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¢ With the aid of z-transforms, we can describe the FIR and IIR filters
in several mathematically equivalent way
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1. Transfer functions ‘BK

“* Given a transfer functions H(z) one can obtain:

(a) the impulse response h(n)

(b) the difference equation satisfied the impulse response

(c) the I/O difference equation relating the output y(n) to the input
x(n).

(d) the block diagram realization of the filter

(e) the sample-by-sample processing algorithm
(f) the pole/zero pattern

(g) the frequency response H(w)
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Impulse response ‘B" |

% Taking the inverse z-transform of H(z) yields the impulse response
h(n)

Example: consider the transfer function H(z)=

To obtain the impulse response, we use partial fraction expansion to
write

Assuming the filter is causal, we find

hin)=-2586(n)+7.5(0.8)"u(n)
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Difference equation for impulse response ‘BK

%* The standard approach is to eliminate the denominator polynomial
of H(z) and then transfer back to the time domain.

. . o
Example: consider the transfer function H(z)= l" +{}g§ :
—_— . E_

Multiplying both sides by denominator, we find

(1-08z YWH(z)=5+2z"! = H(z)=08z'H(z)+5+2z"!

Taking inverse z-transform of both sides and using the linearity and
delay properties, we obtain the difference equation for h(n):

hin)=0.8h{n-1)+58(n)+26(n-1)
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I/0 difference equation ‘B" )

% Write Y(z2)=H(2)X(2) then eliminate the denominators and go back
to the time domain.

, : 542z}
Example: consider the transfer function H(z)= lj_ s
We have
5+2z7!
Y(2)=H(D)X(2)= = X(2) = (1-082 )Y (2)= (5+22)X(2)

which can write Y (2)-08z7'Y(2)=5X(z)+2z7'X(2)
Taking the inverse z-transforms of both sides, we have
vin)—08vin—1)=5x(n)+2xin—-1)

Thus, the I/O difference equation is y(n)= 0.8y (n — 1) +5x(n) +2x(n — 1)
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Block diagram

“* One the I/0O difference equation is determined, one can mechanize it

by block diagram

. , 54 2z°1
Example: consider the transfer function H(z)= lj_ 0.8z

We have the 1/0 difference equation
vin)=0.8vin—-1)+5x(n)+2x(n—-1)

The direct form realization is given by

x(n) * 2—»;9 ¢ = V(1)
-1 [

'|II -1

&

|
{

v (n)=x(n-1)

i | ) )
[\ w,(n)=y(n-1)
5 o
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Sample processing algorithm ¢ g> .

“* From the block diagram, we assign internal state vatiables to all the

delays:

x(r) T>—> N < ¢ » V(1)
71 E_]

S

We define v,(n) to be the content of the x-delay at time n:

v (n)=x(n-1) w,(n)=y(n-1)

viin)=xn-1) = wvi(n+1)=x(n)

Similarly, w,(n) is the content of the y-delay at time n:

winy=vin-1) = win+l)=y(n)

for each input sample X do:

{compute output) vin)=0.8w;(n)+5x(n)+2vy(n)
Vv =08wW, +5x +2v;

{direct form)

(update states) vith+1)=x(n) V] =X
Wy =
wi(n+1)=y(n) L=V
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Frequency response and pole/zero pattern ‘BK

% Given H(z) whose ROC contains unit circle, the frequency response
H(w) can be obtained by replacing z=¢/™

5(1 +0.4z71) 5(1 + 0.4e-7w)
: H(z)= H(w)= :
EXample. (7) | — 0.82-1 = (w) | — ().8e—Jw

Using the identity 11— ae 7| = 1 — 2acos w + a2

we obtain an expression for the magnitude response

51 +0.8cosw +0.16

Hiw =
[H (o) V1 —1.6cosw + (.64

d Drawing peaks when 5 _ o106

7-plane

passing near poles ®oleg ,,__ﬁ\fj_w |H(w)]

35—

/0.4 .
| 0 Lm ':
d Drawing dips when \ jf; \___3_5321

- unit _—» Lo
passing near zZeros circle . 0 T
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Example ="}
@

% Consider the system which has the I/O equation:
vinl=0.25v(nh—-2)+x(n)

a) Determine the transfer function
b) Determine the casual impulse response

c) Determine the frequency response and plot the magnitude response
ot the filter.

d) Plot the block diagram of the system and write the sample
processing algorithm

D‘glta| Slg nal Processi %%DuongThanCong.com 11 https://fb.com/tailieudientucntt Transfer function

and Digital Filter Realization


http://cuuduongthancong.com
https://fb.com/tailieudientucntt

2. Digital filter realizations ‘BK

% Construction of block diagram of the filter is called a realization of
the filter.

