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1.1 Dinh nghia tich phan kép

1.1.1 Pat van de

Cho z = f(z,y) 1A ham s x4c dinh trén mién déng D = {(z,y) € R?:a <2 < b,e <y < d}. Q
la vat thé gisi han béi

Q= {(z,y,2) eR*:0< 2 < f(=,y), (x,y) € D}

Tinh thé tich V cta vat thé Q.

Hinh 1.1: Thé tich vat thé Q

Dau tién, ching ta chia mién D thanh nhitng hinh chi nhat nhé. Chiing ta chia doan [a,b] thanh

m doan nhoé [z;_1,x;] v6i do dai Az = — a’ va chia doan [c, d] thanh n doan nhé [y;—1,y;] véi do

d—c _. ) . . L a2
dai Ay = ——. Béng cach vé nhing dudng thang song song vdéi cac truc toa do va di qua cac diem
n
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1.1 Dinh nghia tich phan kép

chia, ching ta thu dugc hinh ch nhat nhé véi dién tich Az.Ay.

D;j ={(z,y) € R?: 2 <z < zi,Yj—1 <y < y;}

TE/ D, (x,,)
‘ . f
0 - AN /. i * %
ol o . \‘ ./. o o . (?C,-j/yij)
ay by I B B s B B e
Ay=(d-c)/n N o . .
Y, T P P
: . . .
0 X
a X, A4, LS b ]
f—| Ax=(b-a)/m
AX

Hinh 1.2: Chia mién D thanh nhitng hinh chit nhat nho D;;

Néu chiing ta chon mot diém tiy ¥ (3, y5;) € Djj thi ching ta c6 thé xap xi dugc thé tich V can
tim, béng cach tinh tong cac thé tich hinh hop chit nhat nhé véi ddy 1a D;; 6 dién tich AA = Az.Ay
va chieu cao la f(zf;, yj;)- Thé tich hinh hop chit nhat nhé nay bing

Flal,ul).AA = f(al,y5)-Az.Ay

Nhu vay, khi cong tat ca nhing thé tich ctia nhitng hinh hop chit nhat nhd, ching ta sé xap xi dugc

thé tich V can tim
m n

V& Z Zf(xfj,yfj)AA = Z Z f(@iy, yi) Az Ay.

i=1 j=1 i=1 j=1

Z

t z=f(xy)

Sy

Hinh 1.3: Thé tich ctia hinh hop chi nhat nhé
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4 TICH PHAN KEP

1 z=f(xy)

Hinh 1.4: Thé tich gan ding cta vat thé
Khi cho m,n — oo chiing ta sé thu dugc

m n
V= mlﬁfgoo 21 Zl f(xija yij>A$Ay-
1=1 j=

1.1.2 Dinh nghia

Cho ham s6 f(z,y) > 0,Y(z,y) € D.

Dinh nghia 1.1. Tich phan kép ctia ham s6 f(z,y) trén mién D la

[[ s azay = [ foman= tim 33 s ui)aeny
D D

i=1 j=1

néu giéi han nay ton tai. Luc nay f(z,y) duge goi 1a ham kha tich trén D.

1.1.3 Tinh chéat cta tich phan kép

1Y.Néu D = Dy + Dy va f(x,y) kha tich tréen D thi

J[ oty = [[ spizay+ [[ 16 sy
D D1 Do

20, Néu f(z,y) va |f(x,y)| 1a nhiing ham kha tich trén D thi

| t@asty| = [ 15(g)1dsdy
D D

3Y. Néu f(x,y) va g(z,y) la nhitng ham kha tich trén D thi

//(f(wjy) + g(z,y))dzdy =
D

— || r@vdsiy= [ gta.)dody
D D
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1.2 Tich phan kép trong hé toa do Deé-cdc 5

49 Néu f(z,y) 1d ham kha tich trén D thi

[ @t sty =a ||ty aer
D D

5°. Néu f(x,y) va g(x,y) 1a nhitng ham kha tich tren D va f(z,y) < g(z,y),V(x,y) € D thi

/ f(z,y)dzdy < //g(wvy)dxdy
D D

6”. Néu D la mién dong, bi chan thi

Sp = //dxdy
D

1.2 Tich phan kép trong hé toa do Dé-cac

1.2.1 Dinh ly Fubini
Giad st f(z,y) > 0,V(x,y) € D = [a,b] X [¢,d] 1a ham lién tuc trén hinh chit nhat D. Ching ta can
tinh tich phan I = [[ f(z,y)dzdy.
D

d
Ching ta st dung ki hiéu [ f(z,y)dy c6 nghia la cho = ¢6 dinh va lay tich phan ctia ham f(z,y)

theo bién y tit ¢ dén d. Nhu vay,
d

M@Z/ﬂ%w@-

C
Néu ching ta tiép tuc lay tich phan ctia ham h(z) theo bién x tit a dén b, ta duge

b d

/bh(m)dx—/ f(z,y)dy | dz

dlb
Tuong tu, ching ta cling ¢6 khai niém tich phan [ [f flz,y d:c]
C a

Dinh ly 1.1: (Dinh ly Fubini).

Cho f(z,y) > 0,V(x,y) € D = {(z,y) € R? : a < z < b,c < y < d} la ham lién tyc trén mién
D. Khi do6

d

//f(w,y)dmdy:/b /f(ac y)dy dx—/d / z,y)dz | dy. (1.1)

D c

Chitng minh. Theo dinh nghia tich phan kép thi [[ f(z,y)dzdy 1a thé tich V cta vat thé Q gidi
D

han boi
Q={(x,y,2) €eR*: 0< 2 < f(x,y), (x,y) € D}.
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6 TICH PHAN KEP

t z=f(xy)

Hinh 1.5: Dién tich mat cit h(z)

Ngoai ra, ta cling ¢6 cong thitc khac dé tinh thé tich ctia vat thé Q

= /ab h(zx)dx

trong d6 h(x) 1a dién tich clia mat cit clia mit phang vuong géc véi truc Oz v6i mit cong z = f(z,y).
Khi cho = ¢ dinh, thi h(z) 1 dién tich hinh phéng gi6i han bdi dudng cong C : 2z = f(x,y), 2 =0
vac<y<d. Dodd
d
h(z) = /f(:v, y)dy.

