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ity e
Dinh nghia
Diém z = a duoc goi 13 diém bt thudng cia ham
f(z) khi f(z) khéng gidi tich tai z = a nhung
trong moi Ian can cla a déu cé chia cic diém tai
dé f(z) giai tich.

7

Dinh nghia

Néu z = a 3 1 diém bat thuong cia f(z) va néu
c6 1 13n can cia a trong dé khéng cé diém bt
thudng ndo khic thl z = a duoc goi 13 diém bt
thuong ¢ 1ap cua f(z).

v

TS. Lé Xuén Dai (BK TPHCM) LY THUYET THANG DU TP. HCM — 2013. 2 /47



Phan loai cac diém b4t thudng c6 1ap  ESITREGIR)

Néu a |3 1 diém bAt thuong 6 lap cla f(z) thi
f(z) c6 thé ducc khai trién thanh chudi Laurent

(0.¢]

f(z) = Z ap(z— a)"

n=—0oo

trong lan cdn cla a: 0 < |z —a| < R, véi R I3
khodng cich tir a dén hét diém bAt thuong khac
gan a nhit cla f(z2).
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Dinh nghia
Néy trong khai trién Laurent chi chia mét sé hiiu
han cdc liy tha 4m cda (z — a) thl z = a duoc
goi [a mét cuc cda f(z). Néu (z — a)™ I3 lily thira
Am cao nhét trong khai trién Laurent th a duoc
goi 13 mét cuc cip m. Khi dé téng tat c3 cic sb
hang cé liy thioa &m

d_m = ) d_1

—(z—a)m+'”+(z—a)2+(z—a)

duoc goi 3 phan chinh cia f(z) tai z = a.

4
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Phan loai cac diém b4t thudng c6 1ap  ESITREGIR)

Dinh nghia

Néu trong khai trién Laurent chia vé sé iy thia
dm cla (z — a) th! z = a duoc goi I3 diém bt
thuong chi yéu cia f(z).

Dinh nghta

Néu trong khai trién Laurent khéng chua iy thiva
am nao cla (z — a) th! z = a duoc goi I3 diém bt
thuong khi duoc cda f(z).
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Phan loai cac diém bat thudng b lap Vi du

Phan loai cic diém bat thuong cla cic ham f(z)
sau tai cac diém z = a tuong (ng.

z2-2z+3
o tai z = 2.
Z_
sinh z
o 7 tai z = 0.
z
1
@ ——— — taiz=1.
z(z—1)*
Oe%taiz:O.
1—cosz
@ ——— taiz=0.
2
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22—2z+3 z(z—2)+3 3

1. = — —
z—2 3 z—2 Z+z—2
2+(z—2)+—2,(0<]z—2\<oo).Vafyf(z)

Z_
\ 3
c6é mot cuc don tai z = 2 véi phan chinh >
Z_
5 sinhz 1 23z
oA A §—|_5ljL
! ! 0 Vay f 3
_+3|—Z+5|+ (0 < |z] < 00). ayl(z)io
mot cuc cap 3tai z =0 vdi phﬁn chmh =+ 3
z
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11 1
2(z—1)2 (z—1)214+(z—-1)

EE A G R G Ve B e i

1
- (z—1D)+(z—1)*+...(0 < |z—1] < 1).
Vay f(z) c6 mét cuc kép tai z = 1 véi phan chinh
1

(z—12 z-1
1 1 1
4. ez =1+~ +2|z 33T (0 < |z] < o0).

Vay f(z) c6 d|em bat thudng chi yéu z = 0.

3.

TS. Lé Xuén Dai (BK TPHCM) LY THUYET THANG DU TP. HCM — 2013. 8 / 47




Phan loai cac diém bat thudng b lap Vi du

1 —cosz 1 z2

1 722 2 R
E_ﬂ+a_"'(0< |z| < 00). Vay f(z) gidi

tich véi moi z nén z = 0 13 diém bat thudng khi
duac.
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Thang du Dinh nghia

Trong cong thac khai trién Laurent, ta cé

. 1/ f(t)dt
"2mi Jo (t— a)nt?

Khi cho n = —1 va thay ki hiéu t bdi z ta ducc

1
aq = f(z dz:>/ )dz = 2mia_;.

