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Ham nhiéu bien

Cac khai niém co ban
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1.1 Cac khai niém co ban ctia ham nhiéu biéen

1.1.1 Bai toan thuc té

Vi du 1.1.1. Nhiét do T tai mot diém trén bé mit trai dat ¢ mot thoi diém cho truée phu thude vao
vi do = va tung do y. Nhu vay, T' 1a ham phu thuoc vao hai bién z,y va ta ky hieu T = f(z,y).

Vi du 1.1.2. Thé tich V ctia hinh tru tron phu thudc vao ban kinh R va chiéu cao h theo cong thic
V = wR%h. Nhu vay, V 1a ham phu thuoc vao hai bién R va h.
1.1.2 Ham hai bién

Dinh nghia 1.1. Ham hai bién 13 mot quy luat tng v6i mot cap s6 thuye duge sdp xép thi tu
(x,y) € D ta luon xac dinh duge duy nhat mot sé thue z = f(x,y).

f:DcR*=R
(z,y) — 2 = f(z,y)
1. Tap hop D dugc goi 1d mién xac dinh ciia ham sé f va duge ki hieu D(f).
2. Tap hop F = {z,3(x,y) € D : z = f(x,y)} dugc goi la tap gia tri clia ham s6 f va duge ky

hieu E(f).
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HAM NHIEU BIEN

\ 4

Hinh 1.1: Mién x4c dinh, tap gia tri ciia ham hai bién

Chu y. Néu ham f dude xac dinh béi biéu thite cu thé, thi mién xac dinh ctia f dude hiéu la tap
hgp tat ca nhitng cip diém (z,y) sao cho biéu thitc xac dinh ham cé nghia hay néi cach khac ham s6

nhan gia tri thuyc.

Vi du 1.1.3. Tim mién xac dinh clia ham s6 f(z,y) = arcsin =.
x

<lvazr#0,ticla —r<y<zkhiz>0hoiclaz<y< —=z

SHES

Ham s6 xac dinh néu nhu —1 <

khi < 0. (xem hinh 1.2)

"P{

Hinh 1.2: Mién xac dinh ctia f(x,y) = arcsin =
x

Vi du 1.1.4. Tim mién xac dinh v tap gia tri cia ham s6 f(z,y) = /9 — 22 — y?

Mién xac dinh ctia f(z,y) 1a D = {(z,y) : 9 — 22 — y*> > 0} = {(z,y) : 2% + y? < 9} (xem hinh
1.3).

2. Tap gia tri cta f(z,y) AW E ={2:2=+/9—a22—y? (z,y) € D} ={2:0< 2 <3} =[0,3] vi

2>0va /9 —22—y2<3

) 2z —
Vi du 1.1.5. Cho ham s0 f(z,y) = 333 gy Tinh f(2,1), f(a,2a).
€L Y

92-31 1 9.0 —3.2a
aco fR) =55 =7 fle2)=5—7
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1.1 Cédc khdi niem co bin cia ham nhiéu bién 5

Hinh 1.3: Mién xac dinh va tap gia tri cta f(z,y) = /9 — 22 — 32

1.1.3 D6 thi ham hai bién

Dinh nghia 1.2. D6 thi ctia ham hai bién z = f(x,%) la tap hop tat ci nhitng diém (z,y, z) € R3
sao cho z = f(z,y) va (z,y) € D.

D6 thi cia ham mot bién y = f(z) 1a mdt dudng cong, con do thi ctia ham hai bién z = f(z,y)

la moét mat cong.

(% v, AN

Hinh 1.4: D4 thi ham hai bién

Vi du 1.1.6. Vé do thi ham s6 z =y

Vi du 1.1.7. Vé do thi ham s6 z = 2

Vi du 1.1.8. Vé do thi ham s6 z = 6 — 3z — 2y
Vi du 1.1.9. V& d6 thi ham s6 z = /22 + 2
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6 HAM NHIEU BIEN

Hinh 1.5: D5 thi ham s6 z = y

)z
_— 2 !
(0] .

Hinh 1.7: D6 thi ham s6 z = 6 — 32 — 2y
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1.1 Cédc khdi niem co bin cia ham nhiéu bién 7

Hinh 1.9: Do thi ham s6 2z = /9 — 22 — 32
Vi du 1.1.10. Vé do thi ham s6 z = /9 — 22 — y2

2

Vi du 1.1.11. Vé dd thi ham s6 2z = e~ %"~

2 2

Hinh 1.10: D6 thi ham s6 z = e & ¥
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8 HAM NHIEU BIEN

1.1.4 Pudng ding tri

Dinh nghia 1.3. Duong dang tri clia ham s6 z = f(z,y) la dudng cong c6 phuong trinh la
f(z,y) =k, v6i k 1a hing s6 (thuoc tap gia tri cia f(z,y)).

