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1.1 Giéi han va tinh lién tuc ctia ham nhiéu bién
1.1.1 Giéi han ctia ham hai bién
Dinh nghia 1.1. S6 L € R dugc goi 1 gidi han ctia ham s6 f(z,y) khi (z,y) tién dén (a,b) € D,

lim x,y) =1L,
(w,y)%(ayb)f( v)

néu nhu véi moi Ve > 0 ton tai § > 0 sao cho véi moi (z,y) € D : 0 < \/(z —a)? + (y — b)2 < § luon
o |f(z.y) L] < =

Dinh nghia 1.2. S6 L € R dugc goi 1a gidi han ctia ham s6 f(z,y) khi (z,y) tién dén (a,b) € D,

lim x,y) =L,
(w7y)—>(a7b)f( v)

néu nhu V{(x,), (yn)} C M\(z0,%0) : Tn — T0, Yn — Yo ludn c6 bat dang thic f(z,,yn) — A.

Vi dy 1.1.1. Tinh lim —— 2
: 0 12 + 12
y—1
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1.1 Gidi han va tinh lién tuc cia ham nhiéu bién 3

Giai. Ta lay day (zn,yn) — (0,1) bat k¥, tic 1a z, — 0 va y,, — 1. Khi d6

Tn + Yn 0+1

s = — == 1
Vay theo dinh nghia thi lim —>— % — 1
z—=0 1 +y

s
y—1

Hinh 1.1: Y nghia hinh hoc ctia giéi han ham hai bién

Y nghia hinh hoc ctia gidi han ham hai bién: V6i moi lan can (L — e, L +¢), ta luon tim duge hinh
tron dt nhé Ds véi tam (a,b) ban kinh 6 > 0 sao cho ham s f bién moi diém (z,y) € Ds\(a,b) thanh
nhitng diém f(z,y) € (L —&, L +¢).

Cht y. Néu gi6i han ctia ham hai bién ton tai thi f(z,y) phai ¢6 cung gi6i han khi (z,y) tién
dén (a,b), khong phu thudc vao cach diém (x,y) tién dén diém (a,b). Do d6, néu ta chi ra hai dudng
khac nhau dé diém (z,y) tién dén diém (a,b) ma ham s6 f(z,y) c6 hai giéi han khac nhau thi

lim f(z,y) = L khong ton tai.

(z,y)—(a,b)
Dinh 1y 1.1. Néu f(x,y) — L1 khi (z,y) — (a,b) doc theo duong Cy va f(x,y) — Lo khi (z,y) —
(a,b) doc theo duomg Cs, trong dé6 Cy # Cy, L1 # Lo thi  lim  f(x,y) = L khong ton tai.

(z,y)—(a,

22 — 2
Vi du 1.1.2. Tim giéi han lim ——==
(wy)—(0,0) 2% + ?

2 _ 2
Giai. Ta ¢6 f(z,y) = ;Tz? Cho (z,y) — (0,0) doc theo truc Oz(y = 0). Khi d6 f(z,y) =
2
f(x,0) = % =1,Vax #0. Do d6 f(x,y) — 1 khi (x,y) — (0,0) doc theo truc Ox.
a2
Cho (z,y) — (0,0) doc theo truc Oy(x = 0). Khi d6 f(z,y) = f(0,y) = —z =—1,Yy # 0. Do d6
Y

f(z,y) = —1 khi (x,y) — (0,0) doc theo truc Oy.

Vay f c6 hai giéi han khac nhau doc theo hai dudng khac nhau nén giéi han da cho khong ton tai.

Vi du 1.1.3. Tim giéi han  lim i
(29)—(0,0) 22 + y?

ﬁyy?- Cho (z,y) — (0,0) doc theo truc Oz(y = 0). Khi d6 f(z,y) =

f(z,0) = % =0,Vx #0. Do d6 f(x,y) — 0 khi (x,y) — (0,0) doc theo truc Ox.

Giai. Ta ¢6 f(x,y) =

Cho (z,y) — (0,0) doc theo truc Oy(z = 0). Khi d6 f(z,y) = f(0,y) = ;2 =0,Vy # 0. Do do
f(z,y) — 0 khi (z,y) — (0,0) doc theo truc Oy.

Mic di, ching ta c6 duge nhitng giéi han giong nhau doc theo hai truc toa do khac nhau, nhung

diéu d6 ciing chua thé két luan giéi han ctia ham da cho ton tai va bing 0.
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4 DAO HAM RIENG VA VI PHAN

.’IJ2

Cho (z,y) — (0,0) doc theo dudng y = x. Khi d6 f(z,y) = f(z,z) = P

1
= §,Vx7é0. Do do

1
fz,y) — 5 khi (z,y) — (0,0) doc theo duong y = x.

Vay f c6 cac gidi han khac nhau doc theo cac dudng khac nhau nén gidi han da cho khong ton tai.

2

Vi du 1.1.4. Tim gii han  lim ——9
(x)—(0,0) 22 + y*

2
Giai. Ta ¢6 f(z,y) = J:Qxiiy‘l' Cho (z,y) — (0,0) doc theo moi dudng y = mz. Khi d6 f(z,y) =
z(mx)? m2x3 m2x . )
flz,mz) = P+ (ma) = it 1 +m4m2,Va: # 0. Do d6 f(x,y) — 0 khi (z,y) — (0,0) doc

theo moi duong y = mz.

Mic di1, chiing ta c6 duge nhitng gidi han giong nhau doc moi dudng y = ma, nhung diéu do6 ciing

chua thé két luan gidi han ctia ham da cho ton tai va bang 0.

2 y2 y4

N _ .2 o3 _ 2 _ :
Cho (z,y) — (0,0) doc theo dudng = = y*. Khi d6 f(x,y) = f(y*,y) = m 2
1 1
i,Vy # 0. Do d6 f(z,y) — 3 khi (z,y) — (0,0) doc theo dudng = = y?.

Vay f c6 cac gidi han khac nhau doc theo cac dudng khac nhau nén gidi han da cho khong ton tai.
32y

Vi dy 1.1.5. Tim gi6i han  lim ————
(z,9)—(0,0) T2 + Yy

3 2
Giai. Ta ¢6 f(x,y) = x;j—:zﬂ' Cho (z,y) — (0,0) doc theo moi dudng y = mz. Khi d6 f(z,y) =
3a? 3ma®
f(z,mz) = z"(ma) = me Vx # 0. Do d6 f(z,y) — 0 khi (x,y) — (0,0) doc theo moi

22 + (mx)?2 22 +m2z?’
duong y = mx.
Mic di1, chiing ta c6 duge nhitng gidi han giong nhau doc moi duong y = ma, nhung diéu do6 cing
chua thé két luan giéi han ctia ham da cho ton tai va bing 0.
3(y°)%y 3y°

Cho (z,y) — (0,0) doc theo dusng = = y2. Khi d6 f(z,y) = f(y2,y) = — v
0 (2,9) = (0,0) doc theo dwong & = 2. Kni 46 () = f2,9) = a3’ o5 = oy W0 7

0. Do d6 f(z,y) — 0 khi (z,y) — (0,0) doc theo dudng = = y>.
322,22 3zt

Cho (z,y) — (0,0) doc theo dudng y = 2. Khi dé f(x,y) = f(z,2?) = 1 (22 =

Vo #

0. Do d6 f(z,y) — 0 khi (z,y) — (0,0) doc theo dutng y = 2.
Vay f c6 cac gi6i han gidbng nhau doc theo cac duong khac nhau. Ta sé chitng minh gi6i han da
cho ton tai va bang 0.
Cho tlty § € > 0. Chiing ta tim J > 0 sao cho véi moi (z,y) € R?\(0,0) : 0 < /22 + 32 < § luon
3 2 B 3 2
6 %4_3;2 - O‘ < g, ¢6 nghia la néu 0 < /22 + y2 < 6 thi x;:JZ;L

32 )

Ta c6 ;:_’yL < 3lyl = 3v/y? < 322+ 32 Do d6 néu ta chon § = % vacho 0 < /22 +y2 <46
Z Yy

2

3x°y €
e —O‘ <3\/1‘2—|—y2<35:3.§:5.

<e€

thi ta dugce

. 322
Vay theo dinh nghia giGi han cia ham hai bién  lim B -
(2.9)=(0,0) 2% +
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1.2 Dao ham riéng )

1.1.2 Tinh lién tuc ctia ham hai bién
Dinh nghia 1.3. Ham hai bién f dugc goi 1 lien tuc tai (a,b) néu nhu

lim  f(x,y) = f(a,b).

(z,y)—(asb)
Dinh nghia 1.4. Ham hai bién f dugc goi la lien tuc trén mién D néu nhu f lién tuc tai moi diém
(a,b) € D.
22 — o2
—_— 0,0
Vi du 1.1.6. Cho f(z,y) = 22+ y?’ (@,y) #(0,0)
0, (:r:,y) = (070)

Giai. Ham 86 f(z,y) lién tuc tai moi diém (z,y) # (0,0). Tuy nhien, ham s6 khong lien tuc tai
2 _ 2

.Hay khéo sat tinh lién tuc ctia ham f(z,y).

diém (0,0) vi (ac,yl)ii}%0,0) = —T—yQ khong ton tai.

ST () # (0,0)
Vidu 1.1.7. Cho f(z,y) =4 22+42 7 ,
07 ("E7y) - (070)

.Hay khéo sat tinh lién tuc ctia ham f(z,vy).

Gidi. Haim s6 f(x,y) lién tuc tai moi diém (z,y) # (0,0). Ham s6 lien tuc tai diem (0,0) vi
32y

(x,y)E0,0) o = 0= £(0,0). Nhu vay, f lien tuc tren R?.

1.2 Dao ham riéng

1.2.1 Khai niém dao ham riéng

Cho ham s6 f : D C R? — R x4c dinh tren D C R? va (g, y0) € D. Khi cho z thay déi, y c6 dinh
(y = yo) thi ta dugc ham mot bién x: g(z) = f(x,y0). Néu g(x) c6 dao ham tai z = ¢ thi ta goi do
13 dao ham rieng clia ham f(z,y) tai diém (xo,y0) theo bién z.
L, 2 h) — h —
Dinh nghia 1.5. SO (néu c6) lim 9(zo + 1) = (o) = lim f(wo + hy yo) = f (o, yo)

h—0 h h—0 h
ham riéng ctia ham s6 f(x,y) tai diem (zo,y0) € G theo bién z. Dao ham rieng nay duge ky hieu 1a

dugc goi la dao

0
F4 (0, y0) hotie o2 (o, o).

Ya o z=flxy)=g(x)=g(x+h)
zo=1(X 0 1)=g(x)

Y=y S gz
/[ X

=

Hinh 1.2: Khai niém dao ham riéng

Tuong ty nhu vay, ta sé dinh nghia dao ham riéng ctia ham s6 f(z,y) tai diém (zg,%0) € D theo
bién y.
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6 DAO HAM RIENG VA VI PHAN

Dinh nghia 1.6. S6 (néu c6) lim f(zo.yo + ) = f(xo0, o)

dudc goi 1a dao ham riéng ctia ham s6
h—0 h

, . 0
f(z,y) tai diem (z¢, yo) € G theo bién y. Dao ham riéng nay dugc ky hiéu la fé(xg, Yo) hodc a—f(xo, Yo)-
Y

Vi du 1.2.1. Cho f(z,y) = 23 + 2%y® — 2y, Hay tinh f.(2,1) va fy(2,1)
Giai. Cho y = 1 ta duge g(z) = f(x,1) =2 + 22 =2 = ¢'(v) = 322 + 22 = ¢'(2) = 3.22 + 2.2 =
16= £1(2,1).