C

//f(x,y)dwdy =V= /abh(w)d:c =

D

Nhu vay,

S e— .
—
~
—~
K
>
U
<
QU
8

Chiing minh tuong tu, ta co

/fa:ydmdy— _/ /fxydm dy.

Vi du 1.2.1. Tinh tich phan I = ff(3y2 —x)dxdy, v6i D = {(z,y) : 0 <z < 2,1 <y <2}
D
Giai.
Cach 1. Theo dinh ly Fubini, dau tién lay tich phan theo bién y, ta c6

2 2 2

I—//3y —mdacdy—/2 /Sy —z)dy dsc—/ Y —wy] —/ (8—2z)— (1 —2a)]dr =
0

1
2 27
:/(7—a:)dx:[7x—} =12
2 1o
0
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1.2 Tich phan kép trong hé toa do Deé-cdc 7

Y

2

\ 4

Hinh 1.6: Mién D = {(z,y) : 0 <z < 2,1 <y < 2}

Cach 2. Theo dinh ly Fubini, dau tién lay tich phan theo bién z, ta c6

2 2 r=2

Izg/(?)yQ—x)dazdy—/ / y? — x)dx dy/[3xy2%2]$0dyl/2(6y22)dy

1 0 1
2
= [24° — 29]] = 12.

Chu y. Trong trudong hop dac biet néu f(x,y) = fi(z).f2(y) thi
b

J] o - /b /d f1().fa(y)dy | dz = /b fi(2) /d fo(y)dy | dz = / f1(z)d. /d f(y)dy.
D a c a c

Vi du 1.2.2. Tinh tich phan I = [[(sinz cosy)dzdy, véi D = {(z,y) : 0 < z < g,O <y < g}
D

Giél.
w/2 /2
I= //(sinxcosy)d:vdy = /sinmda:. / cosydy = [— cosa:] [smy] =11=1.
D 0 0

1.2.2 Tich phan kép trén mién bat ky tong quat

D6i véi tich phan kép, mién D khong chi 1a hinh chit nhat ma c6 thé 1a mot mién D bat ky tong
quat. Gia sit D 13 mién bi chin, c6 nghia 14 D bi déng béi hinh chit nhat R. Khi dé, ta dinh nghia
ham méi F' trén mién R nhu sau:

) fl=y),  (wy)eD
F@y) _{ 0, (2,y9) € R\D.

Néu F(x,y) 1a ham kha tich tréen R thi

/Fm ydxdy—// z yda:dy-l—//Fa: ydxdy—/ f(z, yd:cdy-l—//Oda:dy—//f(gg,y)dazdy.

R\D R\D
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8 TICH PHAN KEP

Hinh 1.7: Mién D bat ky tong quat va mién hinh chit nhat R

Dinh 1y 1.2

Cho ham s6 f(z,y) lien tuc trén mien D. Néu D : a < x < b, y1(2) < y < y2(x), y1(x), y2(x)

lien tuc trén [a, b] thi

| s = | b [ /y y(()) f(w,y)dy] dz. (1.2)

D

Chtng minh. Theo dinh 1y Fubini ta cé

//f(x,y)da:dy = //F(m,y)dxdy = /ab {/CdF(a;,y)dy] dzx.
D R

Mt khéc, do F(z,y) = 0 khi y < y1(x) hodc y > ya(x) va F(x,y) = f(x,y) khi y1(x) < y < ya2(x),

nén
d y2 () y2(x)
/ F(x,y)dyZ/ F(x,y)dyz/ [z, y)dy.
c y

1(z) y1(2)

//f(w,y)dl‘dy = /ab [/:(2:) f(x‘,y)dy] dx.
D

Lap luan tuong ty, ta c6 dinh ly sau:

Dinh 1y 1.3

Cho ham s6 f(z,y) lien tuc trén mién D. Néu D: ¢ < y < d, z1(y) < z < 22(y), 21(y), z2(y)

lien tuc trén [c, d] thi

Vay

//f(x,y)dxdy = /cd [/::j) f(x,y)da:] dy. (1.3)

D

Vi du 1.2.3. Tinh I = [[ zdzdy, véi D la tam giac OAB, 0(0,0), A(1,1), B(0,1).
D
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1.2 Tich phan kép trong hé toa do Deé-cdc 9

Ay

0 Y, (X) .
|a X | | b X

Hinh 1.8: Mién D : a < z < b, y1(z) < y < yo(z)

Hinh 1.9: Mot s6 hinh dang ctia mién D : a < x < b, y1(z) < y < y2(2)

VR

Hinh 1.10: Mién D: c <y < d, 21(y) < = < 22(y)
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TICH PHAN KEP

veR

Hinh 1.11: Mién tam gidc OAB, 0(0,0), A(1,1), B(0,1).

Giai. Mién D dugc gi6i han béi {

1

171 1

_ 1

I:/ /xdy dm:/[xy]z:idm:/(x—ﬁ)dx:6.
0

0

x

0
Vi du 1.2.4. Tinh I = [[(zy
D

Y

A

+ 2y)dzdy, véi D la tam giac OAB, 0(0,0), A(1,1), B(2,0).

https://fb.com/tailieudientucntt
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1.2 Tich phan kép trong hé toa do Deé-cdc

11
2
Y =Y
—1
1
O = »X
1
/
x=0

Hinh 1.13: Mién D dugc gi6i han béi y?> =z, 2 =0, y = 1.