Hinh 1.11: Méi lien hé gitta duong déng tri va do thi cia ham hai bién

Chi y. Tit dinh nghia cia ham nhiéu bién thi cdc duong déng tri sé khéng cit nhau vi tng véi
mbi diém (z,y) ta luon xac dinh dugec duy nhat mot gia tri ctia ham sb6 z = f(z,y). That vay, gia sit
néu hai dudng ding tri z = k1 va z = ko (k1 # ko) khéac nhau cit nhau thi tng v6i mot diém (z,y) c6

hai gia tri khac nhau z = k) va z = ko.

IR B o

Hinh 1.12: Ung dung dudng déng tri trong dia 1y

Vi du 1.1.12. Vé duong dang tri ctia ham f(z,y) = /9 — 22 — 92, v6i k = 0,1,2, 3.

Phuong trinh ctia dudng dang trila /9 —22 — 12 =k =22 +9y> =9 — k% V6i k= 0,1,2,3 ta lan
lugt duge cac duong tron tam (0,0) ban kinh 3,+/8,/5,0.

1.1.5 Dinh nghia ham nhiéu bién
Dinh nghia 1.4. Ham n bién
f:DCR"—=R
(mth)" '7xn) — f(xth?" '7xn)
hodc v = f(z) = f(x1,x2,...,2,). Tap hop D dugc goi la mién xéc dinh ctia ham s6 nay va duge ki
hi¢u D(f).
Vi du 1.1.13. Nhiet do T tai mot diém trén bé mat trai dat phu thuoc vao vi do x, tung do y ciia

diém d6 va phu thudce vao thai diém ¢t. Do d6 T = f(x,y,t).
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1.2 Puong thing va mat phing trong khong gian 9

@an
N

Hinh 1.13: Duong déng tri ctia ham f(x,y) = /9 — 22 — 42, v6i k = 0,1, 2, 3.
1.2 Pudng thang va mit phing trong khéng gian

1.2.1 Puong thang

Cho (d) 1a dudng thing di qua Mo (20, yo, 20) V& song song véi véc t6 @ = (a1, as,as). Vay (d) 1a
£ 2 sa—
tap hop tat ca nhing diem M (zx,y, z) sao cho MoM 1] q.
Do d6 néu M € (d) thi
L—To Y—Y 22— 2 _

= = =t,(t eR).
a a2 az

Tt d6, ta duge phuong trinh tham s6 ctia duong thang (d)

r = xo9+ait
= Yo+ ast
z = zg—+ast

1.2.2 Mait phing

Cho (P) la mat phéng di qua diém My(xg, yo, 20) va vuong goc véi véc ta W= (n1,n2,n3). Khi dé
2 — 2
(P) 1a tap hop nhitng diém M (z,y, z) sao cho MyM L 7. Do d6 phuong trinh cfia mit phing (P) 1a

n1(z — xo) + n2(y — yo) + n3(z — 20) = 0.

1.3 Cac mat bac hai

1.3.1 Mat Ellipsoid

Phuong trinh chinh tic ctia mat Ellipsoid

2 2 2
x Y z
a72+b72+072:1’ (a,b,CER)
> . z2 P 2 N
e Moi mat phang z = k cat mit Ellipsoid theo duong Ellipse v + i 1-— = v6i dieu kien
—c<k<ec
. , 2 22 2 N
e Moi mat phang y = k cat mat Ellipsoid theo duong Ellipse 2 + 2= 1- 72 v6i dieu kién
—b <k <b.
) . y? 22 2 .
e Moi mat phing x = k cat méat Ellipsoid theo dudng Ellipse 12 + 2= 1- 2 v6i dieu kién

—a<k<a.
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10 HAM NHIEU BIEN

Hinh 1.14: Do thi cia mat Ellipsoid

Nhu vay, moi mit cat déu 1a Ellipse nén mat cong nay dugce goi 1a mat Ellipsoid. Khia =b=c=R
thi mat Ellipsoid sé tré thanh mét cau tam (0,0,0) ban kinh R.

