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1.1 Khai niém chubi sb

1.1.1 Dinh nghia
Dinh nghia 1.1. Biéu thtc c6 dang
a+as+...+ap+ ...,

o0
v6i a; 1a 86 thuce, : = 1,2,...,n,... duge goi la chudi s6 thyc. Ky hicu Y. ay.
n=1
Chu y. Thuong thi nhitng phan tit ctia chudi duge danh so tit 0. Tuy nhién, trong mot sé trudng
hop, ching ta thuong danh s6 nhitng phan ti ctia chudi tit 1 vi tai n = 0 phan tit tong quét a, khong
¢6 nghia. Khi d6
o0
Zan:al—i—ag—i—...—i—an—i—....
n=1

N6i chung nhitng phan ti ctia chudi c6 thé duge danh s6 tit mot s6 bat ky ng € N. Khi d6

[o.¢]
Zan:an0+an0+1+...+an+....

n=ng
cing duge goi 1a chudi.
n o
Dinh nghia 1.2. V6i moi n € N téng S, = Y. ar = a1 +as + ... + a, dugc goi 1a tong rieng thit n
k=1

_ . [ee]

ctia chudi so thuc ) ap.
n=1
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1.1 Khdi niém chudi s6 3

o
Dinh nghia 1.3. Chudi s6 thyc > a, dugc goi 1a hoi tu, néu ton tai giéi han hitu han S cla day

n=1

R 5 B o0
$6 {5,122 ;. Khi d6, S dugc goi la tong ctia chudi s6 Y. ap. Vay

n=1

dan =8¢ lim S, = 5,5 # cc.

n=1

Vi du 1.1.1. Xét chudi sd

1 1 1 =1
1+§+Z+"'+2n—1+"':ZQH—1'
n=1

Tong rieng thit n 1a

1 1 1 1-— 4L 1
S, =14+ -4+ -4 . +— = 2" 91— —
n tot gttt - ( )

Cho n — oo thi gi6i han ciia tong rieng S, 1a
lim S, = lim 2 (1 L) _ 2
e ST A

Vay chudi s6 da cho hoi tu va c6 tong bang 2.

— 1 11 1 B
Zgn—1—1+§+1+“'+ﬁ+"'—2'

n=1

o0

Dinh nghia 1.4. Chudi s thuc Y a, dudc goi la phan ky, néu day nhitng tong rieng {5, }°°; khong
n=1

c6 gigi han hitu han khi n — 0o, ¢6 nghia 13 gidi han nay khong ton tai hoac bang vo ciing.

o
Vi du 1.1.2. Khéo sat sy hoi tu ctia chudi s6 > ¢", ¢ € R. Néu chudi hoi tu hay tinh téng ctia né.

n=1
Téng rieng thit n clia chudi da cho 13
n q(1 —q")
— q#1
Sn=> d"=q++... +q" = 1—¢
k=1 n, g=1
q(1—q") g ¢! <1
n—00 l—q n—»00 1—q 1—q 00, ‘Q|>1

2. Khi ¢ =1 thi lim S, = lim n =00
n—oo

n—oo

oo
3. Khi ¢ = —1 thi chudi da cho tr& thanh 3 (=1)" = —14+1—-1+1—1+...+1—1+....
n=1
D6i véi chudi nay céac tong rieng S; = —1,8 = —1+1=0,83 = -1 +1—-1= —1,5; =
—14+1-1+1=0,...,8%,1 = —1,89% = 0,Vk = 1,2,.... Nhu vay, ton tai hai diy con
{Sok41}72, va {Sor}72, cta day {S,}52, c6 giéi han khac nhau

lim SQk—I—l = —1, lim Sgk =0.

k—o0 k—o0
Do d6, gidi han ctia day nhitng tong rieng {S,}°%; khi n — co khéng tén tai, c6 nghia la chudi
o0

>~ (—1)" phan ky.

n=1
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4 CHUOI

oo
Té6m lai chudi > ¢",q € R hoi tu khi |¢g| < 1 va phan ky khi |¢| > 1.

n=1

Khi |g| < 1 thi téng ctia chudi da cho la

- q
n_ _ 1%
2=y

. . 1
Vi du 1.1.3. Tim tong cta chudi _—
' 8 Py

Day céc tong rieng ctia chudi da cho 1a {S,}°° ; v6i

Sp= b b
12 23 7T n(n+1)
Nhan xét thay
1 1 1
== —, neN
nn+1) n n+1l
Do doé
gl 1 1111 1
12 3 “n on+1 n+1
Tu do ta co )
lim S, = lim <1— >:1
n—00 n—00 n+1

Vay téng ciia chudi da cho la

> =t
—n(n+1)

1.1.2 Diéu kién can dé chudi hoi tu

+00
Dinh 1y 1.1. Néu chudi > a, hoi tu thy lim a, = 0.

n—1 n—-+00
P ~ +<x> Y 2 ~
Chitng minh. Néu chudi > a, hoi tu thi ton tai gidi han cta day céac tong riéng cua chudi nay,
n=1

c6 nghia la lim S, = S. Khi d6 theo tinh chat ctia gidi han ctia day hoi tu, ta co
n—o0

lim a,= lim (S, —S,-1)= lim S,— lim S,1=5-5=0

n—-+00 n—-+00 n—-+0o n—-+0o0o

R \ _ too
Chu y. Diéu kien lim a, = 0 khong phai la diéu kién da dé chudi > a, hoi tu.
n—-+00 n—=1

+o©o 1

n=1 %

Vi du 1.1.4. Khao sat sy hoi tu cia chudi

Lo s x. X1 N . - . . 1 . x, T2
Déi véi chubi nay, dieu kién can théa man: lim a, = lim — = 0. Tuy nhién chudi » 6 —
n—-+oo n—-+oo n n—1 n

phan ky.

