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— Chuongl

TICH PHAN DUONG

1.1. Tich phan dudng loai Mot ......cviii it i ittt i eaeaen 2
1.2. Tich phan dudng loai hai........ ... oottt 11
1.3. Thuc hanh MatLab ..ottt i i i ittt iienenns 27
R T = - - o 28

1.1 Tich phan dudng loai mot

1.1.1 Dat van dé

Cho ham s6 z = f(z,y) > 0 va dudng cong C trong mat phang toa do Oxy. Hay tinh dién tich
clia "hang rao" doc theo dudng C va c6 chiéu cao tai mdi diém (z,y) 1a f(x,y).

Hinh 1.1: Dién tich clia "hang rao" doc theo dusng C va c6 chidu cao tai mdi diém (z,y) 1a f(z,y).
~~ ) ~~
Cho duong cong tron C' = AB xac dinh trong méat phang Oxy. Ta sé chia cung AB thanh nhing

cung nhé A;_; A; béi nhitng diém Ag = A, Aq,..., A, = B. Do dai clia nhitng cung nhé A;_1 A; duge
ky hicu 1a Af; va A = max A/;. Ta chon diém bat k¥ tuong ting M;(x;, ;) trén cung A;_1A4;.
T
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1.1 Tich phan dudong loai mot 3

N
Hinh 1.2: Chia cung AB thanh nhing cung nhé A;_1 A;

Dién tich ctia "hang rao" can tim 1a
n
S~ Zf(l“i,yi)-Afz‘
i=1

Day la tong Riemann va khi lay giéi han tong nay véi A — 0 ta dugc tich phan dudng loai I.

1.1.2 Dinh nghia

VR
Dinh nghia 1.1. Néu f(x,y) 1a ham s6 xac dinh trén dudng cong tron C' = AB thi tich phan dudng
loai I ctia f doc theo C' 1a

n
[ 1wyt = i > o) A
AB =1
néu gidi han nay ton tai.

Ch y. Theo dinh nghia, tich phan duong loai I khéng phu thudc huéng cia dusng cong C' vi
viec chon huéng ctia C' khong anh huéng dén téng Riemann.

[ t@wie= [ sy
AB BA

1.1.3 Tinh chét cta tich phan dudng loai mot

19 [ 1d¢ = L.
AB

20 [ a.f(z,y)dl=a. [ f(z,y)dl.
AB AB

3% [ Uf(zy) +g(@ydl= [ flz,y)dl+ | gla,y)dl.
AB AB AB

0. Néu C=Cr®Cy thi [ f(z,y)dl = [ f(z,y)dl+ [ f(z,y)del.
C C Ca

VR .
1.1.4 Trudng hdp cung AB c6 phuong trinh tham s6 = = x(t),y = y(t),a <t < b

VR . ”
Dudng cong tron AB c¢6 phuong trinh tham s trong mét phang la

€Tr =
Yy
a<t
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4 TICH PHAN DUONG

Vi du 1.1.1. Viét phuong trinh tham s6 ctia doan théng néi hai diém A(za,y4), B(zp,yB)

Gii. Phuong trinh tham sb ctia doan thing ndi hai diém A(za,y4), B(zg,yg) 1a

0<t< .

x=x4+ (rp—xa).t,
y=ya+ (yp —ya)t

Vi du 1.1.2. Viét phuong trinh tham s6 ctia dudng tron (x — a)? + (y — b)? = R?

Gii. Phuong trinh tham s6 ctia dudng tron (z — a)? + (y — b)? = R? la

= Rcost
r = a+ ftcost, 0<t<on
y=>b+ Rsint
; ) 2?2
Vi dy 1.1.3. Viet phuong trinh tham so cua Ellipse — + i 1
a
’ 22 42
Gidi. Phuong trinh tham so cua Ellipse — + i 11a
a

T = acost,
. 0<t< 2.
y = bsint

Theo cong thitc 1ay vi phan cung ctia duong cong C ta c6

dl = /(2 (1)) + (y'(t))?dt
Tw do, ta ¢6 dinh 1y sau:

z 7N\
Dinh 1y 1.1. Cho ham so f(x,y) lién tuc trén cung AB. Khi dé

b
/ f(ay)de = / Fat), y(t) /@ B + (o ()2t
AB a

. VR . » ”
Chu y. Khi lay tich phan theo cung AB ching ta khong quan tam deén viéc diem A hay B la diém
dau hay diém cubi clia cung, ma chi quan tam dén gia tri ¢ € [a,b]. Khi d6 tich phan sé luon duge

tinh bang cach lay can tit can nhoé a dén can 1én b.

Vi du 1.1.4. Tinh I = [(2 + 22y)dl, véi C 1a ntta dudng tron 22 + y? = 1,y > 0.
C

Ay

v R

-1 0, 1

Hinh 1.3: Nita duong tron 22 +y> =1,y > 0.
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1.1 Tich phan duong logi mot

Giai. Ta phai tham s6 hoa ntta dudng tron 22 + 42 = 1,5 > 0 bang cach dat

T = cost .
, 2'(t) = —sint
y=sint = ,
y'(t) = cost
0<t<mm.
Khi do
K K
I= /(2 + 2%y)dl = /(2 + cos?t.sint)\/(—sint)2 + (cost)2dt = /(2 +cos? t.sint)dt =
c 0 0
3 ™
— [Qt_cos t] :27T+g.
3 |, 3

b.

/N

VR
1.1.5 Trudng hdp cung AB c6 phuong trinh y = y(z),a <z

7N\
Truong hop cung AB ¢6 phuong trinh y = y(z),a < z < b.
7N\

Dinh ly 1.2. Cho ham s6 f(x,y) lién tuc trén cung AB. Khi dé

b

[ fie= [ septe) /1T @R
AB a

VR B
That vay, cung AB ¢6 phuong trinh y = y(z),a < x < b sé duge tham s6 héa nhu sau:

X T

(x)=1
PV T ) - v
a<x<hb
Chua y. Trong truong hgp dic biét khi y = y(z) = 0 thi
b
[ twwie= [ 500
AB a
Khi d6 tich phan duong loai I sé tré thanh tich phan xac dinh.
2
Vidu 1.1.5. Tnh I = [ Yde, v6i € 1a cung ctia parabol y = % ndi hai diém A(1,1/2) va B(2,2).
x

C

Giai. Ta co

dl =1+ (y(z)?de =1+ 2%2dz, 1<x<2.