Cho z = 2 ta dugc h(y) = f(2,y) =23 + 223 — 22 = W (y) = 120> — 4y = W/(1) = 12.12 — 4.1 =
8= f,(2,1).

1.2.2 Quy tac tim dao ham riéng
1. Dé tim f/ ta xem y la hing s6 va liy dao ham ciia f(z,y) theo bién x.
2. Dé tim f] ta xem z 1a hing s6 va lay dao ham ctia f(x,y) theo bién y.
Vi du 1.2.2. Tim céc dao ham riéng ctia ham s6 z = f(z,y) = arctan g

Giai. Khi tinh % ta xem y nhu hing s6, con khi tinh % ta xem x nhu hang so.

Ta c6

P R S

T 1y P4y
g 9f_ 1 Ly= -
U aUOngTnNeg?  CehRgh

1.2.3 Y nghia hinh hoc ctia dao ham riéng

Az

z=f(xy) T

[ P(Kn;yo’f(xo/‘ C,

Hinh 1.3: Y nghia hinh hoc clia dao ham rieng

D6 thi clia ham 2 = f(z,y) 1a mit cong S. Cho P(xo,vo, f(x0,%0)) ndm trén mit cong S. Khi ¢
dinh y = yo ta thiy mat phing y = 3o sé cat miit cong S theo giao tuyén C;. Khi c6 dinh = = z( ta
thay mit phang & = xo sé cit mat cong S theo giao tuyén Cy. C4 hai dudng cong C; va Cy déu di
qua diém P.

Nhu vay, dudng cong C; chinh 1a do thi ctia ham s6 g(z) = f(x,yo) trén mit phéng y = yo, do d6
tiép tuyén ctia n6 T tai P sé c6 he s6 goc 1a ¢'(xg) = fi(z0,y0). Dudng cong Co chinh 1a do thi clia
ham s6 h(y) = f(zo,y) trén mit phang x = xq, do d6 tiép tuyén clia n6 T tai P sé c6 hé sb goc la

W (yo) = fy(z0,v0)-

Tém lai, ¥ nghia hinh hoc ctia dao ham riéng ctia ham f(z,y) tai diém (zo,yo) 1a:
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1.2 Dgo ham riéng 7

1. fl(x0,y0) la he s6 goc clia tiép tuyén Ty véi dudng cong C; (trong d6 C 1a giao tuyén ctia mit
cong S v6i mit phang y = o)

2. fy(xo,y0) 1a he s6 goc ctia ticp tuyen Ty véi duong cong Cy (trong do Cs la giao tuyén clia mat
cong S v6i mit phang x = xq).

Vi du 1.2.3. Cho f(z,y) =4 — 2% — 2y%. Tim f.(1,1), fy(1,1) va néu ¥ nghia hinh hoc ctia ching.

2 2

Hinh 1.4: Y nghia hinh hoc cia dao ham rieng f.(1,1), fy(1,1)

Giéi. Ta c6
fo="2c= fi(1,1) = =2, f, = —dy = f,(1,1) = —4.

D6 thi ctia ham s6 f 1a paraboloid z = 4 — 22 — 2y? vA mat phidng y = 1 cit paraboloid theo
dudng parabol C; : z = 2 — 22,y = 1. Hé s6 géc tiép tuyén 17 véi parabol C; tai diém (1,1,1) la
f1(1,1) = —2.

Tuong ty, mat phing x = 1 cit paraboloid theo dudng parabol Cy : z = 3 — 2y?, x = 1. Hé s6 goc
tiép tuyén Tp véi parabol Cy tai diém (1,1,1) 1a f;(1,1) = —4.

1.2.4 Dao ham riéng cap cao

V6i ham hai bién z = f(z,y) thi dao ham rieng f;, va f; ciing la nhiing ham hai bién, do d6 nhiing
dao ham rieng ctia ching (f;)%, (f2)y, (fy)% (fy);, dugc goi la dao ham rieng cap hai ctia ham f. Nhu

vay,
0 (O P50 (0 PS
oxr \dx ) 0x2 "oy \ox) Oxdy 'V

O (OIN_OF _ o O (OF\ _OF
ox \dy) Oyoxr Yoy \dy) oy W

Vi du 1.2.4. Tim céc dao ham riéng cap 2 clia ham s6 f(z,y) = 23 + 2%y% — 2%

Giai. Ta c6 fl = 322 + 223, f. = 62 + 237, foy = 6zy?, fy = 32y — 4y, vy = 622y — 4,
"o __ 2
yz = 6Ty~

Vi du 1.2.5. Tim céc dao ham riéng cip 2 clia ham s6 f(z,y) = xye?.

Giai. Ta 6 f; = ye¥, frp =0, fr, = ¥ +ye¥, f, = z(e¥ +ye¥), fy, = x(2e¥ +ye¥), f, = e’ +ye'.

vy yx
2 3
Vi du 1.2.6. Cho ham s6 f(z,y) = sin(zy). Tinh gyJ; va 8(;253:'
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8 DAO HAM RIENG VA VI PHAN

Giai. Ta co

of , 5 B

9y x cos(zy); 057 x* sin(zy).
ﬂ = —(—2?sin(zy)) = —2zsin(zy) — 2%y cos(zy)
oy20r  Ox .

Dinh 1y 1.2. (Dinh lyj Clairaut.) Cho ham so z = f(x,y) wdc dinh trén mien D. Khi dé néu fy, va
fuz la nhitng ham lien tuc tréen D thi vdi moi (xo,y0) € D ta c6 fi, (20, y0) = fy(T0,Y0)-

1.2.5 Phuong trinh dao ham riéng

T khai niem dao ham riéng, ta xay dung nhing phuong trinh dao ham riéng dé mo ta nhing quy
luat vat ly.
Dinh nghia 1.7. Phuong trinh dao ham riéng

Pu %

922 "oy 0

dudc goi 1a phuong trinh Laplace.
Nghiém ctia phuong trinh nay duge goi nhitng ham diéu hoa, déng vai tro quan trong trong nhitng
bai toan truyen nhiét, lan truyén chat 16ng, dién truong,..

Vi du 1.2.7. Chiing minh rang u(z,y) = e siny 1a nghiém ctia phuong trinh Laplace.

Giéi. Ta c6
ul, = e*siny, u; = e cosy,ul, = e’ siny, u’y/y = —¢e"siny.
Do d6 u!, + ugy =e"siny — e*siny = 0. Vay u(z,y) = e*siny la nghiém ctia phuong trinh Laplace.
Dinh nghia 1.8. Phuong trinh dao ham riéng

Pu  ,0%u

o2~ " 922
dugce goi la phuong trinh song.
Phuong trinh séng mo ta dang clia séng: séng bién, séng am, séng 4nh sang, séng dao dong,...
Vi du 1.2.8. Chiing minh rang u(z,t) = sin(z — at) la nghiém ctia phuong trinh séng.
Giai. Ta co

"
TrT

2 "

ul, = cos(z — at),u, = —acos(x — at),u’ = —sin(z — at),u}, = —a’sin(x — at) = >,

Do d6 u(z,t) = sin(x — at) la nghiém cia phuong trinh séng.

1.3 Mit phang tiép dién va su xap xi tuyén tinh

1.3.1 Mit phing tiép dién

Cho z = f(x,y) c6 do thi 1a mat cong S. Ham s6 f c6 dao ham riéng cap mot lien tuc va cho
P(z0, 0, f(z0,0)) 12 mot diém trén mat cong S. C1, Cy lan lugt 1a nhitng dudng cong giao tuyén ciia
miit phang y = yo vd & = x¢ v6i miit cong S. T, T 1an lugt 1a nhiing tiép tuyén véi duong cong Cy, Co

tai diém P.
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1.8 Mt phang tiép dién va su xap xi tuyén tinh 9

............. r's
{'to’yo ’0)

Hinh 1.5: Mt phang tiép dién ctia mit cong z = f(z,y)

Dinh nghia 1.9. Mt phang tiép dién v6i mat cong S tai diem P(zo, yo, f(70,%0)) 12 mat phang chita
2 tiép tuyén Ty va Ts.

Dinh 1y 1.3. Gid sit ham s6 f(z,y) c¢6 dao ham riéng cip mot lién tuc thi phuong trinh mat phang
tiép dién vdi mdt cong z = f(x,y) tai diem P(xo,yo, f(zo,v0)) la

z = f(x0,90) = fz(x0,90)(x — z0) + f(z0,%0)(y — vo)-

Chitng minh. Phuong trinh mit phing tiép dién véi mit cong 2z = f(z,y) di qua diém P(zo, yo, 20)
c6 dang
Az —20) + B(y —yo) + C(2 — 20) =0,

trong d6 C # 0 vi néu C' = 0 mat phang tiép dien sé& cit mit cong theo nhidu diém khac nhau (trai

v6i dinh nghia mit phang tiép dién chi cit mat cong tai 1 diém duy nhat).

. A B
Chia hai vé ctia phuong trinh nay cho C' va dit a = ek b= e ta dugc

z— 20 = a(x — x0) + b(y — yo)

Vi mit phing tiép dién chia tiép tuyén 7; ma tiép tuyén 77 ndm trong mit phing y = yo nén phuong
trinh tiép tuyén 717 la

z—z9=a(x —xg),y = Yo

Tiép tuyén T nay c6 he s6 géc bang a va theo y nghia hinh hoc ctia dao ham rieng thi a = f.(z0, y0).

Lap luan tuong ti cho tiép tuyén Tp ta cing duge b = f; (o, o)-
Vi du 1.3.1. Tim mit phing tiép dién v6i paraboloid elliptic z = 222 + ¢ tai diém (1,1, 3).
Giai. Phuong trinh mat phang tiép dién véi paraboloid elliptic z = 222 + y? tai diém (1,1,3) 1
2= fL1) = F(L D)@ — 1)+ £, 1) — 1)

S z=4z 4 2y — 3.

