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1.1 So phic

1.1.1 Gidi thiéu

Trong phan nay, ching ta nhic lai mot s6 khai niém va tinh chat dai s6 va
gidi tich co ban ctia s6 phiic.

Mot s6 phic z c¢6 dang z = x + 4y, trong d6 = va y 1a cac sb thuc va i 1a
mot s6 4o thod 2 = —1. Ta goi = v y lan lugt 1a phan thuc va phan 4o cla z
va k¢ hieu

x = Re(2) y = Im(z2).

Tap hop tat cd sé phitc duge ky hiéu 1a C. Mot s6 phitc thuong dudge xem

nhu khong gian Euclide R? bang cach dong nhat s6 phic z =  + iy € C

v6i diem (z,7y) € R?. Mot cach ti nhién, truc Ox va Oy trong R? tuong ting
thanh truc thyc va truc ao trong khong gian phtc

truc ao

1y

“ truc thue

1.1.2 Céac phép toan va tinh chat

Trong khong gian phiic C, ta trang bi cac phép toan sau: Cho z; = x1 + iy,
29 = X9 + iyg

i) (Phép cong) 21 + 22 = (x1 + z2) + i(y1 + ¥2)

ii) (Phép nhan)z 2 = (x122 — y1y2) + i(21y2 + y172))
Céac phép toan trén thod cac tinh chat sau

i) Tinh giao hodn: z1 + 29 = 29 + 21 VA 2129 = 2921

ii) Tinh két hop: (21 + 22) + 23 = 21 + (20 + 23) va (2122)23 = 21(2223)
iii) Tinh phan phoi: z1(22 + 23) = 2122 + 2023
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Phép cong hai s6 phtic tuong tng véi phép cong hai vector trong khong gian
R2. Trong khi d6 véi phép nhan bao gom mot phép quay (xem 1.1.5), chang
han khi ta nhan mot s6 phiic véi 4, tuong ting ta c6 phép quay goéc 5

1.1.3 Vector va Module

Ta thuong dong nhat khong gian phic va khong gian Euclide R?, do d6 mot
cach tu nhién, dé ky hieu do dai hay gia tri tuyét dbi ctia sé phic, ta dong
nhat véi do dai Euclide trong R?

|2 = (2% + %)

Day chinh 1& khodng cach tit géc toa do dén diém c6 toa do (z,y).
Ta c6 mot so6 bat déng thic sau

Rez < |Rez| < |z| va Imz < |Imz| < |z
Theo bat dang thiic tam giac, v6i hai s6 phiic 21, 2o bat ky, ta co

|21 + 22| < 21| + |22]

|[21] = [22]] < |21 £ 2] < 21| + |22]

1.1.4 Sbé phic lién hop

Ta dinh nghia s6 phic lién hop clia z, ky hieu z = x — iy.

z=x+ 1y

Y

Trong mat phang phtc, z doi xiing v6i z qua truc thuc. Ta dé dang kiém
tra rang z 1a s6 thuc khi va chi khi 2 = Z v& 2 14 s6 thuan 4o khi va chi khi
z=—Z.



Dong thai ta dé& dang kiém tra

Re(z) = Z—;Z va Im(z) = 22_22
1 z
2 = N o

1.1.5 Dang luong giac (dang cyc) ciia s6 phiic
V6i mdi s6 phiic z # 0, ta c¢6 thé viét dusi dang luong giéc
z=re = r(cosf + isinf)

trong d6 r = |z| va # € R dudc goi 1a argument ciia z. Argument ctia z dugce
x4c dinh duy nhat va sai khac nhau n2x.

2=+ 1y

Néu cho z; = re' va z, = se'?, khi d6

zw = rse'l?)



z 0+
o 22
¢©

1.1.6 Day sbé phiic va su héi tu

Cho day s6 {21, 29, ...} cac s6 phitc. Day s6 nay dugde goi 1a hoi tu dén 2y € C
néu

lim |z, — 20| =0 taviet 2zp= lim 2,

Khai niém nay dong nhat v6i sy hoi tu trong R2.
Ta dé dang kiém tra dudc day {z,} hoi tu téi 2y khi v chi khi day phan
thue va day phan 4o clia 2, hoi tu tuong tng t6i phan thuc va phan 4o ciia z

Rez = lim Rez,

zo = lim z,| < nreo
n—00 Imz = lim Imz,
n—o0

1.2 Ham bién phic

1.2.1 Khai niém

Dinh nghia 1.2.1. Xét Q C C. Mot ham bién phtc trén € véi gia tri phiic
14 mot quy tac cho tuong ng mot phan ti z € Q v6i mot hodc nhiéu phan ti

w e C
f:Q—=C

va ta ky hieu w = f(2).