2

Vi du 1.2.6. Tinh I = [ dxdy, v6i D duge gidi han béi y = %, Y=z
D

x
x2 + y?

Hinh 1.14: Mién D dugc giéi han bdiy = —, y =«
0<xz<?2
Giai. Mién D dugc gidi han béi ¢ ;2 Khi d6
> SYysw

y=a2/2 . .

2 2 2
1 y=r 2/2
I= / / Laly dr = / 2.— arctan 2 dr = / arctan — — arctan - / dx
x? +y? x x
0 0 0

T x T 7r
(Z — arctan 5) dr = 5~ (5 — ln2) =In2.
Vi dy 1.2.7. Tinh I = [[(y* — 2)dzdy, véi D dugc giéi han béi y? = z, z = 3 — 22
D
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12 TICH PHAN KEP

Hinh 1.15: Mién D dugc gi6i han béi y? = z, x = 3 — 2y%.

X 1<y<1
Gidi. Mién D dugc gidi han béi { SYS Khi do,
y? <x <3 -2y
1| 3-2y2 1 2 2=3—2y2
I:/ / (yQ—rL')d:E dy:/ vl — = dy =
2 )],
—1 y2 —1 Y
1
2 2 (3 — 2y2)2 2 2 (?/2)2 23 1 24
= 3oyt 22 22 gy =2 2=
/ (y (3—2y7) 5 vyt Yy E T z

Vi dy 1.2.8. Tinh I = [[ /|y — 22|dzdy, v6i D = {(z,y) e R* : |z| < 1,0 < y < 2}
D

\ [/

y=x

YA

> A

Hinh 1.16: Mién D = {(z,y) € R? : |2] < 1,0 < y < 2}
Giai. Do D = Dq + Dy nén

I://\/|y—x2|dxdy-|—//\/|y—a:2|da:dy:I1+I2.
D1 D2

s B SN AN | .
Mién D7 dugc giéi han bdi 9 Khi do,
IYXT
1| 22 1 =2 1
2 .\3/2\ 1Y (2% — x2)3/2 (2% — 0)3/2
I 7 _ (@ —y) _ / _
1 / Va? —ydy| dz /[( 372 0 dx 372 372 dx
“1 10 Z1 y= e
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1.8 Tich phan kép trong hé toa do cuc 13

Mién Dy dugce gidi han béi {

17 2 1 y=2 1
_ / _ (y — 2?)3/2 B (2—22)3/2 (22 — 2?)3/2 w4

-1

Vay I =1L+ I, =

OOMP

T
2
1.2.3 Doi tha tu lay tich phan kép

Trong mot s6 truong hgp, viec lay tich phan theo mot thi tu nao d6 khé khan hon (tham chi
khong tinh dugc tich phan). Khi d6, ap dung tinh chét ctia tich phan kép trén mién bat k¥, ching ta
c6 thé 1y tich phan theo trat tu khac dé dang hon.

1 1
Vi du 1.2.9. Tinh [ = [dy [ e*dx
0 Yy

Cl E

Hinh 1.17: Di thitutit D = {(z,9) : 0 <y < L,y <z < 1} thainh D = {(z,9): 0 <2< 1,0 <y < 2}

1
Giai. Tich phan [ ¢*’dz khong tinh dugc. Do d6, ching ta can thay di lai thit tu lay tich phan.
y

Khi do6
1 1 x

1 1
:/dy/e dx—/da:/ //e’”Qdy dr =
0 Y

0 0
1 1 " 1
22 y=x 22 e e—1
/[e y} 40 x /aze T [ 5 ] 5
0 0

1.3 Tich phan kép trong hé toa do cuc

1.3.1 Dat van de

Gia st ching ta can tinh tich phan [[ f(z,y)dzdy, khi D ¢6 hinh dang nhu trong hinh (1.3.1).
D

Viéc mo ta mién D trong hé truc toa do Dé-cac kha phitc tap nhung mo ta trong hé toa do ciye thi dé
dang hon.

Hé toa do cuc (7, ) xac dinh mot diém c6 toa do (z,y) nhu sau:

2 =22 +y*z =rcosp,y =rsing;tanp = Yy
x
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14 TICH PHAN KEP

o’
N ;e

Hinh 1.18: Mien D = {(r,¢) : 0<r<1,0< p <2} va D ={(r,¢): 1 <r<2,0< p < 7}

y A
Pxy)=P(r. @)
J Y
ol B b
X

Hinh 1.19: M6i quan hé gitta toa do cyc va toa do Dé-cac

Cha y. Khi mién D c6 dang hinh tron thi ta sé st dung hé toa do cic.

1.3.2 Tich phan kép trong hé toa do cuc
Nhu vay, mién D trong hinh (1.3.1) xac dinh trong hé toa do cic nhu sau:
D={(rp):a<r<ba<p< B}
Mién nho bat ky trong hé toa do cuc xac dinh nhu sau:

¥y, ¥y,

r=b qj)—1

r=a l1

0 - X 0 r=a X

A\
A

Hinh 1.20: Mién D trong hé toa do cuc va cach chia D thanh nhitng mién nhd
Dij ={(r,¢) :mic1 <7 <1i, 051 < o < @5}
Lay mot diém trong D;; c6 toa do

.1 v 1
r; = 5(7“1' +7”i71)790j = 5(903‘ +@j-1)-
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1.8 Tich phan kép trong hé toa do cuc 15

Ching ta sé tinh dién tich ctia mién D;; nhu sau:

1 1 1
Acp—frz lAgp—Q(n—i—n 1)(ri —ric1)Ap =17 Ar.Ap

Sp,, = :

