiplier XlLé)__. y(n) =x,(n)x,(n)
(product)

iqi [ ' ' -Time Systems
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R
Example 1 ,‘EK.

“ Let x(n)={1, 3, 2, 5}. Find the output and plot the graph for the
systems with input/out rules as follows:

2) y(n)=2x(n)

b) y(n)=x(n-4)

c) y(n)=x(n+4)

d) y(n)=x(n)+x(n-1)
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Example 2 d=%)

% A weighted average system y(n)=2x(n)+4x(n-1)+5x(n-2). Given the
input signal x(n)=[x, X, X, X3 ]
a) Find the output y(n) by sample-sample processing method?
b) Find the output y(n) by block processing method.

¢) Plot the block diagram to implement this system from basic
building blocks ?
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3. Linearity and time invariance ‘BK

% A linear system has the property that the output signal due to a
linear combination of two input signals can be obtained by forming
the same linear combination of the individual outputs.

xy(n) 4 xi(n) —nn) 4
—» H

ayyy(n) +da yo(n)

— > H i
»n)  a, Xo(n) —Iyy(n) ~ 4z

Fig: Testing linearity

“ If y(n)=a,y,(n)+a,y,(n) V a,, a, =2 linear system. Otherwise, the
system 1s nonlinear.

o . . . = tems
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Example 3

%* Test the linearity of the following discrete-time systems:
2) y(n)=nx(n)
b) y(m)=x(n’)

c) y(n)=x*(n)
d) y(n)=Ax(n)+B
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3. Linearity and time invariance

| _TP.HCM

% A time-invariant system is a system that its input-output

characteristics do not change with time.

x(n)

—.,.,H

v(n)
>

D

v(n-D)

—-..

— »l D

xXp(n)
-

x(n-D)

H

yp(n)
—

Fig: Testing time invariance

“ If y5(n)=y(n-D) V D=2 time-invariant system. Otherwise, the

system is time-variant.
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Example 4 ‘!',’

%* Test the time-invariance of the following discrete-time systems:
2) y(n)=x(n)-x(n-1)
b) y(n)=nx(n)
¢) y()=x(-n)
d) y(n)=x(2n)
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4. Impulse response

BK

TP. HCM

% Linear time-invariant (L'TT) systems are characterized uniquely by

their impulse response sequence h(n), which is defined as the

response of the systems to a unit impulse 0(n).

1

I- h(n)
N\T\H

0

T- h(n)
m-ﬁ
o1 2

} ® - Fl

012

h(n-2)

= 1

> jl

_’h- Ft

o(n) o(n) h(n)
—» H I
0 h impulse in impulse response
Fig: Impulse response of an LTI system
T S(n) o(n) h(n)
- Jl H
o(n-1) o(n-1) hin-1)
—_—= H
012
T o(n-2) o(n-2) h(n-2)
. - —_— H H——»
012

01 2

Fig: Delayed impulse responses of an LTT system
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5. Convolution of LTI systems

TTTTTT

x(2)0(n-2)

x(1)0(n-1)
x(0)0(n)

012

|

x(2)h(n-2)

x(1)h(n-1) \

> x(0)h(n) \

T

..

012

Fig: Response to linear combination of inputs

s Convolution:

y(n) = > x(m)h(n—m) = x(n) * h(n)

y(n) = > h(m)x(n—m) = h(n) *x(n)

(LTT form)

(direct form)

Digital Signal Processi%%DuongThanCOng com

14

https://fb.com/tailieudientucntt

Discrete-Time Systems


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

6. FIR versus IIR filters BK

% A finite impulse response (FIR) filter has impulse response h(n)
that extend only over a finite time interval, say 0 <n < M.

s 00> |

o1 2. M

Fig: FIR impulse response

% M: filter order; I, =M+1: the length of impulse response

“* h={h, hy, ..., hy} is referred by various name such as filter
coetficients, filter weights, or filter taps.