Khéc v6i khai niem ham thuc 1a mot quy tic cho tuong tng MOT z phan
tit thuoc Q v6i MOT phan ti y, ham bién phtic c6 thé tuong tng v6i nhiéu tri.
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Néu tng véi mot gia tri 2z xac dinh mot gia tri w duy nhat, thi ta néi do
13 ham bién phitc don tri, ngugde lai, ta néi d6 1a ham da tri.

Vi du 1.2.1.
1. w = 2" la ham don tri;
2. w = {/z la ham n-tri;
3. w = arg z 14 ham vo s6 tri.

Béang cach viét z = o +iy ~ (z,y) € Rva w = f(2) = u + iv, ta co

f(z) = f(z,y) = u(z,y) + w(z,y)

trong d6 u(z,y) = Re(f) duge goi 1a phan thyc, v(z,y) = Im(f) duge goi 1a
phan 4o ctia ham s6 f,

Vidu 1.2.2. w = 22, VOl z = x + 1y, ta co
utw = (r+iy)? = (2° = y°) +i(2zy)

Do do6
Re(f) =2 —y*  Im(f) = 2xy

Hoan toan tuong tu v6i ham bién phic, ta c6 cac khai niém vé gidi han,
tinh lien tuc va lien tuc déu doéi v6i ham bién phic.

1.2.2 Gié6i han va lién tuc

Cho ham phtic f xéc dinh trén tap tuy v Q C C va 2y 1a mot diém tu cia Q
(ton tai day s6 {z,} C Q sao cho z, — z) hodc la diém xa vo tan.
S6 phiic a duge goi 1a giéi han ctia ham s6 f(z) khi z dan dén z, ky
hiéu
li =
e =e
néu v6i moi lan can V clia a ton tai lan can U cia zg sao cho f(z) € V véi
moi z € U Nz # 2.
No6i céch khac, khi zp httu han, Ve > 0, 36 >0, VzeQ, 0<|z—z|<
6 thi

f(z) —al <e
Khizg=o00,Ve>0, dR>0, Vze€Q, |z|> R thi
f(z) —al <e

Ham f dugc goi 1a lién tuc tai zg néu thod man mot trong hai diéu kién
sau



i) 2z la diém co lap ctia Q (2o khong 1a diém tu)
ii) 2 la diém tu ctia Q va

lim f(2) = f(20)

Z—20

Néu viét f(z) = u(z) +w(z), =z € Q, ta dé dang thay rang f lién tuc tai
29 € | khi va chi khi u va v lién tuc tai z.

Ham f dugc goi la lién tuc trén Q néu né lien tuc tai moi diem z € €.

Ham f dugc goi 1a lién tuc déu trén  néu

Ve>0, 30>0, Vz,20€Q, |21— 20| <9

[f(z1) = f(22)] <€

Dé dang thay néu f lien tuc deu trén Q thi noé lién tuc trén .
Céc tinh chat vé ham s6 lién tuc ctia ham bién phtc va ham thuc hoan
toan tuong tu nhau.

Dinh 1y 1.2.1. Néu ham s6 f lién tuc trén mién Q déng va bi chan, khi dé
ton tai so thuc M khong am thod

f(2)| <M VzeqQ.

Dau bang xdy ra tai it nhat mot diém z € ().

1.2.3 Ham chinh hinh
1.2.3.1 Khai niém dao ham phic

Cho Q 14 mot tap hop trong C va ham s6 phiic f xac dinh trén Q. Ham f
dugc goi 1a chinh hinh tai diém z, €  néu ton tai giéi han
flz+h) - f(2)

lim , 2,2+ hef)
h—0 h

v6i h € C dude goi 1a s6 gia. Néu tai diém z giéi han trén ton tai thi né duge
d
goi la dao ham phiic ctia f tai z, ky hiéu la f/(z) hay d—f(z)
z

Cht ¥ trong dinh nghia trén, h 1& mot s6 phitc va né tién dén 0 theo moi
huéng, (so sanh véi cac khai niem dao ham c¢6 huéng trong giai tich ham nhiéu
bién).