Khi dé, téng Riemann tuong tng la

m n

ZZf(r cos 1} sin¢7)S ZZfr cos 1} sin i )r; Ar.Ap
i=1 j=1 i=1 j=1
Néu ta dit g(r,¢) = rf(rcosp,rsing) thi tong Riemann & trén c6 thé viét lai nhu sau:

g(ri, ¢3).Ar.Ap. Day chinh la téong Riemann ctia tich phan ff ffg(r, p)drdp. Do do, ta co

M=

//f x,y)dzdy = hIEOOZZf ry coscpj,rl smcpj)S D;; =

=1 j=1

b B b
:m,lTizlgoo ZZg i, ¢5) ArAp = //ag(r,go)drdcp—/a /a f(rcos,rsinp)rdrde

=1 j=1

flxy)  ——  flreos(®)rsino)¥

Y r
r=b r=b
D) han 90
o) o fC @) N
a p

Hinh 1.21: Mién D dudgc chuyén tt hé toa do Dé-cac sang hé toa do cuc

Khi chuyén tit hé toa do Dé-cic sang hé toa do cuc bing cach ddi x = rcos ,y = rsin ¢ sit dung
tinh gan ding ciia giéi han khi tinh tich phan déi véi r va ¢, ta cé thé viét lai dA = rdrde.

A

\ 4

Hinh 1.22: Dién tich ctia mién nhé D;;
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16 TICH PHAN KEP

Dinh 1y 1.4: (Tich phan kép trong hé toa do cuc).

Néu f(x,y) la ham lién tuc trén mien D = {(r,¢) :
0< B —a <2, thi

//f(x,y)dxdy = /j /ab f(rcosp,rsinp)rdrde. (1.4)

D

Chu y. Trong cong thiic tich phan kép trong hé toa do cuyc, dimg quén nhan thém cho r

Vi dy 1.3.1. Tinh tich phan [[ (3z + 4y?)dzdy véi D = {(z,y) : 1 < 2?2 +y*> < 4,y > 0}.
D

X'+ y'=4

A

>
>

\xa+y2=1

Hinh 1.23: Mién D = {(z,y) : 1 <22 +y> <4,y > 0}

Giai. Chuyén mién D sang hé toa do cuc bang cach dit x = rcos ¢,y = rsin g, ta duge

D={(rp):1<r<2,0<p< 7}
Theo cong thitc tinh tich phan kép trong hé toa do cuc, ta co

T 2

2
//(3x + 4y?)dzdy = / / [(3rcosp + 472 sin? Q)rdr] de = / / (3r2 cos @ + 4r3 sin? )dr | dy =
D 01 0 L1
:/ [r3cosgo+r4sin2<p]:jdcp:/(7cos<p—|—15sin2go dp = / [7cosg0+ (1 —cos2yp)| dp =
0 0

[e=]

- +15 15 = ), T 157
= |7s —p— 5 kN,
ing + @ — sin2p . 5

Vi dy 1.3.2. Tinh I = [[(z +y)dady, v6i D : 1 < 2® +y> <4,y > 0,2 > 0,y > z.
D

Giai. Chuyén mién D sang hé toa do cuc bing cach dit x = rcosp,y = rsin, ta dugc mién D
S
dugc giéi han béi ¢ 4 2

1<r<?2
Khi do,
T/2 2 w/2 3 7=2 . /2
I:/ /(rcoscp—{—rsincp)rdr dgpz/ [(coscp%—singo)%] d<,0:3/(cos<,0+sintp)d<p:3.
r=1
m/4 L1 /4 w/4
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1.8 Tich phan kép trong hé toa do cuc 17

y-x \ x|/

2

Hinh 1.24: Mién D: 1< 2?2 +y?* <4,y > 0,2 > 0,y > z.

1.3.3 Tich phan kép trén mién D tong quat trong hé toa do cuc

Néu mién D trong hé toa do cyc ¢6 hinh dang phiic tap hon nhu hinh (1.3.3). Ap dung phuong

phap giéng nhu déi v6i mién téng quat trong hé toa do Dé-céac, bing cach dat ham mdéi

flz,y),  (z,y) €D

me:{ 0, (2,y) € R\D.

ta cting thu duge dinh 1y sau:

¥y, ¥,

=)

r=b

r=n(¢)

X b X

Hinh 1.25: Mien D = {(r,¢) : a < ¢ < B,71(p) <7 < 1a(p)}

Dinh 1y 1.5

Néu f(z,y) 1a ham lien tuc trén mien D = {(r, ) : a < ¢ < B,71(p) <7 < r2(p)} thi

Bl rrae)
//f(x,y)da:dy :/ [/ f(rcose,rsin w)rdr] de. (1.5)
” a [Jri(p)

Chu y. Khi tam ctia hé toa do cuc khong trung véi tdm hinh tron thi ldc nay r sé 1a ham phu

thudc vao goc .

Vi du 1.3.3. Tinh tich phan [[ 2zdzdy véi D = {(z,y) : 2 < 2% + y? < 63,y < x}.
D
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18 TICH PHAN KEP

Hinh 1.26: Mién D = {(z,y) : 2v < 22 + y? < 62,y < z}

Giai. Tir bat ddng thitc 22 < 22 + y? < 62 ta thay

(x —1)% 4 ¢?
(z—3)% + o2

Do d6 mién D la mién ndm gitta hai dudng tron tam (1,0) ban kinh bang 1 va dudng tron tam (3,0)

1
9

NNV

ban kinh bang 3 sao cho y < .

Dai bién x = 7 cos g, y = rsin . Thay vao bat dang thic 2z < 22 + y? < 62 ta duge

2r cos p < r? L 6rcosp & 2cosp < r < 6cos .

