
1. Frequency Response – Bode Plots 

2. Analog filter design
• Butterworth Filters
• Chebyshev Filters
• Frequency Transformation
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Frequency Response of an LITC System:

• The input-output pair of an LTIC system:

• Is the system is stable, the ROC include the imaginary
axis s = j:
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Frequency Response of an LITC System:

• Sinusoidal input of frequency   sinusoidal output of
the same frequency .

• The amplitude of output sinusoidal is |H(j)| times the
input amplitude, |H(j)| is the amplitude response.

• The phase of the output sinusoidal is shifted by H(j)
with respect to the input phase, H(j) is the phase
response.

• Plots of |H(j)| and H(j) versus  are called
frequency response of the system (Bode plots).
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Bode plot:

• Let’s consider a system with the transfer function:

where (s2 + b2s + b3) is assumed to have complex conjugate
roots.
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Bode plot:
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Bode plot:

• The phase function consists of the addition of only three
kinds of terms:
 The phase of j (= 90o)
 The phase of the first-order term 1 + j/a
 The phase of the second order term

• The log amplitude is
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Bode plot:

• The log amplitude is a sum of four basis terms:
 A constant
 A pole or zero at the origin (20log|j|)
 A first-order pole or zero
 Complex conjugate poles or zeros
 The logarithmic unit is the decibel (dB)

1. Constant Ka1a2/b1b3

• is a constant, phase is zero1 2

1 3
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Bode plot:

2. Pole or Zero at the origin
• Log Magnitude:

• Phase:
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Bode plot:

2. Pole or Zero at the origin
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Bode plot:

2. Pole or Zero at the origin
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Bode plot:

3. First order Pole or Zero
• Log Magnitude:

• Phase:
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Bode plot:

3. First order Pole or Zero
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Bode plot:

3. First order Pole or Zero
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Bode plot:

3. First order Pole or Zero
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Bode plot:

3. First order Pole or Zero
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Bode plot:

4. Second-order Pole or Zero
• Log Magnitude:

• Phase:
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Bode plot:

4. Second-order Pole or Zero
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Bode plot:

4. Second-order Pole or Zero
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Bode plot:

4. Second-order Pole or Zero
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Bode plot:

Example 7.01:
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Bode plot:

Example 7.01:
20 ( 100)
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Bode plot:

Example 7.02:
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Bode plot:

Example 7.02:
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1. Frequency Response – Bode Plots
2. Analog filter design 

• Butterworth Filters
• Chebyshev Filters
• Frequency Transformation
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Chapter 7:
Frequency response of LTI system and 

Analog filter design
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Filter Design by Placement of Poles and Zeros:

• Rational transfer function H(s) in factored form:

• Frequency response: s = j.
• Bode plots of frequency response:

1 2

1 2

( )( )...( )( )
( )

( ) ( )( )...( )
n

n

n

s z s z s zP s
H s b

Q s s p s p s p

  
 

  

1

1

20 log ( ) 20 log 20 log 20 log

( ) ( ) ( )

n

n i i
i

n

n i i
i

H j b j z j p

H j b j z j p

  

  





    

       





CuuDuongThanCong.com https://fb.com/tailieudientucntt

http://cuuduongthancong.com
https://fb.com/tailieudientucntt


Created and edited by: Nguyen Phuoc Bao Duy
HCMC University of Technology

Filter Design by Placement of Poles and Zeros:

• Graphical interpretation: |H(j)|

• |H(j)| gets big when j is near a pole
• |H(j)| gets small when j is near a zero
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Filter Design by Placement of Poles and Zeros:

• Graphical interpretation: H(j)

• H(j) changes rapidly when a pole or zero is near j
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Filter Design by Placement of Poles and Zeros:

• Gain enhancement by a Pole
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Filter Design by Placement of Poles and Zeros:

• Gain enhancement by a Pole
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Filter Design by Placement of Poles and Zeros:

• Gain enhancement by a Pole
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Filter Design by Placement of Poles and Zeros:

• Gain enhancement by a Pole
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Filter Design by Placement of Poles and Zeros:

• Gain Suppression by a Zero
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Filter Design by Placement of Poles and Zeros:

• Gain Suppression by a Zero
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Filter Design by Placement of Poles and Zeros:

• Gain Suppression by a Zero
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Filter Design by Placement of Poles and Zeros:

• Gain Suppression by a Zero
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Filter Design by Placement of Poles and Zeros:

• Lowpass filter
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Filter Design by Placement of Poles and Zeros:

• Bandpass filter
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Filter Design by Placement of Poles and Zeros:

• Bandstop filter
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Filter Design by Placement of Poles and Zeros:

• Practical filters:
|H(j)|
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Filter Design by Placement of Poles and Zeros:

• Practical Filters:
 No true stopband: we define a stopband to be a band

over which the gain is below some small number Gs
 No true passband: we define a passband to be a band

over which the gain is between 1 and Gp (Gp < 1).
 There’s always a transition band.

• The highpass, bandpass and bandstop filters can be
obtained from a basic lowpass filter by simple
frequency transformations.
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1. Frequency Response – Bode Plots
2. Analog filter design

• Butterworth Filters 

• Chebyshev Filters
• Frequency Transformation
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Frequency response of LTI system and 

Analog filter design
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Butterworth Filters:

• The amplitude response |H(j)| of an nth-order
Butterworth lowpass filter is given by

c: the 3dB-cutoff frequency (or half-power frequency).
• Normalized Filters:

2

1
( )

1

n

c

H j







 
  
 





 2

1
( )

1
N n

H j

CuuDuongThanCong.com https://fb.com/tailieudientucntt

http://cuuduongthancong.com
https://fb.com/tailieudientucntt


Created and edited by: Nguyen Phuoc Bao Duy
HCMC University of Technology

Butterworth Filters:

• The poles of HN(s)HN(-s):
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Butterworth Filters:

• The poles of HN(s):
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Butterworth Filters:

• HN(s) is given by:

• Example: for n = 4
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Butterworth Filters:

• In general:

B(s): Butterworth polynomial of the nth-order.

Frequency Scaling:
• Normalize Butterworth filters have c = 1.
• By simply replacing s by s/c, the results can be extended

to any value of c.
Examples:
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Butterworth Filters:

• Coefficients of Bn(s) = sn + an-1s
n-1 + … + a1s + 1

n
1a 2a 3a 4a 5a 6a 7a 8a 9a
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Butterworth Filters:

• Butterworth Polynomial in Factorized Form

n ( )nB s
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Butterworth Filters:

Determination of the Filter Order
• If Gx is the gain in dB units at  = x:
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Butterworth Filters:
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Butterworth Filters:

• Example: Design a Butterworth lowpass filter:
 Passband gain lie between 1 and Gp = 0.794 (-2dB) for

  [0; 10)
 Stopband gain not to exceed Gs = 0.1 (-20dB) for  

20

• Step 1: Determine n
Here p = 10, s = 20
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Butterworth Filters:

• Step 2: Determine c
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Butterworth Filters:

• Step 2: Determine normalize transfer fucntion HN(s):

• Step 4: Determine final transfer function H(s):
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1. Frequency Response – Bode Plots
2. Analog filter design

• Butterworth Filters
• Chebyshev Filters 

• Frequency Transformation
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Analog filter design

CuuDuongThanCong.com https://fb.com/tailieudientucntt

http://cuuduongthancong.com
https://fb.com/tailieudientucntt


Created and edited by: Nguyen Phuoc Bao Duy
HCMC University of Technology

Chebyshev Filters

• The amplitude response |H(j)| of Chebyshev lowpass
filter is given by

• Normalized Filters:

• Cn() is the nth-order Chebyshev polynomial, given by:

2 2

1
( )

1
n

p

H j

C









 

  
 
 

2 2

1
( )

1 ( )
N

n

H j
C


 




 
 

1

1

( ) cos cos | | 1

( ) cosh cosh | | 1

n

n

C n for

C n for

  

  





  


 

CuuDuongThanCong.com https://fb.com/tailieudientucntt

http://cuuduongthancong.com
https://fb.com/tailieudientucntt


Created and edited by: Nguyen Phuoc Bao Duy
HCMC University of Technology

Chebyshev Filters

• The Chebyshev polynomial has the property:

• Thus, we can construct Cn() for any value of n. For
example:
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Chebyshev Filters
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Chebyshev Filters

• Amplitude response of normalized lowpass Chebyshev
filters:

• Some conclusions:
 The Chebyshev amplitude response has ripples in the

passband and is smooth in the stopband. There is a total
of n maxima and minima over the passband.
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Chebyshev Filters

 The DC gain is:

 The ripple factor r – the ratio of the maximum gain to the
minimum gain is:

 At  = 1, the amplitude response is 1/r.
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Chebyshev Filters

 The ripple r takes the place of Gp in Butterworth filters.
 If we reduce the ripple (r is decreased), the gain in the

stopband increases, and vice-versa.
 The Chebyshev filter has a sharper cutoff (smaller

transition band) than the same order Butterworth filter.