Ham f dudc goi la chinh hinh trén Q néu f chinh hinh tai moi diém trong
Q.

Tuong tir ham bién thyc, bang qui nap, ta viét

£ = (gt



va goi 1a dao ham phtc cap k ctia f trén Q.
Ham f chinh hinh tai z ciing duge goi 1a kha vi phitc tai z. Ta thay rang,
ham f chinh hinh tai 29 € Q khi v& chi khi ton tai so6 phitc a thoa

f(z0+h) — f(z0) — ah = hy)(h)

v6i ¢ 1a ham xéc dinh v6i A nhé va limy, 0¥ (h) = 0. T cong thic trén ta ¢
ham f lién tuc tai z.

Ta thay khai niém chinh hinh ctia ham phitc mot bién tuong tu véi ham
mot bién thuyc, tuy nhién ham chinh hinh c¢6 nhiéu tinh chat manh hon. Vi
du, mot ham chinh hinh sé c6 dao ham vo han cap, trong khi d6 ham kha vi
thuc c6 thé khong c¢6 dao ham cap hai.

1 .
Vi du 1.2.3. Ham f(z) = — chinh hinh trén moi tap md khong chita diem 0
2

trong C. va
s ~1 1
/ — 1 2+ z l I =
fFz) e h B (z 4+ h)z 22

Vi du 1.2.4. Ham s6 w = f(z) = zZ = © — iy xac dinh trén Q@ = C khong
chinh hinh tai moi diem z € Q. That vay, xét diem 2y = xg + iyy bat ky va
cho s6 gia h = hy + thy. Khi d6 ta c6

f(Z()‘l‘h)—f(Zo):Zo-l-h—z_():ﬁ:hl—ihg.

) h
i) Xét truong hop he = 0, h = hy + 40 (14 mot so thuc), ta ¢6 lim a1

h—0 Ny
L 7z b . N ~ Z o L . _Z.hQ
ii) Xét truong hop hy =0, h = 0+ ihy (1& mot 86 40), ta c6 lim = —1.
h—0 hso
. h) — )
Nhut vay khong ton tai gi6i han lim flz+ }1 / ('ZO), ham s6 f khong ¢6 dao
%

ham phtic tai z v6i moi z.

Do dinh nghia dao ham ham phiic hoan toan tuong tu dao ham ham thuc,
ta dé dang kiém tra cac cong thic sau

Dinh 1y 1.2.2. Néu f(z2) va g(z) chinh tai zy thi ta cé (of + Bg)(2), (fg)(2),
i(z) (9(20) # 0) cing chinh hinh tai zy vdi moi o, 5 € C va
g

i) (af +Bg) =af + B9,
i) (fg) = fg+fg';

i) Néu g # 0 thi

(j)’ _f'g—fd
g g2



w) Néu f:Q—Uwvag:U — C la cic ham chinh hinh, khi dé
(g0 f)'(2) =g'(f(2))f'(z) Vz€Q

1.2.3.2 Diéu kién Cauchy-Riemann

Xét ham f(z2) = u(x,y) + iv(x,y) chinh hinh tai zy = x¢ + iy, f(2) = f(z,y).
Cho h=h —1+1hy € C, ta xét giéi han

lim f(z+h) = f(2) ~ lim f($0+h1,yo+@2) - f(xo,yo).
h—0 h h—0 hy + ihs

Trude tién ta xét h la thuc, tuong tng h = hy 4 thy v6i ho = 0. Khi d6 ta
co

f(xo 4+ hi,90) — f(20,%0)

Tuong t, véi h 1a thuan 4o, tuong tng véi h = hy + ihy v6i by = 0, ta co

f/(z()) _ }11211_{10 f(l’()a Yo + CLZL_ f(l'(), ?Jo)

