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%* The z-transform is a tool for analysis, design and implementation of
discrete-time signals and LTT systems.

** Convolution in time-domain <> multiplication in the z-domain
p
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1. The z-transform

% The z-transform of a discrete-time signal x(n) is defined as the power
series:

X(2) = i X(N)z™" =---x(=2)2° + X(=1)z + x(0) + x(Dz " + x(2) 2" +---

N=—0

% The region of convergence (ROC) of X(z) is the set of all values of
z for which X(z) attains a finite value.

ROC ={zcC|X(2)= 3 x(n)z™" # o}

N=—o0

%* The z-transform of impulse response h(n) is called the transform
function of the filter:

H(z) = S h(n)z ™
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Example 1

¢

“* Determine the z-transform of the following finite-duration signals

2) x,(n)=[1, 2, 5, 7,0, 1]
b) x,(n)=x, (n-2)

o) x4(0)=x, (n+2)

d) x,(0)=6(n)

&) x:(n)=8(n-k), k>0

f) x,(n)=0(n+k), k>0
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Example 2

“* Determine the z-transform of the signal
2) x(n)=(0.5)"u(n)
b) x(n)=-(0.5)"u(-n-1)
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z-transform and ROC

e
&

“* It is possible for two different signal x(n) to have the same z-
transform. Such signals can be distinguished in the z-domain by their

region of convergence.

|

| —az-1’
|

1 —az-t’

% z-transforms: au () 2

z
—a'u(-n-1) =

with |z| = |a|

with |z] < |a]

and their ROCs:

causal case

ROC of a causal signal is the
exterior of a circle.

Z-plane

anticausal case

ROC of an anticausal signal
is the interior of a circle.
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Example 3

%* Determine the z-transform of the signal

x(n)=a"u(n)+b"u(-n-1)

I ) Imiz)

lor| < I

z-plane z-plane
bl Ibi
S e Re(:) Reiz)
bl
bl < lord

X{z} does not exist ROC for X(z)

N\

% The ROC of two-sided signal is a ring (annular region).
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2. Properties of the z-transform d=%)

% Linearity:

if X (n)«*—>X,(z) withROC,
and X, (n)«—> X,(z) with ROC,
then

X(n) =%, () +X,(n)«——> X (2) = X,(2) + X,(z) withROC=ROC,[1ROC,

“* Example: Determine the z-transform and ROC of the signals
2) xX(0)=[3(2)"-4(3)"u(n)
b) x(n)=cos(w, n)u(n)

) x(n)=sin(w, n)u(n)

igi ' ' z-Transform
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2. Properties of the z-transform B,

% Time shifting:
T X(n) <« X (2)

then X(N—D)<«Z2—>7""X(2)

% The ROC of 2 °X (2) is the same as that of X(z) except tor z=0 it
D>0 and z=o0 if D<O.

Example: Determine the z-transtform of the signal x(n)=2"u(n-1).
“* Convolution of two sequence:

if  X(n)«——X,(z2) and X, (N) «—— X, (2)

then  x(n)=x,(n)*X,(n)<«—> X(2) = X,(2) X, (2)

the ROC is, at least, the intersection of that for X,(z) and X,(2).

Example: Compute the convolution of x=[1 130 2 1] and h=[1, -2, 1] ?
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2. Properties of the z-transform

* Time reversal:

if X(N)«——>X(z) ROC:r gz,
then x(-n)«<*—X(z") ROC: 1 z[< 1
IF2 I,-1

Example: Determine the z-transform of the signal x(n)=u(-n).

%* Scaling in the z-domain:
i Xx(N)«—-—>X(z) ROC:.r,gz[<r,

then nymy«isX(a?z) ROC:|a|r <zI<alr,
for any constant a, real or complex

Example: Determine the z-transform of the signal x(n)=a"cos(wyn)u(n).
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3. Causality and stability

% A causal signal of the form

x(n) = A p,u(n) + A, p;u(n) +---
will have z-transform
X(2)=— P
1- P.Z 1- P,

+--- ROC|z|>max| p. |

1
the ROC of causal signals are outside of the circle.