Tong riéng ctia chudi la

S, =1+ =+vn, n €N

Sl -
Si-
5~

Theo tinh chat clia gii han, ta c6

lim S, > lim n=+4o00= lim S, =40

n—-+o0o n—-+o0o n—-+o0o
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1.2 Chuoi khong am 5

+00
Vay chubi > — phan ky.

n=1

Chu y. Néu diéu kién can dé chudi hoi tu khéng théa man thi chudi sé phan ky.

“+o00o
Hé qua 1.1. Néu a, khéng cé gidi han hojic cé gidi han khdc 0 khi n — oo thi chudi > an

n=1
phan ky.
_ koo /on 432
Vi du 1.1.5. Khéo sat sy hoi tu ctia chudi Y n® n .
n=1 2n + 1
on+1 2(3n+2)
- 2n+3 3n+2_n5 1+ 2 R T nooo,
" 2n + 1 o on + 1
Vay chudi da cho phan ky theo diéu kién can.
1.1.3 Tinh chit ctia chudi héi tu
B +o0o 5 +o00o
1Y Chudi Y a, hoi tu khi va chi khi chudi > ay, (ng > 1) hoi tu. Khi dé
n=1 n=ng
no—1
Yo=Y ar Y
n=ng
P ~ +m ) ~ +w )4
20 Néu chudi > a, hoi tu va c6 téng 1a S thi chudi > a.a,(a € R) ciing hoi tu va c6 tong la .S
n=1 n=1
+oo +oo
Z a.a, = . Z G-
n=1 n=1
B B —+00 +oo R R 5 “+o00
3" Néu chudi > a, va > b, hoi tu va c6 tong lan lugt 1a Sy, Sp thi chudi Y. (ay, + by,) cling hoi
n=1 n=1 n=1

tu va co tong la Sy + Ss.

—+00

SUETRED SIS i

n=1
1.2 Chubi khong am
1.2.1 Dinh nghia

~ +OO ~ z
Dinh nghia 1.5. Chudi ) a, dugc goi la chudi khong am néu nhu a,, > 0,n € N.
n=1

Cha y.

1. Déi v6i chudi khong duong, chiing ta c6 thé chuyén vé chudi khong am va khao sat sy hoi tu

ctia ching.

+00 +00
S (~an) == an, (a4 >0,n€N).
n=1 n=1

+00
2. Day cac tong riéng ctia chudi khong am > a,, khong giam, vi S,4+1 — Sy, = apt1 = 0. Khi d6
n=1

400
theo dinh ly Weierstrass, day {S,} ¢6 gi6i han hitu han (chudi > a, hoi tu) khi va chi khi day

n=1
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6 CHUOI

{S,} bi chén trén, c6 nghia la ton tai M > 0 sao cho S, < M,n € N. Do d6, dbi véi chudi
khong am hoi ty, ta ky hiéu

+o00
Zan < 400
n=1

+o00o
3. Chudi ) a, phan ky khi va chi khi day {S,,} khong bi chan trén, c6 nghia la li_>m Sp = +o0.
n=1 n—00

Khi dé, doi v6i chudi khong am hoi ty, ta ky hiéu
+oo
> o= s
n=1

1.2.2 DAu hiéu héi tu tich phan Cauchy
Dinh 1y 1.2. Cho f(x) la ham lién tuc, khong am, don diéu gidm trén khodng [1,+00). Khi do

oo oo
chuéi Yy f(n) va tich phan suy rong logi mot [ f(x)dz cang hoi tu hodac cung phan ky.
n=1 1

Vi du 1.2.1. Khao sat sy hoi tu cia chudi

x 1

S Honlnn

e 1

2.

= nln’n

Vi nhitng ham x,Inz,In?2 lien tuc, khong am, don diéu tang trén khoing [2,00) nén ham
1 1

, lién tuc, khéng am, don diéu giam trén khoang (2, co).
zlnz’ zln’z

Mat khac,
T d 7 d(lnz)
x
/mlnw / Inz [InIn 2] oo
2 2
oo o0
/ dx _/d(lnx)_ RN
zlnz n?z | Inx 9 - In2
2 2
e dx L X2 1 o0 -
Ta c6 tich phan 2f - phan ky nén chudi nzzjz ey con tich phan 2f s hoi tu nén chudi
) 1
5— hoi tu.
n—o nln“n

1.2.3 Mot s6 chudi khéng am co ban
T dinh nghia ctia chudi va dau hiéu tich phan, ta thu dugec mot s6 chudi khong am co ban:

400
1. Y ¢" hoi tu néu |¢| < 1 va phan ky néu |q| > 1.

