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PONG LUC HOC (Cont’d)

» Nguyen ly D’Alembert

Trong chuyén dong ciia chdt diém, lwc thuc tdc dung lén chat

diém (F) va luc qudn tinh ciia né (F,) la mot hé luc cdn
bang.

> Nguyén ly di chuyén kha di

Diéu kién can va di dé co hé chiu lién két gitt, dirng hinh hoc
va Iy twomg cdn bang & vi tri dang xét la: Tong cong cuia tat
ca lwe hoat dpng trén moi di chuyén kha di ké tir vi tri do
déu bang khong.

> Tim diéu kién cdn bang ciia co hé, cdc thanh phdan phan luc
tinh cua co hé.

> Phuwong trinh tong quat dong luc hoc

» Phuong trinh Lagrange loai 11

Muc tiéu:

Nghién ctru qui luat chuyén dong cua: chit diém, hé chat
diém, vat ran tuyét doi dudi tac dung cua luc.

Noi dung:
1. Phuong trinh vi phan chuyén dong cuia chat diém va hé
chat diem
Nguyén ly D’ Alambert
Céc dinh 1y tong quat dong luc hoc
Nguyén ly di chuyén kha di

il Sl

Phuong trinh téng quat dong luc hoc va phuong trinh
Lagrange loai II

Muc dich:
» Xaéc dinh diéu kién can bf?mg cua co hé
» Xac dinh céc thanh phﬁn phan Iuc dat vao co hé
> Lam co 5o dé thiét 1ap phuwong trinh vi phan chuyén dong
tong quat cua co h¢ khong tu do
Yéu ciu:
» Nam duoc khai niém lién két
> Nim viing dinh nghia di chuyén kha di (DCKD)
> Biét xac dinh toa do suy rong, bac tu do cua co hé

> Van dung dugc NLDCKD dé giai bai toan can bang hay
chuyén dong cia co hé




1. Cac khai niém:

1.1. Phuong trinh lién két:

Xét co hé khong tu do, vi tri va van tdc cua céac chat diém thudc
co hé sé thoa man cac moi quan hé nao dé doc lap vai diéu kién
dau va céc luc hoat dong duoc goi la cac lién két.

Tong quat, cac lién két dugc mo ta bo1 ham so:

f(7,7.0)20, k=LN, i=1S8
Trong do:
» N: S6 chét diém cua co hé
= S-S0 lién két ciia chat diém th &

» 7.7 lan luot 1a vi tri va van toc ctia chat diém thir &

2. Di chuyén kha di — Bic tw do cia co hé:

2.1. Di chuyén kha di (DCKD)

Dinh nghia: D}' chzfyén kha di ciia co hé la tdp di chuyén vo ciing
bé cua cdc chat diém cua co hé twr vi tri dang xét sang vi tri ldn
can ma van thoa cdc lién ket tai vi tri dang xét.

DCKD duwoc ky hiéu: {or,} (phdn biét véi di chuyén thét dr,)

» Neéu co hé chiu LK: f,(%)=0, k=LN, i=1S$

» Khi do:
Nhan xet:
= DCKD chi c6 y nghia vé mit hinh hoc
= Khong c6 quan hé vdi cac luc tac dung 1én co hé (hé luc khong déi)
= Thoi gian 7 dwoc xem nhu 14 1 tham s6 khi co hé thyc hién DCKD

f(F+)=0, k=LN,i=1S8,& ={&,,9,, %}

0¥ x | : OF X

A
f(x7y>t):x2+y2_lz(t):0

A
fy.)=x"+y"-1"<0

1.2. Phén loai lién két:
= Giit/khong giir (LK 2 phia — PT / LK 1 phia — bat phuwong trinh)
= Ding/khong dimg (PTLK khong chira 18 bién thoi gian)

= Ho6-16-n6m va khong ho-16-né6m

LK Ho6-16-ném: PTLK khong chira yézl 16 van téc hodc ¢é chira nhiung co thé logi bé dwoc nho

* Phuong trinh lién két:

Y B ,OF

B

f(#)=0, k=1N, i=1S8
* Di chuyén kha di cia co hé

= f(F+&)=0, k=LN, i=15§

* Di chuyén kha di ctia co hé (cta diém 4, B): {67, &,, 5%, 57, }
= Di chuyén that cua co hé:
{dF,, dF,}= {6F,, &,} hodc {dF,dF,}={6F,, 5%}
» Co hé chiu lién két dimg > {dF.} < {&}
2.2. Bac tw do cua co hé:
La s0 to1 da cac DCKD doc lap tuyén tinh cua co hé.




2.1. Di chuyén kha di (DCKD):
* Phuong trinh lién két (tai thoi diém 7):

f(#)=0, k=LN, i=18

* Di chuyén that (tir thoi diém ¢ dén +dr): dr, = {dx,, dy,, dz,}

f(F+di)=0, k=LN, i=1S
—Sdf =Y afd gy g | Yo =15
X, oy, 0z, ot

= DCKD:
v (of
J = —L 0, +
f: Zkl(axk k

d, 9 5 5
@/kﬁyk o2, j 0, i=18

2.2. Bac tu do cua co hé:
La s toi da cac DCKD doc lap tuyén tinh cua co hé.

3. Toa d¢ suy rong:
» Céc toa d0 Descartes cua cac chat diém déu phai duoc biéu dién
qua r toa do suy rong {q,, q,, -..., q,.}
X = xk(qlz‘qza"',q,-)
Ve = ¥:(4:9,5--.9,) = &, = {0, ,,%,}
Zk = Zk(qlaqza---:'qr)
= Voi: -
5xk = Z; 16 &