= ;a—y(zt))-
Khi d6, f chinh hinh tai z; thi
of _19f
ox 10y

Véi f = u + 1v, ta thay u,v thod hé phuong trinh

ou Ov _ Ou ov
— va — =

%:ay 6y__%

Hé phuong trinh trén dugce goi 1a phuong trinh Cauchy - Riemann (diéu kién
Cauchy - Riemann). Day chinh 1 diéu kién can dé mot ham phitc chinh
hinh.
Ta da biét _ _
z+z . zZ—2Z
VA Y = ——
2 21

Ap dung cong thitc dao ham ham hop, ta c6 hai toan tit sau

o _1fo 1oy 90 _1(0 10
92 2\or ioy) ¢ 8z 2\or ioy)

10
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B6 dé 1.2.1. Néu f = u + v chinh hinh tai z, thi

2 () =0

Chiing minh. Ta dé dang tinh ra
of 1 <8(u +iv) 10(u+ z'v))

0z 2 ox Oy
(o) (o0 o
- \oz Oy or 0Oy
o a1 of
T dieu kién Cauchy - Riemann, ta c6 25 = 0. ]
z

Dinh 1y 1.2.3 (Diéu kién du). Xét ham bién phic f = u + iv trén mién
Q) C C. Néuw,v la cac ham khd vi, lien tuc va thod dieu kién Cauchy-Riemann

tréen S, thi f chinh hinh trén Q va f'(z) = gf
z

Chiing minh. Ta ¢6 u(z,y),v(x,y) 1a cdc ham kha vi, lién tuc, do do6

0 0
(e + Py + o) = e, y) = Zohn o+ 5+ Bl (),

va
0 0
oo Py + o) = vl ) = 5oh 5 h o+ Bla(h),

trong d6 h = hy + ihy va ¥;(h) — 0 khi |h| — 0. Cong hai phuong trinh trén
va ap dung diéu kien Cauchy - Riemann, v6i ¢(h) = 11 + i1, ta co

e+ = 1) = (oot Sone) i (5o + 5na) + ot

ou .0v ou .0v
= (G it mok (B a0 ook v
' , ou .Ou
— <% — Za—y> hl +1 (—Za—y -+ Z%) h2 + |hW)<h)

_ (a_ . 8_y) (h + ihs) + |l (R).

Vi ¢o(h) — 0 khi h — 0, ta c¢6 f chinh hinh, va

Jou_0f

fl(z) = 5 9.

11



1.2.4 Chubi luy thta

Tuong tir d6i v6i ham thue, chudi luy thita phitc c6 dang

Zanz’”, a, € C. (*)

Dé kiém tra su hoi tu tuyet doi ctia chudi nay, ta kiém tra

00
> lanll2™
n=0

Ta thay rang, néu chudi (*) hoi tu tuyet doi tai zy thi n6 sé hoi tu tuyet doi
v6i moi 2z thuge dia |z| < |2g|. Ta ching minh duge rang: luon ton tai mot dia
md ma trén dé chudi luy thira hoi tu tuyet doi.

o0
Dinh ly 1.2.4. Cho chudi lug thua > a,z", ton tai 0 < R < oo sao cho
n=0

i) Néu |z| < R thi chudi hoi tu tuyét doi;
i) Néu |z| > R thi chudi phan ky.
So thuc R dugc cho bdi cong thiic Hadamard

1
— =1 L
= im sup |a,|

va ta zem 1/0 = oo va 1/00 = 0.
S6 R dugc goi 1a ban kinh hoi tu ctia chudi luy thita va mien |z| < R
dugce goi la dia hoi tu.

1.2.5 Dinh nghia cac ham so cap
1.2.5.1 Ham so cép

1. f(2)=az+Db ham nguyén tuyén tinh
2. f(z)=2" ham luy thua

b )
3. f(z)= Gz ham phan tuyén tinh

ez +d

Pu(z)  ag+aiz+...a,2"

— — ham hitu ti
Om(2) o+ bzt .. bpam T

4. f(z)

Dé dang thay ba ham dau tien 1a truong hgp dac biét ciia ham thit tu.
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1.2.5.2 Ham mi, ham lugng giac, ham hyperbolic

Trong gidi tich thuc, ta xay dung cdc ham sau theo chudi s6
i 1
1. e* = —z"
n=0 n!

