| D 5 1 7Y ' £ 1 5 U i
Nhitng Ki Di€u. ..ottt i i i i ittt ittt ittt iieeneaennns ii
BN R N 1
Chuong 1. TICH PHAN BOL BA ...ttt it iiiiaieieieieienanananns 2
1.1. Dinh nghia tich phan bdi ba.......... ... i it 2
1.1.1. Bai toan tinh khéi lugng ctia vat the ........ ... ... i 2
1.1.2. Dinh nghia. ..o 3
1.2. Tich phan boi ba trong hé toa d0 D&é-CAC ... vvviirrereennnnnnnnnnnnn. 3
1.2.1. Dinh Iy Fubind .. ..o 3
1.2.2. Tich phan boi ba trén mién bi chan téng quat Q......... ... ... ..., 4
1.3. Tich phan bdi ba trong hé toado tru........ ..ottt 8
1.3. 1. HE £0a A0 BTt . v vv et e e e e e 8
1.3.2. Tich phan bodi ba trong hé toa do tri. ..ot e 8
1.4. Tich phan boi ba trong hé toa dd CAU .. vvvvereriiiereiieennnnennnns 12
141 HE 608 A0 CAU. ..o ove ettt e 12
1.4.2. Tich phan bdi ba trong hé t0a do CAU ...ttt 13
1.5. Cong thic d6i bifn tONg qUAL «..vvvvir it iiieennneenns 17
1.5.1. Dinh thitc Jacobian . ... ... .. 17
1.5.2. Tinh phan boi ba khi thuc hien doi bidn.........oooniiei i 17
1.5.3. Tich phan bodi ba trong hé toa do tru. ... ..o e 17
1.5.4. Tich phan boi ba trong hé toa do CAU .. ....oonii it 18
1.5.5. Tich phan boi ba trén mién hinh cau (z — z0)? + (y —vo)? + (2 —20)2 = R%.......... 19
. 22y 22
1.5.6. Tich phan boi ba trén mién hinh ellipsoid — 4+ 5+ S =1..............oo . 20
a b c

1.6. Ung dung hinh hoc ctia tich phan boi ba tinh thé tich vat thé ........ 22
1.7. Thuc hanh MatLab ... .ottt ittt iiiiinreeeetanrnssnsanns 23
1.7.1. V& vat thé trong he truc t0a do DE-CAC . ...ttt 23
1.7.2. Vé vat thé trong he truc toa do tru. ... 26
1.7.3. Vé vat thé trong he truc t0a do CAUL ... ..ottt 27

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

MUC LUC 1

I TR - ¥ 17 o 2 28
1.8.1. Tich phan bai ba trong hé toa do DE-CAC........oovviii e 28
1.8.2. Tich phan bdi ba trong hé toa do tru. ... 29
1.8.3. Tich phan bdi ba trong hé t0a do CAU .. ...ttt 29
1.8.4. Ung dung hinh hoc clia tich phan boi ba...........o oo 30

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

— Chuongl

TICH PHAN BOI BA

1.1. Pinh nghia tich phan bdiba........... ..o ottt 2
1.2. Tich phan boi ba trong hé toa do PE-CAC .. .covvriiirrerenieeeennnn.. 3
1.3. Tich phan boi ba trong hé toado tru............oviiiiiiii i, 8
1.4. Tich phan bdi ba trong hé toa dé CAU ..vvvvevnrennrenneeenneennenns 12
1.5. Cong thitc d6i bién tONg qUAL <. vvvevr et in e ie e nenennennans 17
1.6. Ung dung hinh hoc ctia tich phan bai ba tinh thé tich vat thé...... 22
1.7. Thuc hanh MatLab ..ot i i i it ittt iiienns 23
S TR 23 ¥ B - o e 28

1.1 Dinh nghia tich phan bodi ba

1.1.1 Bai toan tinh khbi lugng ctia vat thé

Cho vat thé € trong khong gian c6 phan bé khéi lugng khong dong déu theo thé tich clia né.
Sy phan bd nay trong hé truc toa do Ozryz duge mo ta bdi ham mat do f(x,y, z) (hay con goi 1a khéi
lugng rieng (kg/m?)) Hay tinh khéi lugng M ciia vat thé, biét vat thé 2 14 hinh hop chit nhat:

khéi vang
f(x,y,z)=19300kg/m?

Mi bac
f(x,y,z)=10500kg/m?®

khéi dong
T~ 1(x,y,2)=8890kg/m®

Hinh 1.1: Khéi kim loai khong dong chat

Q={(z,y,2) eR3:a<z<be<y<dr<z<s)

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

1.2 Tich phan boi ba trong hé toa do Dé-cdc 3

Hinh 1.2: Mién hinh hop chit nhat Q

Dau tien, ching ta chia mién © thanh nhiing hop hinh chit nhat nhé. Ching ta chia doan [a, D]

thanh m doan nhé [z;_1,z;] v6i do dai Az = — a’ chia doan [c,d| thanh n doan nhé [y;_1,y;] v6i

d— — .
do dai Ay = C, va chia doan [r, s] thanh p doan nhé [z;_1, zx] v6i do dai Az = 0T Béang cach

vé nhitng dudng thang song song véi cac truc toa do va di qua cac diém chia, ching ta thu duge hinh
hop chit nhat nhd véi thé tich AV = Az.Ay.Az.

Qijk = {(z,9,2) € R¥:2 1 <2< TiYj—1 S Y S Yj, -1 < 2 < 2,

Néu ching ta chon mot diém tuy § (x;‘jk, Yk Zz*]k) € Q1 thi ta sé dugc tong Riemann clia tich
phan bai ba. Nhu vay, khéi lugng ciia vat thé duge tinh gan ding la

m n p

M~ Z f(x:jka y;(jka zfjk)AxAy.Az.
i=1 j=1 k=1

1.1.2 Dinh nghia
Tuwong ty, nhu tich phan kép ching ta sé dinh nghia tich phan bdi ba:

Dinh nghia 1.1. Tich phan boi ba ctia ham s6 f(x,vy, z) trén mién Q 1a

m n P
Q Q

i=1 j=1 k=1

néu giéi han nay ton tai. Lac nay f(z,y,2) duge goi la ham kha tich trén Q.