1.3.2 Suw xap xi tuyén tinh

Trong vi du (1.3.1), mat phing tiép dién ctia ham f(x,y) = 222 + 92 tai diém (1,1,3) 1a 2 =
4x + 2y — 3. Diéu nay c6 nghia la ham tuyén tinh L(x,y) = 4z + 2y — 3 1a sy xap xi t6t nhat ham
f(z,y) khi (z,y) nam gan (1,1).
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10 DAO HAM RIENG VA VI PHAN

Hinh 1.6: M3t paraboloid z = 222 + 32 vA mit phang tiép dien z = 4z + 2y — 3 tai diém (1,1,3)

Ham tuyén tinh L(z,y) = 42 + 2y — 3 dugc goi 1a ham tuyén tinh hoa ctia ham f tai diém (1, 1),

VA sut Xap xi
f(z,y) = 4z +2y — 3
duge goi la sy xap xi tuyén tinh cta ham f tai (1,1).

Vi duy, tai diém (1.1, 0.95) sy xap xi tuyén tinh 1a £(1.1,0.95) ~ 4.(1.1)+2.(0.95) — 3 = 3.3 va gia tri
chinh xac 1a £(1.1,0.95) = 2.(1.1)% + (0.95)? = 3.3225. Tuy nhién, néu tai diém (2,3) thi L(2,3) = 11,
trong khi d6 f(2,3) = 17. Diéu nay c6 nghia la tai nhitng diém xa diém (1,1) ta sé khong c6 dugc su
xap xi tuyén tinh tot.

Dinh nghia 1.10. Néu phuong trinh mat phang tiép dien clia 2 = f(z,y) tai diém (zo, yo) 12
z = f(20,90) + f2(x0,y0)(x — z0) + f(20,%0)(y — vo)
thi ham tuyén tinh
L(z,y) = f(z0,90) + fr(z0,%0)(x — 20) + fy(x0,y0)(y — %0)
duge goi 1a ham tuyén tinh hoa clia f tai (zg,yo) va su xap xi
z = f(x,y) = f(xo,y0) + fr(x0,y0)(z — x0) + f(x0,%0) (¥ — %0)-
duge goi la sy xap xi tuyén tinh cta f tai (zo, yo)-
Y nghia. Trong lan can ctia diém P(zo,yo, (20, y0)),

z & f(x0,90) + fz (w0, y0)(x — x0) + f(0,%0) (¥ — vo)-

Day chinh la cong thitc tinh gan ding gia tri ctia f(x,y) tai nhing diém trong lan can ciia diém
(20, Y0)-
Chii y. Chiing ta x4c dinh duge mit phéng tiép dién ctia mit cong z = f(x,y) khi f ¢6 dao ham
rieng cap mot lien tuc. Dieu gl xay ra khi f;, f, khong lien tuc?
Xét ham so .
g -] T @000

0, (:an) = (070)
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1.4 Vi phan 11

Theo dinh nghia dao ham riéng, ta c6 f;.(0,0) = 0 va f;(0,0) = 0, nhung f;, f,; khong lién tuc. Sy xap
. 1 P

xi tuyén tinh 1a f(z,y) =~ f,.(0,0).(x — 0) + £,(0,0).(y — 0) = 0, nhung f(z,y) = 3 tai tat cd nhitng

diém trén dudng thing y = x. Do d6, dé c6 dudc miit phang tiép dien va su xap xi tuyén tinh thi ham

s6 f phai c6 dao ham riéng cap mot lien tuc.

1.4 Vi phan

1.4.1 Dinh nghia ham kha vi

Cho ham s6 f : D C R? — R x4c dinh tréen D C R? va (z0,0) € D 1a 1 diém cb dinh. Cho
T 86 gia Ar = x — x0, Yo 50 gia Ay = y — yo sao cho diém (x¢ + Az, yo + Ay) € D. Lap hiéu
f(wo + Az, yo + Ay) — f(z0,yo). Hidu ndy duge goi 1a s6 gia toan phan ctia ham sé f(z,y) tai diém
(0, yo) va duge ki kigu 1a Af(xg,yo).

Dinh nghia 1.11. Ham s6 f(z,y) dugc goi 1a kha vi tai diém (z0,y0) € D, néu nhu s6 gia toan phan
clia n6 f(zo + Az, yo + Ay) — f(x0,%0) tai diém (xg,y0) duge biéu dién dudi dang

fzo + Az, yo + Ay) — f(z0,y0) = Af(z0,90) = fr(0,y0)Az + fy (20, y0) Ay + e1Az + £2Ay,
& day e1,e2 — 0 khi (Az, Ay) — (0,0).
Y nghia. Ham kha vi 1a ham ¢6 sy xAp xi tuyén tinh t6t khi diém (z, y) gan diém (z0,yo).

Dinh 1y 1.4. Néu ham f(x,y) zdc dinh trong mot lan can cia diém (xo,y0) ¢ cic dao ham riéng

foo fiy lien tuc tai diém (xo,yo) tht ham f(x,y) khd vi tai (zo,yo).

Vi du 1.4.1. Chiing minh ring, ham f(z,y) = ze™ kha vi tai diém (1,0) v tim ham tuyén tinh
héa ctia n6 tai diém (1,0). St dung sy xap xi tuyén tinh tinh gan ding f(1.1,—0.1).

Giai. Cac dao ham riéng cap mot 1a
fol,y) = €™ +aye®™, f,(z,y) = 2%e™ = f1(1,0) = 1, f;(1,0) = 1.
Ca fy, f, deu la nhitng ham lién tuc nén f kha vi. Ham tuyén tinh héa la
L(z,y) = f(1,0) + f2(1,0)(z — 1) + f/(1,0)(y —0) =1+ L.(z — 1) + Ly =z + y.

Su xap xi tuyén tinh 1a f(z,y) = xe"¥ ~ 2z +y = f(1.1,-0.1) ~ 1.1 — 0.1 = 1, trong khi d6 két qua
chinh xéac 1a f(1.1,-0.1) = 1.1e % ~ 0.98542.

Vi du 1.4.2. Tim ham s6 z = f(x,y) dé tinh gan dang gia tri ctia biéu thic /1,022 + 0, 052.

Giai. Chon ham f(x,y) = /22 + y? va chon z = 1.02;y = 0.05; 20 = 1;y0 = 0; Az = 0.02; Ay =
0.05. Ta c6 f(z,y) = f(wo0,y0) + f7(@0,Y0) Az + f; (20, y0) Ay

2 2
VI f7(1,0) = 25 £(1,0) = 0 nen f(1.02,0.05) = V/1.02% +0.052 & VT2 + 07+ 5 x 0.02+0 x 0.05 =
1.013.

1.4.2 Dinh nghia vi phan

Dinh nghia 1.12. Biéu thic f.(xo,y0)Ax + fi (@0, y0)Ay dugc goi la vi phan clia ham s6 f(x,y) tai
diém (xg,y0) v duge ki hieu 1a df (g, yo)-
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12 DAO HAM RIENG VA VI PHAN

Dinh 1y 1.5. Néu ham s6 z = f(z,y) khd vi tai diém (zo,y0) € D thi f(x,y) cé cic dao ham riéng
f2(x0,90), fy(z0,90) va
df (0, y0) = fr(z0,y0)dz + fy(x0,y0)dy.

Chitng minh. Cho f(z,y) = = ta duge f; =1, f; = 0 va
df =dz = fiAz + f,Ay = 1.Ax.
Cho f(z,y) =y ta dugc f; =0, f, =1 va
df =dy = flAx + f;Ay = 1.Ay.

Vay
df (w0, y0) = fr(z0,y0) Az + f, (w0, y0) Ay = fr(x0, yo)dz + £, (0, y0)dy.

Y nghia hinh hoc ctia vi phan va sd gia toan phan: vi phan df biéu dién sy thay déi do
cao clia mit phang tiép dién, con s6 gia toan phan Af biéu dién sy thay doéi do cao clia mit cong

z = f(z,y) khi cho (z,y) thay ddi tit (zo,yo) dén (zo + Az, yo + Ay).
Z

A Mt cong z=f(xy)
(XgrAX, Yot Ay, f(xgr AX,y,+Ay))

FERTN RN
Y

(XFAX, Yo +Ay, 0)

Mat phang tiép dién
2 (X )= Fx (X)X X+ fy (X oy 1) (0-1)

Hinh 1.7: Y nghia hinh hoc ctia vi phan va s6 gia toan phan

Vi du 1.4.3. Cho f(x,y) = 2% + 3zy — 3>
1. Tim df
2. Cho x thay ddi tit 2 dén 2.05 va y thay ddi tit 3 dén 2.96, hiy so sanh gia tri ctia Af va df.
Giai.
1. Theo cong thitc vi phan ta co
df = frdx + fydy = (2x 4 3y)dx + (3z — 2y)dy.
2. Cho zp =2,dx = Az =2.05 -2 =0.05, yo = 3,dy = Ay = 2.96 — 3 = —0.04 ta dugc
df (xo,y0) = df (2,3) = (2x0+3yo)dz+ (3o —2y0)dy = (2.2+3.3)0.05+ (3.2—2.3)(—0.04) = 0.65.

Af(zo,y0) = £(2.05,2.96)— £(2,3) = [2.052+3 % 2.05 % 2.96 —2.96%] — [22+3 x 2 x 3—3?%] = 0.6449.

Nhu vay Af ~ df nhung df dé dang tinh toan hon.
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1.5 Dao ham cia ham hop 13

1.4.3 Vi phan cap cao

Vi phan cap mot ctia ham f(z,y) tai (zo,y0) 1a df (xo, y0) = f1 (0, yo)dx + £, (w0, yo)dy.
Vi phan cap hai ctia ham f(x,y) tai (xo,y0) 1a

&’ f (o, yo) = d(df (x0,0)) = d(f1(x0, yo)dz + f (0, yo)dy) =

= (f2(z0,y0)dz + f (20, yo)dy)gdz + (f (0, yo)dz + f,(z0,y0)dy),dy =
= fi.(z0,y0)da® + [, (x0, yo)dydz + f1, (o, yo)dady + f1, (0, yo)dy* =
= fil.(xo,yo)da® + 2 f7, (w0, yo)dzdy + f1, (o, yo)dy*.
Dinh nghia 1.13. Vi phan cap n ctia ham f(z,y) tai (zo, yo) 1a d”f (20, y0) = d(d" ' f(x0,%0))

Dinh 1y 1.6. Vdi vi phan cip n € N, luon cé cong thic

n 871]0 n—k j, k
d"f = Z ”axnkayd dy*.

Vi du 1.4.4. Tim vi phan cap hai ctia f(z,y) = 2%y + 3> + 23 + J taix =1,y = 2.
x

2 1
Glal.f;:2xy+3x2—%, 2—1—6:c—|——y:> L(1,2) = 14, f, = 20— — = f1,(1,2) = L

1
fr=at+3y2+ =, fIl =6y = f(1,2) = 12.
x
Vay d?f(1,2) = 14dx? + 2dzdy + 12dy?