“* Realization of a filter at a block diagram level is essentially a flow

graph of the signals in the filter.

* It includes operations: delays, additions and multiplications of signals
by a constant coefficients.

“* The block diagram realization of a transfer function is not unique.

“* Note that for implementation of filter we must concerns the
accuracy of signal values, accuracy of coeftficients and accuracy of
arithmetic operations. We must analyze the effect of such
imperfections on the performance ot the filter.
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Direct form realization

% Use the I/O difference equation

_N(z) bot+tbhiz'+boz %4 +bzt

Hi{z)= =
D(z) l14+az'+a.z2+---+ayzM
Vp=—1¥p_1 — AaVp_o — +++ —ApMqVn-M + bDoXy + DXy + -+ - + brXy_p
x(n) » y(n)
-1 -1
. . . A Ay
d The b-multipliers are feeding forward D Tow
A . 1 1
d The a-multipliers are feeding backward r -
4, 4,
3
for each input sample x do: : :
Vp =X ¢ _¢_
Wog=— Wy —---—dyWy + bVt byvi+---+bpvp 7l 7l
YV =Wp —
z V W
Vi=Vviy, i=LL-1,...,1 L M
Wi=Wj_;, Ii=MM-1,...,1
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Example 4 BK

% Consider TR filter with h(n)=0.5%u(n)

a) Draw the direct form realization of this digital filter ?

b) Given x=|2, 8, 4], find the first 6 samples of the output by using the
sample processing algorithm ?
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Canonical form realization

1 1
** Note that Y (2)=H((2)X(z) =N(z2)—— X (2) =——N(2) X(2)
D(z) D(z)
| win)=xn)—-aypwin-1)—--+—auywin-M)
Y(z2)=N(z2)W(z) and W(z)= D—{E}}({z} y(n) = bow () +b1w(n = 1)+ - - + byw(n—1L)
N A I A
x(n) - - = V(1)
N Wy
%Ii‘l :}T { I|
[ The maximum number of ".I |\ -a Q“ T, ’Db] f |
common delays: K=max(L,M) ".I\ v f IIII
|I Z_l I|
III| \ -4y Pl 1.1“3 2 { |II
for each input sample x do: '|| N ’F | |
Wo=X—a W) —daWs — + — dyW : |"
V= b[:.'lr’lr’[; + bj_'lr’lr’l + -+ bj_ Wi I'|I : {. : I|II
w;=wi;_, I=KK-1,...,1 I'|I E " III'
'|I"TM<_‘ *“’M ._>M |
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g
Cascade form _BK

’ ~_TP.HCM §

“* The cascade realization form of a general functions assumes that the
transfer functions is the product of such second-order sections

(SOS):
K-1 KE-1

bm + b,-lz‘L + thE_E
Hi(z)= HH,-{E}: 11: T p——
i= I= B

“* Each of SOS may be realized in direct or canonical form.

for each input sample x do:
Xp = X
fori=0,1,...,K -1 do:
Wig = Xj — dj Wi — dja Wiz
Yi = bioWio + biwir + bipwiz
Wiz = Wi
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Cascade form

T
G
=
i
L
L |

Hyz) ——
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Review

igital Si i Transfer function
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Homework 1

Determine the transfer function H (z) and the corresponding I/0 difference equation relat-
ing x(n) and y(n) of the linear filters having the following impulse responses:

a. h(n)=d(n-73) e. hi(n)=(-0.8)"[u(n)-u(n-8)]
bh. hinl=u(n-13) f. hin)=(0.8)"u(n)+(-0.8)"u(n)
c. hin)=(0.8)"u(n) g. hin)=2(0.8)"cos(mrn/2)u(n)

d. hin)= (-0.8)"u(n) h. hin)= (0.8j)"u(n)+(-0.87)"u(n)