-5, Ly
==X

Jlaq

3. Toa dg suy rong:
H¢ toa do Descartes Oxyz:
* Vi tri ctia chat diem M, dugc xac dinh (x,,,.2,) = 3 thong s6
" H§ (tu do) c6 N chat diem: can 3N thong s6 (x;,1,.2,), k=1~N
dé xac dinh v1 tri cua co hé.
» Néu khong tu d,o (co s ptlk) 79 S6 toa do doc lap: » = 3N-s >
Chon 7 thong s6 thich hgp dé xac dinh vi tri ctia co hé.
Dinh nghia: Toa dp suy rong cua co hé la tdp cac thong so6 du dé
xdc dinh vi tri cua co hé trong mot hé quy chiéu xdc dinh, dwoc ky
hiéu la {q} (i=1~7).
» Toa dd suy rong co thé toa do Descartes ctia cac chat diém
thudc co hé, co thé 1a toa dd cong, c6 thé 1a goc quay, ...
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VD: Xac dinh toa do suy rong (du)
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VD: Xac dinh toa do suy rong (du)

VD1: Cho co hé nhu hinh vé, hai thanh
ménh dong chét khdi luong phan bd déu. O
Thanh OA c6 khéi lugng m,, chiéu dai
2a; thanh AB c6 khoi luong m,, chiéu dai
2b. Chon toa do suy rong du cua co h¢ la
¢, ¥ nhu hinh v€. Xéc luc suy rong
twong ung cua hai TDSR trén.

. OF
& =5 (4,,9,,-.9,) =Y, —=q,
oq

T “ "i Y

&

—

N = . v = O
Zé‘Ak - Z"ZI F’”a&;’: - Zil(Zkl I 6i i

pummm A N ( - \
r N _'(I a
: Zé‘Ak = Zizl (Qr )517 ’: i Qi = Zk:lp;r g i

Trong d6: r = s6 bac tw do = s6 TDSR di

NGUYEN LY DI CHUYEN KHA DI
4. Luc suy rong:

Xét co hé N chat diém chiu tdc dung cua cdc luc hoat dong (F,°).
Cho co hé thuc hién mot di chuyén kha di {or,}, cdc luc (F}*) sé
thuc hién cong trén do doi do:

Yoh =3 FiS,

dwoc goi la cong kha df.
» Chon h¢ toa do suy rong {q;},i= 1r

, OF
5’7:% :&;(ql,qZ""qu):Zizlé&i Qi
i /_H

N N r a_' r N = a_'
Zé‘Ak = k=1 F;aé;;r = Zk:l F;a Zi:l %&i = Zil(Zkl Eﬂ é]@l
r _.(1 a}_/:'
ZaAk = Z,-zl (Q: b‘qﬂ Qi = Ziilﬂ a_k
_ . - o

VDI1: (Cach 1) i
£ k=17 k aq’

* Lyc hoat dong: (P;, P,, F) ~ (F;, F,, F;)

= Vector vi tr{ cua cacdiém dat luc twong ung:
n=asmei +acosgy
7, =(2asinp+bsiny)i +(2acosp+bcosy) ]
7, =2(asing + bsiny)i +2(acosp+bcosy) ]

» (Cac dao ham riéng phan theo cac TDSR (¢, v):

a—?lza—’j’:acosqof—asinqof Or, O, ~ .
dq, O a—ql:—(D:Zacosq?l—Zasmqq
on _Oon _ o R s o .

an a(// a—qzzazbcosyﬂ —bSlnl/ﬂ
%:%:2acos¢f—2asmﬁ; o, = . =2bcosyi —2bsinyj
oq. COQ — o Ol
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VDI: (Cich 1) Q;Zﬁ”%

i

0=0,-= Z,ivlﬁ;a—r" =—Pasm@p—-2Pasn ¢ +2Facosg
@

—

o,
178

0,=0, = Zilﬁk =—Pbsmy + 2DF cosy

0

Q,=—alsm@—2al, sin@ +2al cosp)
Q, =—bFE siny +2bF cosy)

VD1: (Cach3) >4, =Y Ero=Y" (0,
» Chondg; #0 vadq, =0 (j#1i): 6q,=op #0 vadg,=oy =0

— 5)}1 = —gsin PO, @)2 =-2asin PoQ, §7CF = 2a cos pop

VD1: (Cach 2)
ngL = 111 F;"&: = Z:zl (Qz ﬁ]i

D 84, = R& + P&, + Féx,

® Yy =acose = 9y, =—asinpop
e y =2acosp+bcosy = O, =—2asin pdép —bsnyoy

o Xx,=2asin@+2bsiny = &, =2acospop +2bcosyoy

> 64, =—RBasin pdp — P,(2asin ¢ + bsin ySy) + F (2a cos pdp + 2b cosy Sy)
> 64, =—(Pasin ¢+ B2asin ¢ — F2acosp)Sp—(Pbsiny — F2bcosy)dy

9y Oy

Q,=-alsm@—2aPl smp+2al'cosp| |Q, =—bE,smy +2bF cosy

5. Lién két Iy twong:
Co hé dwgc goi la chiu lién két Iy twomg néu tong cong ciia tdt
ca cac phan luc lién két (R,) ddt vao co hé trén moi DCKD déu

bang khong: -

M6t s6 truong hop co hé chiu LK 1y twéng:

> Céc co hé gdm vat ran, diy mém khong dan, bé qua ma sat &
truc quay va su truot tuong doi cua diy véi rong roc (puli).

» Hai vat truot khong ma sat véi nhau hoac ndi ban 1& khong
ma sat vo1 nhau.

> Néu ton tai thanh phan phan luc sinh céng trén DCKD, ta
xem thanh phﬁn luc nay thudc cac luc hoat dong, khi d6 co
hé duoc khao sat nhu chiu lién két 1y tuéng.




