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Dinh nghta

Cho E C (Z). Qui tic ing véi mbi diém z € E
lubn xdc dinh duoc mét hay nhiéu sb phiic xédc
dinh w duoc goi 1a ham s6 bién phtic z xdc dinh
trén tap hop E.

Ham bién phic 13 dnhxa f : EC C — C.

Néu nhu tng véi 1 gia tri z xac dinh duoc 1 gi tri
w th ham sb duoc goi 13 ham sb phic don tri, con
néu x4c dinh duoc nhidu gia tri w thi ham sb duoc
goi 13 ham bién phic da tri.
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Khai niém ham bién phic Vi du

Vi du.

1. Ham s6 w = z"(n € N) |3 ham bién phic don
tri.

2. Ham s6 w = /z(n € N, n > 1) 13 ham bién
phic n—tri. Ung v6i mdi sb z = 0 ludn c6 n gia tri
w = /z.

3. Him sb w = arg z la ham vo sb tri.
Choz=x+4+iy € Evaw=Arg z+ n2nm € R.

TS. L& Xudn Dai (BK TPHCM) HAM GIAI TiCH TP. HCM — 2012. 3/1



Dinh nghta

Ung véi mdi diém (x,y) € E lubn c6 2 s6 u, v.
Nhu vay trén tap hop E luén xac dinh duoc 2 ham
thuc u = u(x,y) va v = v(x,y) bién x,y sao cho
w = f(z) = u(x,y) + iv(x,y). Him u = u(x,y)
duoc goi 13 phan thuc, con ham v = v(x, y) duoc
goi phan 3o cla ham bién phic.

Lic nay ta viét

Ref (z) = u(x,y), Imf(z) = v(x, y).
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Khai niém ham bién phic Vi du

Vi du. Him s6 w = z2. Cho

z=x+1Iy,w = u+iv. Khi dé
u+tiv=(x+iy)*=x*+2ixy — y*.

Tu désuy ra u = x> — y?, v = 2xy hay
Rez?> = x*> — y?, Imz® = 2xy.
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Dao ham ctia ham bién phiic Khai niém dao ham clia ham bién phiic

Dinh nghia

Cho ham sé w = f(z) xdc dinh trén tip hop

E C (Z) va cho zy € E I3 diém gidi han cia tap
hop E. L3y mét diém bt kyz € E,z # zy va

thanh lap quan hé %220) Néu tén tai gidi han
hitu han
f(z) — f(z)

lim
Z—2) Z — ZO

)

thi né duoc goi la dao ham ciia ham sé f(z) tai
d/é;n 2.

v
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Dao ham dudc ki hiéu 3 f/(z), w’, @12} dw
Khiditz—2zg=Aztas€cdbz=2z+ Az, va
f(z)—f(z0) = f(zo+Az)—f(z) = Af(z) = Aw.

Ldc nay

) . f(z0+ Az) — f(z)
Flz0) = Jim, Az - @)

Tir cong thic (1) suy ra, dao ham clia ham sb
phic tai mdt diém khéng khac gl so véi dinh nghta
dao ham cla ham bién thuc tai mét diém

f(xo + Ax) — f(xo)

' = | : 2
(XO) A>I<T>0 Ax ()
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RN RSP EIN SRVl Khai niém dao ham cda ham bién phic

Tuy nhién ban chit cla c6ng thirc (1) va (2) khac
nhau. Trong cong thiic (2) x = xp + Ax c6 thé hoi
tu dén Xg chi theo mét huéng theo truc OX. Trong
cong thiic (1) z = zg + Az c6 thé hdi tu dén z
theo tap hop v6 han nhiing duong khac nhau.
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RN RSP EIN SRVl Khai niém dao ham cda ham bién phic

Néu ham s6 w = f(z) c6 dao ham hitu han f'(z)

tai diém zy € E thi né duoc goi 13 ham kha vi
hoic mdndgen tai diém nay.