M
“* FIR filtering equation: | y(Nn) =h(n)*x(n) = Z h(m)x(n—m)
m=0
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Example 5 SN

%* The third-order FIR filter has the impulse response h=[1, 2, 1, -1]

b b b

a) Find the I/O equation, i.e., the relationship of the input x(n) and the
output y(n) ?

b) Given x=[1, 2, 3, 1], find the output y(n) ?
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6. FIR versus IIR filters dB%)

% A infinite impulse response (IIR) filter has impulse response h(n)
of infinite duration, say 0 <n < oo,

TT [IR h(n)
7

{112---

Fig: 1IR impulse response

% IR filtering equation: | y(n) =h(n)*x(n)=">_h(m)x(n—m)

%* The I/O equation of IR filters are expressed as the recursive
difference equation.
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Example 6 d=%)
<o

“* Determine the output of the LTI system which has the impulse
response h(n)=a"u(n), |a|< 1 when the input is the unit step signal
x(n)=u(n) ?

n r m r n+1
“* Remark: Z rk

— 1-r

o0 rm
% When n=oo0and|r|< 1 Zrkzl_
—r

k=m
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Example 7

% Assume the IIR filter has a casual h(n) defined by

2 forn=0
h(n) = 1
4(0.5) forn>1

a) Find the 1/0O difference equation ?

b) Find the difference equation for h(n)-

iqi ' ' Discrete-Time Systems
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7. Causality and Stability ‘!K

causal anticausal mixed
x(n) x(n)
T aetT] aaiiie
2101 2 n 2-1012 n 2101 2 n

Fig: Causal, anticausal, and mixed signals

% LTT systems can also classified in terms of causality depending on
whether h(n) is casual, anticausal or mixed.

“* A system is stable (BIBO) if bounded inputs (|x(n)| <A) always
generate bounded outputs (|y(n)| <B).

% A LTI system is stable |<> Z| h(n)|< o

N=—00
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Example 8 ‘a’

“* Consider the causality and stability of the following systems:

a) h(n)=(0.5)"u(n)
b) h(n)=(-0.5)"u(-n-1)
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8. Static versus Dynamic systems ‘BK |

** Static (memoryless): output at any instant depends at most on the
input sample at the same time, but not on past or future samples of
the inputs.

y(n) = T[x(n),n]

% Otherwise, the system is dynamic.
v Finite memory
v Infinite memory

o . . . = .
D‘glta| S|gna| |Drocess'%%DuongThanCong.com 22 https://fb.com/tailieudientucntt Discrete-Time SyStem


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

9. Interconnection of discrete time systems

e T |

: x(n) U yi(n) ¢ y(n)
* Cascade (series): T 7, e
1,
» LTl systems: T27 = N7
S Parallel: T, = T1 +Tp  poooe
: 1 vi{n) '
\ - T, '.
x(n) El £+: E y3(n) .
E }’zfﬂ} E
: 15 P
7
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10. Energy versus Power signals

0

% Energy: E = Z x(n)]?

H=—00

* . 2
o . Xin
Power P = J“}11'1‘1 2 E |x(n)
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11. Periodic versus Aperiodic signals

% Periodic:  x{(n <+ N) = x(n) for all n
1 N-=1

P==2 lxmp

=l

“* Otherwise, the signal is nonperiodic or apetiodic.

Dlglta| S|gna| ProceSSIrEi(t;’LDuongThanCong.com 25 https://fb.com/tailieudientucntt Discrete-Time SyStemS


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

12. Symmetric versus Antisymmetric signals

¢

%* Symmetric (even): x(—n) = x(n)
x(n) = xe(n) + xo(n)

“* Antisymmetric (odd):  x(—n) = —x(n)

x(n)

x(n)

AU—U—f |
PP =_5—4_3_2_] DTY o oo
—4-3-2-101 23 4 i 1] 1 23 435 i
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13. Crosscorrelation and Autocorrelation

2

¢ Crosscorrelation: Fey(l) = Z x(n)yn — 1)

H=—00
r-r},{f) = -"_px("’f)

Fay(l) = x(1) * }}(_E)

IFIFUH = fir(ﬂ)rw(ﬂ} = 4/ E:ET

** Autocorrelation: Foell) = Z x(m)x(n —1)

rxx (D] < 1xx(0) = E;
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Example 9

Suppose that a signal sequence x(n) = sin(mr/S)n, for 0 =n <99 1s mxru_pted by an additive
noise sequence w(n), where the values of the additive noise are selected independently fr_cam
sample to sample, from a uniform distribution over tl}c range (—A /2, A/2), where‘.ﬁ is a
parameter of the distribution. The observed sequence is y(n) = x(n) —|— w(n). Determine the
autocorrelation sequence 7., (/) and thus determine the period of the signal x(n).

}m Jmﬂlfth[lﬁ Jl‘l Al ' ' U‘[ :

PEERE RN
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Homework 1

Consider the interconnection of LTT systems as shown in Fig. P2.35.