6. Nguyén Iy di chuyén kha di:
Phat biéu: Diéu kién cin va di dé co hé chiu lién két gitr, dimg
hinh hoc va 1y tudng can bang & vi tri dang xét 1a: Tong cong
cua tat ca luc hoat dong trén moi1 di chuyén kha di ké tir vi tri
dang xét déu bang khong:

Yoar =Y Feon =0 V{oh} Hay: oA = 08,=0 Vidy}
Do cdc 6q, doc Idp tuyén tinh, nén Q, = 0, i=1~r.

I’J'ng dung:

= Tim di€u kién can bang cia co hé: vb 13.8~13.10 (Co Iy thuyét - Vi
Duy Cuodng)

= Tim cac thanh phan phan luc tinh ciia co hé: v 13.11-13.13

VD 1: Con lac kép (Vi tri can bang)

VD 2: Hé vat ran, puli, diy (Quan hé
gitra cac tai)

VD 3: May ép vit (Quan hé gilta cac

luc)

VD 4: Hé dam chiu luc (Phan luc lién két)

FII FZ

A% /60" C
a 2

Tw doc: ?

Vi du 3-4, 3-5, 3-6, 3-7, P6 Sanh, Lé Doan Hong, Bai tdp Co hoc,
tap 2, NXBGDVN, 2013.

Trwong Quang Tri, Ts (email: .. ), 201B4— BM Co Ky Thujit - Khoa KHUD — DH Bich Khioa Tp. HCM

Huéng giai quyét chung:

1. Bactudo—=> TBSR

Co hé chiu lién két giir, ding va 1y tuong?

Xéc dinh (liét ké) cac luc hoat dong

Cho co hé 1 DCKD (dung quan hé dong hoc néu can)

LA S

Tinh téng cong kha di cua cac luc hoat dong trén DCKD -
Cac luc suy rong

6. Ap dung NLDCKD: Cho cac luc suy rong dong thoi bang 0
(Picu kién co hé can bang tai vi tri dang xét) =2 ket qua.

DU XAC DPINH LU
VD1: Cho co hé nhu hinh v€, hai thanh

méanh dong chat khdi luong phan bd déu. O x

Thanh OA c¢6 khéi luong m,, chiéu dai 2a;
thanh 4B c6 khdi lwong m,, chiéu dai 2b.
Chon toa d¢ suy rong du cua co h¢ la ¢, w
nhu hinh v€. Xac dinh céac géc ¢, w khi co hé
can bﬁng dudi tdc dung cua cac luc trong
truong P;, P, va luc kéo F nhu hinh vé.

» Nhu da xac dinh & ph.'?ln trudc, ta co:
0, =—bP,siny +2bF cosy vaQ, =—alsing—2aP,sing+2al' cosp
» Do co hé can bang >

0,=0 —bP,siny + 2bF cosy =0 tany =2F /P,
= &
Q,=0 tang = 2F (P, +2P))

=
—aPsing —2aP,sing +2al cosp =0




» Bactudo 2 > TBSR: s,, s,

* Chiu LK: Giir, dung, ly
tuong?

* Luc hoat dong: P,, P,, P

* Cho co hé¢ 1 DCKD: (Quan
hé dong hoc néu co)
= Tong cong kha di cia céc
luc hoat dong trén DCKD

5] O m

Tinh luc suy rong

=  Ap dung NLDCKD: PK can bang = Céc luc suy rong dong
thoi bang 0.

[2] D6 Sanh (chi bién), L& Doan Hong, Co hoc, Tap 2: Dong lic hoc, tai ban lan thir 15, NXBGD Viét Nam, 2013.

¢ Tinh lyc suy rong O, ,:

= Choco hé1 DCKD:
os; = 0vads,+0.

= Tong cong kha di cia
cac luc hoat dong trén
DCKD:

5] Cu

Quan hé dong hoc: M, truot xuéng 1 doan Js, vat M di 1én 1
doan ds= ds, /2 (luu y rang ds, = 0).
- Tbng cong kha di:

34 = P(0) + P(&, sin )~ P2y =[ Bsin p— L |,
2 2

; P
=0, =Psnf~

[2] D6 Sanh (chii bién), Lé Doan HBng, Co'hoc, Tap 2: Pong e hoc, tai ban Tan thir 15, NXBGD Viét Nam, 2013.

L)

» Tinh lyc suy rong O, ;:
= Cho cohé 1 DCKD:
0s 70 va os, = 0.

= Tong cong kha di cia
cac luc hoat dong trén
DCKD:

o] Cm

Quan hé dong hoc: M, truot xuéng 1 doan ds; vat M di 1én 1
doan ds= ds, /2 (luu y rang s, = 0).
- Tbng cong kha di:

Y64 = B(,sin a)+zz(0)—P(%)=(gsma_§)ag

1 = sl:PISj‘na_g

[2] D6 Sanh (chi bién), Lé Doan Hong, Co hoc, Tap 2: Dong Iire hoc, tai ban lan thir 15, NXBGD Viét Nam, 2013.

UUYEN Y CE ’Qi“‘:

quan h¢ gitra cac ta1 dé co h¢ can bang?

% Co hé can bang, theo
NLDCKD, ta co:

=

) P
Psmoa——=0
{QSIZO ! 2
=0 . P
52 stmﬁ_zzo

P
' 2sina
I i
> 2sinfg

[2] D6 Sanh (chii bién), Lé Doan Hfmg, Co hoc, Tap 2: Pong e hoc, tai ban Tan thir 15, NXBGD Viét Nam, 2013.
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VD3: May ¢ép vit, biét tay don a, budc vit 4, b6 qua ma sat.
Duéi tac dung cta ngau luc (P, P’) va phan luc cia mau ép,
co h¢ dang can bang. Tim quan h¢ gitra luc P va luc ép Q..