Vi du. Him s6 w = Z = x — jy khéng c6 dao
ham tai bat ky diém zy = xo + iyo € (Z) nao.
That vay, 14y diém zy = xp + iyp va cho né gia
luong Az = Ax + iAy. Khi dé ham sb

f(z) =z = x — iy c6 gia luong la

Aw = f(zg+ Az) — f(z0) =20+ Az — Z5 =

o+ Az —2Zp = Az = Ax — iAy.
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Nhu vay
Aw Az Ax—ily
Az Az - Ax+iAy’

T désuy ra lim 2Z khéng ton ta
uy i _>0A g W
Aw Ax
im — = |Iim — = |Iim 1=1.
Ax—0 Az A>I<—>0 Ax A)I<—>O
Ay=0
M3t khac
Aw —iAy
AIim vin AI|m A = AIim (—1) = —1.
A))/(;% 4 y—0 1Ay y—0
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DECNENRSTERETNT Wl Diéu kién Cauchy-Riemann

Dinh nghta

Néu w = f(z) c6 dao ham tai z = zy va tai moi
diém trong lan cdn clia zy th! ta néi f(z) giai tich
tai zy. Ham s6 w = f(z) gidi tich tai moi diém
ctia mién D duoc goi 13 gidi tich trong D.
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Dinh ly
Néu u(x,y), v(x,y) lién tuc ciing véi 4 dao ham

riéng cap 1 cia chidng trong 1 mién D thi diéu
kién Cauchy-Riemann

Ju Odv Ou v

Ox Oy dy  Ox

la diéu kién can va di dé f(z) = u(x, y) + iv(x, y)
giai tich trong D. Lic dé
8u 8v ov  Ou
f'/ — f'/ I
@) =5 Tige Fl@) =3, 775,

v
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Vi du

Khado sat dao ham cia cdc ham sau.
o0 f(z)=z2

@ f(z) =2zz=|z|

o f(z) = 2%

o f(z) = e(cosy + isiny)
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Qui tic tinh dao ham clia ham bién phiic

Néu ham s6 f(z) va g(z) c6 ciing 1 viing xac dinh
E C (Z) va c6 tai mot sb diém z € E nhiing dao

ham hitu han f'(z) va g'(z) thi ta ludn cé nhiing

ding thic

(f(z) £ 8(2)) = f'(2) £ £'(2);
(f(2)g(2))" = f'(2)g(2) + f(2)g'(2).
Néu g(z) # 0 tai diém z thi

(f (Z))' _ f(2)g(2) — f(2)g'(2)

g(2) g*(2)
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Dinh ly

Néu f(z) = u(x,y) + iv(x, y) gidi tich trong mién
D vi néu u,v cé dao ham riéng Cé/\p hai lién tuc
trong D thi trong D 2 ham u, v théa man phuong
trinh Laplace

PF | PF
Ox? 8y2

= 0.
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Dinh nghia

Ham 2 bién cé cac dao ham riéng cap 2 thoa

phuong trinh Laplace duoc goi 13 ham diéu hoa.
Hai ham diéu hoa u, v sao cho u+ iv 13 ham gidi
tich duoc goi 13 2 ham diéu hoa lién hop.

Vi du
Ham u(x,y) = 3x* + xy + y? khéng phai Ia ham

diéu hoa. Ham u(x,y) = x> — 3xy? + Ty 13 ham
diéu hoa.
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Tinh chit clia ham giai tich

Dinh ly

Néu f(z) = u(x,y) + iv(x, y) gidi tich trong mién
D thi trong D cac dudong cong ctia ho

u(x,y) = ¢ = const 13 nhiing quy dao truc giao
clia cdc dudng cong ho v(x,y) = k = const va
nguoc lai.
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Tinh chit clia ham giai tich

Xét tai giao diém z = x + iy cla u(x,y) = c va
v(x,y) = k, hé sb gbc clia tiép tuyén clia
u(x,y) =cla

dy _ u
k]. — d— — ——/7
x uj,
he sb géc clia tiép tuyén clia v(x,y) = k I3
dy v,
k2 — d_ — ——/
x v,

Vi f(z) gidi tich trong D nén théa man diéu kién
Cauchy-Riemann nén ky.k, = —1.
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Nhitng ham bién phiic so cip Ham s& mii véi bién s6 phc.

Dinh nghia
Ham sé6 w = e xdc dinh bdi céng thiic
e’ = e*(cosy + isiny) vdi z = x + iy duoc goi I3

ham s6 mii véi bién s6 phiic.