1.2 Tich phan béi ba trong hé toa dé Dé-cac

1.2.1 Dinh ly Fubini
Tuong ty nhu tich phan kép, ta c6 dinh 1y Fubini dé tinh tich phan boi ba nhu sau:

Dinh 1y 1.1. (Dinh lj Fubini). Cho f(z,y, z) la ham lién tuc trén mién Q = {(z,y,2) ER®:a < x <
bye <y<d,r<z<s}. Khidé

s b s

///f(x,y,z)dxdydz:/b/d/f(x,y,z)da:dydz:/ /d /f(x,y,z)dz dy | dx.
@ a c c Lr

T a
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4 TICH PHAN BOI BA

Cha y. Theo dinh 1y Fubini, khi 1ay tich phan theo z theo ta xem z la bién s6, con z,y 13 hing
s6. Sau d6 lay tich phan theo y thi ta xem y Ia bién s6, con x la hing s6. Cubi cung, ta sé lay tich
phan theo z. Vi vai tro clia x,y, z nhu nhau nén ta c6 3! = 6 cach lay tich phan khac nhau theo thi
tu clia cac bién x,y, 2.

Vi dy 1.2.1. Tinh I = [[[ zyz2dzdydz, véi Q 1a mién hinh hop chit nhat
Q

Q={(z,9,2):0<2<1,-1<y<20<2<3}

z=3

Hinh 1.3: Hinh hop ch nhat Q = {(z,y,2): 0 <2 <1,-1<y<2,0<2<3}

Giai. Ching ta c6 thé chon mot trong sdu cach lay tich phan theo thi tu cac bién. Néu ching ta
chon lay tich phan dau tién theo z, sau dé theo y va cudi ciing theo z thi ta dudgc

3

3.2 1 3271 2 . 3 2
2215 Y22
I=///xy22dxdydz:// /xyzzda: dydz=// [yz?;] dydz=//7dydz:
0210 0 -1 Lo 0 -1 v=0 0 -1
/3
0

2

3
2 2, 27y=2 2 373
Yz z°y 3z z 27
/2 Y| /[ 4 ]—12 /4 : [4]0 4
0 0

—1

27
ay I = —.
Vay 1

1.2.2 Tich phan boi ba trén mién bi chan téng quat

Cho € la mién bi chan bat ky, tuong tu nhu trong bai tich phan kép, ta c6 thé lay hinh hop chit
nhat F chita mién 2, sau d6, ching ta xay dyng mot ham mdéi

4 0, (z,y,2) € E\Q

/// f(z,y, z)dzdydz = /// F(z,y,2)dzdydz.
@ B

Nhu vay, tuong tu nhu tich phan kép, chung ta ciing sé c6 dinh 1y sau:

Khi d6
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1.2 Tich phan boi ba trong hé toa do Dé-cdc 5

‘ I z=z,(x,y)

Hinh 1.4: Mién Q = {(z,9,2) : (z,y) € D, z1(z,y) < 2z < 22(z,9) }.

Dinh 1y 1.2. Cho mién Q = {(z,y,2) : (x,y) € D, 21(x,y) < 2 < 22(z,y)}, trong dé D la hinh chiéu

ctia mién Q zudng mat phdang Oxy. Khi do

z2(z,y)
Iz///f(m,y, 2)dxdydz = // / f(z,y,2)dz| dzedy
Q D z1(x,y)

Chu y. Khi tinh tich phan bai ba, chiing ta phéi xac dinh dugc hinh chiéu D clia vat thé V' va
chuyén vé tinh tich phan kép. Khi tinh tich phan ctia f(z,y,z) theo bién z thi ta xem z la bién s,
con z,y la hing sb.

Vi du 1.2.2. Tinh tich phan béi ba

- / / / (2 + 2y)dwdydz,
Q

trong dé © duge gisi han béi 22 <y < 2,0 < z < 2.

Hinh 1.5: Vat thé Q: 2?2 <y < 2,0 < 2z < .
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6 TICH PHAN BOI BA

Giai. Theo cong thic tinh tich phan boi ba, ta co

I= // / x +2y)dz | dedy = // xz + 2yz)—; dedy = //(332 + 2yx)dxdy

D

v6i D = {(z,y) : 0 < # < 1,22 < y < x}. Ap dung cong thitc tinh tich phan kép, ta dugc

x

1 1 1
2
— 2 5 —
_/ /(1: +2y:v)dy dx = /:vy—{—xy ny / —l‘)dﬂj—ﬁ.
0 0 0

2

2
Vay I = —.
ay 15

Vi vai tro cta «,y, z nhu sau nén tuong tu dinh ly trén ta c¢6 hai dinh 1y sau:

Dinh ly 1.3. Cho mién Q = {(z,y,2) : (x,2) € D,y1(x,2) <y < y2(z, 2)}, trong dé D la hinh chiéu

ctia mién V zudng mat phing Oxz. Khi dé

I—///fxy, da;dydz—// / flz,y,2z)dy | dzdz

y1(z,2)

z, y=y,(x32

[

Hinh 1.6: Mién Q = {(z,y,2) : (z,2) € D,y1(z,2) <y < y2(z, 2)}.

Vi du 1.2.3. Tinh tich phan boi ba

I= /// V2 + 22dxdydz,
Q

trong d6 © dugc gidi han béi 22 + 22 < y < 4.

Giéi.
Vat thé Q dude gidi han béi mit trén y = 4, mit dudi y = 22 + 22. Dé xac dinh hinh chiéu cta
vat thé Q ta tim giao tuyén ctia y = 22 + 22,y = 4.
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1.2 Tich phan boi ba trong hé toa do Dé-cdc 7

Hinh 1.7: Vat thé Q: 22 + 22 < y < 4.

Vay giao tuyén ciia y = 22 + 22,y = 4 ciing la giao tuyén ctia mit tru 22 + 22 =4 va y = 4. Tit d6 ta
c¢6 hinh chiéu D ciia vat thé Q xuéng mat phing Ozz 1a hinh tron 22 + 22 < 4.