P 2a |

I

§
§
=

%/////7//4

)
R N O N NN

N NN NN

§

SIS IS,

[21 6 Sanh, Co hoc, Tap 2: Dong lirc hoc, tai ban Ian thir 16, NXBGD Viét Nam, 2013.
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5. A 73 h
* Cohécanbang: 0,=0=>P=0—
4ma

[2] D6 Sanh (chi bién), Lé Doan Hong, Co hoc, Tap 2: Dong Iire hoc, tai ban lan thir 15, NXBGD Viét Nam, 2013.

Co hé mét bac tu do, chiu lién két
gitr, dung va ly twong = chon toa
do suy rong la gbc quay ¢.

Luc hoat dong P, P’, Q
Cho vit 1 di chuyén kha di 8¢, ban
ép di chuyén 1 doan 8.
h
oh = E&D
Tong cong kha di cua cac luc hoat
dong trén di chuyén kha di

S8 = (2aP)Sp - 0 =5p) =0, = ..

= DCKD:
0 op 7+ 0,

=

= Cong kha di cua tat ca cac luc hoat dong:
> 847 = SA() + SA(F,) + SA(Y..)
=mdp +(F,.BH .sin 30°)6¢p —(Y..BC)dp

=(m+ Fz.a.% -Y,.2a)op

» Co hé dang can bang:

?(BC)

[21 D6 Sanl, Co hoc, Tap 2: Dong lire hoc, tai ban Ian thir 16, NXBGD Viét Nam, 2013.

:O:>m+§F;—2aYC:O:>YC:

otat ca cac di
chuyén kha di con
lai bang 0.

a
= QWC) =m+ EFZ —2aY,

2m+ak,
4a




VD 4: Xac dinh cac phan lyc lién két, M,
F, * DCKD: sy 7 0, 5¢ = dy,

M, m Z
= Cong kha di cua tat ca cac luc hoat dong:

> 54! = GA(M ) + SA(E,) + SA(i) + SA(F, ) + SA(Y..)
=M , 0y — (F,.AI)oy + mSy — (F,.HC.sin 30°)Sy + 0

v(4B) 2

:(MA—FIaer—FZ.a%)é'y/ = MA—aFler—%F

= Co hé dang can bang:

= :0:>MA—aF;+m—%F;:0 :}MA:aF'l_m+%F;

y(4B)

ITVirDuy Crong, Co'ly thuyet; NXB DHOG Tp.HOVL 20110
[2] Do Sanh, Co hoc, Tap 2: Pong Ire hoc, tai ban Ian thir 16, NXBGD Viét Nam, 2013.

VD 4: Xac dinh cac phan luc lién két, X,
F,I F, * DCKD:
Ko, N ) /60" ooy =0,
: Do) .€ .
AT, 5] o 089=0,
Y ody,=0.
= Cong kha di cua tat ca cac luc hoat dong:
204, = BA(X )+ SA(F,)
=X &, —(F,co0s30°)dx,
FA3
-o —0,-x,-2F,
= Co hé dang can bang:
:>QXA:0:>XA—§FZ:O :XA:?FZ

"t Duy Cwon o' Iy thuyet, NXB DHQG Tp.HC Us .
[2] D6 Sanh, Co hoc, Tap 2: Dong hrc hoc, tai ban Ian thir 16, NXBGD Viét Nam, 2013.

A le o F, = DCKD:
Z ‘\ ................ ‘\5'// /{300 o 5‘//# 0
%>°J ; 7 3¢ 50 =0
M B m | YC ©o0p=1
4 odx, =0,
ody, =0.

= Cong kha di cua tat ca cac luc hoat dong:
>4 = SA(M ) + SA(E,) + SA(i) + SA(F,) + SA(Y,.)
=M , 0y —(F,.AI)oy +m.0—(F,.sin 30" )(AB.0y) + Y.(AB.0y)

2m+aF,

=(M —Fa—gz.2a+

A4 1

22a)0y = 0, =M,—akF er—%F2

» Co hé dang can bang:

= Yy s

:O:>MA—aFl+m—%F2:O

Vit Duy Cuong, Co'ly thy XBEDHQG Tp HCM, 20
[2] D6 Sanh, Co hoc, Tap 2: Dong lire hoc, tii bin 1an thir 16, NXBGD Viét Nam, 2013.

Fll F, = DCKD:
XA .".;.5.!;/ .............. 300 C e} 6!// # 0’
A [ M B é% 0 6¢ =0,
4 m
“ @] éxA - 0,
L ; 0 0y, = 2a oy.
= Cong kha di cua tat ca cac luc hoat dong:
>34 = SA(Y,) + SA(M ) + SA(F))
4 ()
:Y _M _A_F A
A@A A 2a 1 2
ak m+aF
1 92 E m
(Y, -—— 2 " 54 =¥, ——f—.
( A 2a 2 )@A :>Q_VA 4 0 4 + 2a
= Co hé dang can bang: .
50 —0F,—F-12, M g Y, T C. W
= 4 2a 4 2a




s Xem trudc cac vi du cua chuong 13, gido trinh Co hoc ly
thuyéet, Vi Duy Cuong.

% DPoc trude chuong 14: Phuong trinh tong quat Pong luc hoc
va Phuong trinh Lagrange loai II.