Khi d6

2 2
1 1 1 2 —2V/2
I= /ydﬁz2/xx/1+x2dx:4/\/1+x2d(1+x2)= [6.(1—#372)3/2] 25‘[6‘[.
T 1
1 1

AB

VR
1.1.6 Trudng hdp cung AB c6 phuong trinh = = 2(y),c < y < d.

VY
Trudng hop cung AB ¢6 phuong trinh z = z(y),c < y < d.
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TICH PHAN DUONG
Ay
2

|
O

L
1 2

1'2

7N\
Hinh 1.4: AB la cung ctia parabol y = o)

ndi hai diém A(1,1/2) va B(2,2).
. 7N\
Dinh 1y 1.3. Cho ham so f(z,y) lién tuc trén cung AB. Khi dé

d
/ fla,y)de = / F (), w) v/ T+ @ (0)Pdy.
AB c

7N\
That vay, cung AB c6 phuong trinh x = z(y), ¢ < y < d sé duge tham sd héa nhu sau:
z = x(y)
2'(y) = a'(y)
=y y'(y) =1
c<y<d.

Vi dy 1.1.6. Tinh I = [zydl, v6i C la cung ctia parabol = y? ndi hai diém A(0,0) va B(2,/2)
C

Ay
N2

> X
2

7N\ . ”
Hinh 1.5: AB la cung ciia parabol 2 = %2 ndi hai diém A(0,0) va B(2,v/2)
Giai. Ta co

dl = /14 (2'(y)2dy = /1 + 4y>dy,

0<y< V2
CuuDuongThanCong.com
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1.1 Tich phan duong logi mot 7

Khi dé
V2
I= /xyd[: /yQ.y\/1+4y2dy
AB 0

0 V2
Dat ¢t = 1+4w_?ﬁt_%@h§%1i:

3

I_/tQ—lttdt_l (A R L
- 4 "4 16|15 3], 60

1

VR
1.1.7 Trudng hdp cung AB cho trong hé toa do cuc = = r(p)cosp,y = r(p)singp,
a< <P

N\
Truong hop cung AB xac dinh trong hé toa do cuc

Vi du 1.1.7. Viét phuong trinh tham s6 héa duong tron = + y? = 2z trong hé toa do cuc.

T =T.Co8 P

y=r.singp
Thay x,y vao phuong trinh dudng tron 22 + y?> = 2z ta dugc 2 = 2rcosp = r = 2cosg va
cosgo}O:—gégogg.Vay

Giai. Dat

T = 2CoS . Ccos
Y = 2c08s p.sin @
T

T<e<
2\SO\

2
Tt cong thic cha duong cong C' xac dinh trong hé toa do cuyc, ta ¢
{x%QZWWM%w—Twﬁmw j{(WWD%ﬂfwﬂwwy—ZWWN%WTWﬁmw+WWﬁm¢V
y'(¢) = 1'(¢)sing +r(p) cosp (¥ (10))? = (r'(p) sinp)? + 207 () sing.r(ip) cos ¢ + (r(ip) cos p)?
= (@ ()2 + ( (9))? = (r()* + (' ()%

L N
Dinh ly 1.4. Cho ham so f(x,y) lién tuc trén cung AB. Khi doé

B
/ fla,y)de = / £(r() cos p, (i) sin 0) v/ (2))? T (7 () Pd.
AB «

Vi du 1.1.8. Tinh [ /22 + y2d¢, v6i C la dudng cong xac dinh trong hé toa do cuc bdi phuong trinh
C

r? = cos2p, p € [—m/4,m/4].

. . 2
Gial. Ta 6 1) = /605 29 = '(ip) — —;% = ()P () = cos2pt 22:; _ COS;@.
Khi do

w/4 w/4 ) w/4

T

[Vasit= [ oo R = [ Veszemodo= [ do=7

\/cos 2 2
C —7/4 —7/4 4 —m/4
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8 TICH PHAN DUONG

\ 4

Hinh 1.6: C 13 duong cong xéac dinh trong hé toa do cue béi phuong trinh 72 = cos 2¢, p € [~ /4, 7/4].

1.1.8 Tinh phan dudng loai mot trong khong gian

Khi mé rong duong cong C xac dinh trong khong gian thi tich phan dudng loai I 1& tich phan cé
dang
/ fx,y, 2)de
C

véi C' 1a dudng cong lay tich phan.

Truong hgp cung tron @ dugc xac dinh trong khong gian v6i phuong trinh tham s
(t)
(t)
(t)
b.

VRS &
~ |l
AN o L8

a
Vi du 1.1.9. Viét phuong trinh tham sb giao tuyén ctia mat tru 22 4+ y? = 4 va mit phing z = 1

Giai. Giao tuyén ctia mat tru 22 + y?> = 4 va miit phang z = 1 thoda

W2 ? =4 xr = 2cost
{ ¥ = = y =2sint 0<t < 2n
b ==
z=1

Vi du 1.1.10. Viét phuong trinh tham sb giao tuyén ctia mat cau z2 + y? + 22 = 4z v mit phing

z=2—ux.
Giai. Giao tuyén ctia miit cau 22 + y2 + 22 = 42 v mit phing z = 2 — x théa

2 .24 .2y 224 (9 )2 — 49— 922 42 — 4
{:z—l—y+z z:>{:1:+y+( D?=d@2-z) _ [ 2?4y

z2=2—x z=2—x z2=2—x

xr = \/ﬁcost
= y = 2sint 0<t<2n
2=2—+/2cost
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1.1 Tich phan duong logi mot 9

Hinh 1.7: Giao tuyén ciia mat tru 22 + 32 = 4 v mat phing z = 1.

z=2-X

X4 y+z=4z

Hinh 1.8: Giao tuyén ciia mat cau z2 + y? 4+ 22 = 4z vh mit phing z = 2 — z.

N\
Dinh ly 1.5. Cho ham s6 f(x,vy,2) lién tuc trén cung AB. Khi dé

b
/f(w,y, z)dl = /f(%(t),y(t),Z(t))-\/(fﬂ/(ﬁ))2 + (' (1) + (2(1))dt.
AB a
N . 7N\
Chu y. Tich phan dudng loai mot khong phu thudce vao chiéu lay tich phan trén cung AB.
Vi du 1.1.11. Tinh I = [ysinzdl, v6i C : z = cost,y =sint,z =t,0 < ¢ < 2m.
C

Giai. Tt phuong trinh duong cong C': z = cost,y =sint,z =t ta ¢6

2/ (t) = —sint; 9/ (t) = cost; 2/ (t) = 1.
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10 TICH PHAN DUONG

Hinh 1.9: Dutng cong C' : x = cost,y =sint,z =1¢,0 < t < 27.