In each case, determine also the freguency response H(w), the pole/zero pattern of the
transfer function on the z-plane, draw a rough sketch of the magnitude response |H(w)|
over the right half of the Nyquist interval 0 = w = 71, and finally, draw the direct and
canonical realizations implementing the 1/0 difference equation and state the corresponding
sample-by-sample processing algorithms.
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Homework 2

A digital reverberation processor has frequency response:

—0.5 + g~ Jw8
1 —0.5e-Jws

Hiw)=

where tw is the digital frequency in [radians/sample]. Determine the causal impulse response
h(n), for all n = 0, and sketch it versus n. [Hint: Do not use partial fractions.]

20 Transfer function
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Homework 3

The first few Fibonacci numbers are:
h=1[0,1,1,2,3,5,8,13,21,... ]
where each is obtained by summing the previous two.
a. Determine the linear system H (z) whose causal impulse response is h, and express it

as a rational function in z=1.

b. Using partial fractions, derive an expression for the nth Fibonacci number in terms of
the poles of the above filter.

c. Show that the ratio of two successive Fibonacci numbers converges to the Golden Sec-
tion, that is, the positive solution of the quadratic equation ¢> = ¢ + 1, namely,
b= (1++5)/2.

d. Show that the filter's poles are the two numbers {¢, —¢~!}. Show that the geometric
sequence:

y=1[0,1,¢,¢°¢°...1

satisfies the same recursion as the Fibonacci sequence (for n = 3). Show that v may be
considered to be the output of the filter h for a particular input. What is that input?
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Homework 4

For a particular causal filter, itis observed that the input signal (0.5)"u (n) produces the out-
put signal (0.5)"u(n)+(0.4)"u(n). What input signal produces the output signal (0.4)"u(n)?

For a particular filter, it is observed that the input signal a"u(n) causes the output signal
a"u(n)+b"u(n) to be produced. What output signal is produced by the input c"u(n),
wherec = (a + b) /27

The signal (0.7)"u(n) is applied to the input of an unknown causal LTI filter, and the signal
(0.7)"u(n)+(0.5)"u(n) is observed at the output. What is the causal input signal that will
cause the output (0.5)"u(n)? What is the transfer function H (z) of the system? Determine
its causal impulse response h(n), for all n = 0.
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Homework 5

1
l+az7'+az72"’
250 Hz and a 3-dB width of Af = 20 Hz and is operating at a rate of f; = 5 klHiz. What are the
values of a, and a»? Show that the time constant of the resonator is given approximately by

Design a resonator filter of the form H(z)= which has a peak at f =

2lne
Aw

Refr = —

which is valid for small Ac. TFor the designed filter, calculate the 40-dB value of n.g, that is,
corresponding to € = 10~°. Compare the approximate and exact values of ng.

23 Transfer function
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Homework 6

It is desired to generate the following periodic waveform:
h{n}: [112:3:41051:':”!0: 112!3:4105{]:“:0: e ]

where the dots indicate the periodic repetition of the 8 samples [1, 2,3,4,0,0,0,0].

a. Determine the filter H (z) whose impulse response is the above periodic sequence.
Express H(z) as a ratio of two polynomials of degree less than 8.

b. Draw the canonical and direct realization forms of H(z). Write the corresponding
sample processing algorithms.
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Homework 7

A digital sawtooth generator filter has a periodic impulse response:
h=[0,1,2,3,0,1,2,3,0,1,2,3,--- ]

where the dots indicate the periodic repetition of the length-4 sequence {0,1, 2, 3}.

a. Determine the transfer function H(z).

bh. Draw the direct and canonical realization forms. Factor H(z) into second-order sec-
tions with real coefficients. Draw the corresponding cascade realization.

c. For each of the above three realizations, write the corresponding /0 time-domain
difference equations and sample-by-sample processing algorithms.

d. Using partial fractions, do an inverse z-transform of H(z) and determine a closed
form expression for the above impulse response h(n) in the form

h(n)= A +B(—1}"+2Ccns[?j + Eﬂsin[?j, n=0

What are the values of A,B,C,D ?
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Homework 8