1.5 Dao ham cia ham hgp

1.5.1 Trudng hop: ham sé z = f(z,y), trong dé z = z(t),y = y(t) (t € (a,b))

Cho ham s6 2z = f(z,y), trong d6 = = z(t),y = y(t) (¢t € (a,b)). Khi d6 néu ta thay z = z(t),y =
y(t) thi thu duge ham z = f(z(t),y(t)) = 2(¢) phu thuoc vao bién t. Dé tim dao ham ctia ham sb z(t)
theo bién t ta st dung dinh 1y sau:

Dinh ly 1.7. Cho ham s6 z = f(x,y) khd vi trén D, x = z(t),y = y(t) (t € (a,b)) la cdc ham khd vi
sao cho (z(t),y(t)) € D. Khi dé dao ham ciia ham s6 = theo t dugc tinh theo cong thiic

dz  Ozdzx 4 0% Oz dy
dt ~ Oz dt Oy dt”

Chitng minh. Sy thay ddi At sé dan dén sy thay déi Az va Ay, tit d6 din dén sy thay ddi ciia
Az. Theo cong thiic s6 gia toan phan, ta c6

Az = fl.Ax + f;Ay + e1.Ax + 2. Ay,

§ day e1 — 0, e2 — 0 khi (Az, Ay) — (0, 0). Chia hai vé ctia phuong trinh nay cho At ta dugc
Az Ax Ay
At Iw At +fyi+ AL T AL
Cho At — 0, ta dugc Az = x(t + At) —z(t) = 0, Ay = y(t + At) — y(t) — 0, vi z(¢),y(t) la nhing
ham kha vi nén lién tuc. T do6 suy ra e; — 0, €2 — 0. Nhu vay,
dz . Az , Ay

2 (t) = im = fp. lim i + f/. lim Ay + lim ;. lim — + lim e9. lim
dt a0 At 7T A0 At VA0 At At—0 A0 At A0 T A0 At

= foa'(t) + 4/ (t) + 0.2 (t) + 0.9/ (t) = fr.2'(t) + f,.4/(t).A
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14 DAO HAM RIENG VA VI PHAN

d
Vi du 1.5.1. Cho z = f(x,y) = 2%y + 3zy* va x = sin2t,y = cost. Tinh d;tz tai t = 0.

Giai. Ta c6
dz Ozdx 0Ozdy 4 9 3 )
= 4 T2 — (2 3 2 2t 12 —sint).
= B i +8y — (2zy + 3y™)(2cos 2t) + (x* 4+ 12xy°)(—sint)
Khit=0thi x =sin0 =0 va y =cos0 = 1. Vay

dz

x = (0+3)(2cos0) 4+ (0 + 0)(—sin0) = 6.
tli—o

Y nghia thuc tién ciia dao ham 2/(¢): 1a téc do thay ddi clia z theo bién ¢ khi diém (z,y) di
chuyén theo duong cong C' duge xac dinh béi phuong trinh tham s6 2 = sin 2¢,y = cost. Trong trudng
hop t = 0, diém (z,y) la (0,1) va %|,_,
dudng cong C qua diém (0,1). Vi dy, néu z = T(z,y) = 2%y + 3zy?* biéu dién nhiét do tai diém (x,y)

= 6 1a toc do thay tang khi diém (z,y) di chuyén doc theo

trén bé mit clia mot bép dién 1o xo, thi ham z = T'(sin 2t, cost) sé bic¢u dién nhiét do tai nhing diém
thuoc dudng cong C tiic la tai nhitng diém trén 16 xo vd dao ham d—i biéu dién téc do thay doi nhiet
do doc theo duong cong C. Tit dé, ching ta sé biét dude téc do thay doi nhiet do tai nhitng diém tren

16 xo tit khi ciAm dién vao bép.

(0,1)

Hinh 1.8: Dutng cong = = sin 2¢,y = cost.

Vi du 1.5.2. Ap suat p (kilopascal), thé tich V' (lit) va nhiet do T' (Kelvins) ctia mot mol khi 1y
tudng quan hé v6i nhau béi phuong trinh pV = 8.31.7. Hay tim toc do thay doi ciia ap suat khi nhiét
do 14 300K va tang v6i téc do 0.1K /s va thé tich 1 1004 va tang véi toc do 0.2¢/s.

Giai. Ham 4p suat p = f(7T,V) phu thudc vao nhiet do va thé tich, con ham nhiét do va thé tich
T =T(t),V = V(t) phu thuoc vao thoi gian t. Theo gia thuyét bai toan, ta co

T = 300, % — 0.1,V = 100, % —0.2.
Lay dao ham hai vé ctia dang thiic
P =831l.—
ta dugc
‘Z—f = g];fg + g‘ljcg - 8.31.%% - 8.31.%.%/ - 8.31.%.(0.1) - 8.31.%.(0.2) — —0.04155.

Vay &p suat sé gidm véi toc do 1a 0.04155k Pa/s.
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1.5 Dao ham cia ham hop 15

of d
Vi du 1.5.3. Cho f(z,y) = €™ trong d6 y = sinx. Tinh 8f dj;:
Giai. Ta ¢6 o _ fr=ye®.
ox
df xT €T
= () = foa, + fyyn = fo + f/(2) = ye™ + ze™. cosx
1 d
Vi du 1.5.4. Cho f(x,y) = In(e® + ¢Y) trong d6 y = ~2° + 2. Tinh g, —f
3 Oz’ dx
L of ., e
Giai. Ta co 9 = fo= el
df_/_////_///_ex e 2
% - f (I‘) - fzx:v +fy'yz - f:p +fy'y (x) - er 4 ey + et +ey'(x + 1)

1.5.2 Trudng hop: ham sé z = f(u,v), trong dé u = u(z,y),v = v(z,y)

Dinh 1y 1.8. Cho ham s6 z = f(u,v) ¢6 dao ham riéng lién tuc trong mot mien mdé G, u = u(z,y),v =
v(z,y) la cdac ham khd vi vdi 2 bién x,y. Khi dé dao ham riéng cia ham so z theo x,y duge tinh theo

cong thic
0z  0z0u 0z 0dv 0z  0z0u  0z0v

9z 0udx ' 0vdz Oy ouoy  ovoy

Z
oz oz
ou ov
u
ou 6
ou oY
oX
X

Hinh 1.9: Dao ham riéng ctia ham s6 z = f(u,v), trong d6 v = u(z,y),v = v(z,y)

0z
Nhu vay, mudn tinh dao ham rieng — e ta thyc hién theo dudng mau xanh 14 cay tit z xudng u, v
va tit u, v theo duong mau dé xudng = va dude

02 _0z0u 0z 00
Or Oudxr Ovox

. 0z .
Tuwong ty, mudn tinh dao ham riéng 0 ta thuc hién theo duong mau xanh 14 cay tit z xuong u, v va
Y

tit u, v theo duong mau xanh xudng y va dude
0z 0z0u 0z0v
dy ~ udy ' ovdy
of of

Vi du 1.5.5. Cho f(u,v) = u?v — uv? va u = z.siny,v = y.cosx. Tinh —* 2’ Do
€T oy

0
Giai. Ta c6 8—f = flal + flol, = (2uv —v?).siny + (u? — 2uv).y(—sinz) = (2z.siny.y.cosx —
x

y?. cos? x).siny — (z2.sin? y — 2.2.siny.y. cos x).y. sin z.

of
Jy

2

= fiuy, + flo), = (2z.siny.y. cosx — y?. cos® z).x cosy + (22.sin’ y — 2.2.siny.y. cos x). cos z.
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1.6 BDao ham theo huéng

1.6.1 Bai toan thuc té

1 1 L ]
50 100 150 200
(Distance in miles)

Hinh 1.10: Duong dang tri ctia ham nhiét do T'(z,y)

Trén hinh (1.6.1) biéu dién duong déng tri ctia ham nhiét do T'(x,y) tai bang California. Dao ham
rieng 77 tai diém thanh phd Reno cho ta biét téc do thay d6i nhigt do khi chiing ta di chuyén theo
phuong ngang, con dao ham riéng Té biéu dién téc do thay doi nhiet do theo phuong thing ding.
Nhung néu chiing ta can biét téc do thay ddi nhiét do khi ching ta di chuyén tit Reno dén Las Vegas
thi phai tinh nhu thé nao? Dé tinh dudc téc do thay doéi nhiet do theo mot hudng nao dé, ching ta

sé tim hiéu khai niem dao ham theo hudng.

1.6.2 Y nghia hinh hoc ctia dao ham theo huéng

u=(a, b), a’+ b*=1

Hinh 1.11: Y nghia hinh hoc cia dao ham theo huéng

Gi4 sit chiing ta can tim téc do thay doi ciia ham s6 z = f(x,y) tai diém (9, 7o) theo hudng clia véc
to don vi @ = (a,b) (a2+b% =1). Hum s6 z = f(x,y) c6 dd thi 1 mit cong S. Cho P(z0, yo, f (0, y0))
14 mot diém ndm trén mat cong S. Mit phang thang ditng di qua P theo huéng véc to U 8 cit mit
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1.6 Dao ham theo hudng 17

cong S theo dudng cong C. He s6 goc tiép tuyén T véi duong cong C tai diém P chinh la téc do thay
ddi ctia ham s6 z = f(z,y) theo huéng ciia véc to .
Y nghia hinh hoc: dao ham theo huéng 13 he s6 goc tiép tuyén T véi dudng cong C tai diém P.
Néu Q(x, vy, f(x,y)) 1a mot diém khéc thuoc C va P, Q' lan lugt 1 hinh chiéu ctia P, Q xudng mit
phéng Ozy thi véc to P'Q’ sé song song vdi véc to . Do d6

—
P’Q/:hﬁz(ha,hb), heR=z—xy=ha,y—yo=hb= =29+ ha,y =yo+ hb.

Khi doé
Az z—z2 _ f(z,y) = fl@o,yo) _ f(zo+ ha,yo + hb) — f(x0, Yo)
h h h h
LAy gi6i han khi h — 0 ta dugc téc do thay déi gia tri ciia ham z = f(x,y) theo huéng clia véc to U

va ta goi d6 1a dao ham ciia ham s6 2z = f(x,y) theo huéng ctia véc to .