T T

Thay vao bat déng thiic y < x ta duge rsing < rcosg véi ¢ € [—5, 5] . T d6 suy ra

tanp < 1= ¢ < %
m T
. o . 5 SPS o
Vay, mién D duge gidi han bdi 2 4
2cosp <r <6cosy
Khi dé,
w/4 [ 6cosp w/4 03 =6 cos ¢
1= / / 2r cos p.rdr | dp = / [cosgo.?] dp =
—7r/2 cos —7r/2 r=2cos ¢
w/4 /4
2.216 cos® ¢ 2.8 cos? ¢ 416 4
= cos«p.T —cosgo.T dp = KN cos” pdp =
—7/2 —7/2
/4
416/ 3L oo Lot do o OB L L /4 20, 1+ 104
= — — + —cos - cos =—|= —sin — sin =397+ —.
3 g R ITRIEW )T T BV T T T ] 3
—7/2
104
Vay I = 397 + %
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1.8 Tich phan kép trong hé toa do cuc 19

1.3.4 Coéng thic d6i bién tdng quat khi tinh tich phan kép

Trudng hop 1: Cong thitc ddi bién sang hé toa do cuc
x=rcosp,y=rsing, (r > 0).

Dinh thic Jacobian khi chuyén sang hé toa do cyc la

Jx Oz
d(z,y) or  do cosp —rsing
J = ) — Y| = =T
a(p, ) 9y 9y sinp  rcose "
or 0Oy

Dinh 1y 1.6

Néu f(z,y) 1a ham lien tuc trén mien D = {(r, ) : @« < ¢ < B,71(p) <7 < r2(p)} thi

B | r2(p)

//f($,y)da:dy = / f(rcosg,rsinp)rdr| de. (1.6)
D @ |ri(e)

Yy r

D) D
=n(@) x' \'{n(m)\
o/t 0 Ehy
o B

Hinh 1.27: Mién D dugc chuyén tir hé toa do Dé-cac sang hé toa do ciic bang cong thitc x = r cos p,y =

7 sin @.

Truong hop 2: Mién D la hinh tron (z — 20)? + (y — y0)2 = R%, R > 0. Ta dung phép doi bién

Y —Yo
T — X

T=20+rcosp,y=1yo+rsing,tanp =

DPinh thic Jacobian 1a

ox Ox
O(z,y) or Oy
J pr— pu— (p p—
dp,e) | % Oy
or Oy

cosp —rsinp

=T

sing  rcose

Khi lay can ctia r, ¢ ta coi goc toa do cuc doi vé tam duong tron (g, yo)-
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20 TICH PHAN KEP

Dinh 1y 1.7

Néu f(x,y) 1a ham lién tuc trén mién D dugc xac dinh trong hé toa do cyc mé rong:

D={(r,¢):a<r<ba<e<pf}

thi

B b
//f(x,y)da:dyz//f(a:o+rcosg0,yo+rsin<p).]J]drd<p (1.7)

D a

B b
://f(330+7°C0580,y0+rsincp).rdrd<p
o a

Chi y. Khi ddi gbc clia hé toa do cuc, ching ta can can nhic va wu tién cho ham lay tich
phan vi ham lay tich phan dé ta sé lay dugc tich phan, sau d6 chting ta mdi xem xét dén 1gi ich ctia

doi can lay tich phan

Vi du 1.3.4. Tinh I = [[(2z + y)dady, v6i D : (x — 1)* + (y — 2)? < 4,2 > 1.
D

yn

Gbc toa do cuwc doi vé day

Hinh 1.28: Mién D : (z —1)? + (y — 2)? < 4,2 > 1.

Gii. Ddi bién 2—1 = r cos g, y—2 = 7sin . Thay vao bat ding thitc (z—1)?+(y—2)2 <4 =1 < 2
vaz >1=cosp>0= —% <p< g Lic nay, tam ciia hé toa do cuc sé doi vé diém (1,2).

\ S <p<z
Mien D dudgc gidi han bdi 2 2
0<r<?2
Khi do,
T/2 [ 2 /2 [ 2
I= / /[2(1+7“cos<p)+(2+rsing0)]rdr dp = / /(4r+2r20054p+2rzsin<p)dr dp =
—m/2 LO —mr/2 LO
/2 _ /2
9 3 ) = 16 16 .
= 2r° 4+ 2cosp.— + 2sinp. — do = 8+ —cosp+ —sinp | dp =
3 31,0 3 3
—m/2 —7/2

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

1.8 Tich phan kép trong hé toa do cuc 21

16 16 /2 32
= |8¢+ —singp — —cosyp =81+ —.
3 3 /2 3
32
R R T 2. 1.z
Trudng hop 3: Mien D la ellipse — + =i 1,a,b > 0. Ta dung phép doi bien
a
x Yy ) Yy a
— =rcosp,- =rsinp,tanp = =.—
a b x b

Dinh thic Jacobian la

Oor Ox
I(x,y) ar 9
J= = Y| —
op,0) | % %

or Oy

Dinh 1y 1.8

acosp —arsinp b
= abr.

bsing  brcosyp

Néu f(z,y) 1a ham lien tuc trén miéen D D duge x4c dinh trong hé toa do cyc md rong:
D={(rp):n<r<r,a<e<pf}
thi
B 1o B 7o
// f(z,y)dzdy = //f(ar cos @, brsin p).|J|drdp = //f(ar cos @, brsin p).abrdrde.
D a a r
(1.8)
22 2
Vi du 1.3.5. Tinh I = [[(z + 1)dzdy, véi D : 9 + vy <1l,z>0,y>0
D

. 22 o2
Hinh 1.29: Mién D : g-l—z <l,z>0,y>0.