Theo cong thic tinh tich phan boi ba, ta c6
h / 4
I:// / I2+szy dZdl'://[ $2+Z2,y]y_2 2dZd$://(4_$2_22) /$2+22d2’d$
=r°+z
D 2422 D Y i

v6i D = {(z,2) : 22 + 22 < 4}.

D6i sang hé toa do cuc bing cach diit x = rcos ¢, z = rsin ¢ ta dugce
D={(r,9):0<7r<2,0< ¢ <2}

Ap dung cong thic tinh tich phan kép trong he toa do cuc, ta ¢6

2w [ 2 2 [ 2
a3 512 12
I:/ /(4—r2)r.rdr dcp:/ /(4r2—r4)dr dy = 2m. - :ﬁ
3 510 15
0 0 0 0
1287
Vay [ = ——.
T

Dinh ly 1.4. Cho mién Q = {(z,v,2) : (y,2) € D,x1(y,2) < x < 22(y, 2)}, trong dé D la hinh chiéu

ctia mién Q zudng mat phdang Oyz. Khi doé

z2(y,2)
I= ///f(a:,y,z)da:dydz: // / f(z,y, z)dx | dydz
Q D z1(y,2)
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8 TICH PHAN BOI BA

Hinh 1.8: Mien Q = {(z,y,2) : (y,2) € D, z1(y,2) < = < z2(y, 2)}-
1.3 Tich phan boéi ba trong hé toa do tru

1.3.1 Heé toa do tru

Dinh nghia 1.2. Diém M (x,y, 2) trong hé truc toa do Oxyz dugce xac dinh duy nhét béi bo (7, @, 2).
Bo (7, ¢, z) dugce goi la toa do tru ciia diem M.

.
~
~. '
.

Hinh 1.9: Hé toa do tru

Cong thic ddi bién tir toa do Decasters sang toa do tru

T = T.COSp r?o= a2t 4y
. Y
= r.sinp & (¢ tanp = 7
< z = z

1.3.2 Tich phan bé6i ba trong hé toa do tru
Trong hé toa do tru, cho mién Q dugde xac dinh nhu sau:

Q={(r,p,2) :a<p<B,ri(p) <r<rap),z1(z,y) < 2 < 22(z,y)}
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1.8 Tich phan boi ba trong hé toa do tru 9

z. =z(y)

N
IS
U =

r=r( Lp)\\;l!

z=2,(x,Y)

= (P=B
(P:OL @
r=n(¢p)

Hinh 1.10: Vat thé Q trong hé toa do tru

Khi tinh tich phan boi ba ta chia mién € thanh nhiing mién nhé (méanh tru nhé trong hé toa do
tru). Vi khi chia nhé thi ta s& xem méanh tru nhé nay gan bang véi hinh hop véi cac chiéu dai, rong,
cao lan lugt 1a Ar, rAe (cung ctia dudng tron ban kinh r, c6 géc & tam 1a Ap) vi Az. Do dé thé tich
clia manh tru nho nay la

AV = ArorAp.Az.
St dung tinh gan ding ctia giéi han khi tinh tich phan déi véi r va ¢, ta c6 thé viét lai

dV = rdrdp.dz.

dv

Hinh 1.11: Thé tich ctia méanh tru nhé dV = rdrdy.dz.

Dinh ly 1.5. Cho mién Q = {(z,y,2) : (x,y) € D, z1(x,y) < z < 22(z,y)}, trong dé D la hinh chiéu
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10 TICH PHAN BOI BA

ctia mién € zuong mat phcfng Oxzy va D zac dinh trong hé toa do cuc

D={(r,p):a<p<B,r1(p) <r<rae)}

Khi do
z2(2,y)
I= /// f(x,y,z)drdydz = // / f(z,y,2)dz| dedy =
? B e

B ra(p) | z2(rcosp,rsing)

—// / f(rcosg,rsing, z)dz | rdrde.

o r1(p) |21 (rcosp,rsing)
Nhu vay, khi tinh tich phan boi ba trong hé toa do truy, ta phai xac dinh:
1. Mat dudi z = z1(r, ¢)
2. Mat trén z = 29(r, ¢)

<p<p
() <7 < rayp)

B r2(¢p) z2(ryp)
I= / d(p/ dr/ f(rcosp,rsinp, z)rdz
a r1(¢) z1(rp)

Chn . Khi tinh tich phan boi ba trong hé toa do try, dau tién, ta sé dugde vé tich phan kép, sau

3. Hinh chiéu D : { @

4. Cong thic

do tinh tich phan kép trong hé toa do cuc.

Vi du 1.3.1. Tinh tich phan boi ba bang cach déi sang toa do tru

1= /// 2zxdxdydz,
Q

trong d6 Q = {(2,9,2) : 0<y<2;0< 2 < /4—3%50< 2 < x}

Hinh 1.12: Mién Q = {(z,9,2) : 0<y < 2,0 <2 < /4 —9y%0< 2 < 7}
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1.8 Tich phan boi ba trong hé toa do tru 11

Giai. Mién Q dudgc giéi han bdi mit trén z = z, mat duéi z = 0 vi mit xung quanh 13 mot phan
tu hinh tron 0 < y < 2;0 < 2 < /4 — y2. Theo cong thiic tinh tich phan boi ba, ta c6

I= // /2a:dz dxdy = // [222].— dedy = // 222 dxdy
D D D

0

V6i D = {(x,y) : 0 <y < 2,0 <z < +/4—y?}. Bing phép ddi bién x = r cosp,y = rsin ¢, ching ta
chuyén mién D sang hé toa do cuc. Khi do

D={(r¢):0<r<20<p< 7}
Nhu vay,
/2T 2 /2 r—2 /2
2 2 2 27'4 2
1= 2r= cos” prdr | dp = cos QD.T de = | 8cos” pdp =
0 0 0 r=0 0
w/2
in(2 w/2
= / 4(1 4 cos(2¢))dp = 4. [go + sm(2 (‘0)} — 2.
4 0
Vay I = 2.