1.6.3 Dinh nghia dao ham theo huéng

Dinh nghia 1.14. Dao ham theo huéng véc-to don vi 7 = (a,b), (a®+b* = 1) clia ham s6 z = f(z,y)

)

tai diém (zo, yo, f(zo,y0)) 1a gidi han

/ .. f(xo+ ha,yo + hb) — f(xo,y0)
Ja (xo,y0) = }Lli% N

néu gidi han nay ton tai.
Chi y. Néu u = (1,0) thi fL = f;, con néu u = (0,1) thi fL = f.
Khi tinh dao ham theo hudng, ching ta st dung cong thic trong dinh 1y sau:

Dinh 1y 1.9. Cho f(x,y) la ham khd vi va c6 dao ham theo hudng ciia véc-to don vi u = (a,b), (a® +
b* =1). Khi dé
for(a,y) = fole,y).a+ f(z,y)b.
Chimg minh. Dit
g(h) = f(zo + ha,yo + hb),
khi d6 theo dinh nghia dao ham theo huéng, ta c6

J(0) = 1im 9 =90©) _ S0+ hasyo + hb) = f (o, o)

gl
h—0 h h—0 h = f= (@0, 30)

Mat khac, do x = x¢ + ha,y = yo + hb, nén theo cong thic dao ham ctia ham hgp, ta cé

of de  Of dy
/ _ Y] ar or ay _ ,
Cho h =0 ta dugc = = xg,y = yo va

g'(0) = fo(xo,y0).a + f,(x0,0).b
Nhu vy, fo(2,y) = fo(z,y).a+ f)(z,)b

Vi du 1.6.1. Tim dao ham theo huéng clia véc-to don vi W tao véi tia Oz goc 0 = % tai diém (1,2)

ctia ham s6 f(z,y) = 23 — 32y + 492
Giéi. Ta c6
fo =32 =3y, fi = =3z + 8y = fL(1,2) = fi.(1,2) cos% + f,(1,2) sin% =

1 13-
= (3.12 _ 3.2).\2§ +(=3.1+ 8'2)5 — 323\/5
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18 DAO HAM RIENG VA VI PHAN

v<>§

Hinh 1.12: Véc to don vi u

1.6.4 Véc-to Gradient

Dinh nghia 1.15. Cho z = f(z,y). Khi d6 véc-to gradient ctia ham s6 f duge xac dinh nhu sau
Vi(y) = (fo(z,y), fy(2,9))

Vi du 1.6.2. Cho f(z,y) =sinz + €*. Tim véc-to gradient V (0, 1).

Giai. Ta c6 f; = cosx +ye™, f, = ze™ = Vf(0,1) = (f2(0,1), f;(0,1)) = (2,0). Theo cong thiic
tinh dao ham theo huéng, ta c6 dinh 1y sau:
Dinh 1y 1.10. Cho z = f(z,y), u = (a,b), (a* + b*> = 1). Khi dé

P, 9) =< Vf (@, 0),u > |

Vi du 1.6.3. Tim dao ham theo huéng véc-tc v = (2,5) clia ham s6 f(z,y) = 2%y® — 4y tai diém
(2,-1).

Giai. Ta c6 f, = 2xy°, f; =32%y* —4 = Vf(2,-1) = (f1(2,-1), f;(2,-1)) = (—4,8).

32
V29

2 5 )
“o (\/22 +527 /22 +52> = f,(2,-1) =< V[f(2,-1),u>=

Tuong tu, ta c6 thé md rong cho truong hgp ham ba bién.

Dinh nghia 1.16. Cho ham ba bién f(z,vy,z). Khi d6 véc-to gradient ctia ham s6 f dugc xac dinh
nhu sau

Vi(x,y,2) = (fol,y,2), fy(z,y, 2), fala,y, 2)).
Dinh 1y 1.11. Cho f(z,y,2), u = (a,b,¢), (a® + b* + ¢ = 1). Khi d¢
f%(x,y,z) =< Vf(%?/, Z),U >
Vi du 1.6.4. Tim dao ham theo huéng véc-to v = (1,2, —1) clia ham s6 f(z,y, 2) = xsinyz tai diém
(1,3,0).
Giéi. Ta c6
fi =sinyz, f; = wzcosyz, f, = wycosyz

= V£(1,3,0) = (f2(1,3,0), f,(1,3,0), f.(1,3,0)) = (0,0,3).

1 2 -1
o <J1Q+22+<—1>2’ V124224 (1) ¢12+22+(—1)2>
3

= f1(1,3,0) =< Vf(1,3,0),u >= — 5"
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1.6 Dao ham theo hudng 19

1.6.5 Gia tri 16n nhat va nhoé nhat ctia dao ham theo huéng

Gia stt, ching ta c6 ham f hai bién hoic ba bién va trong moi huéng déu tinh duge dao ham ctia
f tai mot diém cho trude. Didu nay c6 nghia la ching ta sé biét duge téc do thay ddi ctia f theo moi
huéng. Nhu vay, theo huéng nao ham sé f thay doi nhanh nhét (hodc cham nhét)? Dé tra 15i cau héi
nay, ta st dung dinh 1y sau:

Dinh 1y 1.12. Cho f la ham khd vi hai bién hodc ba bién. Gid tri lon nhat cia dao ham theo hudng
véc-to don vi u : f’7 la |V f| dat dugc khi kT4 1T Vf. Gid tri nhé nhat cia dao ham theo hudng véc-to
don viu: fo la —|V f| dat dugc khi U cung phuong va nguge chiéu V.

Chtng minh. Theo cong thiic tinh dao ham theo huéng, ta co
fo =<V f,u>=|Vf|.|u|l.cos8 = |V [].cosb,

trong do 6 1a goc gitta hai véc to V£, u. Gia tri 16n nhat clia cos @ 1a 1, dat duge khi 6 = 0, gia tri nho
nhat ctia cosf 1a —1, dat duge khi § = 7. Do d6, gia tri 16n nhat ctia dao ham theo huéng véc-to don
viu f’7 la |V f| dat dugce khi an V £, gia tri nhé nhat ciia dao ham theo huéng véc-to don vi u :
f5 la |V f| dat dugc khi W cung phuong va ngude chiéu V.

Vi du 1.6.5. Cho f(z,y) = xeY.
1. Tim dao ham theo hudng véc to PQ tai diém P(2,0) véi Q(L,2).

2. Theo huéng nao dao ham theo huéng ciia f dat gia tri 16n nhat tai diém P(2,0). Tim gia tri 16n
nhat do.

Giéi. Ta c6
_ _ -3/2 2
1. 1@—(—%,2):7_ (5/2,5/2>
fglc = ey7fg// = ze¥ = vf(270) = (f;(Q,O),fZ//(Q,O)) = (172>
Vay f2,(2,0) = 1.

2. Dao ham theo huéng ctia f dat gia tri 16n nhat tai diém P(2,0) khi 7 17 V.f(2,0) = (1,2).
Gia tri 16n nhat 1a [V £(2,0)| = V12 + 22 = /5.

£ 80
142?427 + 322
gia tri 16n nhat tai (1,1, —2). Tim gi4 tri 16n nhat do.

Vi du 1.6.6. Cho f(z,y,z2) Theo huéng nao dao ham theo hudng cua f dat

Giai. Ta co
80(2x)

r_ r_ _
Je = (1+ 22 4 2y% + 322)%’ Ty

80(4y)
(1+ 22 + 2y? + 322)

80(62)
(1 + 224 2y? + 32%)?

27][2:7

8 44
Dao ham theo huéng ciia f dat gia tri 16n nhat tai diém (1,1,—2) khi o 17 Vf(1,1,-2) =

25
8 44)

Gia tri 16n nhat 1a

= VF(1,1,-2) = (f4(1,1,-2), f1(1,1,-2), f1(1,1,-2)) = <_5 5 15)

VF(1,1,-2)| = VAL
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1.7 DPao ham ctia ham an

1.7.1 Dao ham ctia ham an xac dinh béi F(z,y) =0

Gi st phuong trinh F(z,y) = 0 xdc dinh ham an y = y(z), ¢6 nghia la F(x,y(z)) = 0. Néu F
la ham kha vi thi ching ta c6 thé ap dung quy tic dao ham ctia ham hop, ldy dao ham hai vé cla

phuong trinh F(z,y) = 0 theo bién z ta sé thu dugc
OF dv  OF dy

Ordzr oy dw "
. OF
Néu — # 0 ta c6
y (
W _ y'(z) = o B

Vi du 1.7.1. Tinh y'(0) néu ysinz — cos(xz — y) = 0 véi gid thiét y(0) = g
Giai. Ta ¢6 F(z,y) = ysinx — cos(x — y). Theo cong thitc tinh dao ham ctia ham an ta c6

T
F’ ycosx + sin(x — y B
Y= = @Y Ly = 2 =

T 1
F! sinz — sin(z — y) 1 2

1.7.2 Phuong trinh tiép tuyén va phuong trinh phap tuyén véi dudng cong y = y(r)
dugc xac dinh bdi F(z,y) =0

Y
Flxy)=0

A
"

Hinh 1.13: Phuong trinh tiép tuyén va phap tuyén véi duong cong y = y(z) dugc xac dinh béi
F(z,y) =0

11 V)

Gia stt C la dudng cong ctia ham s6 y = y(x) dude xac dinh bdi phuong trinh F(z,y) = 0, cho
P(z0,10) 12 mot diém trén duong cong C.

Nhu vay, C' duge xac dinh béi ham véc to lien tuc 7 (t) = (z(t), y(t)). Gia st to 1a diém sao cho
7 (to) = (z0,90) = P.

Vi C la dudng cong ctia ham s6 y = y(r) duge xac dinh béi phuong trinh F(z,y) = 0 nén
F(x(t),y(t)) = 0. Néu z(¢),y(t) 1a nhitng ham kha vi theo bién ¢ vi F 13 ham kha vi thi theo quy
tac 1iy dao ham ctia ham hdgp, ta c6

OF dr OF dy
— 4+ —.—=0
Or dt Oy dt
Vi VE = (F.,F)) va 7'(t) = (2'(t),y/(t)), nén < VE, 7'(t) >=0

Khi t =ty ta duge < VF(z0, y0), 7’(750) >= (. Diéu nay c6 nghia 1, véc to gradient VF(zo, yo) =
(Fy(xo,y0), Fy (0, y0)) tai diém P = (x0,yo) s& vuong goc véi véc to tiép tuyén 7' (to) clia dudng cong
C di qua P.
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1.7 Dao ham ciia ham an 21

Vay néu VF(zo,y0) # 0 thi ta luon xac dinh dugc tiép tuyén véi duong cong y = y(x) duge xac
dinh bdi F(z,y) = 0. Vi VF(z0, yo) vuong goc tiép tuyén tai diem P nén VF (zg,y0) dugce goi 1a phap
véc to v6i dudng cong C tai P.

Dinh ly 1.13. Cho duong cong C' dugc xac dinh bdi F(x,y) =0, P(xg,y0) € C. Khi dé phuong trinh
tiép tuyén vdi duong cong C tai diém P la

Fy(0,y0)(z — m0) + Fy(20,50)(y — y0) = 0

Dinh 1y 1.14. Phdp tuyén vdi duong cong C tai diém P la duong thing vuong goc vdi tiép tuyén va

duoc rac dinh nhu sau
rT—%o  Y—Yo

F(z0,%0) B Fé(ﬂﬂo,yo)'

Chu y. Trong truong hgp dic biét khi duong cong C' duge xac dinh béi y = y(z) thi F(z,y) =
y(x) —y=0va
Fy(z0,y0) = y'(20), F, (0, 90) = —1.

