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TICH PHAN MAT

1.1. Tich phan mat loai mot ....ooviii it i i i ittt e in e 2
1.2. Tich phan mat loai hai...... ..ot i i 8
R TR 7 1 - ¥ o L 19

1.1 Tich phan mat loai mot

1.1.1 Bai toan tinh khéi lugng ctia mat cong

Cho mit cong S trong khong gian c6 phan bd khéi lugng khong dong déu theo dién tich miit
cong clia né. Syt phan bd nay trong hé truc toa do Oxyz duge mo ta bdi ham khoi lugng trén mot don
vi dién tich f(z,y,z) (hay con goi la mat do bé mat (kg/m?))

Lat vang
< Flxyz) -mdt dp bé mat cia vang (Kg/m’)

Lat bac
Fxy z) -mdt d6 bé mat cia bac (Kg/m?)

Hinh 1.1: Lat kim loai méng khong dong chat
Hay tinh khéi lugng M clia mat cong S
Dau tien, ching ta chia mit cong S thanh nhing mét cong nhé ¢6 dién tich AS;;

Néu chiing ta chon mot diém tuy ¥ (755 Y350 2;) € Sij thi ta s& duge tong Riemann ctia tich phan
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1.1 Tich phan mat loai mot 3

mat loai mot. Nhu vay, khéi lugng ctia vat thé duge tinh gan dang 1a

M =~ Z Z f(@is, yi 2i5) AS,

i=1 j=1

1.1.2 Dinh nghia

Tich phan mét loai mot 1a tich phan c6 dang

/ f(éU?y’Z)dS:ml%IBOOZZf jvyzja ’L]
S

i=1 j=1
S 1a mit cong lay tich phan, f(z,y,2) goi la ham lay tich phan.
1.1.3 Tinh chéat cta tich phan dudng loai mot
19, [] 1dS = dien tich mat cong.
20, ;f a.f(z,y,2)dS = a.{gf f(x,y,2)dS
37, ff #9,2) +9( 0, 2)dS = [[ fw,y, 2)dS + [[ g(,y, 2)dS.

49, Neu S=S51+8th [[ f(z,y,2)dS = [[ f(z,y,2)dS + [[ f(z,y, z)dS.
S S1 Sa

1.1.4 Mat cong S cho béi phuong trinh z = z(z,y)

Néu mit cong S ¢6 phuong trinh z = z(z,y), Dy 12 hinh chiéu ctia S xudng mat phang Ozy. Khi

dé
92\ > 0z
dS:\/1+ <0$> + <8y> dxdy
d 9z\?
//f:ry, )dS = //fxy, my\/1+<a;>+<az>dxdy

1.1.5 Mat cong S cho béi phuong trinh y = y(z, 2)

va

Néu mit cong S c6 phuong trinh y = y(z, 2), D, 1 hinh chiéu ctia S xuéng mit phang Oxz. Khi

do
I ay\> [0y
dS—\/1+<(%> +<82> dxdz
//fx 2)dS = //fa: x,z) 1+<8y>2+(0y>2dxdz
bz ul Ox 0z

1.1.6 Mat cong S cho béi phuong trinh z = z(y, 2)

va

Néu mit cong S ¢6 phuong trinh z = z(y, 2), Dy, la hinh chiéu ctia S xudng mat phang Oyz. Khi

do
ox\ 2 ox
dS—\/l+<8y> +<82> dydz
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4 TICH PHAN MAT

//fxy, )dS = //f 2(y,2),, 2 )\/H@z) +<gx) dydz

Vi dy 1.1.1. Tinh tich phan I = [[ zyzdS, trong d6 S la phan mat phang  +y + 2z = 1 ndm trong
S

gocxr =20,y >0,z > 0.

v

Hinh 1.2: S 14 phan mit phing = + y + z = 1 ndm trong géc > 0,y > 0,z > 0.

Giai. Mat cong S duge xdc dinh béi z=1—z —y = 2, = —1,z?’/ = —1. Khi d6

I—//xyl—:z:— \/1+ )2dxdy_f//:cy1—x— y)drdy =

—

—x 1

; yz yz y3 y=l-x
Z\/g/dx/xyl—x—y)dy:\/g/ r— —2? L — L do =
2 2 "3,
0 0 0
1
_ 1-2)? L(1-2? (1-2)*] V3
= \/§/ [a: 5 T 5 C— dr = 120
0
1
Vi du 1.1.2. Tinh tich phan I = f i ﬁd& trong d6 S 14 mit xung quanh cia ti dién
x

z+y+z2=1,2z=0,y=0,2=0.

Hinh 1.3: S 1& mat xung quanh cia tddien x +y+2=1,2 =0,y =0,z = 0.