Vi du 1.3.2. Tinh tich phan boi ba bing cach déi sang toa do tru

I = /// zdzxdydz,
Q

trong d6 € la phan trong ctia hinh tru 22 + 42 = 1 nam gita 2 mit z = 22 + y? va 2z = 222 + 2

Hinh 1.13: Mién © 1a phan trong ciia hinh try 22 +y? = 1 nim gitta 2 miit z = 22 +y? va z = 222 4+ 9°

Giai. Mién Q dugc giéi han bdi mit trén z = 222 + 2, mit dudi z = 22 + y? vh mit xung quanh
la mat tru 22 + y? = 1. Theo cong thtc tinh tich phan boi ba, ta c6
222442 27

1
- - (222 +42)? (22 +42)? _ r? cos? p(r? cos? ¢ + 2r?)
I = // dxdy / zdz —/ ( 5 5 dxdy = | dy 5
D 0 0

x2+y2 D

2T
1 11
= / (ﬁ cos? p(cos? ¢ + 2)) dp = 4—87T
0
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12 TICH PHAN BOI BA

117
48 °

Vi du 1.3.3. Tinh tich phan boi ba bang cach ddi sang toa do tru

1
Q

trong dé  dugc giéi han béi z =0,z =y, 22 +y> =1 vay > 0.

Vay [ = —

x+y 1

Hinh 1.14: Mién Q dudc gidi han béi z =0,z =y, 22 +y> =1 vay > 0.

Giai. Mien Q dugc gidi han bdi mat trén z = y, mat dudi z = 0 vd mat xung quanh 13 mit tru
22 +y? =1, lay phan y > 0. Theo cong thiic tinh tich phan boi ba, ta c6

Yy
=//d:cdy/2;dz=//Lydxdy=// ————dxdy =
22 + 42 2+ 42|, 22 + 42
D 0 D D
T 1 ™
/ <p/ Smgprdr:/sincpdgozz
0

0
1.4 Tich phan boi ba trong hé toa do cau

1.4.1 Heé toa do cau

Dinh nghia 1.3. Diém M (x,y, ) trong hé truc toa do Oxyz dude xac dinh duy nhat bsi bo (6, ¢, p).
Bo (6, ¢, p) dugdc goi 1 toa do cau clia diém M.

Cong thiic dbi bién tit toa do Decasters sang toa do cau

x = p.sinfcosp
= p.sinfsingp
z = p.cosb

vei 0 <0<, 0< < 2m, p>0.
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1.4 Tich phan boi ba trong hé toa do cau 13

Hinh 1.15: Hé toa do cau

1.4.2 Tich phan boi ba trong hé toa do cau
Trong hé toa do cau, cho mién Q dugc xac dinh nhu sau:
Q={(pp,0):m<p<p2a<p<Pfe<O<dl,

dday p1 20,6 —a < 2m,d—c < 7.

Khi tinh tich phan boi ba ta chia mién £ thanh nhing mién nhé (manh cau nhé trong he toa do
cau). Vi khi chia nho thi ta sé xem manh cau nhé nay gan bang v6i hinh hop véi cac chiéu dai, rong,
cao lan lugt 1a Ap, pAf (cung clia dudng tron ban kinh p, ¢6 goc & tam 1a Af) va psinf.Ap (cung
ctia dudng tron ban kinh psinf, c6 géc & tam 1a Ap). Do d6 thé tich ciia manh cau nho nay 1a

AV = p%sin0.Ap. Ap.AO
St dung tinh gan ding ctia giéi han khi tinh tich phan doéi véi r va ¢, ta c6 thé viét lai

dV = p?sin Odpdeds.

Dinh 1y 1.6. Khi déi bién tit hé toa do Pé-cac sang hé toa do cau theo cong thitc

x = p.sinfcosp
= p.sinfsing
= p.cosf

thy tinh phan boi ba cia ham f(x,y, z) trén mién V trong khong gian xyz dugc xdc dinh nhu sau:

// flz,y, z)dxdydz = // f(p.cospsin, p.sinpsinb, p. cosh).p>. sin Odpdpdf

Nhu vay, dé tinh tich phan boi ba trong hé toa do cau, ta lam nhu sau:

01 <0< by, (0<O<T)
1. Vat thé Q trong hé toa do cau dugc gidi han béi o1 <<, (0K p<2m)
p1(p,0) < p < pa(p,0), (p=0)
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14 TICH PHAN BOI BA

X

Hinh 1.16: Thé tich cia manh cau nhé dV = p? sin 8dpdpds.

2. Cong thtc tinh tich phan boi ba
0 w2 p2(e0)
1= / dé / dy / f(pcossinb, psin psin b, pcos 6)p” sin fdp
01 1 pi(ef)
Chau y.
1. T cong thic

:172+y2+z2:p2

r = p.sinfcosp
= p.sinfsin =
P 4 { V2 4+ y? = p.sinb.

z = p.cost

2. Heé truc toa do cau thuong diing déi v6i mién thé tich 1a hinh cau hoic giao ctia hinh nén va

hinh cau.

Vi du 1.4.1. Tinh tich phan boi ba bing cach déi sang toa do cau

= /Q/ / (z + 2)dadydz,

trong d6 € 1a hinh cau don vi 22 + 32 + 22 < 1.

0o

Gidi. Vat thé Q trong hé toa do cau dudc gidi han bdi { 0 < ¢ < 27
0<p<l

T 2m 1 T 2m
1
I= /d@ dgo/(pcoscpsin&+pcos€)p251119dp: 4/d@/(cosgosin@—{—COSQ)Sinngp:
0 0 0 0 0
™
1 1
= 4/ (sin? A. sin ¢ + sin A cos 9.g0)’§7r do = 3 (—cos20)|5 = 0.
0
Vay I = 0.
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Hinh 1.17: Hinh cau don vi 22 4+ 9% + 22 < 1.

Vi du 1.4.2. Tinh tich phan boi ba bing cach déi sang toa do cau

I= ///(x2 + y?)dxdydz,
Q

trong d6 € 1a nita trén hinh cau don vi 22 + % + 22 < 1.