R}

x(n) yin)

e kll:ﬂ_:l

T

() = hyn)

Figure P2.35

(a) Express the overall unpulse response in terms of Aq(n), hz(n), hain), and hyin).

(b) Determine /i(n) when

1 11
hy(n) = {L_*' s E}
ha(n) = hiin) = (n + Du(n)

ha(n) =d(n—2)

(¢) Determine the response of the system in part (b) if

v(n) = 8(n+2) +38(n — 1) —48(n — 3)
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Homework 2

g

Consider the system in Fig. P2 .36 with A(n) = a"u(n), —1 < a = 1. Determine the
response y(n) of the system to the excitation

x(n) =uln +5) —uin — 10)

- | hin)

iy v

I g S— hin)

Figure P2.36
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Homework 3

Consider the discrete-time system shown in Fig. P2.47

x(r) @ I a vin)

i

Figure P2.47

I |

(a) Compute the 10 first samples of its impulse response.
(b) Find the input-output relation.
(¢) Apply the input x{n) = {%, 1,1,...} and compute the first 10 samples of the

output.

(d) Compute the first 10 samples of the output for the input given in part (c) by using
convolution.

(e) Is the system causal? Is it stable?
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Homework 4

A discrete-time system is realized by the structure shown in Fig. P2.49.
(a) Determine the impulse response.

(b) Determine a realization for its inverse system, that is, the system which produces
x(n) as an output when v(n) 1s used as an input.

% ‘l :2 =®—>}'{HJ

)

Figure P2.49

(+8
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Homework 5

Consider the systems shown in Fig P252

rim]

2|

ximj

[

P R | - t_l
"“'/L
L

+ i)

wim)

=1

wiml

Figure P2.52

TP

{a) Determine and sketch their impulse responses fy(n), hain), and hyin).
(b) Is it possible to choose the coefficients of these systems in such a way that

fi(n) = hain) = hsin)

Digital Signal Processir&%DuongThanCmg com
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Homework 6

Consider the system shown in Fig. P2.53.

- xir) ]

i i

| —

L | ]

Figure P2.53
(a) Determine its impulse response hin).
(b) Show that f(r) is equal to the convolution of the [ollowing signals:

fyln) = din) + &in — 1)

I
faln) = EE}“u{n;
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Homework 7

g

An audio signal s(#) generated by a loudspeaker is reflected at two different walls
with reflection coefficients ry and r2. The signal x({t) recorded by a microphone closg
to the loudspeaker, afler sampling, is

xin) =s(n)+rsin — k) + rsin — k2)

where k) and &: are the delays of the two echoes,

(a) Determine the autocorrelation r, (f) of the signal x(n).
(b} Can we obtain ry, rz, &y, and k; by observing r,, (/)7
(¢} What happens if r; =07
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Homework 8

A causal linear time-invariant filter has impulse response:

h, = C,p}{ + Cop%, n=0

Working in the time domain, show that the difference equation satisfied by h, foralln = 0
and the difference equation relating the input and output signals are of the form:

hy +athn-y + a>hp-> =bgd(n)+b1d6(n-1)

Vn + A1¥Yn-1 + A2¥n-2 = boXn + b1Xn-1

Determine {a,,d», bg, b} in terms of {Cy, Co, p1,p>}.
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Homework 9

A causal linear time-invariant filter has impulse response:

hn=Cn5(n)+C1p§’+Csz’, n=0

Show that the difference equation satisfied by h, for all n > 0 and the difference equation
relating the input and output signals are of the form:

hy +ahy-y + a>hp_> =bgd(n)+b16(n—-1)+b>6(n - 2)

Yn + A1Vn-1 + AQ2Yn-2 = boXp + b1 Xp-1 + baXxy-o

Determine {a,, d», bg, b, b>} in terms of {Cy, C1,Co, p1, P2}
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Homework 10

A causal linear time-invariant filter has impulse response:

h, =C1p?+C2p§+C3p§, n=0

Working in the time domain, show that the difference equation satisfied by h,, foralln = 0
and the difference equation relating the input and output signals are of the form:

hy, +ahy,-; + ahy-> + azh,_3 = bné(ﬂ)‘Fblé(H — l}+bg5{ﬂ -2)

Vn+ A1Yn-1 + AoVn—2 + A3Vn—3 = boXy + b1X—1 + baxy -

Determine {ai, az, as, bo, b } in terms of {Cy, C2, C3, p1, P2, P3}.
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Homework 11 BK

Cho hé thdng ri rac tuyén tinh bat bién c6 dap tmg xung h(n)={01,

@, -1}.

a) Xac dinh phuong trinh sai phan vao-ra cua hé thong trén.

b) V& 1 so do khoi thuc hién hé thong trén.