27TI

véi C lal du’&jng kin b4t ky n3m trong mién kin
|5y theo chiéu duong.
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Dinh nghia

1
(z—a)
ctia f(z) trong 1&n can 0 < |z — a| < R cia 1
diém b3t thudng cb 13p z = a duoc goi 13 thing
du cia f(z) tai z = a va ki hiéu Res {f(z); a}

Hé s6 a_1 cla trong khai trién Laurent
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Thang du Vi du

Vi du

1
Tinh [ e2dz, véi C la vong tron don vi |z| = 1.
C

e2—1—|—l ! + ! +
2124 3126

Véi C la vong tron don vi |z| = 1 chiia diém bAt
1

(0 < |z| < ).

thuong z = 0 cla ez? nén
1 _ 1
/ ez2dz = 2mwiRes {eZQ;O} = 0.
C
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Thang du Vi du

Vi du

dz
Tinh | —————, vdi C la vong trc —2| =1,
in 42(2_2)4,v1 a vong tron |z — 2

Ham sb gidi tich kh3p noi ngoai trir tai 2 diém bAt
thuong z =0,z = 2. Tuy nhién, chicé z=21a
diém bit thudng n3m trong vong tron
z—-2|=1<2.
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1 1 1 B
2(z—2)*  (z—-2*2+(z—2)
11 1
2(z—2)1+ 52
11 z—2 [(z=2\> [(z-2\°
—— 1 — _
2 (z —2)* 2 2 2
(72 ) 11 1
2 2 (z—2)*
11 1711
8(z—22 16 (z—2)! 28 7
Hé sédcl]a (z—2)"t1a 1—1—6 nén |
4 v
— =i ——=) ==
fzz—24 7“( 16) 8
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210 1 it

Dinh ly

Néu C 13 1 duong kin don va néu f(z) 13 1 ham
gidi tich trong va trén C ngoai trir tai 1 s hitu han
diém bt thuong zi(k = 1,2,...,n) trong C thi

/Cf(z)dz = QWIZ Res {f(z), z}.
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Thang du Dinh ly thang du

Vi du
—3z+4
Tinh [ z dz, véi C 13 vong tron
c z(z—1)(z—2)
3
2| = 5
—3z+4
f(z) = 5 d
(2) 22—z -2) ¢ cuc don

z=0,z=1,z =2 nhung chi ¢6 2 cuc don
z=0,z=1ndm trong |z| = > Do dé ta sé khai
trién Laurent clia f(z) taiz=0va z =1
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Thang du Dinh ly thang du

flz) =2 - 1 !

z z—-1 z-2
V6i0 < |z] <1< 2tachdf(z)=
g—(1+z+z2+...)+l<1+5+ (5>2+...>
z 2 2 2
nén Res {f(z);0} = 2.
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1
\/éi0<]z—1\<§<1tacé
2 1 1
f(z) = —
l1+(z—-1) z—-1 1—(z-1)
1
2.[1—(z—l)+(z—1)2—...]—Z—+
+1+(z=1)+(z—1)*+...] nén
Res {f(z);1} = —1.
Vay

—3z+4 0ri(D 1) = 9
/z(z—l)(z—2)dz_2 (2 —1) =2mi.
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Dijith i GHER ¢l
Néu ham sb f(z) c6 qué nhiéu cuc bén trong va
trén C thi viéc tinh qué nhiéu thing du cling kh3
VAt va. Ta c6 thé tinh tich phan cia f(z) nhu sau
Dinh ly
Néu C 13 1 duong kin don va néu f(z) 1a 1 ham
gidi tich khdp noi trong mdt phdng hitu han, ngoai
trir tai mot s6 hitu han diém b3t thudng n3m
trong va trén C thi

/C f(2)dz = 2riRes {%f G) ;o}
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Thang du Dinh ly thang du

Vi du
5z — 2
Tinh tich phén | = gﬁdz, vdi C [a vong
tron |z| = 2
5z — 2 1 2z — 5
fla) = oo = f Z =
-5~ (:) "
3 5
- — =—+3(1+z+2°+...)(0< |z] < 1)
z z—1 =z
1 1
Vay Res {—27‘ (—) ;O} =5, va
z z
| =2mi.5 = 10mi.
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Thiang du Thang du tai cic cuc

Dinh ly
Mét diém bat thuong co lap a cia 1 ham f(z) 13 1
cuc cp m néu va chi néu f(z) c6 thé viét dudi
dang
flz) = 20
(z—a)m

trong dé w(z) gidi tich tai a va p(a) # 0. Hon nita

(m-1)(4
Res {f(z);a} = %E)I)
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Thang du Thang du tai cac cuc
Vi du

Xdc dinh cuc va thang du tai cac cuc cua cac ham

sau 1
Z+
F(z) = |
° f(2) z24+9 3
Dép sb. Res {f(2);3i} = — '
L
Rﬁg@fap:gf

eﬂa—éii.