1.3.2 Mat Paraboloid Elliptic

Phuong trinh chinh tac ctia mit Paraboloid Elliptic

"Lﬁ

Hinh 1.15: D6 thi ctia mat Paraboloid Elliptic

2 2
e Moi mat phing z = k cit mat Paraboloid Elliptic theo duong Ellipse x_2 + y—2 = k, v6i diéu kién
a

b
k> 0.

2 Z 2 k2
e Moi mét phang y = k cat mat Paraboloid Elliptic theo duong Parabol z = % + o

2 2

e Moi miit phing « = k cit mat Paraboloid Elliptic theo duong Parabol z = ) + 2—2

Nhu vay, miit cat 1a nhitng Parabol va Ellipse nén mat cong nay dudc goi 14 mit Paraboloid Elliptic.
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1.8 Cdc mdat bac hai 11

1.3.3 Mat Paraboloid Hyperbolic

Phuong trinh chinh tic ctia mat Paraboloid Hyperbolic

Hinh 1.16: Do thi ctia mat Paraboloid Hyperbolic

2 2
e Moi miit phing z = k cit mit Paraboloid Hyperbolic theo dusng Hyperbol % — Z—Q =k
a
) . 2?2 k2
e Moi mat phang y = k cat mat Paraboloid Hyperbolic theo dudng Parabol z = — — o
a
. 22
e Moi mat phang = = k cit mat Paraboloid Hyperbolic theo duong Parabol z = oy
a

Nhu vay, mit cat 1a nhiing Parabol va Hyperbol nén mit cong nay dude goi 1a mat Paraboloid
Hyperbolic hay con goi la hinh yén ngua.

1.3.4 Mat Hyperboloid

1. Phuong trinh chinh tic ctia mat Hyperboloid mot tang

£U2 y2 22

a? b 2

AZ

Hinh 1.17: D6 thi ctia mat Hyperboloid mot tang
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12 HAM NHIEU BIEN

2 2 12

e Moi mat phéng z = k cit miit Hyperboloid mot tang theo duong Ellipse % + ‘Z—Q =1+
a c

. . R 2 22 k2

e Moi méat phang y = k cat mat Hyperboloid mot tang theo dudng Hyperbol — —— = 1— 2

a’? ¢

. . R y? 22 k2

e Moi mét phang x = k cat mat Hyperboloid mot tang theo dusng Hyperbol 22 1——.
c a

Nhu vay, mit cat 1a nhitng Hyperbol va Ellipse nén mit cong nay duge goi 1a Hyperboloid

mot tang.

2. Phuong trinh chinh tic ctia mit Hyperboloid hai tang

Hinh 1.18: D6 thi ctia mat Hyperboloid hai tang

e Moi mat phing z = k cit mat Hyperboloid mot tang theo nhitng duong Ellipse
22 2 12
— + = =-1+ 67’
v6i dieu kien k > ¢ hoiic k < —c.

e Moi miit phing y = k cit mit Hyperboloid mot tang theo dusng Hyperbol

e Moi miit phing = = k cit mat Hyperboloid mot tang theo duong Hyperbol

y2 22 - ki2
R T

Nhu vay, mit cat 1a nhitng Hyperbol va Ellipse nén mat cong nay duge goi 1a Hyperboloid
hai tang. Trong trudng hgp k > ¢ hosic k < —c ta dugc mit Hyperboloid mét phia.
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1.8 Cdc mdat bac hai 13

B | =

Hinh 1.19: D6 thi ctia mat tru ellipse

1.3.5 Mat tru

1. Phuong trinh chinh téc clia mat tru ellipse

Trong phuong trinh mit tru nay khéng cé bién z. Diéu nay c6 nghia 14 moi mit phang z = k
2

. . x
song song véi mat phang zOy) sé cat mat tru ellipse theo dudng ellipse — + &5 = 1. Mét tru
2 T2
a

nay dudc goi 1a mét tru ellipse vi né duge tao béi rat nhiéu duong ellipse gidng nhau.
2. Khi a = b = R ta c¢6 phuong trinh chinh tic ctia mit tru tron
2+ =R*z2€cR

3. Phuong trinh chinh tic ctia mit tru parabol

y? = 2px, 2 € R.