Theo cong thic tinh tich phan dudng loai I trong khong gian, ta ¢

2w 27
2 1 27
I= /ysin zdl = /sint. sint.\/(—sint)2 + (cost)? + 12dt = \/5./sin2 tdt = \/7_ [t -5 sin Qt] = V2.
0
C 0 0

Vi dy 1.1.12. Tinh tich phan I = [zzdl, v6i C la giao tuyén clia mat cau 22 + y* + 22 = 2 va mat
C

2

nén 22 = 22 +y? lay phan z,z > 0.

2

Hinh 1.10: Giao tuyén ciia mit cau z2 4+ y? + 22 = 2 vi mat nén 22 = 22 + y? lay phan z,z > 0.

Giai. Viét phuong trinh tham s6 héa giao tuyén. Giao tuyén ciia mit cau 22 + y? + 22 = 2 va miit

nén 22 = 2% + 42 théa

= =
2?2 =22 +y? 2?2 =22+ 2 =1
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1.2 Tich phan duong loai hai 11

Vi giao tuyén lay phan z > 0 nén z = 1, va & > 0 nén khi diat = = cost ta lay phan t € [—g, —} . Vay

giao tuyén C can tim c6 phuong trinh tham sb 1

x = cost 2/ (t) = —sint
. 7T T
y = sint, —§<t<§:> y'(t) = cost
z=1 2(t) =
Khi dé
/2
I= /:czdﬁ = / cost.1.\/(—sint)2 + (cost)? + 02dt = [sint]i/f/Q = 2.

c —7/2

1.2 Tich phan dudng loai hai

1.2.1 Pat van de

Cong cua lyc F dé di chuyén chat diém M tit diém A dén diém B theo dudng thing AB la
W =< F.AB >= |F||AB|. cos(F, AB)

Bai toan dat ra: Hay tinh cong cla lyc F dé di chuyén chat diéem M tir diém A dén diém B
theo mot dudng cong tron C nbi diem A véi diém B trong mit phing Oxy.

1Y F(M,)

0, X

VR 2
Hinh 1.11: Chia dudng cong AB thanh nhiing dudng cong nhé trong mat phang

” 7N\
Deé giai bai toan nay, ta chia duong cong AB thanh nhiing duong cong nho A;_1 A; v6i do dai Al;
béi nhitng diém Ay = A, Aq,..., A, = B va chon trén mdi dudng cong nhd nay diém M;. Néu chia
~~ 1
duong cong AB du nhé, thi c6 thé xem:

1. Chét diém di chuyén trén duong cong A;_1 4; la dudng thang,

2. Lyc tac dung len chat diém khi di chuyén trén duong cong A;_1A; khong doi va bing véi

F(M).
Lic nay, cong ctia lyc khi di chuyén chat diém M tit vi trf A,_; dén A; 1a < ?(MZ), A;_1A; > . Khi

cong cong clia lyc trén moi duong cong nhé A;_1A; ta thu dude cong thitc gan ding clia cong khi di
N\

chuyén chat diém doc theo cung AB

W =~ Z < ?(Ml), Ai—lAi >
=1
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12 TICH PHAN DUONG

Dit A = max A¢; va cho A — 0 thi

—hmz<? Z1A>

A—0

Ta co Al'flAl' = (ZL‘z — Ti—1,Yi — yz;l) = (A{L‘Z, Ayz) Gia su ?(M@) = (P(:EZ, yi), Q({L‘l, yl)) thi khi
do
< ? Ai 1A >= P(mzyyz) Ax; + Q(xz,yz) Ayz

Nhu vay,

n

=1l P(z;,y;).Ax; i i) Ay = i P(z;,y;).Az; + li i Yi) Ay; = Iy + I
W ;%tﬂ[(xzﬂ i + Q(xi, yi)-Ayil gg;; (i, i) m-+gg?§@@ yi).Ay; = I + I

. N 7\
Néu gi6i han Iy, I ton tai khong phu thudc vao viéc chia cung AB thanh nhimg cung nho va khong
phu thuoc vao viéc chon diém M; tréen nhing cung nay, thi nhitng giéi han I, I, dudc goi la tich
phan dudng loai II doc theo duong cong AB ciia ham P(z,y) theo bién x va clia ham Q(x,y) theo

[ Pz, [ Qdy
AB

AB

bién y. Ki hieu

Trong thuyc té, ta thuong gap tong ciia nhitng tich phan dudng loai II ctia ham P(z,y) va Q(z,y) va
ta goi dé 1a tich phan duong loai II téng quét:

/P@MM+/Qmw@=/mem+mew

AB AB AB

1.2.2 Dinh nghia

7\
DPinh nghia 1.2. Cho ?(:1:, y) = (P(x,y),Q(x,y)) 1a ham véc to xac dinh trén duong cong tron AB.
77N
Khi d6 tich phan duong loai IT ciia F' doc theo AB la

/mem+wa@:/mew+/Qmww
B AB AB

1.2.3 MaoGi lién hé giita tich phan dudng loai I va tich phan dudng loai II

Theo cong thitc tinh cong ciia lic F dé di chuyén chat diém M tit diém A dén diém B theo mot
dudng cong tron C ndi diem A véi diem B trong mit phing Oxy, ta c6

—hmZ<? Z1A>

A—0
- —_—
Khi A du nho ching ta c¢6 thé xem géc gitta cac véc to F(Mz), A;—1A; 1a goc a(M;) gitta véc to ?(Mz
£ £ - S I3 N N
va véc to tiép tuyén voi duong cong tai diem M;. Khi d6 A;_1A; ¢6 thé tinh gan ding bang Aﬁi.?(Mi),

véi ?(MZ) la véc to tiép tuyén don vi tai diém M;. Nhu vay,

—hmZ\? HAI 14;] cos a( M, —hmz \? M;)|.AY;. |? .cosa(M;) =
= Z .cos a(M;).Al;.
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1.2 Tich phan duong loai hai 13

Téng nay chinh 1a tong Riemann ctia tich phan dudng loai I. Do do6

W= /y? . cos a(M).d.

Vay méi lién hé gitta tich phan duong loai I va tich phan dudng loai II 13

/ P, y)dz + Q(z,y)dy = / B (M) cos a(M).de.

AB AB

Tuy nhién, gitta tich phan duong loai I va tich phan duong loai IT ¢6 sy khac biét quan trong sau:

77N\ "
1. Tich phan duong loai I khéng phu thudc vao huéng lay tich phan trén cung AB vi trong tong
Riemann cta tich phan dudng loai I, gia tri ctia f(M;) nhan véi Al;.

