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Introduction BK
<>

“* Block processing methods: data are collected and processed in blocks.

d FIR filtering of finite-duration signals by convolution

[ Fast convolution of long signals which are broken up in short segments
d DFT/FFT specttum computations

d Speech analysis and synthesis

d Image processing

% Sample processing methods: the data are processed one at a time-
with each input sample being subject to a DSP algorithm which
transforms it into an output sample.

O Real-time applications
d Digital audio effects processing
d Digital control systems

O Adaptive signal processing
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1. Block Processing method

%* The collected signal samples x(n), n=0, 1,..., -1, can be thought as a
block:

X=Xy X1y +evs X1 4]

r(”} — T

OIII]NTLE:I

The duration of the data record in second: T, =LT

% Consider a casual FIR filter of order M with impulse response:

h=[h, hy, ..., hy]
The length (the number of filter coefficients): I, =M+1
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1.1. Direct form BK
<

*¢* The convolution in the direct form:
y(n) =Y h(m)x(n—m)

% For DSP implementation, we must determine

d The range of values of the output index n

d The precise range of summation in m

** Find index n: index of h(m) > 0<m=<M
index of x(n-m) =2  0<n-m<I.-1
2 0<m=<n<m+l-1<M+L-1
0 <n<M+L-1
% I._=L input samples which is processed by the filter with order M
yield the output signal y(n) of length |L, =L+M=L, + M
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Direct form 4 BK

* Find index m: index of h(m) 2 0=m=<M
index of x(n-m) =2  0<n-m<L-1-2> nt+l-1<m<n

max(0, n—L+1)<m<min(M, n)

%* The direct form of convolution is given as follows:

min(M ,n)

ym= > h(mx(n-m)=h#*x with [0 <n<M+L-1

m=max(0,n—L+1)

% Thus, y is longer than the input x by M samples. This property
follows from the fact that a filter of order M has memory M and
keeps each input sample inside it for M time units.
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Example 1

%* Consider the case of an order-3 filter and a length of 5-input signal.
Find the output ?

h=[h, hy, hy, h;]

X=[X, Xy, Xp, X3, X4 ]

y=h*X: [YO) Y15 Y25 Y35 Y45 Y5 Yoo Y7]
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1.2. Convolution table

¢ It can be observed that y(n) = Z h(i)x())
]

I+ j=n
¢ Convolution table >J
Xo X, X, X3 X,

** The c.onvolutlo.n ho | hoxy - hoxy - hoxy o hoxy o hox,
table i1s convenient T L o
for quick calculation hy | hl-“:(_}__. ey hl-"*'z__..-'"' hl-“::;_.-“' hl":{l_-- |
by hand because it B

. . Vo hy | hpxg o hyxy o hoxy U hgxy o hpxy
displays all required i L o o o
compactly. - - -
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Example 2 ="}
<o

** Calculate the convolution of the following filter and input signals?

h=[1, 2, -1, 1], x=[1,1,2,1,2,2,1, 1]
+** Solution:
h\x 1 1 2 2 2 1 1
1 1 1 2 2 2 1 1
2 2 2 4 4 4 2 2
-1 -1 1 -2 -1 -2 -2 1 -1
1 1 1 2 1 2 2 1 1

sum of the values along anti-diagonal line yields the output y:
y=[1,3,3,5,3,7,4,3,3,0,1]

Note that there are L, =L.+M=8+3=11 output samples.
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1.3. LTI Form

* LTI form of convolution:  y(n) = Z x(m)h(n—m)

% Consider the filter h=[h,, h,, h,, h;] and the input signal x=[x,, %, X,,
X5, X4 |. Then, the output is given by

y(n) = x,h(n) + xh(n—1) + x,h(n - 2) + x,h(n —3) + x,h(n — 4)

“* We can represent the input and output signals as blocks:

= Xo[1,0,0,0,0] v = Xo | ho, hy1, ho, h3,0,0,0,0]
+x1[0,1,0,0,0] + X110, ho, hy, ha, h3,0,0,0]
+x,[0,0,1,0,0] . + Xx>10,0, hg, hy, ho, hs,0,0]
+x3[0,0,0,1,0] +x3[0,0,0, ho, hy, h2, h3,0]
+x4[0,0,0,0,1] +X4[0,0,0,0, ho, hy, hp, h3]
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1.3. LTI Form