Tue, June 7, 2016
I EERIII——————

Xét chat diém M, cta co hé chiu lién két giir, dirng, hinh hoc

va ly twéng, cac tac dung Ién chat diém gém:
» Luyc thuc: F,
= Phan lyuc lién két: R,
Luc quan tinh cta chat diém: FY =-m#,
Theo nguyén ly D’Alembert: F, + R, + F' =0
Phwong trinh t(z)ng quat cua dong lue hoc:

S (F, —m ¥, )% =0 VAR, r, ladi chuyén kha di tity ¥,

=40 ZN [(Fkx —mX, )&k ¥ (Fky —my, )@Vk * (sz —mz; )&k]: 0

- Phuong phap tinh giai tich — dong luc™.

() Dé Sanh, Co hoc, Tap 2: Dong lrc hoc, ti ban an thir 16, NXBGD Viét Nam, 2013.

» Nguyén ly D’Alembert
Trong chuyén déng cua chat diém, liwc thuc tdc dung lén chat
diéem (F) va lwc qudn tinh cia né (F,) la mot hé luc cdn
bang.

> Nguyén ly di chuyén kha di

DPiéu kién can va du dé co hé chiu lién két gitt, dirng hinh hoc
va Iy twong cdan bang & vi tri dang xét la: Tong cong cua tat
ca lwe hoat dpng trén moi di chuyén kha di ké tir vi tri déu
bang khong.

> Tim diéu kién cdn bang ciia co hé, cdc thanh phdan phan luc
1inh cua co hé.

> Phuwong trinh tong quat dong lwc hoc

» Phuong trinh Lagrange loai 11
: . -

Ap dung:

» Biéu dién cac dai luong gia tdc can thiét trén hinh v& ctia mo
hinh.

= Pit cac luc quan tinh Ién co h§, néu 1a vat ran thi dat luc
quén tinh thu gon.

= Cho co hé 1 di chuyén kha di dé thiét lap phuong trinh tong
quat dong luc hoc cua co hé.
v’ Hé 1 bdc tir do: moi di chuyén kha di biéu dién qua 1
tham s6 duy nhat = Lap duoc 1 phuong trinh.
v’ Hé r bdc ty do: Cho hé thyc hién » DCKD doc 1ap tuyén
tinh = Thiét 1ap dugc » phuong trinh.

Xem VD 14.1 ~14.3 — Co Iy thuyét — Vii Duy Cuong

Vi Duy Cuimg, Co' Iy thuyét, NXB DPHQG Tp.HCM, 2011.




VD Hé 1 bdc tw do:

Cho co hé chiu luc nhu hinh v€, day mém, bd qua ma sat va
khoi lwong day. Xac dinh gia toc cua tai A.

= Hé gom: 4, B, day

mém, rong roc C ) o
¥ L)
= HE co6 lién keét gi, m
) . < 1 B 8
dirng, hinh hoc va ly W, \ m / Ry

twéong > Ap dung

duoc PTTQ PLH . Ay

* Luc hoat dong: P, Py, M. Py @
= Luec quan tinh: B
RY =mW,, RY=mWy,=mW,, M} =J,¢, :mzpzﬂ u
—

Xét co hé chiu lién két giix, dirng, hinh hoc va 1y twéng. Biéu
dién phwong trinh tong quat dong luc hoc cia co hé:

S -m ) =0 VS o Y m =Y Es Vi)

Thong qua céac toa do suy rong du {q,} (i =1~r, co r bac tu do), ta
duoc:

A{d or or , . vl 2
Zl[za—qi—a—qi]&]i =>.0&,  trong do: =y e

Do cac &g, la doc 1ap tuyén tinh, do do:

Phuong trinh trén duoc go1 la phuwong trinh Lagrange loai I1.

[2] D6 Sanh, Co hoc, NXBGD, 2014,

M,
VD Hé 1 bdc tw do: =

) R=2r
—
» Cho co hé thuc hién 1 EmM
DCKD: Ta1 A di xudng - \ m / R,

oh thang dung o

- D0 doi twong cia B: \ / ‘ »

v Sang trai: oh Py

v Xoay: d¢p — h/r, nguoc chiéu KDH R
= Téng cong ciia cdc lie hoat dong va cdc lie quan tinh:

DA+ AL {(mlgw +(myg)0— (M) %

+|:_ (’7711/1/:4)&7 _(’7”2W:4)&7_(mzp2 WA &:|

_)_
r r

mgr—M

S[mlg—%—(ml+mz+m2f—2—)l7VA:|ﬂ1=O:>VI{‘ =

Néu cac luc hoat dong la luc co thé, khi do:

o'l .
0= = trong do: M=I1(q,,q,,....q,.)

Phuong trinh Lagrange duoc viét lai dudi dang:
d ol oIl or oIl

S Py (= Py
dt (6% 66'11-) (861,- aqr,-)
Hay:
d oL. oL
—()-=—=0
dt aqz aqz

Trong d6: L = T'— II duoc goi 1a ham Lagrange.




Ap dung cho co hé chiu lién két giit, dirng va hinh hoc
1) Xac dinh bac ty do = chon {¢,} du.
2) Xét lién két cua co hé:
= Lién két ly tuong: Biéu dién tat ca cac luc hoat dong tac
dung Ién co hé.
= LK khong ly tuéng: Xem céc thanh phan PLLK khong ly
tuong la cac luc hoat dong.

3) Tinh Q.. d oL _ oL
4) Tinh 7. dt 0q," 0q,
5) Ap dung PT Lagrange.