. N\ "
2. Tich phan dudng loai IT phu thudc vao hudng 1ay tich phan trén cung AB vi trong tong Riemann
_— 2
cua tich phan duong loai II, gia tri cua ?(MZ) nhan v6i A;_1A; nén khi doi huéng cia véc to
Y ~ 32. 1% 5 2 .
A; _1A; thi sé doi dau cla tong Riemann.

Nhu vay, ddi véi tich phan duong loai 11 thi

/P:CdeS—I—Q(xy /nyd:v—l—Q(a:y)

~~ )
1.2.4 Trudng hdp cung AB c6 phuong trinh tham s6 = = z(t),y = y(¢)
7N\ L
Cho cung tron AB ¢6 phuong trinh tham so6
x = z(t)
y=y(t)

” N VR ” . N\ .
t = a tng v6i diem dau cia AB, ¢t = b ing véi diem cudi cia AB. Cho ham s6 P(zx,y), Q(x,y) lién tuc
R 7N\
trong mién mdé D chita cung tron AB. Khi dé

b
/ P, y)dz + Q(a. y)dy = / P (), y(£)2' () + Qa(t), y(6)y (1)]dt.
AB

Vi du 1.2.1. Tinh tich phan I = [(—ydz + zdy) theo dudng cong C, la nita dudng tron duge xéc
C
dinh bdi 22 +y? =4, z > 0, di tit A(0, —2) dén B(0, 2).

Giai. Ta phai tham s6 héa nita duong tron z? + y? = 4,z > 0 bing cach dat

{1‘:200815 {x’(t) = —2sint
=

y = 2sint y'(t) = 2cost

Diém diu A tng voi t = —g, diém cubi B tng véi t = g Khi d6

w/2 /2
I= /(—yd:p + zdy) = / [(—2sint)(—2sint) + 2cost.2 cost]dt = / 4dt = [4t]7_r/7r2/2 = 4.
C —7/2 —m/2
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14 TICH PHAN DUONG

-Z‘ﬂ_

Hinh 1.12: Duong cong C : 22 + y> =4, = > 0, di tit A(0,—2) dén B(0,2).

7N\
1.2.5 Trudng hgp cung AB c6 phuong trinh y = y(x)

VAR ” N
Trusng hop cung AB ¢6 phuong trinh y = y(x), x = a la hoanh do diem dau, = b 1a hoanh do
2 Z Z X /\
diem cuoi. Cho ham s6 P(z,y), Q(z,y) lién tuc trong mien mé D chita cung tron AB. Khi d6

b
/ P(a,y)dz + Q(a. y)dy = / Pz, y(x)) + Q(z, y(x))y (2)]dr.
AB

Vi du 1.2.2. Tinh I = [(42 —y)dz +52%ydy, v6i C 1a parabol y = 322 di tit diém A(0,0) dén B(1, 3).
C

Ay
17 B

O X

Hinh 1.13: C 1a parabol y = 322 di tit diém A(0,0) dén B(1,3).

Giai. Vi phuong trinh ciia C' 1a y = 322 nén 3/ (z) = 6z, diém dau A tng véi z = 0, diém cudi B
ting v6i x = 1. Khi d6

1 1
I= /(4x—y)dw+5x2ydy = /[(4:1;—31:2)—1—5372.3:L'2.6w]dac = /(4x—3x2+90w5)daz = [22% — 2% + 15;06](1) = 16.
C 0 0
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1.2 Tich phan duong loai hai 15

7N\
1.2.6 Trudng hgp cung AB c6 phuong trinh = = z(y)

7\ ” R "
Truong hgp cung AB ¢6 phuong trinh z = x(y), y = a 1a tung do diem dau, y = b la tung do diem
. . N N\
cudi. Cho ham s6 P(z,y), Q(x,y) lién tuc trong mién mé D chia cung tron AB. Khi dé

b
[ Pz + Qandy = [ 1P6(0).1) W) + Qal).v)ld.
AB ¢
Vi dy 1.2.3. Tinh tich phan I = [ zydz — y*dy theo duong cong C, duge xac dinh béi y? = 2z di tit
C
A(0,0) dén B(2,2).

Ay

o) X
7 2

Hinh 1.14: Duong cong C, duge xac dinh bdi y? = 2z di tit A(0,0) dén B(2,2)

Gidi. Taco C:y? =20 = o =
Khi do

2
% = 2'(y) = y. Diém A ting v6i y = 0, diém cudi B ting v6i y = 2.

1.2.7 Tinh phan dudng loai hai trong khong gian
VR L
Cho cung tron AB ¢6 phuong trinh tham so6

= z(t)
y=y(t)

z=z(t)
t = a ting véi diém dau cta C, t = b tng véi diém cudi ctia C.

N\
Cho ham sb6 P(z,y,z2),Q(z,y, z), R(x,y, ) lien tuc trong mién mé D chia cung AB. Khi d6

/ P(a,y, 2)de + Q(a,y, 2)dy + Rz, y, )d= =
AB

b
=/ [P(x(t),y(t), 2(t)2"(t) + +Q(x(t), y(t), (1)) (t) + R(w(t), y(t), 2(t))2'(¢)]dt.
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16 TICH PHAN DUONG

Vi du 1.2.4. Tinh [(z + y)dz + 22dy + xydz, v6i C la dudng cong xac dinh bdi phuong trinh tham
C

sbx=t,y=1t>2=3—t, ditlkdiém A tng v6i t = 1 dén diém B ting véi t = 2.

7N\ . ”
Hinh 1.15: AB 1 dudng cong xac dinh bdéi phuong trinh tham s6 z =ty = 2,2 = 3 — ¢, diém A tng
v6i t = 1, diem B tng véi t = 2.

VR
Giéi. V6i duong cong AB ta c¢6 dr = dt,dy = 2tdt,dz = —dt. Khi d6
2

2
/(:c +y)dx + 2zdy + zydz = /[(t +13) +2(3 —t).2t + t.t2.(—1)]dt = /(13t —3t2 —t3)dt =
AB 1 1

1.2.8 Cong thic Green

Dinh nghia 1.3. Diém M (z,y) ciia dudng cong C xac dinh béi

{ z=a(t) t € [a,b)

y =y(t),

dugc goi 14 diém boi hay diém ty cit ciia dudng cong C.
Dinh nghia 1.4. Dudng cong C khong chita diém boi duge goi la dudng cong don gian.
Dinh nghia 1.5. Duong cong AB duge goi 1a dudng cong khép kin, néu diém dau A va diém cubi
B trung nhau.
Dinh nghia 1.6. Mién phing D dudc goi 13 mién lién théong néu nhu véi hai diém bat ky A, B € D
thi ton tai mot dudng cong noéi A, B ciing thuodc D.
Dinh nghia 1.7. Mién phing D dudc goi 1a mién don lién khi théa man tinh chat:

1. Mién phing D la mién lién thong;

2. Néu duong cong don gian khép kin C' nidm tron trong mién D thi mién D’ c6 bién 1a dudng cong

C' sé nam tron trong D.