% A anticausal signal of the form

x(n) =—Ap/u(-n-1)—-A,pju(-n-1)+---

A A,
X(z)= -
( ) 1- plz_l 1- p22—1

+--- ROC|z|<min|p, |

the ROC of causal signals are inside of the circle.
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. - g
3. Causality and stability U‘B"

N g

“* Mixed signals have ROCs that are the annular region between two
circles.

stable/causal ROC stable/anticausal ROC stable/mixed ROC

P Pae
|| f’/_ﬂ\" !22
unit /5\’/ :I:."
circle .
unit
circle

¢ It can be shown that a necessary and sufficient condition for the
stability of a signal x(n) 1s that its ROC contains the unit circle.
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4. Inverse z-transform ‘BK

X(n) z—transform >X(Z), ROC
X(Z), ROC inversez-transform )X(n)

x(n) <« X (z), ROC

% In inverting a z-transform, it is convenient to break it into its partial
fraction (PF) expression form, i.e., into a sum of individual pole
terms whose inverse z transforms are known.

% Note that with X(z)= — we have

1-az
a'u(n) if ROC|z|>|a|(causal signals)
—a"u(-n-1) if ROC|z|<|a|(anticausal signals)

X(n) =
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Partial fraction expression ‘B"

% In general, the z-transform is of the form
N(z) b,+bz™+---+byz™"

X(2) = = 1 Y
D(z) 1+a,z"+---a,z
%* The poles are defined as the solutions of D(z)=0. There will be M

poles, say at py, po,...,Py - 1 hen, we can write

D(Z) — (1_ plz_l)(l_ pzz_l) o '(1_ Pwm Z_l)

% If N <M and all M poles are single poles.
N(z) _ Ay As . A

X(z) = = +
D(z) 1-pyz7t 1 —-pyz} | — pyz-!
. N (z)
Ai=[(1-pizHX(2)],_, =
where =10 -p Jz- [T —piz "
J#EI z—pi
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Example 4

% Compute all possible inverse z-transform of

. 6+z1
XM= 10052
Solution: N
- Find the poles:  1-0.25z2 =0 = p,=0.5, p,=-0.5 05 0.5

- We have N=1 and M=2, i.e., N < M. Thus, we can write

X(7)— 6+ 71 _ 6+ 771 B Ay N Ao
1 —-0.25z1¢ (1 =057 (1 + 0571 1-0.5z"1 1+05z1

where
6+ 71 6+ 771

R R =4 A= — =2
| [l+0'5z_l]z=n.5 : [1_0'5;{_1]2= 0.5
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Example 5

The two poles at £0.5 have the same magnitude and therefore divide the z-plane into two
ROC regions I and II; |#z| = 0.5 and |#z| = 0.5. For the first ROC, both terms in the PF

expansion are inverted causally giving:
1

I
0.5 0.5

xinl=A05"uin+A-(-0.5"uin)

Because this ROC also contains the unit circle the signal x (n) will be stable. For the second
ROC, both PF expansion terms are inverted anticausally giving:

xinj==-A (05 "u(-n-1)-A,(=0.5"ul{-n-1)

This answer is unstable, because the ROC does not contain the unit circle. O
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Partial fraction expression

o If N=M
g o N@ N (2)
D(z) (1=prz7) (1 =pz=t)--- (1 —pyz~t)
Ay As Anm
= Ap + + + et
T l—pizt T 1 —paz! 1l —pyz!
1 N(z) .
Where *4D=X{Z}|z=|j and Aj = ['[l—f"r'z }X{Z}]z=p5: n{l—p-z‘l} fOr 1—1,...,M
d
j#i 2—pi
o If N>M
N(z) Q(z)D(z)+ER(z) Ri(z)
X(z)= = =Q(z)+
(2) D(z) Di(z) Q(z) D(z)
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Example 6

% Compute all possible inverse z-transform of

10+z7z71—-z712
1 -0.257z-¢2

X(z)=
Solution:
- Find the poles:  1-0.25z2 =0 = p,=0.5, p,=-0.5

- We have N=2 and M=2, i.e., N = M. Thus, we can write

X(z) = 10+ 7zt —z72 10+z721—7° A Ay N As
1 —0.25z2 (1-05z1)(1+05z1) 7 1-05z"1" 1+0.52"!
where N U _[wz2+z-1] -1
07 1-02522 | | z2-025 |,_, -025

1047zt —z¢ 10+z ' —72
Al=[ T ] 4, _-;12=[ e ] -2
tU.0z Z=0.5 — Uz Z=—0.5

19 z-Transform
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Example 6 (cont.)