Dap s6. Res {f(z);i} = 3i.
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Thang du Thang du tai cac cuc

1 1
1. f(z) = AL Z.+ S = cp(z).,
2249 (z+3)(z—3i) z-—3i
N z+1
v el2) = 3
Ham s6 o(z) giéi tich tai z = 3/ va
o1 o
©(3i) = 6 # 0 nén v6i z = 3i |a cuc don ta
i
dugc

(3)) 1+3i 3—i

: ¥
Res {f(z);3i} = 0 6 6
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Thang du Thang du tai cac cuc

1 1

O - o

z22+9 (z4+3)(z—3i) z+3i

z+1

p(z) = .

z=3i
Ham s6 o(z) gidi tich tai z = —3/ va

1—-3i

o(—3i) = Y = 0 nén v6i z = —3i 13 cuc don
ta ducc

—3i) 1-3i 3+i
0! —6i 6

Res {£(z); —3i} = &
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Thang du Thang du tai cac cuc

73+ 2z ©(z)
2. f(z) = = -0
o(z) = 22+ 2z

Ham s6 o(z) gidi tich tai z =i va @(i) =i #0
nén véi z = i |3 cuc chp 3 ta duoc

Vel

2 3 6
Res {f(z);3i} = L 2(! ) _ 2—: = 3i.
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20 V2 G G 7
Dinh nghia
Xét ham f(z) gidi tich tai a. Néu tai z ham f(z)
théa man diéu kién
fla)=f'(a)=...=f("D@)=0va
F(m(a) £ 0 thi ta ndi f(z) c6 1 zero cap m tai a )

Dinh ly

Mét ham f(z) giai tich tai a s6 c6 a 1 zero cap m
néu va chi néu f(z) c6 thé viét dudi dang

f(z) = (z—a)"p(z), trong dé p(z) giai tich tai a
va ¢(a) # 0.
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Vi du

Xdc dinh cdp cha zero a =0 cda ham

f(z) = z(e* — 1)

Tacé f(0)=F(0)=0va f"(0)=2néna=01
mot zero cAp 2 cla f(z). Khi dé

e —1

, z#0
1, z=0

3

z z
h =14+ -4+ —+ ...
ay ¢(2) +2+3!+
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ALETR M Zero va cuc cip m

Dinh ly
Goi P(z) va Q(z) 1a 2 ham gidi tich tai diém a va
P(a) # 0. Néu a I 1 zero cdp m clia mdu Q(z)

thl ham f(z) = (2) s&é nhan a I3 cuc cap m.
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ALETR M Zero va cuc cip m

Dinh ly
Goi P(z), Q(z) 14 2 ham gidi tich tai a. Néu
P(a) #0,Q(a) =0,Q(a) # 0 thi a la I cuc don
cta ham f(z) = Zz; va

P(z) P(a)
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Thang du Zero va cuc cép m

Vi du
v ? \ Z .
© Tim thdng du cia ham f(z) =i tai cuc
don c6 1ap 1+ i. DS. %
1
@ Tim thdng du cia ham f(z) = -tz tai
1 —cosz
z=0.DS. Res {f(z);0} = 2.
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) z P(z
1. Ta c6 f(z) = A QEZ;
R(z)=z"+4. Tuds P(1+i)=1+i#0,
R(l+i)=0,Q(1+i)=41+i)>#0nén 1+
3 cuc don cla f(z) véi thing du bang

P(L+i)
Q1+1i)

1+ 1 I

Véi P(z) = z va

Res{f(z);1+ i} =

A1+ 8 8
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Thang du Zero va cuc cép m

2. Ta khong biét cyc cAp miy clia f(z) nhung khi thay

cos z bang chudi Macluarint ta dugc
14z
) =A== )
142

T Z22(1)2— 2/24 + )
Tu dé suy ra z =0 13 cuc chp 2. V6i m =2 va

14z
A2 = B At )

ta cé

Res{f(z); 0} = 90/1(!0 ) _

(1/2—22/24+..) — (1 + 2)(—2z/24 + . ..

):2

= |lim

20 (1/2—22/24 + .. .)?
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Tim thing du cla cic ham f(z) tai cic diém z

tuong Ung
1
o Z2j_1taiz:ivéz:—i. DS.E
z+1 33
[>) mtalz—0v32—2 DS. 11
1 3
@ ——taiz=0. DS. =
Z—sinz 5
o z tal cac cuc cta né. DS.

(z—-1)(z+1)° 1 ,
Res {f(z);1} = 15 Res {f(z); -1} = R
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Néu C I3 vong tron |z| = 4 tinh [ f(z)dz véi mdi
C

ham f(z) sau

o ;1 DS. 27i

72 _

Z2

.DSO0
(22 + 3z + 2)?
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Tinh tich phan xac dinh Dinh ly

Dinh Iy

Néu F(cos®,sin®) 13 1 ham hifu ti ctia cosf va sin 0, hifu
han trén khodng kin 0 < 0 < 2, va néu f(z)dz I3 biéu
thifc c6 duoc tir F(cos 6, sin 0)df bing cich dit z = e
z+1/z z-1/z dz

,df = — thi

va thay thé cos 0 =
21 Iz

,sinf) = ——

27 n
/ F(cos,sin0)d0 = 2i » ~ Res{f(z), z},
0

k=1

trong dé zy, k = 1,..,n 13 cdc cuc cia f(z) ndm trong
vong tron don vj |z| = 1.
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Vi du