& 1

2. di — —1)" 2n+1
sin x n;o( ) 2+ 1)!56
COSxT = — —X

n=0 2”'
4. sinhz = i ! 2+l
n=0 (2TL + 1)'

5 h i 1 2n
cosnr = —X

n=0 2n!

Céac chudi s6 trén hoi tu véi moi s6 thuc z, theo dinh 1y Abel, néu ta thay z
bang s6 phiic z bat ky, ta ciing thu dugc chudi hoi tu. T dé ta dinh nghia
cidc ham trén doi véi so6 phic z

S |
Loet=2 &

o0 1
2 i — —1)" 2n+1
sinz =2 (=1) 2n+ 1)
. COSzZ = — —
n=0 277,'
4. sinh z = i ;:1:2’“r1
5. coshz = 5 20
. cosnz = —Z
0277,'
Tinh chét
1. e*e? = e*tW
& i x Z2n S Z2n—|—1
S S

=Cosz+18Inz

Tuong tu ta c6 e ¥ = cos z — i sin z.
Do do6

12



Cos 2z = 5
3 . eiz — e ®

sin z = ,

21

Tuong tu ta co
e+ e ”
coshz = ————
4 . 2,

) e —e
sinh z =
2

5. € = e = e = e*(cosy + isiny)

Ta thay: ham e* tuan hoan theo chu ky 2im, ham sin 2, cos z tuan hoan
theo chu ky 27.

e*| =€ va arg(e®) =y+ 2nw

6. Cac cong thiic ctia ham lugng giac

sin(z1 4 29) = sin 21 cos 22 + €os 21 sin zs;
cos(z1 + 22) = €OS 21 €OS 29 — Sin 21 Sin 29;

Tw do6 suy ra

sin2z = 2sinzcosz cos?2 = cos? z — sin® 2

. 7T . T
sm<z+—>:cosz sm(z——):—cosz
2 2

2,=1

sin? 2z + cos
7. Tu cong thuc 3., 4. ta co
sin(iy) = isinh(y) va cos(iy) = coshy
Ap dung cong thic 6,

sin(z) = sin x cosh y + i cos x sinh y;

cos(z) = cosx coshy — i sin x sinh y;

tr trén ta co

| sin z|* = sin® & + sinh?y

| cos z|? = cos® z + sinh?y
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1.2.5.3 Ham logarith
Cho z € C, z # 0. S6 phiic w duge goi 1a logarit (co s6 €) clia z # 0 néu
eV =z. V6i w =u-+1v, va ¢ = arg z ta co
e’ =z = |z|(cos p + isin @)
e“(cosv +isinv) = |z|(cos ¢ + isinp)

do do

u=lIn|z|
v =+ 2km véi k € Z
Vay
w=In|z| +iarg(z) (k€Z)=In|z|+iArg(z)+ k2.
Véi Arg(z) € arg(z) vi —m < Arg(z) < . Ta thay w = In(z) 1a ham vo s6
tri, ing véi 1 gia tri k, ta ¢6 mot nhanh cia ham logarit.
Véi k = 0, ta dugc nhanh chinh, ki hiéu 1a Lnz = In |z| + iArg(2).
T do6 ta c6 Inz = Lnz + 2ikm.

1.2.5.4 Ham luy thira phic
Xét z # 0 va c 1a s6 phitc bat ky. Khi d6 ham z¢ duge dinh nghia bdi

5C — eclnz
v6i In z 1a ham da tri.

Vi du 1.2.5. Tinh i~ %.
ta co

1
Ini=1Inli|+1 (g—l—Zmr) = <2n—|—§> i, véin € Z.

Do do, .
i~ = exp(—2ilni) = exp [(4n + 1)7]

Ta thay rang ¢~ 1a mot s6 thuc.
1.2.5.5 Ham lugng giac ngudc
1. arcsinz = —iln(iz + V1 — 22)

1. 1+ 2
2. arccosz = —In

1=z
3. arccoshz = In(z + vz — 1)

4. arcsinhz = In(z + V22 + 1)

1.1
5. arctanhz = —In e
2 1—z

15



1.2.5.6 Ham da tri va dao ham ham da tri

Xét mot s6 phiic khiac z = re’?, ¢ = arg(z) 1a mot trong cac gia tri ¢ =
&(2) + 2nm (n € Z) v6i ¢ = Arg(z). Do do,

logz =logr +i(¢p + 2nm) = logr + ip.