Giai. Mat cong S = S; + S + S3 + S4 nén theo tinh chat ctia tich phan mat loai mot, ta c6

I_// +x+y // I+a +y // I+a +y // 1+x—|—3/
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1.1 Tich phan mdt loai mot 5

Mt cong S1 duge xac dinh béi phuong trinh z =1 -2 —y = 2; = —1,2, = —1. Khi d6

I 1 2dady =
1= // 1+x+y // 1+x+y \/+ zy)*dady

—x 1

1 y=1-e 1 V3
——dy = _— dr = —t ——)dr = —— .In 2.
1+$+y) Y \/§/[ 1+m—|—y] T = \f/< +1+$) T 2+\fn
0

Miit cong Sy duge xac dinh béi phuong trinh z =0 = 2, =0, z = 0. Khi d6

1 2dwdy —
//1+x+y // 1+x+y \/+ 2y) dady =
1 1—x 1 y:l:p 1 ]
= [d dr = —= +1In2,
/x/ 1+x+y /[ 1+x+y} /( 1—|—a:> Tt
0 0 0 0

Mat cong S3 duge xéc dinh béi phuong trinh z = 0 = z; = 0,27, = 0. Khi d6

I = 1 /1\2 ’Qdd —
3 // 1+x+y // 1+0+y2\/ +(2)° + (2)dyd=

[oe [ty [ o] e (-

Mt cong Sy duge xac dinh béi phuong trinh y = 0 = 3, = 0,4, = 0. Khi d6

1 2dzdx =
// 1+9:+y // l+x +0 3VI+ W)+ (42) dzde =
1 1 1 .
/ dz:/ — +1)dz=—-1In2+1.
1+ZE 2—z
0 0

3_2‘/§+(\/§—1)1n2

—

:x/§/1dx
0

o\

+1>dz——ln2+1.

—

—z

1
/dz
0

Vay I =1 + b+ I3+ Iy =

o\

Vi dy 1.1.3. Tinh tich phan I = [[ |zyz|dS, trong d6 S 1a phan mat z = 22 + y? nim gifta 2 mat
S

phang z =0,z = 1.

\s
K/ ®

Hinh 1.4: S la phan mat z = 22 + y? ndm giita 2 mat phang z = 0,z = 1.
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6 TICH PHAN MAT

D :0<p<<-,0<r<1.

ol 3

Giai. Mat cong S duge xac dinh bdi phuong trinh z = 22 + y? = 2/, = 2u, z, = 2y. Khi d6

I= // |zy|2dS = // lzy|(22+y2) /1 + (22)2 + (2y)2dady = 4//:Ey 22 4+92)\/1 + (22)2 + (2y)2dzdy =
w/2 1 ) 5\/5 w/2 . 5\[
= 1 2 2 e _ _ 1 e _
4/dcp/rcosg0.rsmgp.r V14 4rérdr (120 + 22 > /251n2g0d90 (60 + 12 )
0 0 0

Vi du 1.1.4. Tinh tich phan I = [[(2? + y?)dS, trong d6 S 1a phan mat 2% = 22 + y? nam gita 2
S

mat phang z =0,z = 1.

7/
A Y
Ay
.
1Y
A Y
,
1
1
\ ]
1
1
1)
d
"
1
1
1
1
:
1
1
U
;
1]
I
1]
;
I
I’
’
’
K4
'l
.

Hinh 1.5: S 14 phan mit 22 = 22 4 y? nim gitta 2 mat phing z = 0,2 = 1.

Giai. Mat cong S duge xac dinh béi phuong trinh 2z = /22 + 3?2

/

_ <z r_ Y .

Hinh chiéu clia mat cong S lén mat phing Ozy la

=z

D:0<p<2m,0<r<1.

Khi d6
2 2
1= [ 2+ QdS://x2—|— Dl =) [ ) dud ://x2+ 2)V2dady =
//( y) (2" +y7) T N y (@"+y7) Y
S D D
27 1 471 1 \/i
—\@./dgo/TQIdr— go]gw.[r} —V2.2r.- = V2
4], 4 2
0 0

Vi du 1.1.5. Tinh tich phan [f %ds, trong d6 S 14 1 phan tam mat cau z2 +y? + 22 = 9 trong
s Ty

goc x <0,y <0,z <0.
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1.1 Tich phan mdt loai mot 7

"R

s <

Hinh 1.6: S 1a 1 phan tam mit cau 22 4+ y? + 22 = 9 trong géc = < 0,y < 0,z < 0.