2T
Tinh 1 = [ =230 g5,
0 D —4cosf
; . 1
Dépsﬁ.lleé’tz:e’9:>c059:Z+2 /Z,
3i0 | .—3if 3.1/53
cos30 = < e :Z+/Z,dz:izd9
2 2
1 2°+1
| = —— d.
2//Cz3(2z—1)(z—2) “
2 +1

trong d6 C : |z| =1 va f(z) = 23(22 —1)(z —2)
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f(z) c6 z=01a cuc cAp 3, z=1/2 I3 cuc don
ndm trong vong tron don vi |z| = 1

1d2[ 2°+1 ]_21

Res{f(z);0} = ||

T020d2 |[(2z—1)(z—2)] 8
20 +1 65
Res{f(z);1/2} = i -
esif(z):1/2} = lim, [223(2—2)] 24
1 21 65\
Vay | = ——(@2ri) (5 — 2 ) = =
a'y it 7”)(8 24) 12
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it iy
Dinh ly
Néy f(z) la mét ham gidi tich trong nia mat
phdng trén Im z > 0 ngoai trir 6 mét sb hitu han
cuc khéng ndm trén truc thuc, va néu zf(z) hoi tu
déu vé 0 khi z — oo qua cdc gid tri sao cho
O0<Larg z< 7w th

/ N f(x)dx = 2mi » " Res{f(z), z},

0.9

trong dé z1, zp, . .., z, 13 cdc cuc cia f(z) ndm

2
trong niia mat phang trén.
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Hé qua

. P
Néu f(x) = %, trong dé P(x), Q(x) la 2 da
X
thifc thuc sao cho bac cia Q(x) = bac P(x) + 2

va néu Q(x) khéng cé nghiém thuc thi

/_ " F)d = 23 Res{f(2). 24},

o0

trong d6 z1, 2z, . . .,z 1a cdc cuc clda f(z) nam

trong nia mat phdng trén.
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Tinh tich phan xac dinh Dinh ly

Vi du
00 2
Tinh | = _{O X6X—+1dx. Dap sb. | = g
2
Véi f(z) = c6 baccia Q(z) =2 +1136

5
| =27i) " Res{f(z),z},
k=0

trong d6 zx = e"(%JrMTW), k=0,1,23,45.
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Tinh tich phan xac dinh Dinh ly

Tuy nhién, ta chi lay cic cuc nam trong nira mat

ohing trén 13 zg = ™%, z; = i, zp = €°™/6. Mt

khac ta cb

z,f 1
ReS{f(Z),Zk} = 5—215) = 6—21::),/( = 0,1,2
Vay
1/1 1 1
6\zy 7z =z
_7Ti 1 1+1 .
- 3\i i i) 3
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it iy
N ?
Hé qua

Néu f(z) I3 mét ham gidi tich trong niia mat phing trén
ngoai trir 6 mét so hifu han cuc khéng ndm trén truc

thuc, va néu zf(z) héi tu déu vé 0 khi z — oo trong nia
mat phang trén, thi véi a > 0, ta co

/ f(x) cos axdx = —2mIm Z Res{e™*f(z), z},

00 k=1

00 n
/ f(x)sin axdx = 2w Re Z Res{e"**f(z), z},
X k=1
trong d6 z1, 23, . . ., z, 14 cdc cuc cha f(z) ndm trong niia
mat phang trén.

4
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Tinh tich phan xac dinh Dinh ly

Vi du
, % cosax , « me?a+1)
Tinh | :_L m Dap SO. #
Ham z.f(z) = (2+1)2 héi tu déu vé 0 khi z — oco.
z
Ham (;Tl)z chic61lcucképz=1i nam trong nira mat
z
phing trén véi thing du
eiaz . . d eiaz ie—a(a_|_ 1)
es{ZZ+1 I} zlrj/'dz(z%—l)2 4
Vav | — 27 Im _je(a+1)\  me?(a+1l)
yim e 4 - 2
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Tinh tich phan xac dinh Bai tap

Tinh cac tich phan sau day bing phuong phap
thang du
2T do

° /

o cost +2sinf +3
2T cos20d0

° |

o D+ 4cost
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Tinh tich phan xac dinh Bai tap

Tinh céc tich phan sau day bing phuong phép

thang du
0 dx
° | @y
o j? x2dx
o (T4 x2)(x?2 4+ 4)
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Tinh tich phan xac dinh Bai tap

Tinh cac tich phan sau day bing phuong phap

thang du

° 70 cos mxdx
1+ x4

— 0
7" X sin mxdx
14+ x*

—00
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Tinh tich phan xac dinh Bai tap

THANK YOU FOR ATTENTION
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