Xét o 1a s6 thye bat ky va gidi han gia tri clia ¢ sao cho a < ¢ < o + 2, khi
do

logz=u+w=logr+ip véir>0,a<p<a+?2r
14 mot ham don tri, lien tuc. Ta dé dang kiém tra dugc diéu kien Cauchy -
Riemann trong toa do cuc

TUp = Vy  Up = —TUy
Do d6 log z chinh hinh
d . 1 1 1
“logz=e (u +iu) =e (= 4i0) = — ==
I logz=e¢ (up +iu,) =e (7"+Z> =
Vay ta co
d 1
—logz=— (Jz2] > 0,a < argz < a+ 2m)
dz z

va dic biat

d 1
—Logz = — (|z| >0,—7 < argz < )
dz 2z

Tai arg z = o (mot tia trong mit phang phiic), log z khong lién tuc tai
day. That vay, xét diem z ndm trén tia nay, cac diém tuy ¥ quanh z, c6 nhitng
diem z; dé v(z1) gan a, va c6 nhitng diem 2y dé v(2;) gan o + 27, do d6 log(z)
khong lién tuc trén tia arg z = a. Do d6 log(z) khong c¢6 dao ham phiic tai
day.

<1

N —
<2

< -
........
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Dinh nghia 1.2.2. Mot nhanh ctia ham da tri f 1a ham don tri F' sao cho
n6 kha tich trong mot mién xac dinh ctia z va F(z) 13 mot gia tri cua f.

Vi du 1.2.6. F(z) = Logz = logr 4+ i¢, —m < ¢ < w la mdt nhanh cia cua
ham f = log z va dugc goi la nhanh chinh cua log z.
Khi xét nhanh chinh Logz, ta c6

Log(i®) = Log(—i) = log 1 — i~ = ——
2~ 2
va 5
T T
3L ':3(1 1 '—) =7
0ogl ogl + 22 5 1
do do

Log(i®) # 3Logi

1.2.5.7 Dao ham phic cac ham sd cap

1. (2%) = s2*71, v6i s 1a s6 phiic bat ky;

2. (e®) =¢*

3. (cosz) = —sinz, (sinz) = cosz

4. (coshz) =sinhz, (sinhz)" = coshz
5. (Inz) = -

17



Chuong 2
Tich phan

2.1 Tich phan dudng

Duong cong tham s6 C' 1a ham z(t) tt mot doan dong [a,b] C R vho mat
phang phitc C. Ta néi rang, dudng cong la tron néu 2/(t) ton tai va lién tuc
tren [a, b], dong thoi 2/(t) # 0 v6i t € (a,b). Tuong ty, dudng cong duge goi 1a
tron ting khtc néu z(t) lien tuc trén [a, b] va ton tai

a=ay<a1 <...<a,=2=

v6i z(t) tron trén [ag, axyq].

Duong cong C' duge goi 1a duong cong don néu né khong tu cat, tic 1a
2(ty) # 2(tz) Vi 21 # 2. Néu duong cong C' 1a don trit diém dau va cudi
Za, 2 thi ta n6i C' 1a duong cong don déng. Trén dudng cong C' don dong (bao
quanh mién ), ta xét chieu duong trén duong cong C 1a chicéu ma khi di
chuyén trén dé6, mién Q luén nim bén trai (di chuyén theo chiéu nguge chicu
kim dong ho).