¢) Tim gid tri cia mau tin hiéu ngd ra y(n = 1) khi tin hiéu ngd vao
x(n) = {1, 01, -1}.

d) Tim gid tri cia mau tin hiéu ngd ra y(n = 2) khi tin hiéu ngd vao
X(n) = o(n) — 6(n—2).

e) Tim gid tri cua mau tin hiéu ngd ra y(n = 3) khi tin hiéu ngd vao
X(n) = u(n) —u(n-3).

f) Tim gia tri cia mau tin hiéu ngd ra y(n = 4) khi tin hiéu ngd vao
X(n) = u(n+4) —u(n-4).

g) Tim gid tri cia mau tin hiéu ngd ra y(n = 5) khi tin hiéu ngd vao
X(n) = u(-n) — u(-n-5).

Digital Signal Processing 39 Discrete-Time Systems
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Homework 12 BK

Cho hé thdng rdi rac ¢ phuong trinh sai phan vao-ra y(n) = 2x(n) —

3x(n-3).

a) Tim dap g xung ctia hé thong trén.

b) Tim cac gia tri cua tin hi€u ngd ra khi tin hiéu ngd vao x(n) =
d(n+@) + 26(n — 2).

¢c) Tim5giatri (n=0,1,2,3,4) cua tin hiéu ngo ra khi tin hiéu ngd vao
X(n) = u(n).

d) Tim 5 giatri (n=0,1,2,3,4) cua tin hiéu ngd ra khi tin hiéu ngd vao
X(n) = u(-n).

e) Tim 5 giatri (n=0,1,2,3,4) cua tin hiéu ng0 ra khi tin hiéu ngd vao
X(n) =u(2 —n).

f) Tim 5 giatri (n=0,1,2,3,4) cua tin hi¢u ngo ra khi tin hiéu ngd vao
X(n) = u(n - 2).
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Homework 13 BK

Cho h¢ thong roi rac tuyén tinh bat bién nhan qua ¢ phuong trinh sai

phan vao-ra y(n) = 2x(n-2) — y(n-1).

a) V&1 so d6 khoi thuc hién hé thong trén vai s bo tré 1a it nhat co
the.

b) Tim gia tri cia dap ing xung h(n = @).

c) Tim gié tri mau ngd ra y(n = @) khi ngd vao x(n) = 28(n).

d) Tim gia tri mau ngd ra y(n = @) khi ngd vao x(n) = §(n—2).

e) Tim gia tri mau ngo ra y(n = @) khi ngd vao x(n) = §(n)-8(n—2).

f) Tim gia tri mau ngd ra y(n = @) khi ngd vao x(n) = u(n)-u(n-2).

g) Tim gié tri mau ngd ra y(n = @) khi ngd vao x(n) = u(n).

h) Tim gié tri mau ngd ra y(n = @) khi ngd vao x(n) = u(-n).

i) Tim gia tri mau ngd ra y(n = @) khi ngd vao x(n) = u(-n-1).

j) Tim gia tri mau ngd ra y(n = @) khi ngd vao x(n) = 1.
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Homework 14

Kiém tra tinh chat tuyén tinh, bat bién, nhan qua, on dinh, tinh cta cac
hé thong roi rac sau:
1) y(n) =x(n) + 2.
2) y(n)=2-x(n).
3) y(n)=x(2-n).
4) y(n) =x3(n).

5) y(n) = x(n?).

6) y(n) =x(2n).

7) y(n)=x(2n +1).
8) y(n) =nx(n).

9) y(n)=x(2").
10) y(n) = 2x™,

11) y(n) = 2"x(n).
12) y(n) = 27"x(n).
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Homework 15

Kiém tra tinh chat tuyén tinh, bat bién, nhan qua, on dinh, tinh cta cac
hé thong roi rac sau:

1) y(n) = cos{x(n)}.

2) y(n) =cos{x(2n)}.

3) y(n) = cos{x*(n)}.

4) y(n) = cos*{x(n)}.

5) y(n) = cos(n)x(n).

6) y(n) = cos{nx(n)}.

7) y(n) = cos(n) + x(n).

8) y(n) =x(n) + 2x(n — 3) — 3x(n + 2).
9) y(n)=2x(n) +y(n-1).