PHUONG TRINH LAGRANGE LOAI 11— Vi DU
VD1: Cho co hé nhu hinh v&. Viét phuong trinh vi phan chuyén
dong cua co hé. d ol ol o

S | T P
aag o 2| (27 e Y

= BTD: 1 = Chon TPSR du g = x, gdc tai vi tri 10

0 :
- ] x0 khong bi bién dang, hudng nhu hinh ve.
I Fa) |x = Luc hoat d(:)ng: ’
o Co the: kx, mg o Khong the: bx, F(¢)
biy |k | ,
* Pong nang: 7' = Em;’cz (CPH tinh tién)
| , 1
mgl #) ® Thé nang: I1= Ekxz — MZX  (Gbe tai VT 16 xo khong bi bién dang)

= Cong kha di cua luc khong thé: 84" = —bx&e + F(1)& — 0" = —bx + F (1)

* PTVPCD: |\mi+bx+hkx=mg+F(1)

1. Xem cac VD: Co hoc ly thyét — Vii Duy Cuong
2. Xem cac VD 5.3, 5.4,.5.5 — Bai tap co hoc (tap 2) — DS Sanh.

VDI1:
VD2:
VD3:
VD4:

VD2: Cho co hé nhu hinh v&. Viét phuong trinh vi phan chuyén
dong cua co hé.
z 1) Xac dinh bac tu do = chon {g,} du.
2) Xét lién két cua co hé:
= Lién két ly tuéng: Biéu dién tat ca
cac luc hoat dong tac dung lén co hé.
» LK khong ly tuéng: Xem céac thanh
phan PLLK khong Iy tuong 1a cac luc

hoat dong.
3) TinhQ,  o--20, 5
-0,
4) Tinh T.
1 d oT oT
5) Ap dung PT Lagrange. T =0



VD3: Cho co he nhu: hinh v&. Viét phu’(mg trlnh vi phan chuyén
dong cua co hé. d ol ol oIl

Mot vai nham lin: ......

VD4: Cho co hé nhu hinh v&. Viét phuong trinh vi phan chuyén
dong cua co hé.

Trweng Quang Tri, PTN Co hoc ing dung - BM Co ky thuat — Khoa Khoa hoc img dung — PHBK Tp.HCM, 2015 (tri.truongquang@gmail.com) .

VD4: Cho co h¢ nhu hinh v&. Viét phu:orng tr1nh Vi phan chuyén

dong cua co hé.
O
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VD4:
Phan tich:
= Cohé: vat 1, vat2
= BTD: 2
= TDSR du: x;, x,
= Lién két:
o Lan khong truot
o Truot khong ma sat
» Lyc hoat dong: P,, P,, F;, F).5 Fy;
= Dang chuyén dong:
o Vit 1: Tinh tién
o Vat 2: Song phing

Trwong Quang Tri, PTN Co hoc ting dung - BM Co ky thuit — Khoa Khoa hoc img dung — PHBK Ip HCM, 2015 (tri.truongquang@gmail.com) .




1. Dong ning cua co hé (1) vic T1 i o o
= Vit 1 chuyen dong tinh tién:

1
Tl = Elelz

= Vat 2 chuyén dong song phang:

1 1
T2 = EmZVYOi +§J020)22

0, 12 khoi tim ciia vt 2

» Quan hé dong hoc:

V=%
_' _ - - 2 .2 59 .2
VO2 = 02@+VOZ,,:>VO2 =X, +X, +2xx,cosa
x,
_ 2
W, =—
n

2. Tinh cac lyc suy rong:
» Thénangciacohé:I1=11,+11, + I, +II,,
oIl =const; eIl, =—m,gx,sina+const,
1
oIL, ==k (x - 101)2
2
1

. Hle = Ekz (xz - loz )2

=>II= %kl(xl _lol)2 +%k2(xz _102)2 —m,gx, sin ¢ + const

or=8_ 1), 0°=Mo px1)rmgsina
6x ox

1 2

* Luyc hoat dong khong thé: —p%, N, F(1)

1771>

&, 20,8, =0 Y 4, = —bx.&, +F(1)d, — Q" =—bx, + F(1)

Trwong Quang Tri, PTN Co hoc img dung - BM Co ky thuat — Khoa Khoa hoc ing dung — PHBK Tp.HCM, 2015 (tri.truongquang@gmail.com).

__________

. 1 : 1 1
T .21 _ 7 2 _ .
.:]I _Emlxlal Tz _EmJ/o2 +EJ020)2 - TzT +sz
e 1
VOZ :VYOZe + Oyr
2 _ 172 2
>V, =Vo. Vs, +2V, Y, cosa

2 .2
=V, =X +%, +2X% cosa

1 2 1 .2 .2 i i
ol, :Eszo2 :Emz(x1 + X, +2XX, cosa)

20

=>T1,=T,+T, :>’T m( XD+ XX cosa+%5c§):

T—%(m +m )x +m,x, X, cosa+imx

- ) d oT or ot
3. Ap dung PT Lagrange loai II: ~ [55-5-=9 [@=-7-+0
= Luc SR:¢f ——g: —k(x,—1,), 0 =— Z;ICI —k,(x, — 1) +m,gsina, O =—bx, + F(f)

1 2

A - 1 3
= DPOngnang: 7= E(m‘ +m,)X! +m,%x,cosa + 5 m

oT . , d|(orl " N
— =(m, +m,)X, +m,Xx,cosa —> 72 (m, +m,)X +m,i, cosa

1 1

GT 3 d|(or . 3 .

— =m,X, cosq +—mx, > —| — | =m,X, cosa + —m,¥,
3 2 dt 6x2 2

o _o o,

ox, ox,

= PTVPCD: (m, +m,)¥% +m,X, cosa =~k (x, —1,)—bx + F(t)

, 3. ;
m,X cosa +—m,X, =—k,(x,—[,)+mgsna

Trwong Quang Tri, PTN Co hoc ting dung - BM Co ky thuit — Khoa Khoa hoc img dung — PHBK Tp.HCM, 2015 (tri.truongquang@gmail.com).