Hinh 1.18: Nita trén hinh cau don vi 22 + y? 4+ 22 < 1.
ogegg
Giai. Vat thé Q trong hé toa do cau dugdc giéi han béi ¢ (0 < ¢ <2m
0<p<l
/2 2n 1 /2 A
1
I= / d9/dg0/[(pcoscpsin 0)? + (psin psin 0)?]p* sin Odp = 3.27& / sin® 0df = %
0 0 0 0
a7
Vay I = —.
AT

Vi du 1.4.3. Tinh tich phan boi ba bing cach déi sang toa do cau

I= ///(xz + 2 + 2%)dxdydz,
Q

trong dé € nam gita hai mat cau 22 + y? + 22 = 1 va 22 + y? + 22 = 4 § géc phan tam thit nhat.
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16 TICH PHAN BOI BA

Hinh 1.19: Vat thé Q nim gitta hai mat cau 22 + 3% + 22 = 1 va 22 + 3% + 22 = 4 § g6c phan tam thit

nhat.
0<9<%
Giai. Vat thé Q trong heé toa do cau dugc giéi han bdi ¢ 0 < ¢ < 5
I<ps<

w/2
31w

w/2 /2 2
1
1= / /d(p/ (pcos psin )? (psinwsin9)2+(pcosH)Q]pQSinedpz%.g./sinﬁdez TR

1 0

31w

Vay [ = =8
24 10

Vi du 1.4.4. Tinh tich phan boi ba bing cach dbi sang toa do cau

1
Q

trong d6 Q = {(z,y,2) : 2% + y* + 22 < 4,2 > /2?2 + 42}

V'Q

Hinh 1.20: Q = {(2,y,2) : 22 + y? + 22 < 4,2 > /22 + y?}
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1.5 Cong thitc doi bién tong qudt 17

Hinh 1.21: Q = {(z,9,2) : 22 + y? + 22 < 4,2 > /22 + 9%}

ogegg
Giai. Vat thé Q trong he toa do cau dugc giéi han béi ¢ (0 < ¢ <2m
0<p<2
w/4 o 2 w/4
I= /de/d¢/p12p2 sin fdp = 2.27. / sin0df = (4 — 2v/2)7.
0 0 0 0

Vay I = (4 —2V/2)r.

1.5 Coéng thiic dbi bién tong quat

1.5.1 Dinh thic Jacobian

Dinh nghia 1.4. Cho T I phép bién déi bién mién Q duge xac dinh trong khong gian wvw thanh
mién V trong khong gian xyz theo nhitng cong thic sau:

x=z(u,v,w), y=yluv,w), z==z(uvw).

Khi dé dinh thic Jacobian dugc tinh theo cong thiic

/ / /
Ty Ty Ty
— / / /
J - yu yv yw
/ / /
Ru Ry R

1.5.2 Tinh phan boi ba khi thuc hién déi bién

Dinh 1y 1.7. Tinh phan boi ba ciia ham f(x,y,z) trén mién V trong khong gian xyz dugc xdc dinh

///f(a:,y, z)drdydz = /// Fl@(u, v,w), y(u, v, w), 2(u, v, w)).|J|dudvdw
v Q

1.5.3 Tich phan béi ba trong hé toa do tru

nhu sau:

Dinh 1y 1.8. Dinh thic Jacobian dugc xac dinh nhu sau:

/ / /
X, LEQD x,
— / / / _
J = Yr ygo Y. =r
/ / /
2y Z(p Z,
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18 TICH PHAN BOI BA

Dinh ly 1.9. Cho mién Q = {(z,y,2) : (x,y) € D, z1(x,y) < z < 22(z,y)}, trong dé D la hinh chiéu

ctia mién V zudng mat phing Oxy va D zdc dinh trong hé toa do cuc

D={(r,p):a<p<B,ri(p) <r <)}

I:///f(x,y,z)dxdydz:// z77y)f(x,y,2)dz drdy =
Q D

2t (:va)

Khi do

B ra(p) | z2(rcosp,rsingp)
_// / f(rcose,rsing, z)dz | rdrde.

a r1(p) |z1(rcosp,rsiny)

7z, Z=2z(xy)

N
O | z=z(xy)

\
EH( p) = B I
o= D
T )

Hinh 1.22: Vat thé Q trong hé toa do tru

1.5.4 Tich phan boi ba trong hé toa do cau

Dinh 1y 1.10. Dinh thic Jacobian

/ / /
T, T, Ty )
— / / / — 3
J = Yp Yp Yp |=—P .sin 6
/ !/ /
z, Zy, %

Chung minh. Theo cong thiic tinh dinh thic Jacobian, ta cé
cospsinf —p.sinpsin® p.cospcosd
J=| sinpsin€ p.cospsinf p.sinpcosf | =
cosf 0 —p.sinf

—p.singsinf p.cospcosf cospsing —p.sinpsing |

= cos @ — psiné =

p.cospsinf  p.sin @ cos sinpsinf  p.cospsinf
= cos B(—p?.sin? p.sin 6. cos  — p? cos® @.sinf. cos @) — psinB(p cos® . sin® 6 4 psin? . sin’ §) =
= —p?sind. cos? 6 — p?sin® 0 = —p®.sin .
Dinh 1y 1.11. Cho T la phép bién doi bién mién Q duge xzdc dinh trong hé toa do cau thanh mién V
trong khong gian xyz theo nhing cong thic sau:

r = p.sinfcosp
y = p.sinfsine
z

= p.cost
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1.5 Cong thitc doi bién tong qudt 19

Tinh phan boi ba cia ham f(z,y,z) trén mién V trong khong gian xyz dugc zdc dinh nhu sau:

///f(:c,y,z)dmdydz = ///f(p cos @sin @, p.sin psin b, p. cos0).|.J|dpdpdf =
1% Q

= /// f(p.cospsinb, p.sin psinb, p. cos #).p>. sin Adpdpdd
Q

1.5.5 Tich phan boi ba trén mién hinh cau (z — z0)? + (y — y0)?> + (2 — 20)? = R?

Cong thitc ddi bién trong hé toa do6 cau mdé rong la

xr—xg = p.sinfcosyp
y—1yg = p.sinfsing
z—2zy = p.cosb
Dinh thic Jacobian
T, T, Ty
J=1y, Y, vy |= —p?.sinf
z;) Z:D 2y

Khi do
I'= /// f(z,y, z)dzdydz = ///f(ﬂfo + p.sinf cos @, yo + p.sinOsin @, zg + p. cosh).|J|dpdpdd =
v Q

= /// f(zo + p.sinbcos @, yo + p.sinfsin @, zy + p. cosh).p>. sin Odpdpdh
Q

Chu y. Khi lay can ctia 0, ¢, p ta coi goc toa do cau doi vé tam hinh cau (o, yo, 20)-

Vi du 1.5.1. Tinh tich phan boi 3 bing cach dbi sang toa do cau

1= /// 2zdxdydz,
Q

trong do6 € la nita trén clia hinh cau 22 + y? 4+ 22 = 22 phan z > 0.