Dinh nghia 1.8. Mién phing D khong phai 1 mién don lién, duge goi 1a mién da lién.

Dinh nghia 1.9. Chiéu duong ctia dudng cong don gian, khép kin C la chiéu nguge chiéu kim dong

ho. Chiéu am ctia dudng cong don gian, khép kin C la chiéu ciing chiéu kim dong ho.
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1.2 Tich phan duong logi hai 17

Y

2

Puwdng cong don gian, Puwdng cong khdong don gian,
khong khép kin khéng khép kin
Puwdng cong don gian, buong Corll%gg?(?r? don gian,
khép kin

Hinh 1.16: Cac duong cong trong mit phing

Mién don lién / Mién da lién

Mién lién théng

O

Mién da lién Mién da lién

S

Mi&n khong lién thong

Hinh 1.17: Mién don lién, mién da lién

D C

Chiéu dwong Chiéu am

@m

Hinh 1.18: Chiéu duong, chiéu am ctia dudng cong don gian, khép kin

Dinh nghia 1.10. Duong cong C' xac dinh bdi
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18 TICH PHAN DUONG

dugc goi 1a tron timg khiic néu C c6 thé chia thanh nhiéu doan nhé va trén mdi doan nhé nay

2/(t),y'(t) la nhiing ham lien tuc.

Dinh 1y 1.6. (Dinh lj Green.) Trong mat phding xOy, cho D la mién déng cé bien la dudng cong don
gidn, khép kin, tron tung khic C. Cdc ham P(z,y),Q(z,y) va cdc dao ham riéng cap mot cia ching
lién tuc trong D. Khi do

% (2, y)dz + Q(z,y)dy = + //(g—a—];)dxdy

Dau "+" néu chiéu lay tich phan tring vdi chiéu duong quy wdec. Nguoe lai, ta lay dau "-".

Chii y. Nhu vay, khi di theo dudng cong C' thi mién D sé nam bén trai duong cong C' thi chiéu
lay tich phan la chiéu duong.
Ching minh. Ta sé chitng minh

]{P x,y)d // —dxdy
f oty =+ [[ Fasdy
C D

1. Gia st mién D 16i theo y c¢6 nghia 1a
D:ia<z<by(z) <y <ya(z)
Vay mién D dudc gi6i han béi 4 cung M N, NP, PQ,QM. Ta c6

Ay Y,(X)

Hinh 1.19: Mién D :a < z < b, y1(z) < y < y2(2)

a

/ | G oy = / i | yjj)?dy—  ip(o, o)) Plon (e = - | Pl /b Pz, y1 ())dz =

a

_ / Pz, y)do— / Pz, y)de /P(:c,y)dx—/ P(x,y)dx—/ P(gc,y)das—/P(a:,y)dm: —}[P(x,y)d:g.

PQ PQ MN QM NP C

o
s}
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1.2 Tich phan duong logi hai 19

0 day, ta stt dung cong thic tich phan duong loai hai va chd ¥ rang

/ Pla, y)ds = o;Né P(a, y)dz = 0.

QM

Tuong ty, d6i v6i mieén 16i theo x ta ching minh dude
oQ
dy = —dxd
f@(w,y)y +//amfvy
C D

Vay, ching ta da chiing minh duge dinh 1y cho mién D 16i theo ci z va y.
2. Gi& st D 1a mién don lién c¢6 thé chia thanh hitu han cdc mién don gidn (16i theo = va y). Gia
st mién D chia thanh mién Dy, Dy, D3 véi cac bien C, Oy, O3 :

01:AmB—l—m,Cg:W—FNA—l—E,Cg:BnN—FW

Ta cb

Hinh 1.20: Mién D chia thanh mién Dy, Dy, D3

//(?g—g];)d dy —//(gg—?;)d dy +//(gi2—?;;)d dy +//(2§—g§)dwdy.
D

D1 Do D3

Theo cong thitc Green cho cac mién Dy, Dy, D3 ta c6

//‘9@81’ dxdy_/de+Qdy_ [+

AmN BA
//aQ—al;dd —/Pdcc+Qdy—/+/+/.
Co BN NA AB
//aQ—ana:d —/Pd$+Qdy:/+/.
Cs BnN NB
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20 TICH PHAN DUONG

Cong céac ding thic tren lai ta duge

é/(iﬁf—ap )dady / / / / /+/+/: / +/+ / :fp(x,y)da:JrQ(x,y)dy

AmN BA BN NA AB BnN NB AmN NA BnN C

3. Gia stt mién D la mién da lién, c6 thé chia thanh hitu han cac mién don lién. Vi du, mién D c6
thé tach thanh 2 mién Dy, Dy béi cac doan thing AB, M N. Stt dung cong thiic Green cho Dy, Dy va

lay tong ctia ching, ta ciing thu duge dinh 1§ Green cho mién D la mién da lien.

Hinh 1.21: Mién D c6 thé tach thanh 2 mién Dy, Dy bédi cac doan thing AB, M N.
Dé chitng minh dinh 1y Green cho trudng hop tdng quat, ta phai xap xi mién D bdi nhitng mién
da xét.
Vi du 1.2.5. Tinh tich phan I = [ 2?ydz — zy*dy, véi C la duong tron 22 + y? = 9, lay theo chiéu
C
ngugc chiéu kim dong ho.

0 oP . .
Gidi. Ta c6 P(x,y) = 2%y, Q = —xy? = 8—Q = —92, T 22. Ap dung cong thiic Green déi véi
T Y

duong cong khép kin C, 1ay theo chiéu duong la chiéu nguge kim dong ho, ta duge

I= fxzyd:r — zydy = + //(—y2 — 22)dxdy
c D

D&i mién D : 22 + y? < 9 sang he toa do cyc, ta dude D = {(r,¢) : 0 < ¢ < 27,0 < r < 3}. Khi d6

27 3 473 81
= —/dcp/rz.'rdr = - [80](2)7r. [T} = ——W
4|, 2
0 0

Vi du 1.2.6. Tinh tich phan dudng loai hai I = [(2? + 2y)dz — (y* + 2z)dy, véi C la phan dudng
C
tron 22 + y? = 4 thda diéu kién y > z, huéng theo chiéu ngugc chiéu kim dong ho.
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1.2 Tich phan duong loai hai 21

=

\ 4

Hinh 1.22: C la duong tron 22 + y? = 9, lay theo chiéu nguge chiéu kim dong ho.