Hinh 1.20: D6 thi ctia mat tru parabol

Trong phuong trinh miit tru parabol, khéng c6 bién z. Diéu nay c¢é nghia 1a moi mit phing
z = k (song song v6i mit phang 2O0y) sé cat mit tru parabol theo dutng parabol y? = 2px. Mit

tru nay dudce goi 1a mét tru parabol vi né duge tao béi rat nhiéu dudng parabol gidng nhau.
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14 HAM NHIEU BIEN

1.3.6 Mat noén hai phia

Phuong trinh chinh tic cia mit nén hai phia

22 . y? B 2
a2 b2 2
AZ

Hinh 1.21: D thi ctia mat nén hai phia

e Moi mit phang z = k cit mit nén hai phia theo nhitng dudng Ellipse —5 + & = —

e Moi mat phang y = k cit miit nén hai phia theo duong Hyperbol % — 2—2 = véi k # 0;
a c
. . 2 x
cat mat noén hai phia theo nhiing duong thang — = +—, v6i k = 0.
c a
. . y? 22 k2
e Moi mat phang x = k cat méat nén hai phia theo duong Hyperbol 22T g véi k #£ 0;

cit mit non hai phia theo nhitng dudng thang - :l:%, voi k = 0.
c
Nhu vay, mit cit 1a nhitng Hyperbol, Ellipse va dudng thang, tao nén hinh nén nén mit cong nay

dude goi 1a mat nén hai phia. Trong trudng hop néu z > 0 hodic z < 0 thi ta dudc mat nén mot
phia.

1.3.7 Ung dung cta cac mit cong bac hai

Hinh 1.22: Dia thu vé tinh thu nhan tin hiéu hinh 4nh, am thanh ti vé tinh

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

1.4 Thuc hanh vé mdt bac hai bang MatLab 15

Hinh 1.23: Lo phan ting hat nhan c6 thap lam lanh vé6i hinh dang Hyperboloid mot tang

1.4 Thuc hanh vé mit bac hai bang MatLab

1.4.1 Tao luéi 3D biang lénh meshgrid

[X,Y] = meshgrid(z,y)

Y nghia. Tao ra ma tran X véi cidc hang 1a hang ctia véc-tc x, va ma tran Y véi cac cot 1la hang cta

véc-ta y

Vidu 1.4.1. © =[-101];y =9 10 11 12]; [X, Y] = meshgrid(x,y).

MatLab cho két qua

-1 01 9 9 9

-1 0 1 10 10 10
X = s =

-1 0 1 11 11 11

-1 0 1 12 12 12

1.4.2 Vé mat cong bang lénh mesh, surf, surfc
mesh(X,Y,Z), surf(X,Y,Z), surfc(X,Y,Z) (vé mit cong cé6 dudng dang tri)

Vi du 1.4.2. z = linspace(0,2 * pi, 50); y = linspace(0, pi, 50); [X, Y] = meshgrid(z,y);
7Z = sin(X). x cos(Y + pi/2);
mesh(X,Y, Z) (hoac surf(X,Y, Z) hodc surfe(X,Y, Z))
xlabel("z"); ylabel('y'); zlabel ('2);
axis([0 2xpi 0 pi —1 1))

1.4.3 Vé dudng dang tri v6i lénh Contour, Contourf

Contour(X,Y,Z) hoac Contourf(X,Y,Z),
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16 HAM NHIEU BIEN

Hinh 1.24: V& mat cong z = sin(z) cos(y + g) béng lenh mesh

ﬂﬂf#},ﬂ,ﬂ
i 'ff f*ﬂ" ! ! i
‘“ ; f%f;&”ﬂ fﬂiﬁﬂﬂ;kﬂ,{&f; ':: ol “\l\‘
f.\' fff I ﬂ’; “‘:‘t:::h‘s‘\}\‘““
‘

\\\\\‘ \ ‘
. . “\\\‘\\““\s““ﬂ?ff
h

I

!!.!
it "'ﬂi,;q
i i-%*f

Hinh 1.25: V& mat cong z = sin(x) cos(y + g) bang lenh surf

Vi du 1.4.3. x = linspace(0, 2 * pi, 30); y = linspace(0, pi, 30);
[X,Y] = meshgrid(x,y);
Z = sin(X). x cos(Y + pi/2);
¢ = contour(X,Y,Z,[-1:.1: -0.10.1:.1:1]);
clabel(c,[-1:.2: 1]);
xlabel('x"); ylabel('y');
title('Contour of z = sin(x). * cos(y + pi/2)");

Thay lénh contour bing lénh contourf ta duong hinh cac duong dang tri c6 mau sic.