3
.
\
.
.
.
X
-

Gbc toa do ciu dpi vé day

-----

-
-
et
- -
s
Re

\ 4

-1.0 0.0

Hinh 1.23: © 14 nita trén ciia hinh cau z? + y? 4+ 22 = 2z phan z > 0.
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20 TICH PHAN BOI BA

Giai. Cong thitc doi bién trong hé toa do cau mé rong la

x—1 = p.sinfcosp
y = p.sinfsinp
z = p.cosb
Dinh thitc Jacobian
T, T, Ty
J = y; yfp Yy | = —p?.sin 6
Z, Z, 2
ogagg
Vat thé ) trong hé toa d6 cau mdé rong duge gisi han bsi { < p < 2n Do do,
0<p<Ll

7T/2 2T

1
1
I= /d&/dgp/2pcos«9p2 sin Odp = 4.27r./sin(20)d9: g
0 0 0 0

T
Vay I = —.
ay 9
R 2?2y 22
1.5.6 Tich phan boi ba trén mién hinh ellipsoid — + 7 + 5 =1
a c
Cong thiic ddi bién trong hé toa dé cau mé rong la
- p.sin 6 cos @
¥ = p.sinfsing
2 = p.cosl
Dinh thic Jacobian
/ / /
T, T, Ty ;
J=\v, v, yp|=—abcp”.sinf
/ / !/
Z, 2, %

Khi dé

I= /// f(z,y, z)dxdydz = /// f(ap.sinf cos p, bp.sin B sin p, cp. cosB).|.J|dpdpdld =
v Q

= /// f(ap.sin @ cos g, bp. sin @ sin @, cp. cos ).abep®. sin Odpdpdd
Q

Vi du 1.5.2. Tinh thé tich vat thé Q dugc gidi han bdi mit cong
2 2
x
LY
4 9

2

‘ I\

+ =1

1

(@)

Giai. Cong thiic déi bién trong hé toa do6 cau mé rong la

5 = p.sinfcosp
¥ = p.sinfsing
7 = p.cosd
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1.5 Cong thitc doi bién tong qudt 21

. 22y 2
Hinh 1.24: Vat the © dugc giéi han bdi mat cong T + ry + 16 =1

Khi d6
Q={(p,,0):0<O<T,0<p<2m,0< p< 1}

Dinh thic Jacobian

/ /

/
T, T, Ty

J=|vy, v, yh|=-234p"sin6
Z, Z, 2z

Khi do
27

i 1 ™
2
= 2. 34/dg0/d9/p281nc9d,0— 32 34/sin9d0 = ?”.2.3.4.2 = 32r.
0 0 0 0
Vi du 1.5.3. Tinh thé tich vat thé Q dudc giéi han bdi mat cong
22 y2 22 2 22 y2
(— +2 4 —) =T+%

Giai. Cong thitc doi bién trong hé toa do cau mé rong la

5 = p.sinfcosyp
¥ = p.sinfsing
7 = p.cost

Vat thé Q c6 thé dugc mo ta bdi bat dang thiic

2 2 2\ 2 2 2
T Y z T Y
- 42 42 < 4 L
<4+9+16)\4+9

Khi thay x,y, z vho bat dang thiic nay ta duge
pt < p?sin? 0 = p < sind.
Visinf > p > 0mneén 0 < 0 < 7. Bién ¢ khong tham gia vao bat déng thitc nén 0 < ¢ < 27. Vay

Q={(p,p,0):0<0<7,0<p<2m,0< p<sinb}
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22 TICH PHAN BOI BA

2 2 2\ 2
Hinh 1.25: Vat thé Q duoc gi6i han béi mat cong (% + =+ —) =

Dinh thic Jacobian

/ /

/
l‘p .%'Lp x0

J=|vy, v, vy |=-234p%sin0
Z;) z('p 2y

Khi do

2 T

T 1

2

V=234/ﬁ¢/ﬁg/ﬁanwp=7§234/$&&wzaﬂ.
0 0 0 0

1.6 fJ’ng dung hinh hoc ctia tich phan boi ba tinh thé tich vat thé

Dinh ly 1.12. Thé tich vat thé Q dugc tinh theo cong thic

V= /// 1.dxdydz
Q

Vi du 1.6.1. Tinh thé tich ctia vat thé giéi han dudi béi mat nén z = /a2 + y2 va gisi han tren béi

mit cau 22 + 32 + 22 = 2.

Giai. Thay = = p.sinfcos g, y = p.sinfsin p, z = p.cosf vao z2 + y> + 22 < z ta dude p < cos b,

vao z = /22 + y? ta dudc pcosf > p.sinf, véi 0 € [O, g] ta co tanf < 1, hay 0 <0 < Z

o\egg
Vat thé Q trong hé toa do cau dugc gidi han bdi 0<p<2r
0< p<cosb
w/4 27 cos @ 27 w/4 p3 p=cos 0 o /4
V= /d@/dso / P2Sin9dp:/d<,0-/sint9. {?] dHZ?./SiHHCOSP’HdH:
0 0 0 0 0 p=0
B 2_7T _cos4«9 m/4 T
E 4 ], 8
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1.7 Thuc hanh MatLab 23

V'Q

Hinh 1.26: Q = {(2,y,2) : 22 + y? + 22 < 2,2 > /22 + y?}

av V=~
VayV—g.