Consider the system: H(z)=

a. Without using partial fractions, determine the causal impulse response of the system.
Explain your reasoning.

b. Draw the canonical realization form of the system. Write the /0 difference equations
and the sample processing algorithm describing this realization.

c. The length-3 input signal x = [3,2,1] is applied as input to the system. Using any
method, determine the output signal y(n) for all n = 0. Explain your method.
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Homework 9

14z 14+z2+23
A causal filter has transfer function: H (z) = =52 :

a. Determine the numerical values of the causal impulse response h(n), for all n = 0.

b. Draw the canonical realization form of this filter and write the sample processing
algorithm describing it.
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Homework 10

A digital filter has transfer function, where 0 < a < 1:

1 = z—lﬁ
H(z)= ————
(z) 1 —az-16

a. What are the poles and zeros of this filter? Show them on the z-plane.

b. Draw a rough sketch of its magnitude response |H (w)| over the frequency interval
0=<w=?2m.

c. Determine the causal/stable impulse response h(n) for all n = (. Sketch it as a
function of n. [Hint: Do not use PT expansions.]

d. Draw the canonical realization form and write the corresponding sample processing
algorithm. (You may make use of the delay routine to simplify the algorithm.)
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Homework 11

LletH(z)= % be a first-order lowpass filter (also called a first-order smoother), where
0 < a < 1. Draw the canonical realization. Draw another realization that uses only one
multiplier, (that is, a), one delay, and one adder and one subtractor. For both realizations,
write the sample-by-sample processing algorithms. What would you say is the purpose of

the chosen gain factor 1 — a?

Transfer function
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Homework 12

A discrete system is described by the difference equation
vin)=25vin=-1l—-yin-2)+3x(n)+3x(n-2)

Using z-transforms, find all possible impulse responses h(n) and indicate their causality
and stability properties.
For the causal filter, determine the output y (n1) if the inputis x(n)= g(n)-2g(n-1), where
gln)=-cos(mtn/2)uln).

Transfer function
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Homework 13

A system has transfer function:

z 7l 42772 43773 4+ 4774

H(@)= 1 —2z-5

a. Wirhout using partial fractions, determine the causal impulse response h(n) of this
svstem, for all n = 0, and sketch it versus n.

b. Draw the direct and canonical realization forms. Write the difference equations de-
scribing these realizations. Then, write the corresponding sample processing algo-
rithms.

c. Factor this transfer function in the form H (z)= H,(z)H>(z), where H, (z) is the ratio
of two first-order polynomials, and H (z) has numerator of degree 3 and denominator
of degree 4. Draw the corresponding cascade realization, with each factor realized in
its canonical form. Write the difference equations describing this realization, and the
corresponding sample processing algorithm.
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Homework 14

A discrete-time model for a second-order delta-sigma A/D converter is shown below:

+

*E(H] = quantization noise
x(n) — = Hi(2) |-+ Hy(2) —5—> y(n)

a. Show that the output z-transform Y (z) is related to X(z) and E(z) by a transfer
function relationship of the form:

Y(z)=Hx(2)X(2)+H.(2z)E(2z)

Express the transfer functions Hx(z) and H. (z) in terms of the loop filters H, (z) and
H>(z).

b. Determine H; (z) and H» (z) in order for H, (z) to act as a single delay and H,(z) as
a second-order noise shaper, that is,

H.(z)=z"! and  H.,(z)=(l1-z1)?
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Homework 15

A digital filter has transfer function:

z7H 1 +2273)(1 +3z729)

H{z)= 1-2z6

a. Draw the direct form realization (direct form I). Write the I/0 difference equation and
corresponding sample processing algorithm for this realization.

b. Draw the canonical form realization (direct form II). Write the 1/0 difference equations
and corresponding sample processing algorithm for this realization.

c. Factor H(z) into second-order sections with real-valued coefficients, and draw the cor-
responding cascade realization. Write the [/0 difference equations and corresponding
sample processing algorithm for this realization.

d. Without using partial fractions, determine the causal impulse response h{n) of this
filter for all n. Explain vour reasoning.
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Homework 16

A linear system is described by the svstem of difference equations:

vin) =x(n)+vin-1)

vin) =vinl+vin-2)+vin-4)

Determine the transfer function from x(n) to y(n). Draw the direct, the canonical, and the
cascade of SOS realizations (with real coefficients). In each case, state the sample-by-sample

processing algorithm.