Again, there are only two ROCs Iand II: | z|] = 0.5 and |z| = 0.5. For the first ROC, the A,
and A terms are inverted causally, and the Ay term inverts into a simple & (n):

x(n=Agd (n+4A, (05" un)+A,(-0.5""u(n)
For the second ROC, we have:

x(n=Agd(n—-A005)""u(-n-1-4(-05"ul-n-1)

Only the first inverse is stable because its ROC contains the unit circle, O
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Example 7 (cont.) &N

** Determine the causal inverse z-transform of

G+z73

X2 = 10552

Solution:
- We have N=5 and M=2, i.e., N > M. Thus, we have to divide the
denominator into the numerator, giving

(6427 7)=1(1-0.252"2)(=162z"1 —47z73)+(6 + 16271}
where (6 + 16271} is the remainder polynomial and (—16z-! — 4z 3) the quotient. Then,

o G4+ 75 = s 6+ 16271
}'l-[-"'f.-l_ 1_[}.25;{—2 __J'Eh! _‘-L{ + ]_ —ﬂ.25}‘:_2

and expanding the last term in PF expansion:

N R
1-05z1 1405z

X(zi=—16z"1 —4773
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Partial fraction expression ‘BK ,

% Complex-valued poles: since D(z) have real-valued coefficients, the
complex-valued poles of X(z) must come 1n complex-conjugate pairs
A 1 A T n A 2

l-prz7t  1-pfz7t 1 —-pz—1

X(z)= +

Considering the causal case, we have

X(n)= s lﬂlu{” +41ﬂ*ﬂuiﬂ}+—1?ﬁ' uin)+---

Writing A, and p, in their polar form, say, A, = B1e/® and p; = R e/
with B, and R, > 0, and thus, we have

41,!?{! + AT ,UTH = )]{E[:llﬂ?] = EBlR? cos(n+ o)

As a result, the signal in time-domain 1s

X(n)= 2B Rl cos(toin+ a)u(n)+Apiuln)+- -
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Example 8

oo i . -
¢ Determine the causal inverse z-transtorm of :
er\_4—3zl+z‘2 II
iz)= 1+ 02572 0.5 0.5
Solution:

We write

X[FJ_4—3;€1+H‘2_ 4 —3z71 4 772
' 1+ 0257 ¢ (1 -05jz"1)(1+05jz 1)
. A A

Ag + +
" 1—05jz1 " 1+0.5577]

with the numerical values:

4 -3z V472 4—37z7 14772 .
FID:I: — :| :4, Fll:l: . :| :Bf
1+0.2527% |, 1+057z70 |, o
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Example 8 (cont.)

The causal ROC is |z| = [0.5j| = 0.5, resulting in
x(n)=406(n)+3j(0.57)"u(n)=3j(-0.5))"u(n)
Because the last two terms are complex conjugates of each other, we may write them as

x(n)=48(n)+2Re[3j(0.5/)"u(n)] =46 (n)+6(0.5)"u(n)Re[ "]

Writing j™*! = /T M+11/2 and taking real parts we find

min+ 1)
2

) = —sin(75)

Re[j"*!] = cos(
and

v(n)= 45 (n) —G{G.S}”sin{?}u (n)
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Some common z-transform pairs

Signal. x(n) z-Transform, X(z) ROC
1 s(n) 1 All -
L e 1
2 H(H] 1—_::—] l,,l =
1
3 a®uin) — |z] > la
1=—azt
4 (n) e 21 > lal
n : a
na"uln 1= a) >
1
S —a"ui-n-1) —_— 12| < lai
1 —-az-!
az~!
f ~—na"u(—n—1 —_— < la
na"ul( ) 0 = a1y |2] |
1 —z7'cosay
7 COS wyn uln =1
{coswyniu(n) 1= 2. cosam + 2 |
-1
. I T SH ax
3 SIN ot u (n izl > 1
(sin onitu(m) 1—2:"'cosany + 272
9 (a" i) 1-az” cosun 12| > ia
. n - -
@ cos ann it 1 —2az"! cos ay, + a~:—2
i ﬂ:_l sin L)
10 (a" sinwnn)uin) R e p—— 12] > la]
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Review BK
<>

% Dinh nghia bién doi z

% Y nghia mién hoi tu cta bién doi z

% Moi lién hé giira mién hoi tu v6i dic tinh nhan qua va 6n dinh cua
tin hiéu/hé théng-LTI rO1 rac.