Vi du 2.1.1. Duong gap khic

rz+ix 0<zx<1
z =
T +1 1< <2

chita cac doan thang tit 0 t6i 1 + 4, sau d6 tit 1+ t6i 2 +i. Day 1a mot duong
cong don

1R



141 2+1

Vi du 2.1.2. Hinh tron tam 2y, ban kinh R theo chiéu duong
z=z+ Re” (0<p<2m)

va theo chiéu am |
z=2zy+ Re™? (0 < <2m)

20

Cho duong cong C' C C dugce tham s6 béi z : [a,b] — C, va f 14 ham s
lién tuc trén C, ta dinh nghia tich phan ctia ham f trén C bdi

/Cf(z)dz — /abf(z(t))z’(t)dt_

Néu C la dusng cong tron ting khtic, khi d6 tich phan f trén C la tong
cua tich phan ham f trén cac doan tron C

fa: =5 [ pe)
fr@e=3 [
10



T cong thiic trén, ta c6 do dai ctia dudng cong C' ndi hai diém A, B cho
béi cong thic
b
lo = / |12/ (t)|dt
a

B6 dé 2.1.1. Tich phan ctia ham lién tuc trén mot dudng cong C' ¢6 cac tinh
chat sau

1. Tinh tuyén tinh, véi o, B € C

/C(Ozf()Jrﬁg z—oz/f dz+6/

2. Néu O~ la dudng cong C' véi chiéu ngudgc lai, thi

—/Cf(z)dz

3. Ta c6 bat dang thiic sau

/Cf(z)dz

véi o 1a chiéu dai ctia duong cong C

]:/Zdz
C

trén duong cong C' 13 nita phai clia dudng tron tam tai goc toa do, ban kinh 2
tit 2; = —2i dén 29 = 2i.

<sup|f(2)|.lc
zeC

Vi du 2.1.3. Tinh tich phan

Phuong trinh tham s6 ctia duong

cong C'
— 90t (_L
z = 2e ( 5 <p< 2)
Do do6
/2
I:/ 2ei%(2e"%) dyp
—m/2
/2
= 4/ e "¥(ie'?)dyp
—m/2
/2
= 42/ do = [4mi].
—m/2

2790



Tt tich phan trén, chi ¥ ring 2z = |2|? = 4, do d6

dz

c <

= .

Vi du 2.1.4. Tinh tich phan

1
1, = —dz
/c (2 — 2"

trén duong cong C' 1a duong tron tam tai zg, ban kinh r theo chiéu ngugc
chiéu kim dong ho.

Phuong trinh tham s6 ctia duong
c cong C'
z=z+re¥ (0<p<2m)

20

Do do6

2m
In:/ r e (re?) dyp
0

2w
_ iTln/ efi(lfn)cpd(p
0

V6in =1, taco

Vé6i n # 1, ta co

dz [T . _
I, = /C(—ndz = 2/0 (cos(—nyp) + isin(—nyp))dy = (0]

z—29)

vi (fo27r cos(x)dr = f027r sin(z)dx = 0).

Vay ta c6
/ dz _J2m n=1
c(z—z)" )0 n#1

Dinh nghia 2.1.1. Xét f 1a ham s6 lién tuc trén mién , mot nguyén ham
cia f trén € la ham chinh hinh F(z) sao cho F'(z) = f(z) véi z € €.

91



Dinh 1y 2.1.1. Cho ham lién tuc f trén Q) co nguyén ham F, C' la mot duong
cong trong Q co diem dau la 2, diém cuoi la 2o, khi do

/ F(2)dz = F(2) — F(z)
C

Chitng minh. Xét C' 1a mot dudng cong tron ¢6 phuong trinh tham s6 z(¢) :
[a,b] = C v6i z(a) = 21, 2(b), do do

/Cf(Z)dz=/abf(z(t))z’ t)dt

b
_ / F/(2(1))2 ()t

b d
= / aF(z(zs))dt
= F(2(b)) — F(2(a)).

Twong tu v6i C' la duong cong tron tung khic, ta cling c6

[ 163

3
H

F(Z(am)) — F(2(ar))

I

23

[]

Bé dé 2.1.2. Néu C la dudng cong déng trong tap md € va f 1 ham lién
tuc ¢6 nguyén ham F' trén , khi do

gLf@Mzz

1. Ham f(2) = 2% ¢6 nguyén ham F(z) = 2%/3 trén C, do d6

1+ ) 2’3
2°dz = —
0 3

v6i moi duong cong tit 2 = 0 dén z = 1 + 4.

Vi du 2.1.5.

1+

O :§(1+z) —g(—1+z)

2. Ham f(z) = 1/2? lien tuc trén C \ {0}, c6 nguyén ham F(z) = —1/z
trén mieén |z| > 0. Do d6

dz_o_
022_ ’

v6i C 1a duong tron theo huéng duong z = 2e™, (0 < ¢ < ).