34 Transfer function
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Homework 17

Draw the three realizations: (1) direct, (2) canonical, and (3) cascade of second-order sections
for the following filter:

(2=3z"1)(1 +z72)

H(z)= 1 - 0.252-4

For each realization write the corresponding: (a) /O difference equations and (b) sample
processing algorithm.
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Homework 18

A filter has transfer function:

3 4 1-2.25z""¢
H{E}= _ = - = - ¥ P
1+0.25z72 1-0.25z"2 (1+0.25z72)(1-0.25z"2)

a. Determine all possible impulse responses h(n) and their RQOCs.
b. Draw the direct realization form of H(z).

. Draw the canonical realization form.

M

d. Draw the cascade form.

In all cases, write all the I/O difference equations describing the realization in the time do-
main, and the sample processing algorithm implementing it.
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Homework 19 ‘Bﬂ

A

An allpass digital reverberator with delay of 10 time units and having input x(n) and overall
output y(n), is described by the system of difference equations:

win) =0.75w(n—-10)+x(n)
vin) = =-0.75w(n)+win - 10)
a. Draw a block diagram realization of this filter. The realization must use only one
10-fold delay.

b. Write the sample processing algorithm for this filter. Then, convert this algorithm into
a C routine that implements it.

c. Show that the magnitude response of the filter is identically equal to one, that is,
|H(w)| =1 for all w.
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Homework 20

For the following three filters,

1 | —z-4
H(z)= z

H(z)=(1+z%)%, H(z)= ,
(z)=( ) (2) 1+0.81z2 1 -0.9z1

a. Determine all possible impulse responses h(n), corresponding ROCs, stability, and
causality properties.

b. Draw the direct, canonical, and cascade of SOS realization forms. Write the /0 differ-
ence equations for each realization. State the sample-by-sample processing algorithm
for each realization.

c. Determine the corresponding pole/zero plots and then make a rough sketch of the
magnitude responses |H (w) | versus cw.
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Homework 21

Consider a stable system with transfer function H(z)=

a. Determine the poles and zeros of H(z) and place them on the complex z-plane. Pair
them in conjugate pairs to write H (z) as a cascade of second-order sections with real
coefficients.

h. Draw the direct, canonical, and cascade realization forms. In each case, write the
corresponding sample processing algorithm.

c. Determine the impulse response hin) for all n. And, finally show that |[H(w)| =1
for all e, that is, it is an allpass filter.
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Homework 22 BK

Cho hé thdng rdi rac LTI ¢ dap ung xung h(n) = 0.5" u(n-1).

1) Viét phuong trinh sai phan vao-ra va vé 1 so d6 khdi thuc hién hé

thong.

2) Tim gid tri cia mau tin hiéu ngd ra y(n=2) khi tin hiéu ngd vao
x(n) = o(n—1).

3) Tim gid tri cua mau tin hiéu ngd ra y(n=2) khi tin hiéu ngd vao
X(n) = u(-n-1).

4) Tim gia tri cia mau tin hiéu ngo ra y(n=2) khi tin hiéu ngd vao
x(n) = 1.
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H k 23 B
Oomewor ¢

77t 2
_|_
1-05z% 1+05z7°

Cho hé thong LTI nhan qua c6 ham truyén H(z)=

1) Kiém tra tinh 6n dinh cta hé thong.

2) Tim dap ung xung ctia hé thong.

3) Viét phuong trinh sai phan vao-ra va vé 1 so d6 khoi thuc hién hé
thong.

4) Tim gida tri cia mau tin hiéu ngo ra y(n=2) khi tin hiéu ngd vao
Xx(n) = 40(n) — 6(n — 2).
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Homework 24

Cho hé thong roi rac LTI nhan qua c6 phuong trinh vao-ra y(n) =
X(n-1) — 0.5y(n-1).

1) Vé 1 so do khoi thyc hién hé thong.
2) Tim dap tmg xung ctia hé thong.