** L.TT form of convolution:

hg h, h, h, 0 0 0 0
Xo | Xohg  Xohy Xohy,  Xxphy 0 0 0 0
X 0 xhy xhy X,hs XNy 0 0 0
X5 0 0 XNy XNy X505 Xyh5 0 0
X3 0 0 0 X3hg xX3hy X305 X3 0
Xy 0 0 0 0 X4hg X4hy X4hy X4hs

Yo N Y2 V3 Y4 s Ve Y7

“* LTI form of convolution provides a more intuitive way to under
stand the linearity and time-invariance properties of the filter.
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Example 3 P
xample ¢

o Using the LTI form to calculate the convolution of the following
filter and input signals?

h=|[1, 2, -1, 1], x=[1,1,2,1,2,2, 1, 1]
* Solution:
1 1 2 3 4 5 § 7 8 9 10
x\h 2 -1 1 partial output
1 2 -1 1 Xohn
1 1 2 -1 1 thn—l
2 2 4 -2 2 Xghn_z
1 1 2 -1 1 Xghn_g
2 2 4 2 2 Xshp 4
2 rhaa ceng 2 Xshp-s
1 1 2 -1 1 Xﬁhn_ﬁ
1 ' -1 1 X7hy_-
Vi 1 3 3 5 3 7 4 30 > Xmhnom
i
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1.4. Matrix F P EEC(M
atrix rorm <D

minin,M)

“* Based on the convolution equations )= 5 h(m)x(n—m)

m=maxi0n—L+1)

we can write Y = HIX
d xis the column vector of the L_input samples.
d y is the column vector of the L, =L,+M put samples.

d H is a rectangular matrix with dimensions (I, +M)xL._.

Yo h{j 0 0 0 0

Vi h1 h{j 0 0 0 - -

V2 hz h1 h{] 0 0 ff

V3 hs h> hy hg 0

Y= V4 & 0 ;113 hz hl h[} X2 = Hx

Vs 0 0 ;1’13 hg hl X3

Ve 0 0 0 hg hg - X4 =

- V7] B 0 0 0 0 h3 i

igi ' ' ilteri lution
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1.4. Matrix F P EEC(M
atrix rorm <D

* It can be observed that H has the same entry along each diagonal.
Such a matrix 1s known as Toeplitz matrix.

“* Matrix representations of convolution are very useful in some
applications:
d Image processing

d  Advanced DSP methods such as parametric spectrum estimation and adaptive
filtering
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Example 4 L
<

% Using the matrix form to calculate the convolution of the following
filter and input signals?
h=[1, 2, -1, 1], x=[1,1,2,1,2,2,1,1]
* Solution: since .x=8 M=3 = L =L +M=11, the filter matrix is
11x8 dimensional
0

H.

o0 0 O O O - =N
L 1w Lo =

oD D D D e = D = D D
I

oD D D = = D = D D D
I
|

Hx =

OO0 MNHOOOQCOCO
= o O o O o0

o O =N O O O O

O =
I
e S S I o IS o RS

[ I e B B e B e T e B e B Y Y R
e i " I = s T e T s s Y s B

—_ O W W s
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g
1.5. Flip-and-slide f s
ip-and-slide form 5N

%* The output at time n is given by
y, =hx +hx ,+..+h,X

%* Flip-and-slide form of convolution

h3 hz hl ho ___________________ L h"} hz hl h{] _________ - hg hz hl h{]

i 0 0O 0| X X4 Xy == A3 Ano X Xy T A 00 0 i
M zeros ¢ ¢ M zeros l

y 0 }:u Vi-1+Mm

% The flip-and-slide form shows clearly the input-on and input-off
transient and steady-state behavior of a filter.
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1.6. Transient and steady-state behavior ‘BK

M
“* From LTI convolution: y(n)=>) h(m)x(n—m)=hx, +hX,, +..+h,x
m=0

%* The output is divided into 3 subranges:

O<n<M (input-on transients)
M=n=L-1 (steady state)
L-1<n=L-1+M (input-off transients)

* Transient and steady-state filter outputs:

A output y(n) input ends here

L S San S B D Bl B e S D D Sl Sl D T o

n
0 M -1 L-1+M
—»| lDPUL-ON g steady state w| INput-off | o
transients - transients
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1.7. Overlap-add block convolution method ‘B" N\

“* As the input signal is infinite or extremely large, a practical approach
is to divide the long input into contiguous non-overlapping blocks of
manageable length, say L. samples.