Hinh 1.23: C 14 phan duong tron 22 +y? = 4 thoéa diéu kién y > z, hudng theo chiéu nguge chicu kim
dong ho.

Giai. Bai todn c6 thé giai theo cach tham s6 héa phan dudng tron x? + y? = 4 thoéa didu kién
y > x. Tuy nhién, viéc tinh tich phan theo dudng cong C nay kha phic tap. Do d6, bang viéc them
dudsng C 1a duong thing AB vao dudng cong C ta sé thu duge dudng cong khép kin. T dé, ching
ta c6 thé ap dung dugc cong thic Green. Vay

I= /[(x2+2y)dx— (v 4 22)dy] = / (22 + 2y)dx — (y* + 2x)dy] —/[(1‘2+2y)d1‘— (v 4 22)dy] =

C C+Cy C1
://[—(y2+2m) (22 + 2) ddy — f[(z +20) — (24 20)] d:v_// 92— 9)dady f()dx—
b V2

= —4, //d:cdy——4SD—4 —8&7.
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22 TICH PHAN DUONG

Vi dy 1.2.7. Tinh tich phan dudng loai hai I = [[(y°e* — by)dz + (5y*e® — 5)dy], v6i C' la phan
C
duong tron x = /1 — y2 di tu A(0,1) dén B(0,—1).

2 Y

1A
—0 C
D
OA 1 ZC
G
-l‘g

Hinh 1.24: C' la phan dudng tron z = /1 — y? di tt A(0,1) dén B(0,—1).

Ciai. Bai toan c6 thé giai theo cach tham s héa phan dudng tron z = /1 — y2. Tuy nhién, viec
tinh tich phan theo duong cong C nay kha phic tap. Do d6, bang viec them dudsng C; 1a duong thang
BA vao dudng cong C' ta sé thu duge dudng cong khép kin theo chiéu cting chiéu kim déng
ho. Tir dé, ching ta c6 thé 4p dung duge cong thiic Green. Vay

I= / [(y°e”—5y)da+(5y e ~5)dy] = / [(y°e” —5y)da+(5y*e” —5)dy]— / [(y°e” —5y)da+(5y"e” —5)dy] =
C C+Cq C1

— [[(evter—s) ey dwdy- / (Gy'e"~5)dy = — [ [ Gy'er—sy'er+5)dady- / (59" —5)dy =
D

-1 D 1
5 1 .1 om
= =5 [ [ dady — [y —5y]_; = —5Sp+8= 5.~ +8=—T-+8
D
Ung dung cong thicc Green tinh dién tich mién phing D.

T cong thic Green cho Q(z,y) = z va P(x,y) = —y ta dudc

1
SD://dxdy:27§xdy—ydﬂs.
D C

Vi du 1.2.8. Tinh dién tich mién phing D gi6i han béi x = cos®t,y = sin®t,0 < t < 27.

Giai. T cong thitc Green cho Q(z,y) =z va P(z,y) = —y ta dugc
2
Sp = // dxdy = ;fzndy —ydr = ;/[:U(t)y'(t) —y(t).2' (t)]dt =
D c 0
2 2 27
= % /[0083 t.3sin?t. cost — sin® t.3 cos® t.(— sint)]dt = g /[SithCOS2 tldt = g /sin2 2tdt =
0 0

[e=]

21

3
:/(l—cos4t)dt: .
16 16
0
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1.2 Tich phan duong loai hai 23

Hinh 1.25: Mién phing D gidi han béi x = cos®t,y = sin®¢,0 < t < 27.

1.2.9 Tich phan khéng phu thuéc vao dudsng di

Dinh 1y 1.7. Cho ham P(z,y),Q(x,y) va cic dao ham riéng cap 1 cia ching lién tuc trong mién
md, don lien D chita cung AB. Khi dé cdc ménh dé sau tuong duong

0Q oP

e — —
Ox oy

e Tich phan I = [ P(z,y)dz + Q(x,y)dy khong phu thuoc duong cong tron tung khic néi cung
AB
AB nam trong D.

o Ton tai ham u(z,y) la vi phan toan phan cia P(x,y)dz + Q(x,y)dy, tic la

ou _

du(z,y) = P(z,y)dr + Q(z,y)dy = 5

P(z,y), g;; — Q(x.y)

L7 £ / P(z,y)dz + Q(z,y)dy = u(rp,yp) — w(za,ya)
AB

e Tich phan trén moi chu tuyén kin C, tron tung khic trong D bing 0.

I= }I{P(x,y)dx + Q(z,y)dy = 0.
C

Cach tinh tich phan dudng loai hai khéng phu thuéc vao dudng di. Do tich phan I khong
phu thudc vao duong lay tich phan nén ta c6 thé lay tich phan theo dudng thang tit A dén C sau dé6
la tit C' dén B hoac lay tich phan theo duong thing tit A dén D sau dé6 la tit D dén B.
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24
v+
D Y% B
x=xA“ X=X,
A vy, ©
0 x

1=i/wamm+Q@wmy=/7%/:i[wpwwmmwy/wQqum%
AB A

AC OB va

hay
Iz/P@wW+maww=/+/=ATMMM@+ATHLWWa

AB AD DB

Vi du 1.2.9. Chiing minh ring, tich phan duong I = [ (322y+y)dz+ (23 +z)dy, véi A(1, —2), B(2,3)
AB

khong phu thudc vao dusng di. Tinh I.

0 opP 0Q OP
Giai. Ta c6 P(z,y) = 322y +vy, Q(z,y) = 2°> + 2 = 9Q =322+1, — =322 +1. Do do, —Q, —-—
ox oy dr " Oy
lien tuc tren R2 va
0Q oOP 9
— =——=3 1.
oz oy v

Vay tich phan I khong phu thudc vao duong lay tich phan.
Cach 1: Tinh I
Ton tai ham wu(z,y) 1a vi phan toan phan cta P(z,y)dz + Q(z,y)dy, tic la

0
du(z,y) = P(z,y)dz + Q(z,y)dy = 8% = P(z,y) =32°y +y

= u(z,y) =y’ +yao + Cy) = gz=Q<m,y)=x3+x$x3+x+0(y)=x3+m;*'0(y)=0
= u(z,y) = x3y+xy.