Nhan xét:

» Néuk,=k,=0,b,=0, F(t) =0, khi d6:
(m, +m,)% +m,X, cosa = F(t) (m, +m,)% +m,X,cosa =0
_)

. 3 . . .. 3. .
m,x, cosa+5m2x2 =m,gsina X, cosoz+5x2 =gsna

¥ =-——2—3¥ cosa P m,gsm2a
m, +m, !

> _ -

2(m,+m,)gsin ¢

 3(m, +m,)—2m, cos’

3(m, +m,)—2m, cos’ a
_ 2(m, +my)gsna
3(m, +m,)—2m, cos’ a

2 2

Trweng i, BM Co ky thuit — PTN Co hoc wng dung, PHBK Tp.HCM, 2015 (tri.truong

Co hé chiu lyc va lién két nhu hinh v&. Con lan tim B 13 tru dic dong
chat lan khéng truot, 1an try C duoc giit ding yén nhd chdt H. Tai tiép
diém I chi ton tai ma sat trugt, moi tiép xtc khac déu bo qua ma sat.
Tinh:

1. Bong nang cua co hé

2. Téng cong suét cta no1, ngoai luc tac dung vao co hé

3. Gia toc cua vat A.

4. Luc tac dung cua chét ta1 H lén
lang tru C
5. Ap luc cua lang try C'1én mit nén
. Lwc ma sat truot F, = I',.e, con
lan tac dong vao lang tru C
7. Tim gid tri cua E = My/(2R) & co
hé can bang tinh

)

Trweng Quang Tri, BM Co ky thuat — PTN Co hoc tmg dung, PHBK Tp.HCM, 2015 (tri.truongquang@gmail.com) .




Co hé gom: Vat 4. B. C. day va rong roc (bo qua khoi luong
cua day va rong roc)
1. Pong nang cua co hé
= Doéngnangcuacohé I'=T4+ 1+ Tc

v' Vat A4 chuyén dong tinh tién: 7, = %mAVj.

v Vit B chuyén dong song  phing:

T, - %mBV; +%ng; (co tAm quay tire thoi tai 1),

v' Vat C ding vén: 7, =0.

Trwong Quang Tri, PTN Co hoc ing dung - BM Co Ky thuit — Khoa Khoa hoc wng dung — PHBK Tp.HCM, 2015 (fri.truongquang@gmail.com) . 93

=  Quan hé¢ dong hoc:

ity Mot A i T S b R 2o O M R -

cua twong ung cua moi vat. Khi do. néu 4 di
chuyén lén dén y = Tam B di chuyén sang trai 1
doan /2. con lin B quay ngugc chiéu kim dong

ho 1 goe 0=

2R
v V,=p
; .
v Va=2 9W3=%
7 2R 7 2R

94

2. Tong cong suat cua noi, ngoai lwe tac dung vao co hé

Mo / > ,/
IPB

=  Tong cong suat cua no1 luc: N7= 0.

Trwong Quang Tri, PTN Co hoc img dung - BM Co ky thuat — Khoa Khoa hoc ing dyng — PHBK Tp.HCM, 2015 (tri.truongquang@gmail.com) . 95

= Toéng cong suit cua ngoai luc: N¢ = NP4+ N(Ps) +
N(Pc) + NM) + N(F) + N(Ne)
v NPc)=0.NF)=0, N(Nc)=0 (Vat C dung vén)
v N(P)=PJV, =(mz@V,=-8mg

(ﬁA =mA§=8mo§=_8mog;a 17,4 =yj)
v’ N(P,) =PV, =(myg)V, =0(Do Pgvuong voi voi 1'p)

v NWM,) =M, = (20m0gR)§ =10m, gy

Trweng Quang Tri, PTN Co hoc ing dung - BM Co ky thuit — Khoa Khoa hoc ing dung - PHBK Tp.HCM, 2015 (tri.truongquang@gmail.com) . 9




3. Gia toc cua vat A

Ap dung dinh Iy dong nang:
dT _dd < dA;;+ZN d.

drdt g g

N e N ri _ are i_
= Ek:lNk+ Eklek—N +N'=N
d .2 .
= —\Tm =2m
dt( OY) &V
= L4m, 5§ = 2m,gi

:>j}=§

7

97

Khi do. ap dung nguvén Iy D Alembert (“Trong chuyén

dong cua co hé, hé lirc gom cdac liec thiee tac dong vao co hé

va lirec quan tinh cia co hé giong nhir hé lwc cdn bang.”) ta

co:
P+F"+P, +F'+P +F*+N.+F=0 (1)

Chiéu (1) 1én phuong F: = F

Ap luc cta ling tru C 1én mit nén
Chiéu (1) 1én phuong N¢: = Ne¢

n

99
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= Nétvat 4:
P +F#+§8,=0
=>-m,g-m;i+S,=0

=>8,=m,(g+7¥)

Trweng Quang Tri, PTN Co hoc ing dung - BM Co ky thuit — Khoa Khoa hoc ing dung - PHBK Tp.HCM, 2015 (tri.truongquang@gmail.com) .
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Su

3

P,

iR

100




»  Xétvat B: Jis

> M, =0

=M, —S,R—FyR—J,6,=0

1 2y P
- mA(g_,_j})R - (EmBR )(E)

Luc ma sat tai / tac dung 1én C ¢6 d6 16n nhw Fz, chiéu
nguoc lai Fp, do do: F, =12m,(g - ¥)e,

7. Tim gi4 tri cia E = Mo/(2R) dé co hé cin bing tinh

= XNétvat A: = XétvatB:
= o = > M, =0
Fat8y=1 =M, -S,2R=0
=>-m,g+S,=0 = M, = (8m,g)(2R) =16m,gR

M
=8,=m,g=8mg :>E=2—1;=8m0g

M
= =0
R R R
=F,=12m,(g-v)(-e,)=-12m,(g—¥)e, |

=

I1=-m_gssina—m,gssina+m,g(y —ssina)+%k[(s+Ao)z — A1+ const

oIl
ch = —E =-m,g=-8mg
G oIl . .
o= . =(m.+my+m,)gsma—k(s+A,)=26+16+8)m gsma—k(s+A,)
s
Qf :_Smog

OFf =50m,gsina —k(s+A,)

Trwong Quang Tri, PTN Co hoc img dung - BM Co ky thuat — Khoa Khoa hoc img dung — PHBK Tp.HCM, 2015 (tri.truongquang@gmail.com) .