Phuong trinh tiép tuyén lic nay sé 1a
y'(z0)(z —x0) — (Y — y0) = 0 &y — yo = ¥ (o) (= — w0).
Day ciing chinh 14 phuong trinh tiép tuyén ctia duong cong y = y(x).

3
Vi du 1.7.2. Tim phuong trinh tiép tuyén, phuong trinh phap tuyén tai diém P <2 \2[> v6i duong

tron 22 +y? =1
. 2 / / (1 (1
Giai. Ta cé F(z,y) =2> +y?> — 1= F! =2z, b, =2y = I, 3 =1,F, 35 = /3.

1. Phuong trinh tiép tuyén

Fé(i?)( +F’<; ?) (y—?)z()@ﬂH—\/gy:Q.

1 V3
T—= y——
2. Phuong trinh phap tuyén 1 2 _ 2

&

y

d /y:\@;(
™ ;(+\/§y:2
0 X

. . . ) 1 v3
Hinh 1.14: Phuong trinh tiép tuyén, phuong trinh phap tuyén tai diem P (2, {) v6i duong tron

22 +y? =1
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1.7.3 Dao ham riéng ctia ham an xac dinh béi F(z,y,2) =0
Dinh 1y 1.15. Cho ham F(z,y,z) théa man cdic diéu kién:
1. F(x,y,2) zdc dinh va lien tuc trong hinh cau chita diém (xq,yo, 20);
2. Fl, Fé, F! ton tai va lien tuc trong hinh cau chita diém (zo,yo, 20);
3. F(x0,Y0,20) = 0;
4- FL(z0,Y0,20) # 0.

Khi dé phuong trinh F(z,y,z) = 0 xdc dinh mot ham an z = f(x,y), sao cho f(xo,y0) = 20 va
F(z,y, f(z,y)) =0. Ham z = f(x,y) ¢6 dao ham riéng
9=  F, 09z Iy
or  F." oy  F!
0z

0z
Vi du 1.7.3. Tinh —, % néu 23 +yP+ 2B 4 bayz =1
Ox’ Ox

Giai. Cho F(z,y,2) = 2° +y> + 2% + 62yz — 1, ta duge

0z  F,  32%+46yz x? + 2yz

or  F! 32246xy 22+ 2xy’

0z _ ﬂj_ 3y2+6xz_ y? + 22z
oy  F. 32246zy 22+ 2xy

Ju Ou
Vi du 1.7.4. Tinh —u, Y héu w = vtz trong d6 z = z(z,y) duge xac dinh bdi phuong trinh
ox’ Jy Yy+z

ze? = xe® + yeY.

Giai. Theo cong thic ham hgp, ta co

Trong d6 z(x,y) 1a ham an duge x4c dinh bsi phuong trinh ze® = ze®+ye¥ nén khi dat F(x,y, z) =

ze* — xe® + yeY ta co
! T T
o Fx:e + ze _1—|—:L'6x_z

T F T er4zer 14z

Nhu vay,
ou 1 AN +E2 00

dr yte Wyt 1z

Tuong ty, ta tinh duge

ou T+ z Yy—x 1+yey_z'

dy  (y+2)? (y+z)?2l+z

1.7.4 Mat phang tiép dién va phuong trinh phap tuyén véi mat cong z = f(x,y)
dugc xac dinh bdi F(z,y,2) =0

Gia sit S 1a mat cong ctia ham 86 z = f(z,y) duge xac dinh béi phuong trinh F(z,y, z) = 0, cho
P(x0,v0,20) 13 mot diém trén mat cong S. Cho C' la dudng cong bat ky thudoc mat cong S va di qua
P
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F(x,y,z)=0

Hinh 1.15: M3t phing tiép dién v6i mit cong z = f(x,y) duge xac dinh bdi F(z,y,2) =0

Nhu vay, C' dugc xéc dinh béi ham véc to lien tuc 7 () = (x(t), y(t), 2(t)). Gia sit to 1a diém sao
cho 7 (to) = (z0, 0, 20) = P.

Vi C thuoc mat cong S nén F(z(t),y(t),2(t)) = 0. Néu x(t),y(t), 2(t) 12 nhitng ham kha vi
theo bién t va F 1a ham kha vi thi theo quy tic lay dao ham ciia ham hgp, ta cé

OF der  OF dy OF dz

Gedt Toyat oz at
Vi VF = (FL, F), F.) va 7'(t) = (2/(t),y'(t), (1)), nén < VF, 7'(t) >= 0

Khi t = tg ta duge < VF(x9,y0,20), 7’(150) >= 0. Diéu nay c6 nghia la, véc to gradient
VF(x0,90,20) = (Fy(20,%0,20), Fy (0, Y0, 20), F2(0, Yo, 20)) tai diém P = (z0,30,20) s& vuong goc
véi vée to tiép tuyén 7' (tg) ciia moi dudng cong C di qua P. Do d6, néu €’ ciing 1a dudng cong bét
ky khac C, di qua diém P va thuoc mit cong S thi VF (zo, 0, 20) ciing vudng goc vdi tiép tuyén clia
duong cong C’ tai P.

Vay néu VF(xg, %0, z0) # 0 thi ta luon xac dinh duge mat phang tiép dien véi mat cong 2z = f(z,y)
duge xac dinh béi F(z,y,z) = 0. Vi VF (g, 0, 20) vudng goc cac tiép tuyén nén vuong goéc véi mit
phéng tiép dién v6i mit cong S tai diém P. Do d6, VF(xo, 0, z0) duge goi 1a phap véc to clia mat
phang tiép dien.

Dinh ly 1.16. Cho mdt cong S dugc zac dinh bdi F(x,y,z) = 0, P(xo,yo0,20). Khi dé phuong trinh

mdat phang tiép dién vdi mat cong S tai diém P la

Fy (0,90, 20)(x — x0) 4 Fy (20, Y0, 20)(y — yo) + FL(20, Y0, 20)(2 — 20) = 0
Dinh 1y 1.17. Phdp tuyén vdi mat cong S tai diém P la duong thing vuong géc vdi mdt phdang tiép
dién va duge zdac dinh nhu sau

T — X0 o Y—%Yo _ )

Fl(x0,90,20)  F}(w0,%0,20)  Fl(0,%0,20)

Cha y. Trong truong hop diac biét khi mét cong S duge xac dinh béi z = f(z,y) thi F(z,y,z) =
f(z,y) —2=0va

F, (20,90, 20) = fr(20,Y0), Fy (0, Y0, 20) = f,(20,%0), F1(x0, Y0, 20) = —1.
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Phuong trinh mit phang tiép dién lac nay sé 1a
fe(@o,y0)(x — x0) + fy(zo,90)(y — o) — (2 — 20) = 0.
Day ciing chinh 13 phuong trinh mit phing tiép dién clia mit cong z = f(z,y) duge néu & phan tren.

Vi du 1.7.5. Tim phuong trinh mit phing tiép dién, phuong trinh phap tuyén tai diém (—2,1, —3)
v6i ellipsoid

2 2

x 9 2

— — =3.

1 tVty

2 2
2
Giai. Ta ¢6 F(x,y,2) = %+y2+%—3:>Fg’C: ngézzy,F‘;: 3’2
2

= Fl(-2,1,-3) = —1,Fé(—2, 1,-3) =2,F/[(-2,1,-3) = ~3

1. Phuong trinh mat phang tiép dien
Fi(=2,1,-3)(x +2) + F;(=2,1,-3)(y — 1) + F,(=2,1,-3)(2+3) =0

& 3z -6y +224+18=0.

. 2 -1 3
2. Phuong trinh phap tuyen ’ +1 Y 5 = z +2
N 3

1.7.5 Bai toan thuc té ing dung véc to gradient
Gi4 st ham z = f(z,y) biéu dién do cao clia mot ngon nii so véi myc nue bién. Mot van dong
vien leo ndi mudn di tit chan ndi lén dén dinh ndi véi van toéc khong ddi. Pi theo huéng nao thi

van dong vién leo dugc 1én nati nhanh nhat?

duwdng cong.
di nhanh nhat

Hinh 1.16: Duong déng tri biéu dién do cao ctia ngon nii

Theo yéu cau bai toan, ching ta phai tim huéng ¥ ma téc do thay déi do cao z la nhanh nhét,
c6 nghia 1a dao ham ctia z = f(z,y) theo huéng d6 dat gid tri 16n nhat. Ma gia tri 16n nhat ctia dao
ham theo huéng 1a |V f|, dat dugc khi 7 11 Vf. Do d6, ta sé di tim hudng ctia Vf.

Cho f(z,y) = k 1a dudng déng tri ctia ham s6 z = f(z,v), P(zo0,y0). Dat F(z,y) = f(z,y) —k = 0.
Ta c6 VF(x0,90) = (Fy.(x0,%0), F,,(x0,%0)) = (fz(20,%0), f;(w0,%0)) = Vf(x0,%0). Do d6, theo cong
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1.8 Cong thic Taylor va ung dung 25

thitc ciia phap véc to véi dudng cong F(x,y) = 0 tai diém P(xq,v0), ta duge V f(zo,y0) sé vuong géc
tiép tuyén v6i duong dang tri f(z,y) = k tai diém P.

Vay dé van dong vien leo dugc lén niii nhanh nhat thi phai di theo huéng ciia véc to gradient V£,
c6 nghia l1a huéng vuong goc tiép tuyén véi dusng dang tri f(z,y) = k tai diém P(zo, yo).

74 V(%)

flxy)=k P (o)

Hinh 1.17: Véc to gradient vuong goc véi tiép tuyén ctia duong dang tri

1.8 Cong thic Taylor va tng dung

1.8.1 Cobng thic Taylor

Gia st ham f(z,y) c6 dao ham riéng lién tuc dén cap (n + 1) trong lan can ciia diém (zq, yo). Khi

d6 trong lan can cta (g, yp) ludon c6 cong thic
1 1 1
F(a,y) = f(@o,y0) + 1ydf (20, 50) + jdzf($07y0) +o o d" f(zo,90) + Bu(Az, Ay),
trong d6 R, (Az,Ay) = (n+1 d" T f (g + aAx, yo + aAy), (a € (0,1)) duge goi la phan du Lagrange.
Phan du nay c6 thé viét dudi dang Peano nhu sau R, = o(p") véi p = \/(Ax)? + (Ay)2.
Vi du 1.8.1. Khai trién ham f(z,y) = 23 — 522 — xy + y?> + 102 + 5y — 4 theo cong thiic Taylor &
lan can diém (2,1).