n=1

+00
2. > — hoi tu néu a > 1 va phan ky néu a < 1.
n=1T

+o00

hoi tunéu a > 1 hodcnéua =1,8 > 1vaphankynéua < 1hoacnéua =1,5 < 1.
n=enInfn
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1.2 Chuoi khong am 7

1.2.4 Tiéu chuan so sanh 1
Dinh 1y 1.3. Hai chudi Y ayn, Y. by théa dieu kién
n=1

n=1

0 < an <by,Vn 2 ng

. too 400
1. Néu > by, hoi tu th > a, hoi tu.

n=1 n=1

. too +00
2. Néu > ayn phan kjy thi > by, phan ki.

n=1 n=1

.. T 5 -1)".3
Vi du 1.2.2. Khéo sat sy hoi tu ctia chudi > &
= 2n+3
. _5+(—1)".3< 8 _1_b <
O\an— 2n+3 \2n+3—27— n,Vn/l
+oo 1 1/2 +o0 +oo
Mait khac, — = =1mnén ) b, hoi tu. Vay > a, hoi tu.
n=1 2" - 1/2 n=1 n=1

1.2.5 Tiéu chuan so sanh 2

+oo “+o0o
Dinh ly 1.4. Cho > an, Y. by la hai chuoi khong am. Tinh K = lim tn
n=1

n=1 n—+00 bn

B —+o00 —+o00
1. K =0. Néu > b, hoi tu thi > a, hoi tu.

n=1 n=1

. Foo +o0o
2. K hitu han. Chuoi ) a, va Y b, cung hoi tu hodc cung phan ky.

n=1 n=1

B “+00 —+o00
3. K =+4o00. Néu > ap hoi tu thi > b, hoi tu.
n=1 n=1

LT e 4
Vi du 1.2.3. Khao sat sy hoi tu ctia chudi ) —————.
n=1 2"+ In"n

eE" +n? e €7 (e)

n . . +oo ~ R +o0 - .
T ~ o —) =b,. Mat khac > b, phan ky nén > a, phan ky.

n=1 n=1

Ta c6 a,, =
2

_ +ooIn(1 +sin &
Vi du 1.2.4. Khéo sat sy hoi tu ctia chudi | (72”)
n=1 mn+1In“n

In(1 4 sin 1 sin + 1 +oo +oo
Ta ¢6 a, = ( n) o n I —p,. Mit khac > by, hoi tu nén Y a, hoi tu.
2 2
n+In“n n n n=1 n=1

Vi du 1.2.5. Khao sat sy hoi tu clia chudi ) vn3(cosh T —1).

n=1
1 2 2 +o00
Ta c6 a, = \/n3(cosh% —-1) o n3/2.§ (%) o WT/2 = b,. Mat khac > b, phan ky nén
n n=1

+o0
> a, phan ky.

n=1
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8 CHUOI

1.2.6 Tiéu chuan D’ Alembert

, D ¢6 thé la gidi han hitu

. . PO e TS S |
Dinh 1y 1.5. Chuoi Y an, théa dieu kién a,, > 0,n > ng. D = lim
n=1

n—+o00  Ap

han hodc vo cung.

1. D <1 chuoi Y a, hoi tu.

n=1

+oo
2. D >1 hogc D = 400 chuéi Y an phan ki.

n=1

3. D =1 chua két luan duoc, chudi cé thé hoi tu hodc phan ky.

. ~ s |
Cha y. Truong hop D = 1 ta chua két luan duge chudi hoi tu hay phan ky. Vi du chudi . —

n=1"7
L.t 1
6 D= lim & — fim = 1 phan ky. Tuy nhién chuéi 5 — ¢6 D = lim il _
n—+00  ap n—+oon + 1 =1 n2 n—+o0o  Qp
2
L. too 3m.n!
Vi du 1.2.6. Khéo sat sy hoi tu ctia chudi —.
n=1 N
3".n! any1 3"l (n+ 1) nn n \" noeo 3 +oo
Ta c6 ap, = . Xét = . =3. —— —>1.Va ay phan
" n an (n+ 1)ntl "3n.nl n+1 e w El n P

ky theo D’Alembert.

L. T© 258... -1
Vi du 1.2.7. Khéo sat sy hoi tu ctia chudi 58...(3n — 1) .
; 4 16.11... (5n —4)

Ta 6o = 208 GBnob) ann 258 (3n-1)Bn+2) L1611 (Gn-4)
1.6.11... (5n — 4) an 1.6.11...(5n —4)(5n+1) 2.5.8...(3n — 1)
2 n o0 +OO .
§21 1 LA g < 1. Vay ngl a, hoi tu theo D’Alembert.

Chu y. Tu nhing vi du trén, ta thiy dau hieu D’Alembert c¢6 thé ap dung hieu qui dé khao sat
chudi c6 phan tit a,, § dang phan s6, c6 tit s6 v mau sb 1a tich ctia n phan ti dau tién ctia mot day

s6 nao do.
1.2.7 Tiéu chuan Cauchy

+oo ,
Dinh ly 1.6. Chudi >_ ay, théa diéu kién a, > 0,n > ng. C = lim /a,, C cé thé la gidi han hiu

n—=1 n——+oo

han hodc vo cung.