Khi dé

I= /P(x,y)dx—l—@(x,y)dy = w(zp,yp)—u(za,ya) = [23.342.3]—[13.(—2)+1.(—2)] = 30—(—4) = 34.
AB

Cach 2: Tinh I
Vi tich phan I khong phu thudc vao duong di nén ta sé lay tich phan theo duong théng di tit A
dén C, sau d6 di tit C' dén B. Khi d6

B YB

f:/mmmmQ@m@=/+/=/mMmm+/mmmwz
AB YA

AC CB TaA
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1.2 Tich phan duong loai hai 25

ylk
3 B
X=Xg
o 1 |2 X
A i
RS
A C

Hinh 1.26: Lay tich phan theo dudng thang tit A dén C sau d6 tit C' dén B

2 3
/ a2+ — dx+/(23+2)dy — [~22% — 22]% + [10y]> , = (~20 + 4) + (30 + 20) = 34.
1 -2

Vi du 1.2.10. Cho 2 ham P(z,y) = (1 +zx+y)e ¥, Q(z,y) = (1 — 2 — y)e ¥. Tim ham h(x) thoa

h(0) = 1 dé biéu thitc h(x)P(x,y)dx + h(z)Q(z,y)dy 1a vi phan toan phan ciia ham u(z,y) nio dé.

V6i h(z) vita tim, tinh tich phan I = [[h(z)P(z,y)dz + h(z)Q(z, y)dy] trong d6 C la nita dudng tron
C

22 +y? = 9 nam beén phai truc tung, chidu di tit diém A(0, —3) dén diém B(0, 3).

Giai. Dé biéu thic h(x)P(x,y)dz + h(z)Q(z,y)dy 1a vi phan toan phan ctia ham u(z,y) nho dé
thi
[(2)Q(z, y)]; = [h(x) Pz, y)l, = W(2)Q(x,y) + h(z).Q; = h(z).P,

= W (z).(1—z—y)e Y+h(z).(—=1)e™¥ = h(z).[e Y—(1+x+y)e Y] = h'(z).(1—z—y)e ¥ = h(z).(1-z—y)e Y

dh dh
:>h'(:):):h(x):>@:hé . =dr=Iln|h(z)|=2+C = h(z) =

Ham h(z) thda h(0) = 1 nén h(0) = "¢ =1 = C = 0. Vay h(z) =
V6i h(z) = e® thi tich phan I = [[h(z)P(z,y)dz + h(z)Q(z,y)dy] khong phu thudc dudng di
C

Ry

nén ta sé lay tich phan theo duong thang x = 0 di tit A dén B. Khi dé

1= / () P(z, y)dz + h(x)Q(, y)dy) = / B(0)Q(0, y)dy =
AB YA

3 3
= /60.(1 —0—y)e Ydy = /(1 —y)e Ydy
-3 -3
Theo cong thitc tich phan timg phan, dat
=1- du = —
U Y N U dy
dv = e Ydy v=—eY

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

26 TICH PHAN DUONG

P
]

-3./(2[

Hinh 1.27: C la ntta dudng tron x2 4+ y? = 9 nam bén phai truc tung, chiéu di tit diém A(0, —3) dén
diém B(0, 3).

Khi do
3
I= [—e_y(l — y)]iS — /e_ydy = [(1 -1+ y)e_y] 33 = [ye_y] 33 =3(e 3+ ¢°).
Z3

Vi du 1.2.11. Cho 2 ham P(z,y) = 2ye*™ +e%* cosy, Q(z,y) = 2ze — e*® siny, trong d6 « 1a hang

s6. Tim « dé biéu thitc Pdz + Qdy 14 vi phan toan phan ctia ham u(z,y) nao dé. Vi a vita tim dugc,

tinh tich phan dudng I = §[P(z,y) — y®]dz + [Q(z,y) + 23]dy trong d6 C la dudng tron 2° + y? = 2z
C

lay theo chiéu duong la chiéu nguge chiéu kim dong ho.
Giai. Dé biéu thitc Pdx + Qdy 13 vi phan toan phan ctia ham u(z,y) ndo dé thi

Q) = P, = 2e™ + 2zye™ — siny.a.e™ = 2e™ + 2yze™ + ¥ (—siny)

Otil‘.(

= —siny.a.e®” = e* (—siny) = a = 1.

Ay

Hinh 1.28: C : 22 + y? = 2z lay theo chiéu duong la chiéu ngude chiéu kim dong ho.
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1.3 Thuc hanh MatLab 27

Khi d6 theo cong thitc Green doi véi dudng cong khép kin C' véi Q), = P, ta ¢o

= 74 P(z,y) — y)dz + [Q(z, y) + 2)dy = é / (Q(y) + 2%, — [P(z,y) — v*],) ddy =

C
27 2cos
= // ([Q; + 31:2] — [P; - 3y2]) dxdy = // (3902 + 3y2) dxdy = B/dcp / r2ordr =
D D 0 0
27 o 27 27
e Eid 24 cos? 1+ cos2p 2
=3 — = — | dp =12 —— ) dp=
4 r=0 4 2
0 0 0
7 1+ cosd 3 in 472"
= 3/ <1 + 2cos2¢ + —l—czoscp) dp = 3. [2<p+sin2g0+ Smg SO] = 9.
0

1.3 Thuc hanh MatLab

1.3.1 Vé dudng cong tham sb trong mit phing
Lénh plot(x(t),y(t))

Vi du 1.3.1. Vé duong tron 22 +y?> =1

t = linspace(0,2*pi,30);

x = cos(t);
y = sin(t);
plot(x,y)

Hinh 1.29: Duong tron 22 + ¢ = 1

1.3.2 Vé dudng cong tham s trong khéong gian

Leénh plot3(x(t),y(t),z(t))
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28 TICH PHAN DUONG

Vidu 1.3.2. VEC :x =cost,y =sint,z =1,0 <t < 2.

t = linspace(0,2*pi,30);
x = cos(t);

y = sin(t);

z=t;

plot3(x,y,z)

Hinh 1.30: Duong tron z2 +y? = 1

1.4 Bai tap

1.4.1 Tinh tich phan dudng loai I
Bai tap 1.4.1. Tinh tich phan

1. Tinh tich phan [ye ®dl véi C la dudng cong z = In(1 + ¢?),y = 2arctant — ¢,0 < t < 1.
C
2. Tinh [ \/2? + y2d¢ trong d6 C la nifa dudng tron z2 + y* = 2z, 2 > 1.
c

3. Tinh tich phan [ 43 4 4340 v6i C 1a dudng cong khép kin xac dinh béi phuong trinh z2/3 +
C
2/3 _ 2/3

Yo =a*”°.