) 3
LI IO |y a1+ (2, 1)(0—2)+

£y~ 1)+ g [Fa(2 ) — 22 + 20,2, ) — 2y~ 1) + 2 1) —1)2]+§,[;';m<2,1><x—
208 4 377 (2,1)(x — 22y — 1) + 342, (2 ) — 2)(y — 1+ 7,2, )y — 1) + (")
Vay f@,y) =8+ (@ —2)+5(y — 1)+ (& — 22 — (&~ 2y — 1)+ (y — 1 + (z — 2)° + (")

Giai. Ta ¢ f(z,y) = f(2,1)+df(2,1) +

Vi du 1.8.2. Tim khai trién Taylor trong lan can ciia diém (1,1) dén cap 2, ctia ham z = f(z,y)
dugc xac dinh bdi phuong trinh 22 — 2xz +y = 0, biét f(1,1) = 1.

Giai. Vi phan cap mot clia z = f(x,y) tai diém (1,1) 1a
df(1,1) = f(1, V)dz + f,(1,1)dy = fr(1,1)(z — 1) + f,(1,1)(y — 1),

trong d6 z = f(z,y) 14 ham an duge x4c dinh bsi phuong trinh F(z,y,2) = 23 — 22 +y = 0 nén

F! —2z 2z F, 1 -
fe= G = T T T3a g, T3 TR T TR T gy oSy

2.1 1
'L, = =2 (1,1)= - = —1.
fo(1,1) 3.12-2.1 ’fy( 1) 3.12-2.1
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26 DAO HAM RIENG VA VI PHAN

Vi phan cip hai clia 2z = f(x,y) tai diém (1,1) 1a
d*f(1.1) = fip(1, V)da? + 27, (1, )dxdy + fy, (1, 1)dy* =

= feo(L1)(@ = 1)* +2f7, (L )(z = 1)(y — 1) + f, (L D(y = 1)°,

trong do
o= (fL), = 2z , _ 22! (322 — 2x) — 22(62.2,, — 2)
T T/)x 322 — 2 . (322 — 21_)2 s
f// _ (fl)/ _ L ! _ 22’;(322 — 233) — 2,2(62‘221)
v vy 322 — 2x ” (322 — 2z)2 )
"o _ (f/)/ _ . 1 ! _ 622;
vy Y’y 322 _ 21; y (322 _ 2$)27
tur d6 suy ra
" C 220312 -21)-21(6.12-2)
w1 = (312 —2.1)? =16,
2.(-1)(31* —2.1) — 2.1(6.1.(-1))
1! 1 1 — _ 1
Fa(1-1) (312 —21)? 0,
vy OLED
F(1:1) = (3.12—-21)2 0
Vay
d?f(1,1
flzyy) = f(L,1) +df(1,1) + d°f{,1) +o(p?) =

2
=14+2z—-1)—(y—1)=8x—1)2+10(z — 1)y — 1) — 3(y — 1)> + o(p?).

1.8.2 C(Coéng thitc Maclaurin
Néu cong thitc Taylor khai trién tai diem (zg, o) = (0, 0) thi dugc goi 14 cong thitc Maclaurin.
Pl 9) = F(0,0) + 11df(0,0) + 5 F(0,0) + ...+ " F(0,0) + o(p").
Vi du 1.8.3. Tim khai trién Maclaurin ctia ham s6 f(x,y) = sin z sinh 2y dén s6 hang bac 5.
Giad.

Cach 1. Ta c6 f(x,y) = f(0,0) + df(0,0) + deé?’O) d3fé?,0) d4f4(1?’0) d5fé?’0)

1 1
o(p”) = 1(0,0) + f3(0,0)z + f(0,0)y + 57 [£72(0,0)2* + 25, (0, 0)wy + f,(0, 0)y?] + (750, 0)” +
Lrp

3 iy (0,0)2%y + 373, 0,002y + £, (0,0)y%] + ;[ fazza (0, 0)2" +4 F2.,(0,0)23y + 6 £45),(0,0)z2y? +
4 4 1. .5 5 5
AL (0.0)2y® + Ly (0,05 + /82 (0,0)27 4 5/{2rey(0,0)2y + 10f52hyy (0,0)a%y? +
' 1 4
+10f§;)yyy(0, 0)x%y® + 5f§;§,§,yy(0, 0)xy* + fﬁéyy(o, 0)y°] + o(p®) = 2zy — —23y + —ay® + o(p%).

3 3
Cach 2. St dung cong thiic khai trién Maclaurin ctia ham mot bién déi véi ham sinz va

sinh 2y dén cap 5. Sau d6 rit gon va loai bé nhitng phan ti cé bac 16n hon 5, ta duge

flz,y) = <x i + v + o(:n5)> . <2y+ (20)° + (29)° —|—0(y5)> —

+

~ 31 " 5 3! 5!
B 1 4 229y 4 3 dz3y3  4a5yP :17(2y)5 :173(2y)5 1:5(23/)5 5
B S It T - - R T R R G

1 4
= 2zy — 2o’y + ay’ +o(p”).
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1.8 Cong thic Taylor va ung dung 27

1.8.3 Khai trién Taylor bang cach st dung khai trién Maclaurin ctia ham mot
bién
Tim khai trién Taylor bang cong thic rat mat thoi gian, nén trong da sé truong hop ta st dung
cach sau:
1. bit X =2z —29,Y =y —10o

2. Tim khai trién Maclaurin ctia ham f(X,Y) bang viéc khai trién Maclaurin ctia hAm mot
bién

3. Ddi f(X,Y) sang f(z,y)
4. Sap xép theo thit tu ting dan cia cac bac clia T — xg, y — Yo.

Vi du 1.8.4. Tim khai trién Taylor ctia ham z = f(z,y) = €**¥ & lan can ctia diém (1, —1) dén s6

hang bac 3.
Giai.
Cach 1.
1. bt X =x-1,Y=y+1

2. Tim khai trién Maclaurin ctia ham f(X,Y) bing viéc khai trién Maclaurin ctia hAm mot bién

X2 X3 y? y3
f(X,Y):eX'H"'Y_l:eX.eY:<1+X+++0(X3)>.<1+Y—|—2‘+—|—0(Y3)>:

2! 3l 3!
X2 X3 Xy v? vix Y3 3
3. Ddi f(X,Y) sang f(x,y) ta dugdc
r—1)2 (z-1)3 r—1)%(y+1 +1)?
fy) =14 =)+ C D E Dy oy BT WD
+1)2%(z—1 +1)3
MADCER LS )

4. Sap xép theo thit tit ting dan clia cac bac clia x — 1,y + 1, ta duge

x—1)2 2 (13 (z—1)2
tﬂfﬂ)—l+%m—1%+@+d)+(23)(x_lxy 1) (y;ﬁ) ( mn ( 1gfy+1)
+1)%(z—1 +1)3
+(y )2!( ), U 31 ) 0(/)3)‘

Cach 2. Dat X = 2 — 1,Y = y + 1. Tim khai trién Maclaurin ctia ham f(X,Y’) bang viéc khai

2 . N ~ o L
trien Maclaurin cia ham mot bién

t2
FLY) = X = XY = el =t g () =
X2 Y2 X3 X2Y YQX Y3 ;
:1+X+Y+j+XY+§+§+T+T+§+O(p )

D&i f(X,Y) sang f(x,y) ta dugdc

$72 2 x73
ﬂ%w:1+@»¢yuy+n+(in—ux—D@+1HJy;D +(3f)+
x—1)2 1 1)2(z—1 1)3
+( g@+ X+@+-gf L+@§J +o(p?).
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28 DAO HAM RIENG VA VI PHAN

1.9 Thuc hanh MatLab

1.9.1 Tinh gia tri cia ham hai bién

Tinh gia tri ctia ham s6 z = f(z,y) tai diém (a, b)

1. subs(z,{z,y},{a,b})

2. subs(z,[z,y],[a,b])

1.9.2 Tinh dao ham riéng

Cho ham s6 z = f(x,y). Mudn tinh toan hinh thiic v6i nhitng bién hinh thitc thi ta phéi khai bao

syms x y
1. dif f(f,x) - tinh dao ham riéng f.
2. dif f(f,y) - tinh dao ham rieng f;
3. dif f(f,z,2) - tinh dao ham riéng cap hai f2,

4. dif f(f,y,2) - tinh dao ham riéng cap hai f,

5. dif f(dif f(f,x),y) - tinh dao ham riéng cap hai f;,

1.9.3 Tinh véc to gradient

Mubn tinh toan hinh thiic v6i nhitng bién hinh thiic thi ta phai khai bdo syms x y (ddi v6i ham

hai bién) hosic syms x y z (d6i véi ham ba bién)

1. Néu z = f(w,y) thi véc to gradient ctia f 1a nabla = gradient(f,[z,y]), va véc to gradient ciia
f tai diém (20, yo) 1a subs(nabla, [z, y], [zo, yo))-

2. Néu u = f(x,y,z) thi véc to gradient ctua f 1a nabla = gradient(f,[z,y, z]) va véc to gradient
cua f tai diém (])0, Yo, ZO) la SUbS(nablav [1‘7 Y, Z]a [‘/L‘Oa Yo, ZO])'

Vidu: syms xy

> f=2"24y"3

» nabla=gradient(f,[x,y])
nabla =

2xx

3xy”2

» subs(nabla,[x,y],[1,2])
ans =

2

12
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1.10 Bai tap 29

1.10 Bai tap

1.10.1 Tim dao ham riéng ctia ham z = f(z,y)

!/
Y

Bai tap 1.10.1. Tim dao ham riéng cap mot 2., z
1. z=a% + 3%y + ™
2. z = cos3(z% + 2y)
3. z=1In (3 + Q)
x
4. z=eY(cosx + ysinx)

1

TV

6. z:sin< 35 )
14y

Bai tap 1.10.2. Tim dao ham riéng ciAp mot tai diém cho trudc

l.z=(x+2y)Y taiz =1,y =2

Bai tap 1.10.3. Tim cac dao ham riéng cap hai
1. 2z =ze™
2. z = cos(e¥ — 2x)

Bai tap 1.10.4. Tim dao ham riéng cip hai tai diém cho trudc

2 3
z= x+ytaix:1,y:1
T+y

2. 2= (x+2y)e*™ taix =2,y =0
2z .
3. z=arctan—taiz =1,y =1

Y

ey
4. z=—taizx=2,y=1
x

5. z = arctan <:c +y> taix =0,y = —1.
Y
Bai tap 1.10.5. Tinh gia tri biéu thic

1. Cho f(z,y) = arctan —. Tim A = v (L, —=1) + 27 (—=1,1)
Yy

1.10.2 Tim vi phan ctia ham z = f(x,y)
Bai tap 1.10.6. Tim vi phan cap mot dz
T .
1. z = arctan — tai (1,1)
Y
2. z=y?(2—e€%) tai (0,1)

3. z=a¥ tai (1,2)
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30 DAO HAM RIENG VA VI PHAN

4. z =yln(2x) tai (1,1)
5. z = zye®™ Y tai (2,1)
6. z = e® + In(z — y?) tai (0,1).
Bai tap 1.10.7. Tim vi phan cap hai d%z
1. z = ze®™’ tai (1,0)
Tty

9. 2= tai (2,1
C= ety ai (2,1)

2
3. » = arctan — tai (1,1)
)

4 e 2.1
2= — tai
7= ai (2,1)

5. 2 =In (g) tai (1,1)

x

6. z = (v + 2y)e” ¥ tai (2,0)

1.10.3 Dao ham, vi phan ctia ham hgp

df

Bai tap 1.10.8. 1. Cho f(x,y) = 2¥Y va x = Int,y = sint. Tinh — e

df
dt

df
dt’

d,
4. Cho f(x,y,z) = %Vax—e,y—lnt z =t>—1. Tinh df
x

2. Cho ham f(z,y) = 3**% trong d6 = = sint,y = t2. Tinh —- khi t = 0.

3. Cho f(z, y)—arctangva:p—e%qtl y=e% —1. Tinh —
x

khit=1.

faf

Bai tap 1.10.9. 1. Ch =u?l A u=
ai tap o f(u,v) =u’lnv va u e 8y

v =24 y? Tinh -~

H\@

of of

2. Cho f(u,v) = e“Inv va u = xy?, v = 22y. Tmha ¥

3. Gid thiét f a ham khi vi va 2 = @.f (£) . Tinh A = 2, + 22,
T X

1.10.4 Dao ham theo huéng
S LA ) N 3 2 N P . 2 af .. .
Bai tap 1.10.10. 1. Xét ham f(z,y) = 2z° + y2. Tim véc to don vi @ dé ﬁ(l’ 1) dat gia tri
16n nhat.