Theo dinh nghta trén ta cé
arg e =y+k2m. ke Z.
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Tinh cht:
@ & # 0 véi moi z € (2).
@ z =|zle' ™€ 2 véi moi z € (2).
© VGi 2 sb phic bat ki z = x1 + iy1,20 = X0 + iys
ta ¢
el = % 22, (1)
© Ham sb mii w = f(z) = €7 |3 ham tuan hoan
véi chu ki chinh T = 27i, tic 13 e#H2™ = &7,
@ Ham sb mii w = f(z) = €7 c6 dao ham Ia
w = e”.
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Nhitng ham bién phiic so cip Ham lugng gidc

Dinh nghta
Ham cosin va ham sin cua bién phiic z dugc xac
dinh nhu sau
eIZ _+_ e—IZ ] eIZ _ e—IZ
cosz=———,s5iNZ2= ————

2
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Ve A 2
Tinh chat co ban

27=1

® cos’ z + sin
@ cos(z; £ z) = cos z cos z, F sin z sin 2z,

@ sin(z; = z) = sin z; cos z; =+ cos z; sin zp

o d(cos z) _
— 2 — —sinz
dz
d(s
dz
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Nhiing ham bién phic so cép Ham lugng gidc

: e/ +e”
@ cosz = cos(x + iy) = cos X~

ey — e_y
i sin X——F— = cos x cosh y — isinxsinh y
. : : . & te
@ sinz = sin(x + iy) = sin X———+
ey — e_y
i cos x——— = sin x cosh y + i cos x sinh y
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Nhitng ham bién phiic so cip Ham hyperbol luong gidc

Dinh nghta

Tinh chit
@ cosh z = cosh x cos y + i sinh xsiny

@ sinh z = sinh x cos y + i cosh xsin y.
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Nhitng ham bién phiic so cip Ham logarit

Dinh nghia
Ham Logarit la ham nguoc cia ham mi. Cho
z =0 ta tim w sao cho e” = z.

Néu vidt z=re vd w = u+ iv ta dugc e’ = r
vav=p+2nm(ne€Z). Tudébtacé
w=Inr+i(p+2nm),(n € Z). Nhu vay

Inz=Inl|z|+iarg z,z # 0. J
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Ve A 2
Tinh chat co ban

o Inz 13 ham v6 s6 tri. Néu chon trudc sb n ta sé
duoc 1 nhanh cla ham logarit, néu n = 0 ta
duoc nhanh chinh cta ham logarit. Ki hiéu
Lnz. Tt désuy ralnz = Lnz + 2nmi.

d(lnz) 1

dz z
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TN T oo R 1Ml Liiy thira trong mién phiic véi s mii bat ki

Dinh nghta
Cho z # 0 € C- s6 phiic va s € C- sé phic. Khi

Ay ta c6
75 — eslnz. (2)

v

Tinh chat: ham z° cling 13 ham v6 s0 tri.
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Nhitng ham bién phiic so cip Ham lugng gidc ngugc va ham hyperbol lugng gidc ngugc

Dinh nghta

Ham w = arccos z duoc dinh nghia la cac gia tri
IW _|_ e —iw

cla w théoa phuong trinh z = cosw = f

Tu dé ta c6 e*™ — 2ze™ +1 =0 hay

=z++vzc—1 Viy
w = arccos z = —i In(z +vz?—=1). Him Inz ¢

vO sO tri nén ham arccos z ciing cé vo so tri.
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Nhitng ham bién phiic so cip Ham lugng gidc ngugc va ham hyperbol lugng gidc ngugc

@ arcsinz = —iln(iz + V1 — z?)
I, I1+z
@ arctanz = ~In

| —z
@ arccoshz = In(z + /2> — 1)
@ arcsinhz = In(z 4+ v 2> + 1)

1 1+~
@ arctanhz = —In
2 1—~Zz
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Nhitng ham bién phiic so cip Bang cbéng thic nhitng dao ham co ban

@ (z°) =sz°71, v6i s 1a 1 sb phiic thy v,

) (eZ)/ — aZ

@ (cosz) = —sinz, (sinz) = cosz

@ (cosh z)' = sinh z, (sinh z)’ = cosh z
1

o (Inz) =

z
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Tinh gi4 tri cha ham sb f khi biét z
o f(z) =xy +i(x*— y?) bibt z=—1+2i
@ f(z) =x>—y+i(x+y?) bt z=2-3j
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Tinh dao ham cla cidc ham sau

ow=-222+3z+4
1

O w=-—
Z
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Chiing minh rang ham Rez? va Imz? 13 cic ham
diéu hoa.
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Tim gié tri sau

@ In(—10), In(1 — iv/3)

@ sin(1 + /), cosh(1 — /)
o (1—i)* 2.

O tani

@ arccos 2
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Gidi phuong trinh
@ =0

@ coshz=20

@ sinz=3

Q@ sinhz = 1.
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THANK YOU FOR ATTENTION
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