% Bién doi z ctia mot s6 tin hiéu co ban: 8(n), a"u(n), a"u(-n-1)

% Mot s6 tinh chit co ban (tuyén tinh, tré, tich chap) cua bién doi z

¢ Phan chia da thirc va bién doi z nguoc

igi ' ' z-Transform
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Homework 1

Show the z-transform of a triangular signal:
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Homework 2

Consider the z-transform for |z| > 1:

X(z)=1=-z24+z4=z0 4778 -...

Derive a rational expression for X (z) in two ways: (a) by summing the above series, and (b)
by showing that it satisfies the equation X(z)=1-z72X(z).
Derive also the inverse z-transform x(n) for all n.
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Homework 3

Consider a transfer function H(z)= Ni(z)/D(z), where the numerator and denominator
polynomials have real-valued coefficients and degrees L and M in z~?, and assume L > M.
Show that H (z) can be written in the form:

bm +E_]'b”
l+apz ! +apz?

K
H(z)=Q(z)+ D
i=1

where Q(z) is a polynomial of degree L — M in z7! and the second-order sections have
real coefficients. The number of sections K is related to M by K = M/2 if M is even and
K= (M-=1)/2if M is odd. This result forms the basis of the parallel realization form of
Hiz).
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Homework 4

Without using partial fractions, determine the causal inverse z-transforms of:

1

d. X{E}—m
1

b. X(z)= ———

(z) ——

C X{E}—;

' 1+ z-8
1

d. X{E}——l_z_g
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Homework 5

Using partial fractions or power series expansions, determine all possible inverse z-transforms
of the following z-transforms, sketch their ROCs, and discuss their stability and causality

properties:

o Xo= YT

b ()= ST

X7 f;;z—z
-2

A 1 1GDT2§E-2

oA (1 —ﬁz;?il—_ﬂz—;r?} , ROC|z|>1
1

L X(@)= 4+ ———

g X(z)= 4=0.6z"1+0.2z72

(1 =0.5z"1)(1+04z"1)
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Homework 6

% Tim bién ddi z v mién hoi tu cta cac tin hiéu sau:

1)
2)
3)
4)
9)
6)
/)
8)
9)

o(n +2) —d(n—2)
u(n —2)

u(n + 2)

u(n +2) —u(n —2)
u(-n)

u(n) + u(-n)

u(n) — u(-n)
u(1-n)

u(|nl)

10) 2"u(=n)
11) 2"u(n-1)
12) 2"u(1-n)
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Homework 7

% Tim bién ddi z v mién hoi tu cta cac tin hiéu sau:

1)
2)
3)
4)
)
6)
/)
8)
9)

cos(mtn)u(n)
cos(mtn/2)u(n)
sin(ntn/2)u(n)
cos(rmtn/3)u(n)
sin(rn/3)u(n)
cos(mtn)u(n-1)
cos(mtn)u(1-n)
cos(mtn)u(-n-1)
2"cos(mtn/2)u(n)

10) 2"sin(wn/2)u(n)
11) 3"cos(rtn/3)u(n)
12) 3"sin(wn/3)u(n)
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Homework 8

TTTTTT

% Liét ké gid tri c4c mau (n=0, 1, 2, 3) cua tin hiéu nhan qua co bién

do6i z sau:
1) 2z1/(1-2z71)
2) 2z1/(1+2z71)

3) 2/(1-4z2)
4) 2/(1+4z7?)

5) 2z
6) 2z
7) 2z
8) 2z
9) 2z
10) 2z
11) 2z -
12) 2z -

111 -4z )
11 +4z2)
2 [(1—4z )
2[(1+4z?)
1/(1-z1-2z272)
2/(1l-z1-2z")

1/(1-321+2z22)
2/(1-3z21+2z22)
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