• Determination of filter order n

 The gain G in dB:
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Chebyshev Filters
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Chebyshev Filters

• Determination of 

• Chebyshev filter transfer function
 The chebyshev filter poles are:

 The poles lie on a semiellipse of the major and minor
semiaxes coshx and sinhx:
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Chebyshev Filters

 The transfer function HN(s):

11 1
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x
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Chebyshev Filters

• The constant Kn is selected to have proper DC gain:

• Example: Design a Chebyshev lowpass filter to satisfy the
following criteria:
 The ripple r  2dB over a passband 0   10 (p = 10)
 The stopband gain Gs  -20dB for  > 20 (s = 20)

0

0

2

         

     
1

n

a n odd

K a
n even






 



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Chebyshev Filters

Table for Chebyshev Filter Coefficients of the 
Denominator Polynomial

' 1 2

1 2 1 0
...n n n

n n n
C s a s a s a s a 

 
     
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Chebyshev Filters

0.5  dB ripple
0.5r dB

1  dB ripple
1r dB

n
0a 1a 2a 3a 4a 5a 6a
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Chebyshev Filters

2  dB ripple
2r dB

3  dB ripple
3r dB

n
0a 1a 2a 3a 4a 5a 6a
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Chebyshev Filters

Table for Chebyshev Filter Pole Locations
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Chebyshev Filters

n 0.5r dB 1r dB 2r dB 3r dB
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Chebyshev Filters

n 0.5r dB 1r dB 2r dB 3r dB
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Chebyshev Filters

• Example: Design a Chebyshev lowpass filter to satisfy the
following criteria:
 The ripple r  2dB over a passband 0   10 (p = 10)
 The stopband gain Gs  -20dB for  > 20 (s = 20)

 Step 1: Determine n

 Step 2: Determine 

1/2
2

1

1 0.2

1 10 1
cosh 2.473 3

cosh (2) 10 1
n n



 
    

 

2
0.2

1

10 1
10 1 0.382 0.764

cosh[3cosh (2)]
 




     
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Chebyshev Filters

We choose  = 0.763 for r = 2dB.

 Step 3: Determine HN(s)

 Step 4: Determine H(s)

3 2

0.3269
( )

0.7378 1.0222 0.3269N
H s

s s s


  

3 2

3 2

0.3269
( )

0.7378 1.0222 0.3269
10 10 10

326.9

7.378 102.22 326.9

H s
s s s

s s s
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       
     


  
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Chapter 7:
Frequency response of LTI system and 

Analog filter design
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Frequency Transformation

• Using certain frequency transformations, we can obtain
transfer functions of highpass, bandpass and bandstop
filters from a basic lowpass filter (prototype filter).

• The prototype filter may be of any kind (Butterworth,
Chebyshev…), we first design a suitable lowpass filter
HP(s), and then replace ‘s’ with a proper transformation
T(s) to obtain the desired filter.
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Frequency Transformation

Highpass Filters

• Determine prototype filter HP(s) with the passband 0  

 1 and the stopband   p/s.
• Replace s with T(s) = p /s.

H(s) HP(s)
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Frequency Transformation

Bandpass Filters

• Determine prototype filter HP(s) with the passband 0  

 1 and the stopband s. where:

• Replace s with T(s).

   

2 2

1 2 1 2 1 2

1 2 1 2 2 1

min ;
p p s s p p

s

s p p s p p

     


     

   
  

   
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p p
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Frequency Transformation

Bandpass Filters

H(s) HP(s)
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Frequency Transformation

Bandstop Filters
• Determine prototype filter Hp(s) with the passband 0  

 1 and the stopband s. where:

• Replace s with T(s).

   1 2 1 2 2 1
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1 2 1 2 1 2
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Frequency Transformation

Bandstop Filters

H(s) HP(s)
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