1. C <1 chuoi Y ap hoi tu.

n=1

400
2. C > 1 hoac C = +oo chudi Y a, phan ky.

n=1

3. C =1 chua két luan duge, chudi cé thé hoi tu hodc phan ky.

e 4 s ~ 2 X +OO 5 Sn + 2 "
Vi du 1.2.8. Khdo sat sy hoi tu ctia chudi Y n .
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1.8 Chudi c6 dau tuy 4 9

3n+2
dn+ 3

3n‘¥2 n—oo 3

— — < 1.
4n+3 4

n
Ta c6 a,, = n® < > . Xét v/a, = Vn

+00
Vay Y. a, hoi tu theo Cauchy.

n=1
Chu y. Tit nhitng vi du trén, ta thiy dau hieu Cauchy c6 thé ap dung hiéu qua dé khao sat chudi
c6 phan tit a, & dang tich, c6 chita biéu thic mii n.

1.3 Chudi c6 dau tuy y

Khac véi chudi khong am, chudi khong duong, chudi ma nhitng phan ti ctia né c6 dau khic nhau,

dugc goi 1a chudi c¢6 dau thay doi
1.3.1 Su hoi tu tuyét doéi

Dinh nghia 1.6. Chuoi Z a, duge goi 1a hoi tu tuyet doi, néu chudi Z |ayn| hoi tu.

n=1

B B “+o00 5 +o00
Dinh ly 1.7. Néu chuoi Y |ay| hoi tu thi chuoi Y, a, cing hoi tu.
n=1 n=1
Cha y. Theo dinh 1y nay, khi khao sat sy hoi tu ctia chudi ta sé bat dau tit viec khdo sat sy hoi

tu tuyet doéi ctia né. Vi sy hoi tu tuyet doi 1a sy hoi tu ctia chudi khong am nén moi dau hiéu hoi tu

400
d6i v6i chudi khong am ta c6 the ap dung duge d6i véi chudi Y |ay|.

n=1

Tuy nhién, theo dinh 1y nay, diéu nguge lai chua chic ding, c6 nghia 1a néu chudi khong héi tu

tuyét doi (chudi Z lan| phan ky) thi khong thé két luan dugc chudi Z ap phan ky

n=1
+oo
Dinh nghia 1.7. Chudi Z a, duge goi 1a hoi tu ¢6 diéu kien, néu chudi Y a, hoi tu, con chudi
1 1
+oo " "
>~ lan| phan ky.
n=1
t n
Vi du 1.3.1. Khdo séat sy hoi tu ctia chudi Z _arctan(—n)"
1 V208 +3n+1
arctan(—n)" | arctan(—n)"| /2 n—oo /2

Ta c6 a, = . Xét |ap| = = b,,. Mit

\/2n6+3n+ \/2n6+3n+1 S Vb tantl | V2ns/A

khéc, Z by, hoi tu nén Z |an| hoi tu. Tu d6 suy ra Z a, hoi tu tuyet déi nen chudi da cho hai tu.

n=1

1.3.2 Chudi dan dAu. Tiéu chuan Leibnitz

“+00
Dinh nghia 1.8. Chuéi Y (—1)"ay,, (a, = 0,Vn hoidc a, < 0,Vn) duge goi la chudi dan dau.

n=1

Dinh 1y 1.8. Tiéu chudin Leibnitz

+o0o
Cho chuéi dan dau Y (—1)"a, théa diéu kién

n=1

1. lim a,=0
n—+00

2. Day (an), 25 la day gidm.
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10 CHUOI

Khi dé chudi dan déu da cho hoi tu.

, . . . L. oo (nn
Vi du 1.3.2. Khao sat sy hoi tu cia chudi » (—1)" T —.
n=1 \/ﬁ

Inn Inx 2—Inz

S f@) = = ) =
1. lim a,=0

n—-+00

Ta c6 a, = < 0,Vx > €2

2. Day (ay), %% 1a day gidm.

“+00
Vay > (—1)"*'a, hoi tu theo tidu chuan Leibnitz.
-1

1.4 So do khao sat su hoi tu ctia chudi

Dé khao sat su hoi tu ctia chudi 6, ta thuc hién sé do sau:

Buéce 1. Khao sat sit hoi tu tuyét doi ctia chudi.

/ B +o00o 5 +o00o
1. Néu chudi > |an| hoi tu thi chudi Y a, hoi tu.

n=1 n=1

+oo
2. Néu chudi Y |a,| phan ki do khong théa méan diéu kien can ( lim |a,| # 0) thi lim a, # 0.
nel n—o0 n—o0
+o0
Do d6 chudi ) a, phan ky.
n=1
. +oo N N 2
3. Neéu chudi )’ |a,| phan ky, nhung thdéa man dieu kién can ( ILm lan| = 0) thi ta sé chuyen sang
n=1 n—00

buée 2.

“+o00
Buédce 2. Khao sat sy hoi tu c6 dicu kien. Néu chudi > a, 1a chudi dan dau thi ta ap dung tieu
n=1
chuan Leibnitz.
Buéc 3. Khéao sat sy hoi tu ctia chudi khong am bing cach 4p dung cac tiéu chuan tich phan, so
sanh, D’Alambert, Cauchy.
o (-1

Vi du 1.4.1. Khéo sat sy hoi tu ctia chuéi > ~———=—
n=1 \/ﬁ

Dau tién, ching ta sé khdo sat sy hoi tu tuyét déi ctia chudi.