1.7 Thuc hanh MatLab

1.7.1 Vé vat thé trong hé truc toa do Dé-cac

Lénh [X,Y] = meshgrid(z,y)
e=[-101y=[-2 -1012]

[X,Y] = meshgrid(x,y);
-1 0 1 -2 -2 =2
-1 0 1 -1 -1 -1
Khid6 X= -1 0 1,Y= 0 0 0
-1 0 1 1 1 1
-1 0 1 2 2 2
x=[-101];
[X] = meshgrid(x);
-1 0 1
Khid6 X= -1 0 1
-1 0 1

Trusng hop vat thé 1a hinh hop chi nhat
1. Dimg lénh [X,Y] = meshgrid(z,y) dé tao ludi hinh chiéu la hinh chit nhat
2. Vé mat trén va mit dudi ciia vat thé

Vi du 1.7.1. Vé vat thé giéi han béi 2 =0,z =3, -1 <2 <1,-2<y <2

Code
x = linspace(—1,1,50); y = linspace(—2,2,50); z = linspace(0, 3,50); [X,Y] = meshgrid(z,y);
surf(X,Y,34+ 0% X) (hoic surf(X,Y,Z) hoac surfc(X,Y, 7))
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24 TICH PHAN BOI BA

V?{

Hinh 1.27: Lu6i diém dudc tao béi lenh [X, Y] = meshgrid(z, y)

hold on

mesh(X,Y,0%X)

[X,Z]=meshgrid(x,z);
surf(X,24+0*X,Z,’FaceColor’,’g’,’"EdgeColor’,’b’ "FaceAlpha’,0.1);
surf(X,-24+-0*X,Z, FaceColor’,’g’,"EdgeColor’,’g’,’FaceAlpha’,0.1);
[Y,Z]=meshgrid(y,z);

surf(-140*Y,Y,Z,’FaceColor’,’b’ "EdgeColor’,’g’’Face Alpha’,0.1);
surf(1+0*Y,Y,Z, FaceColor’,’b’,’"EdgeColor’,’g’ "FaceAlpha’,0.1);
xlabel('x"); ylabel('y'); zlabel('2');

aris([-11 —2208])

view(120,12)

grid on

rotate3d on

Hinh 1.28: Vat thé gidi han béi 2 =0,2 =3, -1 <2z <1,-2<y <2
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1.7 Thuc hanh MatLab 25

Trudng hop vat thé 1a hinh c6 day 1a mién D, mit trén 1a z = 2, mat duéi 1a z = 2;.
Vi du 1.7.2. Vé vat thé giéi han bdi 2 =0,z =1—y, -1 <z < 1,22 <y <1

Code

clf

s = linspace(—1,1, 30);

s1 = meshgrid(s);t1 = [|;

for i=1:length(s)

tam = linspace(s(i)”2, 1, 30);

t1 = [t1 tam/];

end

r=sly=tl;z=1—y;21 =0x*z;

hold on

surf(z,y, z, FaceColor') ¢’ EdgeColor' ¢’ FaceAlpha',0.3);
surf(x,y, 21, FaceColor'/ v’ EdgeColor') none');
s = linspace(—1,1,30); t1 = [];

for i=1:length(s)

tam = linspace(0,1 — s(i)~2, 30);

t1 = [t1 tam’];

end

r=sl;z=1tl;y =s1.72;

surf(xz,y, z,) FaceColor' /b’ EdgeColor', none', FaceAlphd',0.5);
xlabel('z"); ylabel('y'); zlabel ('2);

view(120,12)

grid on

rotate3d on

Hinh 1.29: Vat thé gidi han béi 2 =0,z =1 -y, -1 <z < 1,22 <y <1
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26 TICH PHAN BOI BA

1.7.2 Vé vat thé trong hé truc toa do tru
Vi du 1.7.3. Vé vat thé gidi han béi 2 =0,z =4 — 22 — %, 22 +¢y> =2

Code

clf

hold on

phi=linspace(0,2*pi,30);

r=linspace(0,sqrt(2),30);

[ phi] = meshgrid(r, phi);

x=r.*cos(phi);

y=r.*sin(phi);

z2=4—2."2—9.72;21 =0 x;
surf(x,y,z,’FaceColor’,’g’,’EdgeColor’,’g’,’FaceAlpha’,0.3);
surf(x,y,z1,’FaceColor’,’b’,"EdgeColor’,’b’,’FaceAlpha’,0.3);
phi=linspace(0,2*pi,30);

z2=linspace(0,2,30);

[22 phi] = meshgrid(z2, phi);

x1=sqrt(2).*cos(phi);

y1l=sqrt(2).*sin(phi);
surf(x1,y1,2z2,"FaceColor’,’r’,"EdgeColor’,’r’,’FaceAlpha’,0.3);
grid on

view (13,28)

rotate3d on

xlabel(’x’); ylabel(’y’); zlabel(’z’);

Hinh 1.30: Vat thé giéi han bdi z = 0,2 =4 — 22 — y2, 2% + > =2
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1.7 Thuc hanh MatLab 27

1.7.3 Vé vat thé trong hé truc toa do cau

Vi du 1.7.4. Vé vat thé ndm gita hai mat cau 22 + % + 22 = 1 va 22 + y? + 22 = 4 & géc phan tam
thit nhat.

Code

clf
phi=linspace(0,pi/2,30);
theta=linspace(0,pi/2,30);
[p t]=meshgrid(phi,theta);

x=sin(t).*cos(p);

);
y=sin(t). *sin(p);
z=cos(t);
mesh(x,y,z,’FaceColor’,’r’’FaceAlpha’,0.3,"EdgeColor’,'w’);
hold on

x2=2%sin(t).*cos(p);

)

y2=2%sin(t).*sin(p);

z2=2%cos(t);
mesh(x2,y2,z2,"FaceColor’,’g’,’FaceAlpha’,0.3,"EdgeColor’,’r’);
r=linspace(1,2,30)

[r thj=meshgrid(r,theta);

x3=sin(th).*r.*cos(0);

y3=sin(th).*r.*sin(0);

z3=r.*cos(th);

mesh(x3,y3,23,"FaceColor’,’b’ "FaceAlpha’,0.3,"EdgeColor’,’r’);
x4=sin(th).*r.*cos(pi/2);

y4=sin(th).*r.*sin(pi/2);

z4=r.*cos(th);

mesh(x4,y4,z4,"FaceColor’,’b’ ’FaceAlpha’,0.3,"EdgeColor’,’r’);
[r phi]=meshgrid(r,phi);

xb=sin(pi/2).*r.*cos(phi);

yH=sin(pi/2).*r.*sin(phi);

zb=r.*cos(pi/2);
mesh(x5,y5,2z5,"FaceColor’,’r’,’"FaceAlpha’,0.3,’EdgeColor’,’r’);
grid on

view(6,34)

rotate3d on

xlabel(’x’); ylabel(’y’); zlabel(’z’);
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Hinh 1.31: Vat thé ndm gita hai mat cau 22 + y? + 22 = 1 va 22 + 9% + 22 = 4 § goc phan tam thit
nhat.