c=contourf(X,Y,Z,[-1:0.1:-0.1 0.1:0.1:1],>-k’);
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1.4 Thuc hanh vé mdt bac hai bang MatLab

17

Hinh 1.26: V& mit cong z = sin(x) cos(y +

Hinh 1.27: V& dudng déng tri clia mit cong z = sin(z) cos(y +

Hinh 1.28: V& dudng déng tri clia mit cong z = sin(z) cos(y +

.r ?; |
o
o W

)
i %@%‘0
i = ‘o‘

‘Irf’//‘l-

Caontour of z=sin{x)."cos(y)

f
a{g,aut

\

(i \\\
AL
' “““\‘\‘\“\
o ““\‘\l\“\\“

g) bang lenh surfc

25

05

Contourf of z=gin(x). *cos(y-+pif2)

g) béng lénh contour

1.4.4 Vé hinh cau véi lénh Sphere

sphere(n)

CuuDuongThanCong.com
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Vi du 1.4.4. [x,y, z] = sphere(25); surf(x,y, z);

Hinh 1.29: Vé hinh cau bang lénh Sphere
1.4.5 Vé Ellipsoid bang lénh ellipsoid

z—1x0\? y—y2 z—z\?
- ahelgEhar(wie
Ty Ty Ty

[x,y,z]=ellipsoid(xc,yc,zc,rx,ry,rz,n)

Vi du 1.4.5. [z,y, z] = ellipsoid(2,0,2,2,1,1);
surf(x,y, z);
azis([04 —220 4));
hold on

contour(x,y,z);

1.5 Bai tap

1.5.1 Mién xac dinh

Bai tap 1.5.1. Tim mién xac dinh ctia nhitng ham s6 sau day:

2 2

z Y

1 z=4/1-— 2L
‘ 19

1
2.2:79_332_?42
3 1 " 1
L z=

Vr+y -y

4. z=Inzxy

—1
5. z = arcsin <y )
T
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1.6 Bai tap trdc nghiém 19

Hinh 1.30: V& hinh Ellipsoid bang lénh ellipsoid

1,1
AR

7. 2=+/9—ax2 —y2+ /22 +¢y2 — 4

6. z

1.5.2 Dudng ding tri
Bai tap 1.5.2. Tim phuong trinh dutng dang tri cia ham s6 z = f(z,y) di qua diém P.
L z=2?+2zy+y? —z+y, P(1,2).

2. z=a?—y?+22 — 4y, P(2,-1).

1.6 Bai tap triac nghiém

1.6.1 Nhan dang mat bac hai
Bai tap 1.6.1. Cho mat bac hai 22 + 2% = 2z + 22 + 1. Day 1a mat gi?
1. Mat tru parabol.
2. Mat tru tron.
3. Mat cau.
4. Paraboloid elliptic.
Bai tap 1.6.2. Cho mit bac hai z + 22 + y? + 2z = 3. Day la mat gi?
1. Mat tru.
2. Ntta mit cau.
3. Ellipsoid.

4. Paraboloid elliptic.
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Bai tap 1.6.3. Cho mit bac hai z + 22 + 32 = 4. Day la mat gi?
1. Mt noén.
2. Paraboloid elliptic.
3. Mat tru parabol.
4. Nia mat cau.
Bai tap 1.6.4. Cho mit bac hai V4 — 222 — 22 + y = 1. Day 1a mat gi?
1. Nita Ellipsoid.
2. Mat tru.
3. Paraboloid elliptic.
4. Nita mat cau.
Bai tap 1.6.5. Cho mat bac hai y 4+ V422 + 22 + 2 = 0. Day la mit gi?
1. Mat tru.
2. Paraboloid elliptic.
3. Nita mit cau.

4. Mat nén mot phia.
Lai giai bai tap chuong 1

2 2
1.5.1 1. D:{(as,y)eRQ:Z—&—yggl}

2. D={(z,y) e R?: 2? + 3> #9}
3. D={(z,y) eR?: —z <y <z}
4. D ={(z,y) e R? : zy > 0}

1
5. D:{(x,y)eRQ:—lgy <1}
X

6. D={(z,y) eR?*:2>0,y >0}
7. D={(z,y) eR?:4<2? +y> <9}

1.5.2 1. 22+ 22y +y?> —x+y=10

2. 22 —y? 4+ 20 — 4y =11
1.6.1 Cau 2.
1.6.2 Cau 4
1.6.3 Cau 3
1.6.4 Caul

1.6.5 Cau 4
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