$2

9

Giai. Doi bién g = oS, % = rsinp. Thay vao bat ding thtc

x>20=cosp>20;y>0=sinp >0 tir dé suy ra 0 < ¢ <

y2
+ Sl=sr<lw

Nk
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\ 0<p< =
Luc nay, mién D dude gidi han bdi 2
0<r«l1
Dinh thic Jacobian la abr = 3.2.r Khi do,
T/2T 1 /21 1
I= / / [(Brcose) + 1]3.2.rdr | dp = / / (6r + 1872 cos ) dr | dyp =
o Lo o Lo
w/2 5qr=1 w/2
2 r 77/ 3T
0 r=0 0

Vaylz%r—k&

2
Vi du 1.3.6. Tinh I = [[ xdady, v6i D : % +y2< 1,2
D

Y,

2

Hinh 1.30: Mién D : ‘%+y2 <L,z20,y>0y<a

2
Giai. Déi bién % = rcosy, y = rsing. Thay vao bat déng thic % +yP <1 =r<1, v
2 0=cosp =0y > 0:>sing020;y<w:>sin<p<ﬁcosgp,tirdésuyra()égpégv‘
tanwg\/g:goég.

. 0<p< o
Luc nay, mién D dugce giéi han bai 3
<1

Dinh thitc Jacobian la abr = v/3.1.r Khi do,

7T 7'('

1 1
/ / \/_rcosgo V3.1.rdr dgo—/ / 3r cosgo dr do =
0

0

/3 - /3

37r=1
3
= / |:3COSQO.T—:| dg0:/(cosg0)dcp [s1ngo]7r/3 \/—_
31— 2
0 0
CuuDuongThanCong.com
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1.4 Ung dung hinh hoc cia tich phan kép 23

1.4 Ung dung hinh hoc cta tich phan kép
1.4.1 Tinh dién tich mien D

Dinh 1y 1.9

Dién tich mién D dugc tinh theo cong thitc
Sp = // 1.dxdy (1.9)
D

¥4

|
M~

¥4

Hinh 1.31: Ung dung tich phan kép tinh dién tich mién D

Vi du 1.4.1. Tinh dién tich mién D giéi han bsiy = (z +1)2, 2=y — 3,2 = -1,y = —1.
Giai. Ta can chia mién D thanh hai mién D; vi Dy dé thuc hién tinh toan

Sp = SD1 -+ SD2

5 e ne 0<y<l1 .
Mién D; dugc gidi han bai Khi do,
-1+ y<e<y—9y°
1| y—y? 1 1 1
2 4 3/2
_ _ r=y—y> _ 3 Y Y 2y T
SDl—/ / dz dy—/[a:]x:_lJr\/gdy—/(y—y +1—\/§)dy—[2—4+y— 3 ] =13
0 |-1+vy 0 0 0
N .« . a,e _1 <y<0 . L
Mién Do duge gidi han bdi Khi doé,
-1<s<y—y
.3
o1y 0 PR 0 5 y2 y4 0 3
SDQ—/ /dm dy—/[%]x_?ily dy—/(y—y ) dy= |5 - +y| =7
2 4 4, 4
-1 | -1 —1 —1
~ 7 3 4
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24 TICH PHAN KEP

-1

Hinh 1.32: Mién D gi6i han béiy = (z + 1),z =y — 33,0 = -1,y = —1.

Vi du 1.4.2. Tinh dién tich mién D = {(r, ) : —

Hinh 1.33: Mién D = {(r,¢) : —% <p< %,0 < < cos 2p).
Giai. Dien tich mién D la
w/4 [ cos2p w/4 ) r—cos 2 . /4
Sp = //dzdy = / / rdr| de = / [5.7“2} dp = 3 / cos? 2pdp =
D x4 L0 —/4 r=0 /4
- 1 1 R
== | (1+cosdp)dp = . |+ - sin4 =z
1 / (14 cosdp)dy 1 [go + 7 sin @] 8
—m/4

Vay Sp = %
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1.4 Ung dung hinh hoc cia tich phan kép 25

1.4.2 Tinh thé tich vat thé

Dinh 1y 1.10

Thé tich clia vat thé Q duge gidi han trén bdi mat cong z = f(z,y), giéi han dudi bsi mién
D, giéi han xung quanh béi nhimg dudng thing song song truc Oz, tua trén bién clia mién D
dugc tinh theo cong thiic

V://f(a:,y)dxdy. (1.10)
D

r z=f(xy)

@) ol <
L\\\ y
— I

‘D

Hinh 1.34: Vat thé Q

Vi du 1.4.3. Tinh thé tich ctia vat thé Q giéi han bdi 2 = 0,2 +2y + 2 = 2,2 = 2y, z = 0.

Giai. Vat thé Q dugc gidi han bdi mat trén z = 2 — x — 2y v mit dudi z = 0, hinh chiéu D xudng
mat phing Ozy dugc gisi han bdi nhitng dudng thing « = 2y, z = 0 va giao tuyén gitta mat phing
2z = 2 — x — 2y vh mat phing Ozxy : z = 0. Phuong trinh giao tuyén nay trong mat phing Ozy la
2—2z—-2y=0.

4z
+(0,0,2)
Ly
x=2y i 2( ;21{2;)2)
KO y x=0 a)( 1,1/2)
(1,1/2,0) o ’ s 1 .