1.8 Bai tap

1.8.1 Tich phan boi ba trong hé toa do Dé-cac

Bai tap 1.8.1. Tinh cac tich phan boi ba sau:

1. I = [[[2?y\/zdzdydz, trong d6 2 1a hinh hop chit nhat giéi han bdi cac mat phing toa do va
Q

cac mit phang r = 2,y = 3,2 = 4.

2. I = [[[ zdzdydz, trong d6 2 la vat thé gisi han bdi cdc mat phéng toa do z = 0,y = 0,z =0
Q
var+y+z=1

dxdydz
- 1=JIJ (1+xz+2
Q y+2)
phéng = + 2y + 2z = 2.

3, trong d6 Q la vat thé gisi han bdi cac mat phing toa do va mat

4. I = [[[ ydzdydz, trong d6 2 1a vat thé gii han béi y = 2?y+z=12=0.
Q

5. 1= [[[(x + y)dzdydz, trong d6 Q 1a vat thé gidi han béi z +y=2=3,3x+y = 3,3z + 2y =
)
6,y=0,z=0.
6. I = [[[ zdxdydz, trong d6 2 la vat thé giéi han bdi z = 0,2 = 2.y = 0,y = g,z =0,z = 4.
)
Bai tap 1.8.2. Ddi thit tu lay tich phan ciia tich phan boi ba sau:

2 z/2 4
1. I=[dz [ dy[ f(z,y,z)dz.
0 0 0
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1.8 Bai tap 29

1.8.2 Tich phan bé6i ba trong hé toa do tru

Bai tap 1.8.3. Tinh céac tich phan boi ba sau:
1. I = [[[2*dxdydz, trong d6 2 la vat thé gidi han bdi cadc mat z =0,z = 22 +y? va 22 +y? = 1.
Q

2. 1 = fg{f ﬁdmdydz, trong d6 € la vat thé gidi han bdi cac mat z = 2w, 2 =371, 22 +y2 =1

va 22 + % = 4.

3. I = [[[ ydxdydz, trong d6 2 la vat thé gisi han bdi cac mat z2 +y? =2y, z =0 va z = 3.
Q

4. I = [[[(2* + y?)dzdydz, trong d6 2 1a vat thé gidi han bdi cdc mit /22 +y2 = z,2 = 2 va
Q

22+ y? =4

5. I = [[[yaz*dzdydz, trong d6 2 1a vat thé gisi han bdi cac mat 22 + 22 = 2y vay = 2.
Q
6. I = [[[ Va2 + 22dxdydz, trong d6 2 la vat thé gidi han bdi cac mat 22 + 22 =y vay = 4.
Q
7. I = [[[ zdxdydz, trong d6 Q : 2% + y* < 22,22 + y* + 2% < 3.
Q
8. I= fffz\/mdajdydz, trong d6 :0< 2 < 1,0 <y < V2x — 22
Q

Bai tap 1.8.4. D6i tich phan boi ba sau sang hé toa do tru

1.8.3 Tich phan boi ba trong hé toa do cau

Bai tap 1.8.5. Tinh cac tich phan boi ba sau:
1. I = [[[zyzdzdydz, trong d6 2 ndm trong mat cau 2% + y? + 22 = 1 § géc phan tam thit nhat.
Q
2. I = [[[ /22 +y?+ 22dxdydz, trong d6 Q : 22 + y*> + 2% < 2.
Q
3. I = eV (@2 +22)% g0 dz, trong d6 Q = {(z,y,2) € R3 : 22 + y? + 22 < 1}.
Y g Yy Yy
Q
4. I = [[[eV=HtY* 2 dudydz, trong d6 Q = {(x,y,2) € R® : 22 +¢y? + 22 < 1,2 > 0}.
Q

5. 1= [[[+/2? + 4y? + 922dxdydz, trong d6 Q = {(z,y,2) € R3: 2? + 49> + 922 < 1, z,y,2 > O}
Q

Bai tap 1.8.6. D6i tich phan boi ba sau sang hé toa do cau

4-y? 0
dy [ dx i f(z,y,2)dz
(e

—
C—nw
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30 TICH PHAN BOI BA

1.8.4 Ung dung hinh hoc ctia tich phan boi ba
Bai tap 1.8.7. Tinh thé tich ctia vat thé Q sau:
1. Q:x2+y2+22 <4,3z >$2+y2.

2. Q) dudc giéi han bdi mit cong (22 + y? + 22)? = 2.

Lagi giai bai tap chuong 5

1.8.1 1. I =64

2. I:i
24
1 2
. I=-In3— -
3 4n3 9
8
4. I = —
35
11
= —
g 4
1.8.2

T
1.8.3 1. I =—
6
2. I =5m%1n2
3. I =3r
n :167r
5
5 1 =A4r
1287
6. [ = ——
15
51
7. = —
3
8
8. I =—
9

/2 4cos ¢ 2
1.84 1. [de [ drf f(rcosp,rsing,z)rdz
0 0 0

1
1.8.5 1. I=—
48
9. =
10
4
4. I =2n(e—2)
T
5. I =—
48
/2 T 2
1.8.6 1. [ de [ db [ f(pcospsing, psingsind, pcosb)p? sinfdp
0 7'r/2 0
1.8.7 1. V= 1977T
6
™
2. V="
3
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