8. Dong nang caa co he

®*  Co hé co 2 bac tu do, chon toa do suy rong du cua co hé
la ¢; =y, g2 = s nhu hinh v&.
* Dong ning cvacohé: I'=T4+71+Tc.

v' Vit A chuyén dong tinh tién: T, :%mAVj. Khoi

tam cua .4 chuyén dong twong d61 do1 vo1 C voi

van toc V) =y, dong thoi chuyén dong theo cling

vor C' voi van toc V; =s.

103

v Vit B phing:
1

T, :EmBV§+%JBw§. Trong dé. khdi tim cua B

chuvén dong song

chuvén dong twong do1 dé61 vor C voil van toc

1744 :%. dong thoi khoi tAm cua B chuyén dong

theo cung vo1 C' voi van toc V5 =s. Thém vao do,

B quay quanh khoi tam B vd1 van toc goc
y

Oy = =—.
2R
v’ Vit C chuyén dong tinh tién:

i 1 X
T, :Echcz = Emcsz.

104
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= Taco:

v Dong ning TA:%mAVj:

V,=VeaVi V=W + 20V, cos(Ve, V) + (V1)

=V =5 -2psina + j°

v Dong ning T,,:%mBVB2 +%J3w§:

Vo =VE+Vi V2 =(VE) + 22V cos(VE Vi) +(VE)

B>"B

SVE =5 + 202V, cos(m — )+ (V5 )

-2

=>V; =5 vs'j;cosa+yT

9. Luc suy rong Oy, Os
* Tim O):
Cho co hé mot di chuyén kha di: & =0 va éy > 0,khi d6 B sang
trai 1 doan &y/2 dong thoi quay quanh B mot goc 59:%,9_9_11 (&
thi dtmg vén. Khi do.
D64, = -m g8y + M 56 = —8m,gdy +20m, gR%
= Z‘%k =2m,gdy = Qy =2myg
0, =2myg
n Ti.“l Qs:
v" Cho co hé mélt di chuyén kha di: &> 0va & =0, khi

d6 4. B va C cung di xuéng 1 doan & sina dong thoi
86 =0 (B khong quay). Khi do,

106

> 64, =m,gdssin & + mygdssin @ + m g sin o — k(s + Ay)&
:>Z§A =[(8myg +16m,g +26m,g)sin a — k(s + A,)]Js

=D 84, =[50m,gsin @ — k(s +A)]&

= Q, =50m,gsina —k(s+A,)

v' Xiac dinh d6 bién dang tinh A
SF, =0
= m gsina+mygsina+m.gsina kA, =0

= (8myg+16myg +26myg)sina—kA, =0

50m,g
0 5
DA = . sin o
.
Do do: O, =—ks
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Cau 9 (Cach 2):

=  Luc suy rong do lwc cé thé (do P,, Py, P va 16 xo0)

1\[0

11 = —m_gssin @ — mygssin o + m, g(y — ssin @) +%k[(s +A,)’ = A ]+ const
oIl

ch =—g=— ,8 =—8mg

of = _% =(m,+my+m)gsina—k(s+A,)
s

k
Sy,

= (26+16+8)m,gsinar —k(s+A,)
oy =-8mg

OFf =50m,gsina —k(s+A,)

= Luwec suy rong do lwe khong thé (do M)

F>O01 | 554 (F*y = 840M,) = M, 50 = 20mgRY- =10 Y _10
S=0 = k( k)_ ( o)_ o - n,g. ﬁ_ mog@/:Qy =1Um,g

¥=0 564 (F")=84(M,) = 0= 0" =0
§S>0 = k(k)_ ( o)_ :>Q;_
=  Luwc suy rong

0,=07 +0, =2myg, 0, =07 +0 =50m,gsina—k(s+A,)
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dfar) or_,
dt\ o3, ) oq,
= (Cac dao ham:
or oT

—=—[7m,y" — 8m, (sin & + cos @)sy +25m,s"]

0
= g: 14m,y — 8m,(sin a +cosa)s

wd Q =14m,y — 8m(sin a +cosx)§
dt\ oy
L ] g:o
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= M = —8my,(sin & + cos @) y + 50m,s
AY

— d (g) =50m,s —8my(sin & + cos )y

dr\ 05
o _,
Os

» Té phuong trinh vi phin chuyén dong:

{14m0j}— 8m, (sincr+cos a)s = 2m,g . {14} —8(sinax +cos)s—2g =0
ay

50mys —8my(sina +cos @)y = —ks 8m,(sina +cos )y — 50m s — ks

Trwong Quang Tri, PTN Co hoc img dung - BM Co ky thuat — Khoa Khoa hoc ing dyng — PHBK Tp.HCM, 2015 (tri.truongquang@gmail.com) .
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=0

m

10. Hé phuong trinh vi phan chuyén déng

dfer) or _,
di\oq,) oq,

=  Cac dao ham:

2 = %[717103}2 — 8m, (sin & + cos a)sy + 25m0.§2]

y
or
= —=14m,y — 8my(sin & + cos )
oy
= i(%} =14m,y — 8m(sin o + cosa)§

dt
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