Hinh 1.35: Vat thé Q gi6i han béi z = 0,z + 2y + z = 2,7 = 2y, = 0 va hinh chiéu D
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26 TICH PHAN KEP

Nhu vay, thé tich ciia vat thé Q 1a

1| 1—=z/2 1
21y=1-2/2
V= //[(2—x—2y) 0]dxzdy =/ / (2 — 2 —2y)dy davz/[Qy—:z:y—y]yQE/2 dr =
D 0 z/2 0
1 , ) .
x x x x r oz
—/[2(1‘§>—~’“(1‘§>‘(1‘§> ‘<2§_I§_Z>]d$_§
0
1
Vay V = =.
ay 3
Vi du 1.4.4. Tinh the tich ctia vat thé giéi han béi y =14 2%,z = 32,y = 5,2z = 0 (phan x > 0)

2

Hinh 1.36: Vat thé Q gi6i han béi y = 1+ 22,2 = 3z, y = 5,2 = 0 (phan x > 0) va hinh chiéu D
Giai. Vat thé Q dudc giéi han bdi mit trén z = 32 vd mat dudi z = 0, hinh chiéu D xubng miit
phéng Oxy dugc giéi han bdi nhitng duong thing y = 1+ 22,y = 5,2 = 0.
Nhu vay, thé tich ctia vat thé Q 1a

5

2 2
= //(3:6 — 0)dzdy = / / 3zdy | dx = / [3xy]y g2 AT =
D 0 0

1422

2
/3x5 3x(1 4 2°)] do = 12.
0

Vay V =12.
Vi du 1.4.5. Tinh thé tich cfia vat thé Q gi6éi han béi z = 1 — 22 — y2, va 2 = 0.

Giai. Néu thay z = 0 vao phuong trinh ciia paraboloid z = 1 — 22 — 2, ta dugc 22 + 3% = 1. Diéu
nay c6 nghia la phan giao ciia paraboloid va z = 0 1a dudng tron 22 4+ y? = 1. Do dé vat thé Q dugc
gi6i han trén béi paraboloid va giéi han dudi béi hinh tron 22 4+ y? < 1.

Khi déi sang hé toa do cuc, bing cach dit z = r cos 0,y = rsingp, ta thu dugc mién D trong hé
toa do cuc duge xac dinh nhu sau:

D={(re):0<p<2m,0<r <1}

Thé tich cta vat thé © can tim la

2m 1 7« 7«4 re=1
//l—x — 2 dwdy—/ /1—7" )ordr| dp = / —_ - — dp =
2 4 r=0
0
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1.4 Ung dung hinh hoc cia tich phan kép

\4

T
Vay V = -
ay 5

Vi du 1.4.6. Tinh thé tich ca vat thé Q gidi han trén bdéi z = 22 + y2, gi6i han dudi bdi z = 0, va
ndm trong hinh tru z? + 3% = 2z.

R

N~

i

i
4
B
-y
]
[
K
-
=
=
=
=
=
=
]

Hinh 1.38: X4ac dinh vat thé Q

Giai. Khi doi sang hé toa do cuc, biang cach dit o = rcos g,y = rsing va thay vao phuong trinh
mat tru 22 + y? = 2z, ta dude

r? = 2rcosp = r = 2cos .

Nhu vay mién D trong hé toa do cyc dude xac dinh nhu sau:

D={(r¢): 5 <p < 5,0<r < 2c0s0}

o 3

Thé tich ctia vat thé  can tim 1

w/2 [ 2cosyp /2 _ /2
7“4 r=2cos ¢
V= ﬂ(l‘Q + y2)dacdy = / / T2.rdr dgo = / |:Z:| d(p =4 / COS4 (Pd(P =
D —x2 L0 /2 =0 —
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28 TICH PHAN KEP

Ay ﬂ:
P=7
r=2cosP
)
A
1 2
I
P=""
Hinh 1.39: Vat thé Q va hinh chiéu D = {(r,¢) : —g << g,O <7 < 2cosp}
s 20\ 2 " 1 4 3 1 w23
:4/ S eoslp dcp:/ 14 2c0os 2+~ 1o |20 4 Gin2p + = sindg .
2 2 2 8 ey 2
—7/2 —7/2
3
V@.VV:éT

Dinh 1y 1.11

Thé tich ctia vat thé dugc gi6i han trén bsi mit cong 2z = fo(x,y), giéi han duéi bdi mién
z = fi(x,y), gi6i han xung quanh bdi nhitng duong thang song song truc Oz, tya trén bién ciia
mién D duge tinh theo cong thiic

V= Z/ T, — )ty (1.11)

r z=f,(xy)

O | =1(xy)
—-—/
ol | _—
Y
T

Hinh 1.40: Vat thé Q
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1.4 Ung dung hinh hoc cia tich phan kép 29

Vi du 1.4.7. Tinh thé tich ctia vat thé giéi han béi y = z,y = 2z, 2 = 1, 2 = 22 + 9%, z = 22 + 2%

z=x% 2y

yﬂ

o X
x=1

Hinh 1.42: Hinh chiéu D giéi han béi y = z,y = 22,2 = 1.

Giai. Vat thé Q bi giéi han trén bdi mat z = 22 + 2y%, giéi han duéi bsi mat z = 22 + 32, va
gi6i han xung quanh béi cac mat tru y = z,y = 2z, = 1.

Do dé, hinh chiéu D ctia vat thé Q duge giéi han béi y = z,y = 2z, 2 =1
= D={(z,y): 0<z <Lz <y< 2z}

Thé tich vat thé  can tim la

2x

/ / y? y=2e / 83 a3
V= //[(962 +2¢%) — (2" + )| dady = / /yzdy da = / [3] da = / [T - 3] do =
D 0 0 y=r 0

xT

I 1
_/7x3dx_ o
) 3T 12, 12

0

Vi du 1.4.8. Tinh thé tich ctia vat thé gidi han bdi 2z + 2z =2 v (z — 1)2 +y? = 2

Giai. Ta can xac dinh gitta hai mit cong z = 2 — 22 va z = (z — 1)? + 92 mit ndo nam trén va mit
nao nam dudi. Xét bat dang thiic

2-2r> (-1 4+ o> +2 <1

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

30 TICH PHAN KEP

Hinh 1.43: Vat thé gi6i han béi 22+ 2z =2 va (z — 1)2 4+ y% = 2

Ta thu duge 22 + 32 < 1 13 mot mién déng bi chin nén dau bat dang thic tren la ding.
Vat thé €2 sé bi giéi han trén bdi mit z = 2 — 22, giéi han duwéi bdi mit z = (v — 1)% + 32
Ta can xac dinh hinh chiéu ctia vat thé Q. Dé lam dugc diéu nay, ta tim giao tuyén ctia hai mit

z=2-2x vh z= (v —1)? + 92 vh chiéu giao tuyén nay xudng mat phang Oxy.

z=2-2x - z=2-2x N z=2-2z
z=(z—1)2+4? 22z = (z—1)2+y? 2 +y? =1
Nhu vay giao tuyén ciia hai mit z = 2 — 2z va z = (z — 1) + ¢? ciing 14 giao tuyén ciia mit phéng

2z =2 — 2z v mat try 22 +y% = 1.