“* Overlap-add block convolution method:

-—— ] —— |- ] ———|a—— ] ——»]

X= block x, block x, block Xx,
| Ve | |
| i | |
I LY I
Yo= L M %_Efm
. ! Ly
a yi= L M "
a a | L
n=0 n= n=2L n=3L
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Example 5 L
<

% Using the overlap-add method of block convolution with each bock
length L.=3, calculate the convolution of the following filter and
input signals?  h=[1, 2, -1, 1], x=[1,1,2,1,2,2,1, 1]

%* Solution: The input is divided into block of length I.=3
x=[1,1,2,1,2,2,1,1,0 |

Xp X Xy

The output of each block 1s found by the convolution table:

block 0 block 1 block 2
h\x 1 1 2 1 2 2 1 1 0
1 1 1 2 1 2 2 1 1 0
2 2 2 4 2 4 4 2 2 0
- -1 -1 -2 1 -2 -21-1 -1 0
1 1 2 1 2 2 1 1 0
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Example 5 o)
P«

“* The output of each block is given by
vo=hxxy=1[1,3,3,4,—-1,2]

vi=h*xx; =[1,4,5,3,0,2]

vo=h*xx>=1[1,3,1,0,1,0]

% Following from time invariant, aligning the output blocks according
to theirs absolute timings and adding them up gives the final results:

1 o 1 2 3 4 5 6 7 8§ 9 10
vo |1 3 3 4 -1 2

v, 1 4 5 0

v, 1 3 1 0

Vv 1 3 3 5 3 7 4 3 0
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| _TP.HCM

2. Sample processing methods

%* The direct form convolution for an FIR filter of order M is given by

vin)=hox(n)+hixtn—=1)+---+hyx(in—-M)

s Introduce the internal states
h
" Ty )

x(r)
wo(n) ¥
1

-

Ay

Wy {H)
.'|l |

e
WE{H) T—I>2_'III [

W) DhM .'

Fig: Direct form realization
of Mth order filter

wiln)=x(n-ri)

vinl= howg(n)+hywi(n)+-- -+ hywypin)

Sample processing algorithm

for each input sample x do:

Wp =X
V= hﬂ'l‘r’.;] + hj_’lr‘r’i + o004 h_i'l,,f'r‘r’mr
for i=M M-1,...,1 do:

Wi = Wi

% Sample processing methods are
convenient for real-time applications
FIR Filtering and Convolution
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Example 6

“* Consider the filter and input given by
h=1_1,2,-11], x=1[1,1,2,1,2,2,1,1]

Using the sample processing algorithm to compute the output and
show the input-off transients.
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Example 6

Solution: The I/0 equation of this filter is
vini=xinj+2xin—-1)—-x(n—-2j+x(n-3)

Introducing the internal states wiin)=xin—1),1 = 1,2,3, and setting wgin)= x(n), we
obtain the following system describing the output equation and the state updating:
Wwo(n)=x(n)
vin)=wgn+2wyinl—wain)+wsinj
wizln+1lil=wzin)
wzain+1)=w;in)
wiin+1li=wuin)

The corresponding block diagram realization and sample processing algorithm are shown
below:
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Example

X : ¥

wo :

E'l for each input sample x do:
, I|II Wp =X
w 1 ' = P ’
m 2 { V=Wy+ 2W; — W + Wy

Z .'II W3 = Ws

Wy —:>f Wz =Wy
E-l ]1""]_ = 1”__]'”

Wy

The sample processing algorithm generates the following output samples:

no| x| wp W WwW: Wz | ¥V=Wo+2W — Wo+ W;
0|1 1 0 0 0 1
1 1 1 1 0 0 3
2 |2 2 1 1 0 3
3 1 1 2 1 1 5
4 | 2 2 1 2 1 3
5 |2 2 2 1 2 7
6 | 1 1 2 2 1 4
711 1 1 2 2 3
8 | 0] O 1 1 2 3
9 (01| 0 0 1 1 0
1010 0 0 0 1 1
Digital Signal Processi%%DuongThanCOng'com 24 FIR Filtering and Convolution
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Hardware realizations U‘B"

“* The FIR filtering algorithm can be realized in hardware using DSP
chips, for example the Texas Instrument TMS320C25

<* MAC: Multiplier IN ROM or RAM RAM OUT
— > x hy "o y >
Accumulator h ",
h, W,
yi=y+ hiw; h, W,y

*l ____________________________________________________
hz’ ' . Qghiw.‘:f]‘\ » )

. y .