10) y(n) = x(n) + 2y(n —1).

11) y(n) = x(n) + y(n —1)/2.

12)y(n) =y(n-1) -y(n-2).
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Homework 16 BK

Xac dinh va ve€ tin hiéu ngo ra tuong ung vai tin hi€u ngd vao x(n) =
{-@,0, 1,2, 3T} caa cac h¢ thong rdi rac sau:
1) y(n) = nx(n).

2) y(n) =x(n-2).

3) y(n)=x(n+2).

4) y(n) =x(n) + 2.

5) y(n) =x(2n).

6) y(n)=x(2n-1).

7) y(n) =x(=n).

8) y(n)=x(2-n).

9) y(n) =x*(n).

10) y(n) = x(n) + x(n + 2).

11) y(n) = x(n) — x(n — 2).

12) y(n) = x(n) + x(-n).
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Homework 17 BK

Xac dinh va ve€ tin hiéu ngo ra tuong ung vai tin hi€u ngd vao x(n) =
{0T, 4,5, @} cua c4c hé théng rdi rac sau:
1) y(n) = nx(n).

2) y(n) =x(n-2).

3) y(n)=x(n+2).

4) y(n) =x(n) + 2.

5) y(n) =x(2n).

6) y(n)=x(2n-1).

7) y(n) = x(=n).

8) y(n)=x(2-n).

9) y(n) =x(n).

10) y(n) = x(n) + x(n + 2).

11) y(n) = x(n) — x(n — 2).

12) y(n) = x(n) + x(-n).
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Homework 18 BK

Xac dinh va ve€ tin hiéu ngo ra tuong ung vai tin hi€u ngd vao x(n) =
{-@,0,1,2, 3T, 4,5, @} cia cic h¢ thong roi rac sau:
1) y(n) = nx(n).

2) y(n) =x(n-2).

3) y(n)=x(n+2).

4) y(n) =x(n) + 2.

5) y(n) =x(2n).

6) y(n)=x(2n-1).

7) y(n) =x(=n).

8) y(n)=x(2-n).

9) y(n) =x*(n).

10) y(n) = x(n) + x(n + 2).

11) y(n) = x(n) — x(n — 2).

12) y(n) = x(n) + x(-n).
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Homework 19 BK

Xac dinh va ve€ tin hiéu ngo ra tuong ung vai tin hi€u ngd vao x(n) =
@38(n) + 28(n — 2) — 38(n + 3) cta cac hé thong roi rac sau:
1) y(n) = nx(n).

2) y(n) =x(n-2).

3) y(n)=x(n+2).

4) y(n) =x(n) + 2.

5) y(n) =x(2n).

6) y(n)=x(2n-1).

7) y(n) = x(=n).

8) y(n)=x(2-n).

9) y(n) =x(n).

10) y(n) = x(n) + x(n + 2).

11) y(n) = x(n) — x(n — 2).

12) y(n) = x(n) + x(-n).
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Homework 20

V& so d6 khoi thuc hién c4c hé thong roi rac sau:
1) y(n) =x(n) + 2x(n—1) — 3x(n - 3).
2) y(n)=2x(n—-1) +y(n—-1).

3) y(n)=x(n-1)+2y(n-1).

4) y(n)=x(n-1) +y(n-1)/2.

5) y(n)=y(n—-1)-y(nh-2).

6) y(n)=x(n-1)-y(n-2).

7) y(n)=x(n-2)-y(n-2).

8) y(n)=x(n-2)-y(n-1).

9) y(n) =2x(n)-y(n—2).

10) y(n) = 0.5{2x(n) —y(n — 2)}.

11) y(n) = x(n) + 2x(n —1) — 3y(n — 2).
12) y(n) = x(n) + 2x(n —2) — 3y(n — 2).

Digital Signal Processing | o 48 https/Ifb.comtailieudientucnt Discrete-Time Systems


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Homework 21

Vé dang song cua cac tin hiéu ro1 rac sau:
1) x(n)=0(n)—o(n— 2).

2) x(n)=28(n—-2)—0d(n+2).
3) x(n) =u(n) —u(n-2).

4) x(n) =u(-n).

5) x(n) =u(2—-n).

6) x(n)=u(2 +n).

7) X(n) =u(n) + u(-n).

8) x(n) =u(-=n)—-u(=n-1).
9) x(n) = nu(n).

10) x(n) = nu(-n -1).

11) x(n) = u(n) — 1.

12)x(n) =1 —u(-n—1).
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