+00 ( n+1 too 1
-8 LS
n= n=

_ too 400 (_1)n+1
Chudi > — phan ky. Do d6, chudi da cho )

~——— khong hoi tu tuyét d6i. Nhung
n=1 n=1 \/ﬁ

—1)"t! \ T
lim ‘() = lim — = 0, c6 nghia la dieu kién can dé chudi hoi tu thoéa man.
n— 0o \/ﬁ n—00 \f
~ 1 . x .
Chudi da cho c6 dang Z (-=1)"*a,, véi a, = —=. Do d6, chudi da cho la chudi dan dau c6

n=1 7 \/ﬁ
1. {an}o2, la day gidm

2. lim a, = 0.
n—o0
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1.4 So do khdo sdt su hoi tu cia chudi 11

o x| . lrue n
Chudi — Hoitu tuyétddi T~ HOoitu
False F&«

n'LrQolanFO\

lim |a|#0 = Phan ky

n—

A

4
~

Chubi khdng am Chubi dan dau — Leibnitz
\ Tich phan
So sanh

D’Alambert
Cauchy

Hinh 1.1: So dd khéo sat su hoi tu ctia chudi

) _ too _ toe (—1 n+1
Theo tiéu chuan Leibnitz chudi Y (—1)"*!a, hoéi tu. Nhu vay, chudi da cho Y ~———— hai tu c6
n=1 n=1 n
diéu kién.

+oo n
Vi du 1.4.2. Khdao séat sy hoi tu ctia chudi ) | — T
n=1 n+ 1

Dau tién, ching ta sé khdo sat sy hoi tu tuyét déi ctia chudi.

+o00 n n +o0 n n
; <_n+1> :nz_:l<n+1> '

+oo n
Chudi > <il> phan k¥ do khong théa man diéu kién can dé chudi hoi tu
n

n=1

n n 1 —(n+1)..2% 1

lim | -2 — lim () = lim (1— —e 1= 20.
n—00 n+1 n—oco \ n + 1 n—00 n+1 e

< o n \"
Nhu vay, chuéi da cho > ( ——— | phan ky.
n=1 n 4+ 1

.. Foo 3 "
Vi du 1.4.3. Khéo sat sy hoi tu ctia chudi » ) | —
n—=1 2n —+ 1

Dau tién, ching ta sé khao sat sy hoi tu tuyét déi ctia chudi.
— on+1/) | 2n+1)

n=1

.. T 3 " .

Chudi ) ( ) hoi tu theo tiéu chuan Cauchy vi
n=1 2TL + 1

. n 3 " . 3
lim = lim =0<1.
n—00 2n+1 n—oo \ 2n + 1

- o 3 " P
Nhu vay, chudéi da cho > (— ) hoi tu tuyét do6i nén hoi tu.
n=1 2n -+ 1
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12 CHUOI

1.5 Chudi luy thta
1.5.1 Mién héi tu

+o0
Dinh nghia 1.9. Chudi lay thiua la chudi > an(z — x0)", an € R.

n=1

Dinh nghia 1.10. Tap hgp tat ca nhiing gia tri x sao cho khi thay = vao chudi liiy thita thi ta sé

duge 1 chudi s6 hoi tu, dude goi 1a mién hoi tu ctia chudi liy thira.

1.5.2 Ban kinh héi tu

—+o00

Dinh 1y 1.9. Cho chudi Y. an(z — x0)", a, € R. Khi dé ton tai duy nhat s6 R € [0,+00) dugc goi
n=1

la ban Kinh hot tu thda

o Chuoi hoi tu VY, | — zo| < R

e Chuoi phan ky Vx,|x — x| > R
1.5.3 Dau hiéu D’ Alembert

+oo
Dinh ly 1.10. Cho chuoi > an(x — x0)", a, € R. Gid st Ing,Yn = ng : ap, # 0 va

n=1

Anp+1
an |

= lim
P n—-+o0o

Khi d6 ban kinh hoi tu R — -
p

1.5.4 DAu hiéu Cauchy

+oo
Dinh ly 1.11. Cho chudi Y an(x — x0)", an € R. Gia st

n=1

p= lim {/|ay|.

n——+00
o Iy 1
Khi do ban kinh hoi tu R = —
p
R L. o (=)
Vi du 1.5.1. Tim ban kinh hoi tu v& mién hoi tu ctia chudi > ———.
n=1 2n "‘ 1
1" 2 1 1
Tacoan = 0" & 5 tim [ = i 22 0 Ban kinh hoi tu R= - = 1,
2n+1 n—+oo | ap n—+oo 2n + 3 p
+oo (_1)" 1
e Taiz =1 taco nz=:1 2(n —i-) . hoi tu theo Leibnitz vi day T 1 2720 0 va la day gidm.
oo 1 50 1 L. T ]
Tai x = —1 ta c6 han ky vi ~" — va chuoi — phan ky.
o Taix acon§12n+1p’m yv12n+1 2nvacu01nz_:12npan ¥

Vay ban kinh hoi tu 1a R = 1, va mién hoi tu 1a (-1, 1].