1.10.5 Dao ham, vi phan cta ham an

Bai tap 1.10.11. Tim cac dao ham

. d
1. Cho ham s6 y = y(z) dugc x4c dinh bdi phuong trinh 23 + 3 = 6xy. Tinh d—y
x

Z d d2
2. Cho ham 86 y = y(z) duge xac dinh bdi phuong trinh 1+ xy —In(e®™ +e~*¥) = 0. Tinh d—y Sy
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1.10 Bai tap 31

3. Cho ham s6 y = y(z) duge x4c dinh béi phuong trinh z + y = ¢* Y. Tinh Z—i, zl;z
4. Cho ham s6 y = y(z) dudc xac dinh bdi phuong trinh x — y + arctany = 0. Tinh Z—i, ;iz
5. Cho 22 + 2zy = y* — 4z + 2y — 2. Tinh y/(1) va y”(1) biét ring y(1) = 1.
Bai tap 1.10.12. Tim cic dao ham
1. Cho ham s6 z = z(z,y) dugc xac dinh bdi phuong trinh z In(x + 2) — % = 0. Tinh g;; g;
2. Cho ham s6 z = z(z,y) dugc xac dinh béi phuong trinh 23 — 422 + y?> — 4 = 0. Tinh
%(1,2); g;(l,Q) biét rang z(1,2) = 2

3. Cho ham z = z(z,y) dugc x4c dinh tit phuong trinh 23 — 922 + y? — 4 = 0. Tinh 2, (1, =2) néu
z(1,-2) > 0.

Bai tap 1.10.13. Tim vi phan clia cic ham an sau:
1. Tinh dz néu 2z — ev + 23 + 33 = 0.
2. Tinh d?z(x,y) néu z +y + z = €.

3. Gia st z = 2z(z,y) la ham kha vi duge x4c dinh bdéi phuong trinh 23 — xz +y = 0. Tinh
dz(3,-2),d*z(3,—2) biét ring 2(3, —2) = 2.

z

4. Cho ham s6 z = z(z, y) dugc x4c dinh bdi phuong trinh S <
z Y

) +1. Tinh dz(1,1);d?z(1,1)
biét rang z(1,1) = 1.

1.10.6 Msit phang tiép dién, phap tuyén véi mit cong

Bai tap 1.10.14. Viét phuong trinh mit phang tiép dién ctia mat bac hai

1. z =422 + 2y tai (1,1,6)

1.10.7 Tim khai trién Taylor, Maclaurin
Bai tap 1.10.15. Tim khai trién Taylor ctia
1. ham f(z,y) = y* & lan can diém (1,1) dén s6 hang bac 2.
2. ham f(z,y) = % ¢ lan can diém (1,1) dén s6 hang bac 3.
3. ham f(z,y) = (z + 2y — 1)® dén cip 2 & lan can diém (1,1).
Bai tap 1.10.16. Tim khai trién Taylor ctia ham an, véi

1. ham z(z,y) xac dinh bsi phuong trinh 2% + 3yz — 4z = 0 & lan can diém (1, 1) dén s6 hang bac
2, biét rang z(1,1) = 1.

2. ham z(z,y) xac dinh bsi phuong trinh 23 + yz — xy? — 2% = 0 § 1an can diém (1,1) dén s6 hang
bac 2, biét rang z(1,1) = 1.

Bai tap 1.10.17. Tim khai trién Maclaurin ciia
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1. ham f(z,y) = sin(z? 4 y?) dén s6 hang bac 6.
2. ham f(z,y) =In(1 4+ z + y) dén s6 hang bac 2.
3. ham f(z,y) = e*.cosy dén s6 hang bac 5.

1

5. ham f(z,y) =In(1+ x).In(1 + y) dén s6 hang bac 3.

6. ham f(x,y) = sin(z — 2%y) dén cap 4

Lagi giai bai tap chuong 3

1.10.1 1. 2, = 32% + 6y + ye; Zy = 322 + xeV

2.zl = —6x.cos?(x* + 2y).sin(z? 4 2y); 2, = —6 cos®(z” + 2y). sin(x* + 2y)

3. 2 =—— Y . L
o xy+322"7Y  y+3z
4. 2z, = —e¥(sinz — ycosx); 2, = e¥(sinx + cosz + ysinx)
5. 28 = < sz, = B
(2% +y?)° (22 +y?)°

1
6. z;:cos( a ) ;zéz—cos( a ) i 5
1+y) 14y 1+y) (1+y)

1.10.2 1. z(1,2) = 10;2/(1,2) = 20+ 251n5

1.10.3 Lozl = ™2y +ay?); 2, = 2y, = €Y (2x + 2°y); 2y, = x°e™Y

2. 2l = —4dcos(e?¥ — 2x); 2l = 2!/ = 4.e? cos(e?¥ — 21); 2

e Yy y = —4.e* cos(e? — 2z) — 4.2V sin(e?V — 2z)

’yy

1.10.4 1. 2/, (1,1) = 1,1) =2 (1,1) = 052/, (1,1) = —=

7YY

5 2y (1,
4 2oy
2. 2lf,(2,0) = 4e?; 2]/, (2,0) = 2,/,(2,0) = 5e?; I/, (2,0) = 6e?

» Ty Yy

16 6 4
X " 1 _ - lI 1 1 .

e2

4.2 (2,1) = 1(2,1) = 20 (2,1) = €20, (2,1) = 22

4’ xy y:c

5. 27 42(0,—1) = =

1
1.10.5 1. A= 3

1 1
1.10.6 1. dz = —dx — =dy
2 2
2. dz = —dx + 2dy
3. dz = 2dx
4. dz = — D) dx—|—fdy
5. dz = 5e5dx + 4eddy

6. dz = 2dy

1.10.7 1. d?z = 2dy?
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L d?z = i
125

2

125

6 4
— 2 drdy — ——dy?
v T = 195

16 12 4
A2z = ——du? + —=dady + —dy?
# = Tggtr t gpdady + opdy

CuuDuongThanCong.com

1
4. d’z =¢€? <4d$2 + 2dzdy + 2dy2)
5. d?z = dx? — dy?
6. d’z = e?(4dx® 4+ 10dzdy + 6dy?)
a . 1 1 int
1.10.8 1. - = sin t.(Int)s™ 3 + (In¢)*™ % In(Int). cost
2. g =3.
dt|,_,
5 % B 2€2t
Tt et 41
d
4. l =0.
dt ]y
of y? 2y°  Of .y
1.10.9 1. == = -2 In(=? 2 i — =22 In(2? 2
Oz a3 n(@ +y>+z(x2+y2)73y x? n(@® %) +
d w9 vy
of = ewyz.ln(x2y).y2 48 3 ;a—f = 2ewy2.ln(m2y).xy L
x x Y
3. A= f (3)
T
3 1
1.10.10 1. ¥ = (—, —).
Vo vio
Lo 1 W%
o Cdr oy -2z
o W _ Yy Py _ 2
" dx x dx? a2’
g dy et dly  dent
dr et +ev dz? (e* +ev)d’
dy 1 d%y 2 1
YA DI A G
de y?’ da? Y3 + Y2
5. y'(1) =4y"(1) = -7
2y z
11012 1 Zo L my;%: e
Ox In(z+2)+;5+% 0y h+)+ i+ 3
0z 0z 1
2. Z1,2)=1:21,2)= -~
am( »2) ’By( 2) 2
3. z,(1,-2) =
2 4 z/y
11013 1. de— _STYTEY, 3y Fe
xy — e/ zy? — yer/y
2. d2z(z,y) = A Q.Ld:z:dy - Ldy?.
e
2 1 4 10 4
. d —2) = Zdx — =dy; d? —2) = ———dz? + —dxdy — —dy>.
8. dz(3,72) = gdv = Gdy 723, =2) = =g gda” + ggdudy — g gdy
_ 1 L _ L, 1 L, o
4. dz(1,1) = 2d$+ 2dy,d z(1,1) = 8dx 4d:17dy 8dy .

2y3

2@+ )
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1.10.14 1. 8x+4y—2—-6=0

1.10.15 L flryy)=14+@w—-1)+(x—1)(y—1)+0(p?
2. fly)=1-(@-+@y-)-@-Dy-D+@-1)°-(@-1)°+@-1)*y—1) +o(’)

3. f(z,y) =8+ 12(x — 1) +24(y — 1) + 6(z — 1)® + 24(z — 1)(y — 1) + 24(y — 1)% + o(p?).

2 1 2 1
1.10.16 1. z:f(x,y):1+§(:r,—1)—§(y—1)—§(x—1)2+§(y—1)2+o(p2).
1 1 9 ) )
2. z:f(fv,y):1+(1¢*1)+1(y*1)*§($*1)(y*1)+6*4(y*1) +o(p?).
2,4 4,2 6 6
1.10.17 1. g2ty Y T Y 6).
flz,y) =2 +y 5 5 5 6+0(p)
ZE2 y2
2. f(x7y)=m+y—3—xy—§+0(p2)
.’L'Q 2 3?3 $2 $4 $22 4 1'5 1'32 (E4
3. f(x,y)zl—l—x—k——y——kf—i—k A y+i+o(p5).

2 2 6 2 24 4 24 120 12 24

4. f(z,y)=1+z+y+ 22+ 2y +9%+o(p?)
Z‘Qy Iy2

5. f(x,y)zxy—7—7+0(p3)

1
6. f(z,y) =z — 2%y — o+ olp?)
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