Giai. Vi S 1a 1 phan tdm mat cau 22 + y? + 22 = 9 trong géc 2 < 0,y < 0, 2

dugce xac dinh bdi phuong trinh z = —/9 — 22 — 32

X
jz/:—zlz Yy

V==Y 9y

Hinh chiéu clia mat cong S lén mat phing Oxy la

Khi do

< 0 nén mat cong S

2 2
T T T Y
1= ———=dS = ———— |1 CLIEE. L U1 -2 ) dxdy =
//x2+y2 //w2+y2 +<\/9—x2—y2> +<\/9—:c2—y2> Y
S D

3r/2 3 3m/2

T 3 7 COS @ Cos
= . dxdy = 3. d . d dr
//5324‘3/2 V9 — a2 —y? xy / cp/ 2 V9 —r2 / s0/\/ —r?

D 0

™
3r/2
3

™

1.1.7 Ung dung hinh hoc cta tich phan mat loai mot

Tinh dién tich cia mat cong S

Dién tich mat cong = // 1dS.

dr . LT ) ™
=3. / cos godgp/ T = 3. [sin cp]f’f/z. [arcsm 5}0 = —3.arcsinl = —3.5 =5
0

3T

Vi du 1.1.6. Tinh dién tich ctia mit S, véi S 1a phan mit phing z = z bi chiin bdi cAc mit phing

r+y=1y=0,2=0.

Giai. Mat cong S dugc xdc dinh bdi phuong trinh 2 =z = 2, = 1, 2, = 0. Khi d6

Dién tich ctia mat S = // 1dS = // \/1 + ( ) dady = V2. // dxdy =

—

—T

2

=f2./1dx
0

o

CuuDuongThanCong.com https://fb.com/tailieudientucntt

dy = fz/ll—x V2. [—W]::
0


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

8 TICH PHAN MAT

x+y=1

7
Hinh 1.7: S 14 phan mit 22 = 22 4+ y? ndm gitta 2 mat phing 2 =0,z = 1.

1.2 Tich phan mat loai hai

1.2.1 Mat dinh huéng

Mt cong S 1a tap hgp clia diém M (x,y, z) théa man phuong trinh F(z,y, z) = 0. Trong trudng
hop dac biet khi mét cong S dugce xac dinh béi z = z(z,y) thi F(z,y, 2) = z(z,y) — 2z hodc F(z,y, 2) =
= Z(l‘, y)

Dinh nghia 1.1. Mit cong S dugc goi 1a mat tron néu F(z,y,2) ¢6 cdc dao ham riéng cap mot
F,, F,, F. lien tuc va khong dong thoi bang 0 trén S.

Dinh nghia 1.2. Mit cong S duge goi la mat dinh huéng hay mit hai phia, néu tai moi diém

M(z,y,z) cia S luon xéc dinh duge phap véc té don vi 7 (M) sao cho ham véc to (M) =

(n1(z,y, z),na(z,y, 2),n3(z,y, z)) lién tuc trén S

Nhu vay, déi v6i mat hai phia chiing ta sé c6 hai phap véc ta don vi wova -1

, 2

Hinh 1.8: Mat hai phia
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1.2 Tich phan mdt loai hai 9

Cho S dugc xéac dinh bdi phuong trinh F(z,y, z) = 0. Khi d6 phap véc to don vi ctia S la

S Py 5 P!
ED? + (B2 + (FD2 (o2 4+ (Fp2 4+ (22 J(Fo)? + (Fy)? + (F2)?

Trong trudng hgp dic biét khi mat cong S duge xac dinh bdi z = z(z,y) va ¢6 phap véc to don vi
w huéng lén phia trén, c6 nghia la phap véc to don vi tao v6i tia Oz mot goc nhon va toa do thit 3
ctia 7@ duong. Khi d6 phuong trinh clia mit cong S la F(z,y,z) =z —z(x,y) =0 va

/ Z/

_ —Zy ’ —Zy 1
VIF G2+ 1 G2+ ()2 1+ ()2 + (3)?

[

Néu mit cong S dudc xac dinh bdi z = z(z, y) va ¢6 phép véc to don vi 77 huéng xudng phia dudi,
c6 nghia la phap véc to don vi tao v6i tia Oz mot géc th va toa do tha 3 cla 7 am thi phuong trinh

ctia mit cong S 1a F(x,y,2) = z(z,y) — 2 =0 va

/ / 1
i

AR Gt S G e R

Tuy nhién, c6 nhitng mat khong thé dinh huéng, vi du 14 Mobius. La Mobius c6 thé dugc tao bing
cach sau: lay mot hinh chit nhat ABCD (bing gidy) sau d6 vin cong hinh chit nhat dé hai dau giap
nhau (diém A tring diém C, diém B tring diém D). Gia st phap véc to tai diém M 1a 7 (M). Dich
chuyén W(M ) lien tuc doc theo 14 (khong vugt qua bién) ta sé quay lai diém xuat phat M ban dau
nhung lac nay huéng ctia phap véc to W(M ) ¢6 huéng ngugc lai. Phap véc to tai mot diém M khong
thé c6 hai huéng, do dé ham phap véc to khong lién tuc trén mit Mobius, vi néu lién tuc thi sau khi
dich chuyén mot cach lién tuc, quay vé vi tri M ban dau thi phap véc to phai triing véi phap véc to
ban dau. Do d6, mat Mobius 1a mit mot phia. Trong chuong trinh hoc, chiing ta chi xét mat dinh
huéng (mat hai phia).

B C

Hinh 1.9: La Mobius 1a mat mot phia
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10 TICH PHAN MAT

1.2.2 Bai toan thuc té

Xét bai toan tinh lugng chat 1éng di qua bé mit cho truée S trong mot don vi thoi gian.

Gi4 st mat do ctia chat 16ng (khéi lugng rieng ctia chat 16ng) tai mdi diém M;(z,y, z) trong
khong gian 1 p(z,y, 2)(kg/m?), mit cong S 1a mat dinh huwéng véi phap véc to don vi 77, c6 kha
nang cho chit 16ng thim qua, véc to van tdc o (z,y, z)(m/s) ciia chat 16ng tai méi diém M;(x, vy, z)
trong khong gian khong déi theo thoi gian.

Khi d6 khoi Iwgng ctia chat 16ng di qua mit cong S trén mot don vi dién tich, theo mot don vi
thoi gian 1a p. U (kg/(m?.s)) = (P(M;), Q(M;), R(M;))

Néu ching ta chia mit cong S thanh nhimg mit cong nhé S; thi S; gan nhu 1a mot mit phing.
Nhu vay, ching ta c6 thé tinh gan ding khéi lugng chét 1éng di qua S; theo mot don vi thai gian 1a

< p U (My), T (M;) > .AS;.

Do dé, khoéi lugng chat 16ng di qua S theo mot don vi thoi gian duge tinh gan ding la

~Z<p7 (M) > .AS;.

Cié sit phap vécto don vi clia mat S tai diém M; 1a 7 (M;) = (cos a(M;), cos B(M;), cosy(M;)).
<

—

Hinh 1.10: Phéap vécto don vi clia mit S tai diém M;

Khi do
Z ) cos a(M;) + Q(M;) cos B(M;) + R(M;) cosy(M;)].AS;.

Day la tong Riemann ctia tich phan mit loai hai.

1.2.3 Dinh nghia tinh phan mat loai hai

Dinh nghia 1.3. Cho nhing ham P(z,y,z2),Q(z,y, 2), R(z,y, z) xac dinh trén mat tron, dinh
huéng S. Phap vécto don vi clia mit S 1a = (cos a, cos 3, cosy), Vi a, 3,7 lan lugt 1a goc tao
béi 7 va cac tia Ox,Oy,Oz. Tich phan mat loai mot

I = //[P(a;, y,z)cosa + Q(x,y, z) cos f + R(z,y, z) cosy|dS

dugc goi la tich phan mat loai hai ctia P, Q, R trén mat dinh huéng S. Tich phan nay dugce ky hiéu
la
I= // Pdydz + Qdzdx + Rdxdy
S
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1.2 Tich phan mdt loai hai 11

Giot dau
Giot nwéc

Hinh 1.11: Tinh téng Riemann tich phan mat loai hai

1.2.4 Dua tich phan mit loai hai vé tich phan kép

//Rda:dy = //Rcos'de,
S S

trong d6 S 14 mit cong ¢6 phuong trinh z = z(z, y) véi phap véc to don vi w huéng lén trén, c6 nghia
& phap véc to don vi tao véi tia Oz mot goc nhon va toa do thi 3 cla K duong. Do d6 phuong trinh

Gia st can tinh tich phan

ctia mit cong S 1a F(z,y,z) =z — z(z,y) =0 va

/ z/

ﬁ: —“z ’ ] ’ 1
VI+E? G2 L2+ ()7 14 ()7 + (o))

_>
Tia Oz ¢6 véc to chi phuong don vi 1a k = (0,0,1). Vi v la géc tao béi 77 va tia Oz nén

> 1
OS’y: — =
IR 1t G2+ ()2

Mat khac, ta c6

4S = \[1+ ()2 + (z})2dady

Nhu vay, theo cong thic tinh tich phan mat loai mot, ta duge

= x z(x ! . 2! 2! xdy =
{/R(az,yw)cos’yds— //R( Y, 2( 7y))\/1+(z;)2+(z;)2 \/1+( )? + (2)*dwdy

Day

= // R(z,y, z(z,y))dzdy

Dy

Néu phap véc to don vi 77 clia mat cong S hudng xudng dusi thi goc v 1a goc ti va toa do thi 3

ctia 77 am. Do d6 phuong trinh ctia mat cong S 12 F(z,y,z) = z(z,y) —2 =0 va
Z/ Z/ —1
ﬁ — i Y
VI+ G2+ &) L4 G2+ ()2 1+ () + ()2
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12 TICH PHAN MAT

I L+ 2+ ()2

// R(z,y, 2)dwdy — + // Rz, y, »(z, y))dzdy
S

Day

1.2.5 Cach tinh tich phan mat loai hai

Tich phan mét loai hai cia P, Q, R trén méat dinh huéng S 1a

I= // + Qdzdx + Rdxdy =

S
_ [/ n [ Qdzda + [/ Rdxdy =
:!/ +{/Qcosﬁd5—l—£/Rcosvd5:

=h+ 1+ I3

Tinh [;.

Tim phuong trinh ciia mét cong S 1a z = x(y, 2). Goi Dy, 1a hinh chiéu clia S xudng mat phang
Oyz. Khi dé
//P($7yaz)dydz =4 // P(.I‘(y, Z)aywz)dydz
S Dy-
e Diu "+" néu phap vécto tao vdi chiéu duong ciia tia Oz 1 géc nhon.

° Dau n_n

néu phap vécto tao véi chiéu duong ciia tia Oz 1 goc tiL.
e Tich phan I; = 0 néu phap vécto tao véi chieu duong ctia tia Ox 1 géc bang §

Tinh I,

Tim phuong trinh ciia mat cong S 1a y = y(z, z). Goi D, 1a hinh chiéu clia S xudng mit phang

Ozzx. Khi d6
{/Q(m,y, 2)dzdx = j:D/Z[ Q(z,y(x, 2), 2)d=da

e Diu "+" néu phap vécto tao vdi chiéu duong ctia tia Oy 1 gbéc nhon.

"_I" néu phap vécto tao véi chidu duong ciia tia Oy 1 goc tit.

e Dau
e Tich phan I, = 0 néu phap vécto tao véi chieu duong ctia tia Oy 1 géc bang §

Tinh I;

Tim phuong trinh clia mat cong S 1a z = z(z,y). Goi Dy, 1a hinh chiéu clia S xudng mat phang
Ozy. Khi do
// R(z,y, z)dzxdy = + // R(z,y, z(z,y))dzdy
S Dgy

e Diu "+" néu phap vécto tao vdi chiéu duong clia tia Oz 1 géc nhon.
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1.2 Tich phan mdt loai hai 13

""" néu phap vécto tao véi chiéu duong ciia tia Oz 1 goéc ti.

e Diu
e Tich phan I3 = 0 néu phap vécto tao véi chieu duong clia tia Oz 1 géc bang J
Vi du 1.2.1. Tinh tich phan I = [[ 2?dydz + y?dzdz + z?dzdy, trong d6 S mat phia ngoai clia nita
S

mat cau 22 + 2 +22=9,2 > 0.

z S,(x<0)

Hinh 1.12: S mat phia ngoai ctia nita mat cau 2 +y? 4+ 22 =9,z > 0.

Giai. Ta tach tich phan I thanh 3 tich phan mét

1= //x2dydz+//y2dzdx+//z2dxdy:I1 + Is + I3

S S S

Tinh I; : S mit phia ngoai clia nita mat cau z? + y? 4+ 22 = 9,z > 0 nén phuong trinh miit
cong S 1a z = £4/9 —y2 — 22. Do do, ta chia mat cong S thanh 2 mat cong S; v6i phuong trinh
= /9 —9y2—22 2 >0 va Sy v6i phuong trinh z = —/9 — 32 — 22,z < 0. Mt cong S; ¢6 phap
véc to don vi huéng ra ngoai cung phia véi truc duong cua tia Ox nén phap véc to don vi cia Sy sé
tao véi tia Ox mot géc nhon. Mat cong Sy ¢6 phap véc to don vi huéng ra ngoai ngudge phia véi truc
duong ciia tia Oz nén phap véc to don vi ciia So sé tao v6i tia Oz mot géc ti. Hinh chiéu ctia mit

cong S; va Sy xudng mat phang Oyz trung nhau. Ki higu la D,,. Khi d6

L = //x%lydz = //ﬁdydz + //x2dydz =+ //(9 — y2 _ ZZ)dde_ //(9 _ y2 B 22)dydz —0
S2 Dy Dy,

S S1

Tinh I, : S mit phia ngoai clia nita mat cau z? + y? + 22 = 9,z > 0 nén phuong trinh miit
cong S la y = +v9 — 22 — 22. Do d6, ta chia mit cong S thanh 2 mit cong S véi phuong trinh
y=+v9—22—22,y>0va S, véi phuong trinh y = —v/9 — 22 — 22,y < 0. Mat cong S3 c6 phap véc
ta don vi huéng ra ngoai cung phia véi truc duong cta tia Oy nén phap véc to don vi cia S3 sé tao véi
tia Oy mot gbéc nhon. Mt cong Sy ¢6 phap véc to don vi huéng ra ngoai nguge phia véi truc duong
ctia tia Oy nén phap véc to don vi clia Sy sé tao véi tia Oy mot goc tii. Hinh chiéu ciia mit cong

S3 va Sy xudng mat phang Ozz triing nhau. Ki hieu 1a D,.. Khi dé
I = //dezdx = //dezdx + //y2dzdgg = +//(9 22 z2)dzdm— //(9 _ g2 ZQ)dzdx —0
S 53 Sa D.s Dow

Tinh I35 : S mat ph1a ngoai clia nita mat cau x? + y? + 22 = 9, z > 0 nén phuong trinh mit cong
Sl1az=+/9—22—y2 Mat cong S c6 phap véc to don vi huéng ra ngoai cting phia véi truc duong
cuia tia Oz nén phép véc td don vi clia S sé tao vdi tia Oz mot goc nhon. Hinh chiéu ctia mat cong S
xudéng mat phang Oxy 1a D,,,. Khi d6

2 3

1 1
//Qdmdy— // —z?—y dacdy:/dcp/ rdr—%%r—%
0 0

Day
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14 TICH PHAN MAT

81
Vay Il =L+ DL+ 1I3=— d

1.2.6 Cong thic Ostrogratxki - Gauss

Dinh 1y 1.1. Cho S la mat kin. Q la vat thé dugc bao quanh bdi S. Néu P(x,y, ), Q(x,y, 2), R(z, vy, 2)

va cdc dao ham riéng cia no lién tuc trén miéen ) thi

# Pdydz + Qdzdx + Rdxdy = /// (% + 9Q + 88_]:) dxdydz
n_n

Déu "+" néu hudng cia phdp vécto vdi mat cong lay hudng ra phia ngodai vat thé Q, diu "—" néu
hudng cia phap vécto hudng vao phia trong €.

X

Phap véc to huéng ra ngoai vat thé Phéap véc to huwéng vao trong vat thé

Hinh 1.13: Phap véc tc cia mit cong kin S

Vi du 1.2.2. Dung cong thic Ostrogratxki - Gauss tinh tich phan I = [[(y — z)dydz+ (z — y)dzdz +
s

(x — z)dzdy, trong d6 S 1a mét phia ngoai hinh lap phuong -1 <z <1,-1<y<1,-1 <2< 1L

Hinh 1.14: Hinh lap phuong -1 <2 <1, -1 <y< 1, -1 <2< 1.

Giai. Vi S 1a méit phia ngoai hinh 1ap phuong -1 <z <1,-1 <y <1,-1 <2< 1nén S la mat
kin ¢6 phap véc to hudng ra phia ngoai hinh 1ap phuong. Do d6 theo cong thitc Ostrogratxki -

Gauss, ta c6

I= //(y —x)dydz + (z — y)dzdz + (v — z)dzdy = + /// [(y — ), + (2 — y),, + (& — 2),) dedydz =
0

S
= /Q// (—1—1— 1) dedydz = —3.2° = —
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1.2 Tich phan mdt loai hai 15

Vi du 1.2.3. Dung cong thic Ostrogratxki - Gauss tinh tich phan I = [[ ydydz + xydzdz — zdzdy,
S

trong d6 S 1a mit bien phia trong ciia vat thé xac dinh béi 22 + y? < 4,0 < z < 22 + 9.

Hinh 1.15: S 1a mat bién phia trong ctia vat thé xac dinh béi 2% + 9% < 4,0 < z < 22 + 92

Giai. Vi S la mat phia trong clia vat thé Q xac dinh béi 22+ 9% < 4,0 < 2z < 22+ 9% nén S 1a mit
kin c6 phap véc to huéng vao phia trong vat thé Q. Do d6 theo cong thiic Ostrogratxki - Gauss,

ta co

2

2
—///(O—I-a:—l)dxdydz:—/dgp/rdr/rcosgo—l =
Q 0

0
27 2 27
—/dcp/ (rcosp — 1).r2dr = — /<cosg0 4> dy = 8w
0 0 0

Vi du 1.2.4. Tinh tich phan mét loai hai

1= // 22dydz + y*dzde + 2zdxdy,
S

v6i S 1a mat bien phia trong ciia vat thé giéi han béi 0 < z < 4 — 22 — y2.

Hinh 1.16: S 1a mat bien phia trong ciia vat thé giéi han béi 0 < 2z < 4 — 22 — ¢,
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16 TICH PHAN MAT

Giai. Vi S la mat phia trong ctia vat thé Q giéi han bdi 0 < 2 < 4 — 22 — y? nén S 1a mat kin c6
phap véc to huéng vao phia trong vat thé Q. Do dé theo cong thitc Ostrogratxki - Gauss, ta co

2w 4—r2

2
- ///(2x + 2y + 2)dxdydz = —Q/dgp/rdr
Q 0 0
2m

2 2T
4 4
—2/d<p/r (rcosp +rsing+1)(4 — 2)d7“——2/ ((155(30890—1—?531ncp+4) dp = —16m.
0 0 0

(rcosp +rsing + 1)dz =
0

Vi du 1.2.5. Tinh tich phan mét loai hai
I= //(Zx + y)dydz + (2y + z)dzdz + (22 + x)dzdy,
S

v6i S 1 phan mit z = 2 — 22 — y? bi cit bdi mat z = 1 vi c6 phap véc to don vi hudng lén phia trén
theo huéng duong truc Oz.

Hinh 1.17: S 1a phan mit 2 = 2 — 22 — 32 bi cit bdi mit 2z =1

Giai. Vi S 1a phan mit z = 2 — 22 — y? nén S chua la mat kin. Do d6 ta phai them vao miit
Si1 : z =1 v6i huéng clia phap véc to don vi huéng xudng dudi. Nhu vay, phap véc to don vi clia Sy sé
vuong géc véi mit phang Ozy, c6 nghia la vuong goc véi tia Ox, Oy. Khi d6, S + Sp 1a mit kin cta
vat thé Q giéi han béi 1 < 2 < 2 — 22 — y? va c6 phap véc to hudng ra phia ngoai vat thé Q. Do
d6 theo cong thic Ostrogratxki - Gauss, ta ¢6

I= // (2x+y)dydz+(2y+z)dzdw+(2z+x)dxdy—//(2x+y)dydz+(2y+z)dzdw+(2z+x)dxdy =

S+S1 S,
=+ ///(2+2+2)dfvdydz— 0+ 0— //(2.1 + z)dzdy | =6 //(2—x2—y2—1)dxdy—|—//(2+x)dmdy =
Q Dyy Dy Doy

2 27 21

L 1
1
:/dcp/(6—6r2)rdr+/d<p/ 2+ rcosp rdr—37r+/<1+3cos<p> dp = 5.
0 0 0 0

0

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

1.2 Tich phan mdt loai hai 17

1.2.7 Coéng thic Stokes

Dinh 1y 1.2. Cho S la mdt cong tron, cé6 dinh hudng vdi bién la duong cong khép kin C.
P(z,y,2),Q(x,y, z), R(x,y,2) va cic dao ham riéng cip mot cia ching lién tuc trén mién S. Khi
do

%P({L‘ y,z)dx + Q(x,y, z)dy + R(z,y,z)dz =

oR 0Q oP OR 0Q OoOP
// <— - 7) dydz+ (a— - a_> dedr+ (ﬁ ) a_y) ey

%

Chu y. Huéng ctia phap véc to don vi 7 clia mat cong S va huéng ctia dudng cong khép kin C

tuan theo quy tac ban tay phai: néu huéng clia phap véc to don vi 7 clia mit cong S hudng lén
phia trén thi huéng ciia duong cong khép kin C la huéng ngudc chiéu kim déng ho; con néu
huéng ctia phap véc to don vi 7 cla mit cong S huéng xudng phia duéi thi huéng ciia dudng

cong khép kin C' 1a hwéng ciing chiéu kim dong ho.

s S s z
n n
y Y
X C X C
Phap véc to don vi hwdng 1én trén thi Phap véc to don vi huéng xubng dudi thi
hwéng cia C nguwoc chiéu kim dong ho hwéng cta C cling chiéu kim déng hd

Hinh 1.18: Huéng ctia phap véc to don vi cia mit cong S va huéng ctia duong cong khép kin C

Vi du 1.2.6. Dung cong thiic Stokes tinh tich phan I = ¢ 3ydx + 3zdy + 3xzdz, trong d6 C' la duong
C

giao tuyén ciia 22 + y? = 1 v6i miit 2 = 1 lay theo ngugc chiéu kim dong hd nhin tit phia duong cta

truc Oz.

Hinh 1.19: C la dudng giao tuyén clia 22 + y? = 1 véi mat z = 1 lay theo ngugc chiéu kim dong ho
nhin tir phia duong cta truc Oz.
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18 TICH PHAN MAT

Giai. Vi huéng ctia duong cong C nguge chiéu kim dong ho nén huéng ctia phap véc to don vi véi
mit cong S : z = 1 sé huéng len phia tren. Do d6, phap véc to don vi véi mét cong S 1a 77 = (0,0, 1)
va 7 sé vuong goc véi miat phing Ozy, ¢6 nghia 1a vuong goc véi tia Oz, Oy. Theo cong thiic Stokes,

ta co

I:l/(O—O)dydz+(0—3)dzdm+(3—3)dmdy:—3.l/dzd:n:0.

Vi du 1.2.7. Dung cong thiic Stokes tinh tich phan I = ¢ 2ydz — zdy + zdz, trong d6 C' 1a dudng
C

giao tuyén ciia 22 + y? = 1 v6i mit z = y + 1 1y theo ngugce chiéu kim dong ho nhin tir phia duong

cua truc Oz.

S:z=y+1

\ 4

Hinh 1.20: C la duong giao tuyén ctia 22 + 32 = 1 véi mat z = y + 1 lay theo ngugc chiéu kim dong
ho nhin tit phia duong ciia truc Oz.

Giai. Vi hudéng ciia duong cong C ngude chiéu kim dong ho nén hudng ciia phap véc to don vi
v6i mét cong S : z —y — 1 = 0 sé huéng lén phia trén. Do d6, phap véc to don vi v6i mat cong S 1a
1 1

= <0, _\ﬁ’ \/i) = (cos a, cos 3, cosy) va T sé vuong goc vii tia Ox. Theo cong thitc Stokes, ta

co

I [/ (0= 0) dydz + (0 — 1) dzda + (=1 — 2) dady — — Z/(dzdx 4 3dady) —

- //(l.cosﬁ+3.cosy) a5 = // [1. (\2) +3. <¢1§>} a5 = //ﬂ.\/1+(z;)2+(z;)2dxdy:
S

S Dy

— —/ V2.1 + 02+ 12dady = —2 // dzdy = —2Sp,, = —2.7.1> = —2n

Dy Dyy
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1.3 Bai tap

1.3.1 Tich phan mat loai mot

Bai tap 1.3.1. Tinh tich phan [[(z +y+ 2)dS, trong d6 S 14 phan mat phang 2z + 2y + z = 2 trong
gocx =20,y =20,z 2 0. i

Bai tap 1.3.2. Tinh tich phan [[(zy + yz + 22)dS, trong d6 S la phan ctia mit nén z = /22 + y2
bi cit baéi mit tru 22 + y? = ans(a > 0).

Bai tap 1.3.3. Tinh tich phan [[ 222dS, trong d6 S 14 phan ctia mat nén 22 = 2% + y* nim gitta hai
mat phang z = 1 va z = 4. ’

Bai tap 1.3.4. Tinh tich phan {*f m—yzdS, trong d6 S 1a phan clia mat tru « = y2 bi chin béi céc mit

phéing z =0, z2=5vay=1,y =4

1.3.2 Tich phan mat loai hai

Bai tap 1.3.5. Tinh tich phan [| —2?zdydz + ydzdx + 2dzdy, trong d6 S 1a mat phia ngoai clia mat

422 + % + 42% = 4 nim trong gésc 20,y >20,z2>0.

Bai tap 1.3.6. Tinh tich phan [f 22dydz + xdzdx — 3zdxdy, trong d6 S 1a mat phia trong clia phan

mit try z = 4 — y? gi6i han boi 3?2 0,z=1,2=0.

Bai tap 1.3.7. Tinh tich phan [f 2ydzdx trong d6 S la phan mat tru y = 22 bi chin béi cic mat

phing y = 4,2 =0,z = 1 lay phiaSy duong.

Bai tap 1.3.8. Tinh tich phan I = [[(z + 2y)dydz + (2y + 3z)dzdz + (2 + 3z)dzdy, v6i S la phan

mat cau x? + y? + 22 = 4 ndm trén m;t phang x +y + z = 0, lay miit phia trén theo huéng truc Oz.

Bai tap 1.3.9. Tinh tich phan ([ 3zdydz + 3ydzdx + zdxdy, trong d6 S la mit phia ngoai ctia phan
S

mat paraboloid z = 9 — 22 — 3?2 14y phan z > 0.

1.3.3 Cong thic Ostrogratxki - Gauss

Bai tap 1.3.10. Tinh tich phan I = [[ xzdydz + ya?dzdzx + 2y*dxdy, v6i S la phan mat bién ngoai
S

2

ctia vat thé giéi han béi z =0 va z = 1 — 22 — 2.

2 2 2
Bai tap 1.3.11. Tinh tich phan [ zdzdy, trong d6 S mit phia ngoai cla ellipsoid % + '1;—2 + % =1.
3 a c

Loi giai bai tap chuong 7
1.3.1 2

64+/2a*

1.3.2
15

102327
5

1.3.3
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