Bai tap 1.4.2. Tinh tich phan

1
1. Tinh tich phan [

C VT2 +y*+5

1
2. Tinh tich phan [

C VT2 +y*+5

3. Tinh [(z + y)d¢ trong d6 C la chu vi tam giac OAB véi O(0,0), A(1,0), B(0,1).
C

dl véi C 1a dudng théng ndi hai diém A(0,0), B(1,2).

d¢ v6i C la dudng thang néi hai diém A(0,0), B(4, 3).

SC2

4. Tinh [2?dl trong d6 C la cung y = —,0 < = < /3.
C

2 I ~ ~X
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1.4 Bai tap 29

Bai tap 1.4.3. Tinh tich phan

1. Tinh tich phan [ arctan gdﬁ v6i C la duong cong xac dinh trong hé toa do cuc béi phuong trinh
& x
r=p,¢p€l0,7/2].

Bai tap 1.4.4. Tinh tich phan

L - s e e t2 V83
1. Tinh tich phan [ xyzdl véi C la duong cong xac dinh béi z = ¢,y = > z = 3 ,t €10,1].
C
) o 3t? 3
2. Tinh [(z + z)d¢ trong d6 C la dudng cong z =t,y = —=,2 =13,0 < t < 1.
C V2
52
3. Tinh [ ﬁdﬁ trong d6 C' 1a dudng cong x = cost,y =sint,z =¢,0 < t < 27.
cr Ty

4. Tinh tich phan [(z +y — 22)d¢ véi C la giao tuyén clia mit tru 2?2 4+ y?> = 1 va mat nén
c
z=\/x2+y?

. 1, .
5. Tinh [ zyzdl trong d6 C la giao tuyén clia 2 mit 224+ yP+ 22 =1vaal+y? = 1 lay phan

C
z20,y>20,2=>0.

1.4.2 Tinh tich phan dudng loai II
Bai tap 1.4.5. Tinh tich phan duong I = [ ydz + zdy theo dudng cong C véi diém dau O(0,0) va
diém cudi A(1,1) néu nhu ¢

1. C la doan thing OA.

2. C la cung parabol y = z2.

3. C la cung ctia dudng tron tam (1,0) ban kinh béng 1.

Bai tap 1.4.6. Tinh tich phan I = [ xzdy — ydz theo dudng cong C, di tit A(0,0) dén B(1,2).
C

1. C la doan thing AB. DS. 0
2. C la cung parabol y = 2z2. DS. ;
3. C la duong thang gap khic ndi 3 diém A, D, B véi D(0,1). PS. —1
Bai tap 1.4.7. 1. Tinh tich phan I = [ zydz theo dudng cong C : y = sinz, véi diém dau O(0,0)
va diém cudi A(m,0). ¢
2. Tinh tich phan I = | <x - ;) dy theo dudong cong C : y = 2%, v6i diém dau A(1,1) va diém
cudi B(2,4). ¢

3. Tinh tich phan I = [ zdy — yda theo dudng cong C : y = 23, v6i didm dau O(0,0) va diém cudi
C
A(2,4).

4. Tinh tich phan I = [ Yir + dy theo dudng cong C : y = Inx, v6i diém dau A(1,0) va diém cudi
b
B(e,1).
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2

. Tinh tich phan I = [ 2zydx + 2%dy theo duong cong C : y = %, v6i diém dau O(0,0) va diém
C

cudi A(2,1).

. Tinh tich phan I = [ 2zydz — 22dy theo dudng cong C : y = \/g, v6i diém dau O(0,0) va diém
C

cudi A(2,1).

Tinh tich phan I = [ cosydx — sinydy theo dudng cong C : y = —z, véi diém dau A(—2,2) va
C

diém cudi B(2, -2).

. Tinh tich phan I = [(zy — y*)dx + xdy theo dudng cong C : y = 2/z, véi diem dau O(0,0) va

C
diém cubi A(1,2).

. Tinh tich phan I = [(2? — 2zy)dz + (y* — 22y)dy theo dudng cong C : y = z?, v6i diém dau

C
A(=1,1) va diém cudi B(1,1).

Tinh tich phan I = [(22 + y?)dz + (2% — y*)dy theo duong cong C : y = 1 — |z — 1|, véi diém
C
dau 0(0,0) va diém cudi A(2,0).

3 29
Tinh tich phan I = [ “dx — =2~ dy theo dudng cong C, duge xac dinh bdi y? = = di tir A(4,2)
c Y 93

dén B(1,1).

Tinh tich phan I = [ e — ualy theo dudng cong C, dugce xac dinh béi y = 22 di tir A(2,4)
cY z
dén B(1,1).

Tinh tich phan I = [ 23dy — zydx theo dudng cong C, 1a doan thing ndi A(0, —2) dén B(1, 3).
C

Tinh tich phan I = [ —322dx + y*dy theo duong cong C, la doan thang ndi A(0,0) dén B(2,4).
C

tap 1.4.8. 1. Tinh tich phan I = [ zdy theo dudng cong C, 1a nita duong tron dude xac dinh
C
béi 22 + 9% =a?, x > 0, di tit A(0, —a) dén B(0,a).

tap 1.4.9. Tinh tich phan

Tinh I = [(ydz + 2dy + xdz), v6i C la nhiing dudng thang gap khuc ndi tit diém A(2,0,0) dén
C
B = (3,4,5) va tit B = (3,4,5) dén C = (3,4,0).

1.4.3 Tich phan duong khéng phu thuéc vao duong di

Bai

tap 1.4.10. Tinh tich phan

(2,3)

T Y Y 1
_— — = | d —+ — | d
/<\/w2+y2 5”2) $+<vw2+y2+x> ’

(L.1)

theo duong cong C' khong qua géc O va khong cat truc tung.
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Loi giai bai tap chuong 6

1.4.3

1.4.4

.

© N> o

10.

11.

) (2 +4)3/2 - 8

24

16v2
T 143

Wil

CuuDuongThanCong.com

https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

TICH PHAN DUONG

32
12. - —1In2
2
a
1.4.8 1. —
2
19
1.4.9 1. —
2
1.4.10

CuuDuongThanCong.com

https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt