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

1.5 Chuoi lay thia 13

) PO L X5 4 (=2)"
Vi du 1.5.2. Tim ban kinh hoi tu va mién héi tu cta chudi ), ————az".

n=1 n+1
57 —9)n 5n+1 -9 n+1 1
Tacéan:L:p: lim |2+t lim +(=2) . nt =5.
n+1 n—+0o | ap n—4o00 n+ 2 5n 4+ (=2)»
1 1
Ban kinh hoi tu R=— = —.
p O
1 too {n 2)" 1 5" =2)" 1 1 pusoly |
e Taix=—tacod ), M— phan ky vi # T 2 va chudi > — phan ky.
5 =1 n+1 on n+1 57 n =1n
1 T 5" 4+ (=2)™ (—=1)" 54+ (=2)" 1
e Taiz=——taco ), +(=2) ( ) hoi tu theo Leibnitz vi day +(=2) — 27 0 va
) =1 n+1 on n+1 5"
la day giam.
1T
Vay ban kinh la R = R va mien hoi tu la 55 )
R Lot S 1\
Vi du 1.5.3. Tim ban kinh hoi tu va mién hoi tu cta chudi ) < > (x —2)%",
n=1 2n+1
. 9 n+1
bat X = (z —2)° = X > 0. Khi d6 chudi da cho tré thanh E T 1 X”.
n
) n+1\" . .l n+1 n+1l 1
Tacoa”‘(znﬂ) = p= lim Vel = T <2n+1> Tateontl 2
1
Ban kinh hoi tu R = — = 2.
p
1 Too /2 2\" 2 2\"
Tai X = 2 ta ¢6 Z nt 2” = > nt phan ky wvi nt =
2n+1 =1 \2n+1 2n+1
1 (@n+1). 2"+1 n—00
1 9% 124 0.
<+2n—|—1> e

Vay ban kinh 1a R =2 vAmién hoi tula 0 < X <2=0< (v —-2)2<2=2—-V/2<2<2+2.

1.5.5 Tinh chéat cta chudi liy thia
1. Téng ctia chudi lity thita 1a mot ham lien tuc trén mién hoi tu ctia né.

2. Trong khoang hai tu, dao ham ciia tong bing téng ciia cic dao ham

400 ! —+00
(Zan(ac —xo)”> = Z(an x —x0)" Znan (z — x)"!
n=1

n=1

3. Trong khoang hoi ty, tich phan clia tong bing tdng ciia cac tich phan

+1

+00 +oo n
/(Zanx—xg )dx—Z/ana:—xo da:—Zanx_mo +C
n=1

1.5.6 Chudi Taylor- Maclaurin

Cong thiic khai trién Taylor

> £(n) (g e " e
x) = an(!o)(x—a:o)” = f(zo) + M(x—:co)—i—M(cs—xo)z%—M(m—zo)?’—i—...
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14 CHUOI

Khi 29 = 0 ta c6 cong thitc khai trién Maclaurin

:c3+...

/0 //0 ///0
Zf o g+ L0 SO MO

Vi du 1.5.4. Tim khai trién Maclaurin ctia ham f(z) = €® va mién hoi tu ctia chudi Maclaurin thu

dugc.

Vi f(z) = ¢® nén f™(z) = ¢® = fM(0) = ¢ = 1,¥n € N. Do dé chudi Maclaurin ctia ham
f(z) =e"la

+00 +00 2 3
B ) x" x x
R e L
n=0 n=0
o 1 PR )
Véi a, = 5 theo dau higéu D’Alambert, ta cé
n!
. n! ) 1
p= lim = lim 7zhm7:
n—oo | an n—oo (n 4 1)1 n—ooon+1
Do d6 ban kinh hoi tu ctia chudi Maclaurin ctia ham f(z) =€ la R = — = oo.
p
+o0o mn
Vay e¢* = ) — v6i MHT R.
n=0 TL'

Phan tich mot sé6 ham co ban thanh chudi Maclaurin:

+Ooxn
L e”= ) — voi MHT R.
nOn

+00 (_1)n+1l,n

2. In(1+z)= >

n=1 n

véi MHT (—1,1].

+00 (_1)nx2n+1

3. sin(z) = ——— — v6i MHT R.
(@)= 2. Qn+1)
+00 (_1)n 2n
4. cos(x) = > véi MHT R.

n=0 (2’[’1,)'

ala—-1)...(a—(n—1))z"

5. (1+2)% =3

v6i MHT (—1,1).

n=0 n'
1 Foo
6. = 3 2" v6i MHT (—1,1)
1—=x n=0
7 L b5l g™ MHT
. = —1)"*x"™ v6i M —1,1
S B(eS (L)

400 (_1)nx2n+1

8. arctan(z) = nzzjo ot 1 v6i MHT R.
Yoo 2
9. cosh(z) = nzz:o o)l v6i MHT R.
too g2l
10. sinh(z) = ngo anr1) v6i MHT R.
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1.6 Mot s6 phuwong phdp tinh tong cia chudi 15

1.6 Mot sd phuong phap tinh téng ctia chubi

1.6.1 Tinh truc tiép gi6i han ctia day cac tong riéng ctia chudi

o
Vi du 1.6.1. Tim téng ctia chudi
’ & n; n(n+1)(n+ 2)

Day céc tong rieng ctia chudi da cho 1a {S,}5°; v6i

So= 4 Loy !
" 1.23 23 n(n+1)(n +2)
Nhan xét thay
1 1 1 1 1/1 1 1/ 1 1 N
=35 - =5\ - - = - n .
nn+1)(n+2) 2\nn+1) n+1)(n+2) 2\n n+1) 2\n+1 n+2)’
Do do6
g 1 (1 1 I~/ 1 LY_1(, 1 1/1 1
T2a\k b+l 24\k+1 k+2) 2 n+1 2\2 n+2/)°
T do ta c6
S — 1 1 1 1 1 1
1m =lm |- —— = -

Vay tong ctia chudi da cho la

1.6.2 St dung khai trién Taylor-Maclaurin ctia nhitng ham cd ban

3 . teon 22 23 on
Vi du 1.6.2. Tmhtongngoa:1+2+5+a+...+a+....

Xét chudi Maclaurin ctia ham f(z) = e*

+00 "
T _ P
€= Z n!
n=0
v6i MHT R.
Khix =2 tacé
+oo on
62 = 7'
L
) +o00 9N 2 23 on )
Vaytonggoﬁ:1+2+5+5+'”+H+"':e .
) D = Gt O 11 1 (=D"
Vi du 1.6.3. Tinh tong ngo P T D1~ P8 B4 torg Tt 230 1 1)1

Xét chudi Maclaurin ciia ham f(z) = sinz
oo 2n+1
. B (—1)"z
sin(z) = 2n+1)!

n=0

véi MHT R.
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16 CHUOI

Chudi da cho c6 thé viét lai dudi dang

1 /1 1+1++(_1)n_1+
22 \ 21 2330 2550 7T 2-l(gp 1)l

1
Khixzitacé

I B | 1 1 (=1)"
2 oMy = nzz;) 3o+ 1)l 28 23 ots T T
.t (=1)m 11 1 (—1)" 11
Vay to - == "= =t ==+t + ... = —.sin_.
Wone X o,y B e tas Tt g 4%y
1.6.3 Sit dung dao ham va tich phan cta chubi
2 too
Vi du 1.6.4. Tinh t0 .
i du inh tong ngl —n
. 1 oo 1
Xét chudi S(z) = >, —a" = S'(z) = > 2" 1 = , VO |z| < 1.
n=1"7 n=1 l—x
Vay
1
S(x):/l dr+C=—-In|l —z|+C.
—x
+ 1
ViS(0)= > ~0"=0nen S(0)=—In|l -0/ +C=0=C=0.
n=1"7
1 . 1
Thay x = 5 Vao S(z) = —In|1 — z| ta dugc S 5)= In2.
v +o 1 I
a =1In2
4 nzz:l n.2" .
=
Vi du 1.6.5. Tinh t0 _.
i du inh tong nZ::l D13
Véi |z| < 1, xét chudi
= 1 =1, X1 X1 11
S = - "= e n _ —n P
OED B D Di i Dl LD Dt i) Dec.
n=1 n=1 n=1 n=1 n=2

1
:—ln|1—x|—5(—ln\1—x|—z).

2 2 2—In3
_“ 2\ )
Ihaya:-3tadu’oe5<3>— 5

too  on 2 In3
Va - .
RS T 2

3 +oo
Vi du 1.6.6. Tinh tong > na”.

n=1
1 1
Tacéa,=n= p= lim A1) _ lim nt = 1. Ban kinh hoi tu R = — = 1.
n—+oo | ap n—+oo N P

+00o +o0o
e Taiz=1tacé > n.1"= 3 n phan ky theo didu kien can vi day n =2 co# 0.
n=1 n=1
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1.7 Bai tap 17

+o0o
e Tai z = —1 ta ¢6 Y. n.(—1)" phan ky theo diéu kién can vi khong ton tai giéi han clia day
n=1
by = n.(—=1)". Day byn = 2n.(=1)2" = 2n 2252 oo con diy bopsq = (2n + 1).(—1)27H! =
n——+0o0o

—(2n+1) —— —o0.

Vay ban kinh hoi tu 1a R = 1, va mién hoi tu la (=1, 1).

Véi |z| < 1, xét chudi

1—=x

+0o0 x
S(z) = Z " =
n=1

Lay dao ham hai vé ctia chudi nay, ta dugc

S'(z) = fnxn_l -1
n=1 (1 B $)2

Nhan 2 vé ctia chudi thu dude cho z ta dugc

+oo
1oy n_ x
.58 (z) = nz_:lms BRCESE

X

5
Vay ny" = —.
n=1 (1 - x)Q

1.7 Bai tap

1.7.1 Diéu kién can dé chudi hoi tu

Bai tap 1.7.1. Dung diéu kién can dé khao sat sy hoi tu ciia chudi s6

x 2n—1

1. .

[e.°]

2. > sinn.
n=1

o0

3. > n.
n=1

. 0o <2n+3)3n+2.

n=1 2n—|—1
5 x /2n?—3 "
Ce\mzrl)
x 2n+1
6. 1" .
2T
x n+1
7 —1)7 L
00 n+1
s 1+>
n21< n
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18 CHUOI

1.7.2 Chudi khéng am
Bai tap 1.7.2. St dung chudi co ban dé khao sat sy hoi tu clia chudi

> .

= 1om

’ n=1 n.2m

Bai tap 1.7.3. Dimg tiéu chuan so sanh 1 dé khao sat sy hoi tu ctia chudi s6

too cosin

n=1 n(n + 1) '

5 +z°:° n3(2 + sin \/n)

=1 3n +n2

+oo sin?n

n=1 TL3
+oo 1

= Inn’

) b5 .
’ n; 2nIn(n +1)°

Bai tap 1.7.4. Dung tiéu chuan so sanh 2 dé khao sat sy hoi tu cia chudi sd
+00 1
1. Y v/n+1.In (COSh > .
n=1 n

+oo arctan(n? + 2n)

2.

=1 3n + n2

1t arctann

3. ngl 2n2 + 3 ’
+00 1

4%

=i n3.In"n’

13"+ n—Inn

too T2 +ny/n41
n=1 V9% +5n5 +2
oo e"+n’+1

1.

n=14" +1n%(n4 1) +sinn’

10.
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1.7 Bai tap 19

1 1
n In <1+sin) +el/n — cos =
S n n
12. >

n=1 n + In? n + arctan n?

Bai tap 1.7.5. Dung tiéu chuan D’ Alembert khéo sat su hoi tu ctia chudi sb

( + 1

mn

6. Z

73n
v Z (20 —5)

Bai tap 1.7.6. Dung tiéu chuan Cauchy khao sat sy hoi tu ctia chudi sé

400 nn—l

1.

n=1(2n% +n + 1)n;r1

<n 1 ) VnA+3n+1

= (3n+2\" (n+2\"
5.3 .
(n o 1>n2+4n+5

n+1

n=1

00 4 n(n+2)
Z_: <2n+1> '

1.7.3 Chudi c6 dau tuy y

Bai tap 1.7.7. Khéo sat sy hoi tu tuyet doi ctia chudi s6

Z % (2n + 3) cos 3n
=1 VYnT+n+1
t© 3 —4cosn

n=1 V n3
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20 CHUOI

Bai tap 1.7.8. Dung tiéu chuan Leibnitz khao sat sit hoi tu ctia chudi dan dau sau
o (=1D)"n

Y T

n=1vn>+3n—2

(=D

n=1 3n+

(]

& (="
n +

Il
—
[\

n

1.7.4 Chudi liy thira

Bai tap 1.7.9. Tim mién hoi tu ctia chudi liy thira
T 2%z + )"

n=1nin?(n +1)

o (z4+1)" | 3n—2
) .In

n=1 vn+1 3n+2

too Yo 4+1—2n—1

3. Ax+3)"
nzzjl \/ﬁ
n +oo gn—l g
n=1 2n —1
“+o00 71 n ,.n
5. 5 (21"
n=1 n

6.
n=1 2m
+o0 x2n
7.

1.7.5 Tinh tong ctia chudi

Bai tap 1.7.10. Tinh téng ciia chudi s6

400 1

9 L
’ nzzjl n(n+1)(n+2)

e (1)

3. ngl TR

=
n=1 n
+00 1

> n; 2n.n.(n+1)

6. S (L
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1.7 Bai tap 21

T (n+1).27

7. —_—
ngl n!
pac 1 1

8. i1~ ). —
2o (-3) 5
+oo -3\

T L
=1 n.(n + 2).57+1
[ee) 3”

10. .
Z el

Bai tap 1.7.11. Tinh téng ciia chudi lily thita

1.7.2

1.7.3

“+00

Yo(n+1)z™ ze (—1,1).

n=1

+o0o

Yo na™ x e (—1,1).

n=1

giai bai tap chuong 8

1. Phan ky
Phan ky
Phan ky
Phan ky
Phan ky
Phan ky
Phan ky
Phan ky

Phan ky

1. Hoi tu

Phan k¥

1. Hoi tu

Hoi tu

. Hoi tu

Phan ky

Hoi tu

1. Hoi tu
Hoi tu
Hoi tu
Hoi tu
Phan ky

Phan k¥
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7. Phan ky
8. Hoi tu
9. Hoi tu
10. Phan k¥
11. Hai tu

12. Hai tu

1.7.5 1. Hoi tu
2. Hoi tu

Hoi tu

= W

Phan ky
5. Hoi tu
6. Hoi tu

7. Hoi tu

1.7.6 1. Hoi tu
2. Hoi tu

Hoi tu

= W

Phan ky
5. Phan ky
6. Hoi tu

7. Hoi tu

1.7.7 1. Hai tu tuyet doi
2. Hoi tu tuyet doi

3. Hoi tu tuyet doi

1.7.8 1. Hoi tu
2. Hoi tu

3. Hoi tu
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1.7 Bai tap

23

_1
4
—In2
—In2+1
T
3.——1
\f6
3e? —1
1 4
Z_In(Z2
e
16, (8\_ 7
90" 5 60
3/2
L 2 — 22
(1—2)?
T
(1—2)?
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