MAC
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Hardware realizations ‘BK

% The signal processing methods can efficiently rewritten as

for each input sample x do: 2 In modern DSP Chips, the two
Wp =X .
for i=M-1,...,1,0 do: yi=y + hjw;
Wi =W . . . . .
Ve v 4 how can carried out with a single instruction.
P I I

“* The total processing time for each input sample of Mth order filter:

Tprn::c = 'U‘"’f + ”Tinstr

where T.

e 18 One instruction cycle in about 30-80 nanoseconds.

%* For real-time application, it requires that
!

=
Tpmc

T= T]J]'EIL'_' = [s
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Example 7 ’ !HCM.

“* What is the longest FIR filter that can be implemented with a 50 nsec

per instruction DSP chip for digital audio applications with sampling
frequency f,=44.1 kHz ?

Solution:

T 1 fu

Tinstr Jf.:-'.' T]'n.s.tr Jf.:-'.'

T=1(M+1)Tise = M+1-=

where the instruction rate is finse = 1/ Tinse = 20 million instructions per second (MIPS).
For digital audio at 5 = 44.1 kHz, we find

ﬁnstr 20 - “:]'E
M+1=—= = 453 taps
fo 44.1-10° P
This filter length is quite sufficient to implement several digital audio algorithms. O
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Homework 1

The impulse response h(n) of a filter is nonzero over the index range 3 < n < 6. The input
signal x(n) to this filter is nonzero over the index range 10 = n = 20. Consider the direct
and LTI forms of convolution:

y(n)=> h(im)x(n-m)= > x(m)h(n-m)

i

a. Determine the overall index range n for the output y(n). For each n, determine the
corresponding summation range over m, for both the direct and LTI forms.

b. Assume h(n)= 1andx(n)= 1 over their respective index ranges. Calculate and sketch
the output y(n). Identifv (with an explanation) the input on/off transient and steady
state parts of y(n).
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Homework 2

An LTI filter has infinite impulse response h(n)= a"u(n), where |al < 1. Using the convo-
lution summation formula y(n)= 2 ,, him)x(n — m), derive closed-form expressions for

the output signal y(n) when the input is:

a. A unit step, x(n)= uin)

b. An alternating step, x(n)= (=1)"u(n).

In each case, determine the steady state and transient response of the filter.
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Homework 3

letx=11,1,2,2,2,2,1,1] be an input to the filter described by the /0 equation:

vin)=x(n)-x(n-2)+2x(n-3)

a. Determine the impulse response h(n) of this filter.

b. Compute the corresponding output signal y(n) using the LTI form of convolution.
Show your computations in table form.

c. Compute the same output using the overlap-add method of block convolution by par-
titioning the input signal into length-4 blocks.

d. Draw a block diagram realization of this filter. Then, introduce appropriate internal
states and write the corresponding sample processing algorithm.
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Homework 4

% Compute the output y(n) of the filter h(n) = {1, -1, 1, -1} and input
x(n) = {1,2,3,4, @, -3, 2, -1}

h ,
) Dﬂ L vy () - (1)
*vl(n)
-1
s ,(%
L~
v,(1)
E-l
o ,%
-~
v4(11)
Z-l
S,
L

Digital Signal Proce55|%%DuongThanCOng'com 31 https://fblcom/tai”eudimtucthIR Filtering and Convolution


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Homework 5

% Compute the convolution, y = h * x, of the filter and input,

h(n) = {1,-1,-1,1} ,x(n) = {1, 2, 3, 4, @, -3, 2, -1} using the

following methods:

1. The convolution table.

2. 'The LTI torm of convolution, arranging the computations in a
table form.

3. The overlap-add method of block convolution with length-3
input blocks.

4. 'The overlap-add method of block convolution with length-4
input blocks.

5. The overlap-add method of block convolution with length-5
input blocks.
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