3) V& phéac thao bién do dap tmg tan so va xac dinh dic tinh tan
sO (thong thap, thong cao, thong dai hay chan dai) cua hé
thong.

4) Tim tin hiéu ngd vao x(n) dé tin hiéu ngd ra y(n) = §(n—1).
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Homework 25

Cho hé thong roi rac LTI nhan qua c6 phuong trinh vao-ra y(n) =
X(n-1) + 0.5y(n-1)

1) V& so dd khoi thuc hién hé thong trén véi so bo tré it nhat cé
thé.

2) Tim dap tmg xung ctia hé thong trén.

3) Tim gid tri cua mau tin hiéu ngd ra y(n=2) khi tin hiéu ngd vao
x(n) = 20(n-2).

4) Tim Qia tri ctia mau tin hiéu ngd ra y(n=2) khi tin hiéu ngd vao

X(n) = u(-n-1).
5) Tim gid tri cia mau tin hiéu ngd ra y(n=2) khi tin hiéu ngd vao
x(n) = 2.
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Homework 26 BK
<

Cho hé thong roi rac LTI nhan qua ¢ ham truyén H(z) =

1)
2)

3)
4)
3)
6)

/)
8)

1427
4—77%
Vé so do cuc-zero va kiém tra tinh 6n dinh ctia hé thong trén.

Viét phuong trinh sai phan vao-ra va vé so dé khoi thuc hién hé thong trén véi
sO bo tré la it nhat.

V& phac hoa dap trmg bién do va chi ra dic tinh tan s6 (thdng thap, thdng cao,
thong dai hay chan dai) cua hé thong trén.

X&c dinh biéu thirc va chi ra dic tinh dap tng xung (FIR hay 1IR) ctia hé thong
trén.

Tim Qi tri cia mau tin hiéu ngd ra y(n=2) khi tin hiéu ngd vao x(n) =
2cos(rn/2)u(n).

Tim Qi tri cia mau tin hiéu ngd ra y(n=2) khi tin hiéu ngd vao x(n) = u(-n) —
20(n).

Tim Qi tri ctia mau tin hiéu ngd ra y(n=2) khi tin hiéu ngd vao x(n) = 2.

Tim tin hiéu ngd vao x(n) dé tin hiéu ngd ra y(n) = {2, 0, 23}.
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Homework 27 BK

77! 2
_|_
1-05z%' 1+05z%

Cho hé thong LTI nhan qua c6 ham truyén H(z) =

1) V& so d6 cuc-zero va kiém tra tinh 6n dinh ctia hé thong trén.

2) Viét phuong trinh sai phan vao-ra va vé so do khoi thuc hién hé
thong trén vaéi so bo tré 13 it nhat.

3) V& phac hoa dap ung bién d6 va chi ra dic tinh tan s6 (théng thap,
théng cao, thong dai hay chan dai) ctia hé thong trén.

4) Tim gia tri cia mau tin hiéu ngo ra y(n=2) khi tin hiéu ngd vao
X(n) = 20(n — 2).

5) Tim gi tri ctia mau tin hiéu ngd ra y(n=2) khi tin hiéu ngd vao
x(n) = {2, 1}.

6) Tim gid tri cia mau tin hiéu ngd ra y(n=2) khi tin hiéu ngd vao
x(n) = 2.
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Homework 28

Cho hé thong tuyén tinh bat bién c6 tin hiéu ngd ra y(n) = {1, 0, 0,
0, -1} khi tin hiéu ngd vao x(n) = {1, 0, 1}.

1) Viét phuong trinh sai phan vao-ra ctia hé thong trén.

2) Xac dinh tin hiéu ng0 ra y(n) khi tin hiéu ngd vao x(n) = {1, 0,
0,0, -1}.

3) Xac dinh tin hiéu ngd vao x(n) dé tin hiéu ngd ra y(n) = {1, 1}.

4) Tim dap Gng xung nhan qua cua hé thong khoi phuc ghép noi
tiép ngay sau hé thong trén dé ngd ra hé thong khoi phuc ding
bang tin hiéu ngd vao cua hé thong ban dau.

iqi [ r ' nction
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