9



3. Ham f(z) = 1/z lién tuc trén C\ {0}. Xét C la dudng tron nhu trong
vi du 2. Ta ¢6, trén moi nhanh a < ¢ < a + 27, ham F = log z ¢6 dao
ham phiic 14 1/z. Tuy nhién xét trén giao diém ¢ = o va dudng tron C,
tai day log z khong lién tuc do d6 F' khong chinh hinh trén C.

d
o 40
c <

Hé qua 2.1.1. Néu f 13 ham chinh hinh trén mién lién thong Q va f' =
thi f 13 ham hang.

2.2 Ly thuyét Cauchy veé tich phan ham chinh
hinh

Xét ham f c6 nguyén ham trén mot tap mé €2 trong C, khi d6 tich phan ham
f trén duong cong déng bang 0.

Xét C 1a duong cong don, déng tham s6 bdi z = z(t), (a <t <), theo
chiéu duong. Gia st f chinh hinh tai moi diem trén C. Khi d6

/Cf(Z)dz:Lbf[z(t)]z’(t)dt_

V6i f(2) = u(z,y) +iv(x,y) va z(t) = x(t) + iv(t),

b b
/ f(2)dz = / (uz’ — vy')dt + z/ (va’ + uy')dt.
C a a
Theo tich phan ham thuc hai bién, ta c6

/Cf(z)dz = /C(udx —vdy) + i / (vdx + udy) (*)

C

(trong biéu dién trén, C' khong can la dudng cong dong.)
Ta thay, phan thic va phan 4o ciia tich phan trén 1a cac tich phan duong
loai hai.

/CP(I, y)dz + Q(z,y)dy

Gia st P va ) c6 cac dao ham riéng bac 1 va C la duong cong don dong
bao quanh mién D, khi d6 theo dinh 1y Green

/dex + Qdy = //D(Qx — P,)dA.

29



Ap dung dinh 1y Green vao (%)

/f dz—/(udx—vdy)—l—z/(vdx+udy)

~ [[ o mwaa+i [[ - ua

Vi f chinh hinh trén Q, theo diéu kién Cauchy - Riemann
Uy = Vy VA& Uy = —Uy;

do d6 ta c6: néu f chinh hinh trén Q va f’ lién tuc trén mién nay, khi d6

RS

Trong dinh 1y sau, chting ta boé qua diéu kién lién tuc ctia f’ trén mien Q.

Dinh 1y 2.2.1 (Cauchy - Gaursat). Néu f la ham chinh hinh tai moi diém
trong mién gidi han bdi duong cong don déng C tha

IRECE

Ching minh. Ta chiing minh dinh 1y trén trong truong hop don gian, véi C
1& canh ctia hinh vuong S° c6 do dai canh 1a dj.

=) ]

| 53 S4

Dau tién, ta chia hinh vuong S° thanh 4 hinh vuong bang nhau S7,..., S} va
thém cac duong tich phan theo cac huéng nguge chiéu nhau trén cic canh
nhu hinh trén. Khi d6 ta c6

f(z)dz= | f(x)dz+ | f(z)dz+ | f(z)dz+ [ f(2)dz
50 S! 54 S3 Si
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Sé ton tai mot hinh vuong S} sao cho

<4

f(z)dz
So

f(z)dz
5

Ta chon hinh vuong S} thoa bat dang thitc trén, va doi tén thanh S*. Ta lap
lai bude trén ddi véi hinh vuong S?, sau n bude ta tim duge chudi hinh vuong
S0 St ..., 8™ ¢6 tinh chat

<4n

f(z)dz
SO

f(z)dz
T

dong thoi canh clia cdc hinh vuong trén thod

4 =2"dy.
Ta théay chudi hinh vuong S' > S? D ... D 8" O ... ¢6 ban kinh dan tdi 0.
Ton tai duy nhat mot diém zy sao cho n6é nam trong tat ca cac hinh vuong

trén. Do f 1a chinh hinh (nén né kha vi), ta c¢6

f(z) = f(20) + f'(20)(z = 20) + ¥(2) (2 — 20)

9]¢