Do d6, hinh chiéu D ctia vat thé  1a hinh tron 2% + y? < 1
=>D={(re):0<p<2m,0<r <1}

Thé tich vat thé © can tim la

V://[(Q—Qx)—((:n—1)2+y2)]da:dy://(1—x2—y Ydxdy 7 /11—7“ rdr| de =
D 0 0

I
o
\?
| — |
I
I
NI
| S
3 3
Il I
o —
=
AS)
I
o
\§
N
| =
~__
oW
AS)
Il
e e
S
N
3
I
NN

1.5 Bai tap

1.5.1 Tinh tich phan kép sit dung dinh ly Fubini
Bai tap 1.5.1. Tinh tich phan

1. I = [[ xcosydxdy, véi D dugc giéi han béi y =0, y = 22, z = 1.
D
2. I = [[(z +y)dzdy, véi D dugc gidi han béi y = /z, y = 22.
D
3. I = [[y*dxdy, v6i D la tam gidc ABC, véi A(0,2), B(1,1),C(3,2).
D
4. I = ff 2z — y)dxdy, v6i D la tam gidc OAB, véi O(0,0), A(2,4), B(6,0).

5. I = [[(x + y)dzdy, véi D la tam giac OAB véi 0(0,0), A(1,1), B(2,0).
D
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6. I = [[(z + 2y)dzdy, v6i D dugc gi6i han bdi y = 222, y = 1 + 22.
D

7. I = [[(zy)dxdy, véi D duge gisi han bsi y =z — 1, y* = 2z + 6.
D

8. I = [['sin(y?)dzdy, v6i D dudc giéi han béi y =z, y = 1,2 =0,z = 1.
D

9. I = [[(xzy)dzdy, v6i D dugc gi6i han béi y =2 — 22, y = x.
D

10. I = [[ |y — 2?|dzdy, v6i D dugc giéi han bdi —1 <2< 1,0<y < 1.
D
Bai tap 1.5.2. Tinh tich phan

2 1

1. I=[dy [ e dx
0

y/2

Bai tap 1.5.3. Dai thit ty lay tich phan ctia tich phan kép sau:

1. jdy f f(z,y)dx

1.5.2 Tinh tich phan kép st dung hé toa do cuc

Bai tap 1.5.4. Tinh tich phan

L I = [[\/4—22—y2dady, v6i D : 2% + 9> < 4,2 <y <23
D

2. I = [[ /22 +y2dxdy, v6i D : 2 + y? < 22,y < —x.
D

3. I = [[(z+1)dzdy, v6i D : 2z < 2? + y? <dz,—x <y <zV3.
D

4. I = [[ wdzdy véi D la nita hinh tron (z — 1) +¢y> < 1,2 > 1.
D

5. 1= [[zdxdy, v6i D : 2 + y* < 2z,2% + y* < 2.
D

1.5.3 Ung dung cta tich phan kép
Bai tap 1.5.5. Tinh dién tich mién phing:
1. Dgisihanbdiz+ ¢y’ =1,y —x=1,2=0
2. D gi6i han béi y = 22,y = 2 — 22

3. D gi6i han béi 22 + 9% = 22,22 +y? =4z, y <z

WV

4. D giéi han béi 22 + % =2y, 22+ y? = 6y,y > V3,2 >0

ot

D {al+lyl > La? + 92 < 1)

Bai tap 1.5.6. Tinh thé tich vat thé:
1. Qgidihan bdi 2 =16 — 22 — 2%,y =2,y =0, =2,z = 0,2 = 0.

2. Q gi6i han béi z = 22 + 9%,y =22,y = 22,2 = 0.
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3. Q gi6i han béi 2 = 0,2 =1 — 22 — y%.
4. Q gi6i han béi z =4 — 22 — 3%, 2 = 2.
Bai tap 1.5.7. Tinh dién tich ctia phan mat
1. 22 + 9% + 22 = 2 nam trong hinh nén 22 = 22 + ¢%.
2. z = zy nam trong hinh tru z? 4+ y? = 1.

3. 22 + 22 = 1 ndm trong hinh tru 32 + 22 = 1.
Lagi giai bai tap chuong 4

1
1.5.1 1. I = sin? (2>

9 1=
10
147

3. [ = —.
20

4. I =48.
4

5 I =-.
3
32

6. [ =—.
15

7. 1 =36.
1 1

8. I—i—i.cosl
9

9. [ =—
8
11

10. I = —
15

2 1
1.5.3 1. [dz [ f(z,y)dy
0 71+\ém
2
1.5.4 1. I =—.
9
2. [ = 716*10‘/5.
9
j roBn 6V 3T
6 24 6
T 2
4. I = -+ —.
2+3
T 1
5 1 =———.
4 2
1
1.5.5 1. SD——Q
6
8
2. SD:§
9r 3
3. SD—ZJri
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33

4
4 SD:§+2\/§
5. SD:27T—4.

1.5.6 1. V=48

216
2. V=—.

35

m
V=
3 2
4. V =2m
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