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Céc cong thic sai phan

Sai phan tién

Ap dung cbng thic Taylor:

F(xiv1) = () + £ () (xrrr = i) + 0(Xk1 — xi)
= f(xks1) = F(x) + (X)) (X1 — Xk)

f (k1) — ()

= f/(Xk) ~
Xk4+1 — Xk

Sai phan lui

Ap dung cbng thic Taylor:

fxk) = F(xka1) + F (k) (k= Xkr1) + 0(xk — Xky1)
= f(xk) = f(xkt1) + F (k1) (k= Xk41)

- f/(Xk 1) ~ f(Xk) B f(Xk-i-l)
* Xk — Xk4+1
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Céc cong thic sai phan

Sai phan huéng tam

Xét 3 diém cach déu Xk—1y Xks Xk+1 V& h = Xp41 — Xk = Xk — Xk—1-
Ap dung khai trién Taylor dén cip 2:

f(Xi41) = FOx) + £ (x)-h + f"(Xk) +o(h?) (1)

f(xk—1) = f(xk) — f'(xk).h + f”(xk) +o(h?) (2)
(1) = (2) = (1) = F(Xk-1) —2hf’(Xk) o(h?)

f(Xir1) — F(xi-1)
2h

= f(xx) ~

(].) + (2) = f(XkJrl) + f(kal) = 2f(Xk) + h2f”(Xk) -+ O(hz)

f(x — 2f(xx) + f(xk—
= f-l/(Xk) ~ ( k+1) /S2k) ( k 1)
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Bai todn Cauchy D3t van dé

Nhiéu bai toan cha khoa hoc k§ thuat d3n dén viéc gidi phuong trinh vi
phan. Bai to4n don gidn nhit I3 bai toan Cauchy

V() = floy(x)), a<x<b,
{ v(@) = y (1)

véi y = y(x) 13 ham can tim, kha vi trén doan [a, b], yo 13 gia tri ban d3u
cho trudc cia y(x) tai x = a.

DAi véi bai toan Cauchy (1) ta chi c6 thé tim dugc nghiém diing clia mét
s& phuong trinh don gidn, con déi véi trudng hop f(x, y) c6 dang bAt ky
thi néi chung khéng c6 phuong phép giai.

Ngoai ra, trong nhitng trudng hop c6 thé tim ra nghiém ding cla bai toan
Cauchy (1) qué phtc tap thi ngudi ta ciing it dung.

Vi vdy, viéc tim nhitng phuong phap gidi gan ding bai toin Cauchy cé vai
trd rit quan trong trong thuc té.
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DE tim nghiém gén ding clia bai toan (1) ta chia doan [a, b] thanh n doan
—a

nhé bing nhau véi h = . Khi d6 cac diém chia I3

n

Xo = a,xx =xo+ kh,k=0,1,2,...,n,x, = b. Gi4 tri gAn ddng cin tim
chia ham tai diém x, dugc ky hiéu 13 yj va ta ¢ yx = y(xk)

Gid st y(x) 13 nghiém duy nh4t cta bai toan (1), c6 dao ham dén cip 2
lién tuc trén doan [a, b]. Ap dung phuong trinh y/(x) = f(x, y(x)) tai niit
(Xk, yx) va st dung sai phan tién cho dao ham, ta cé:

Y(Xk+1) - }’(Xk)
Xk4+1 — Xk

Y (k) = (X y(xc)) = = f(xk, y(xx))

Coéng thic Euler

}’(Xk-s-l)z}’k-i-l:}/k‘f‘hf(xky)/k)’ k:0)1)2)"'7n_1'
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EEUEE
Y nghia hinh hoc cia phuong phap Euler

Yy
yk+1 ,
Sai s0
y(X.,)
Yk
h
) i H H >y
Xo Xk X Xn1 Xn

Y nghia hinh hoc cua cong thic Euler 13 tir diém (xk,yk) thudc duong
cong y = y(x), ké tiép tuyén vdi dUOng cong. Dudng tiép tuyén s& cit
X = Xk4+1 tai Yk+1 chinh [a gia tri gan didng clia ham tai x = xi
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Vidu

Sir dung phuong phap Euler dé xip xi nghiém cia bai todn Cauchy

V(x) = y—x®>+1, 0<x<2,
y(0) = 05

véi n = 10. Tai nhiing diém ndt chia so sanh gia tri gan ding véi gid tri
chinh xdc, biét nghiém chinh xdc cta bai todn 13 y(x) = (x + 1)% — 0.5e.

Giai.
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Bai toédn Cauchy Céng thic Euler

k| xx Yk y(a) |y (o) — yid
0 | 0.0 | 0.5000000 | 0.5000000 | 0.0000000
1 | 0.2 | 0.8000000 | 0.8292986 | 0.0292986
2 | 0.4 ] 1.1520000 | 1.2140877 | 0.0620877
3 | 0.6 | 1.5504000 | 1.6489406 | 0.0985406
4 | 0.8 | 1.9884800 | 2.1272295 | 0.1387495
5 1 1.0 2.4581760 | 2.6408591 | 0.1826831
6 | 1.2 | 2.9498112 | 3.1799415 | 0.2301303
7 | 1.4 | 3.4517734 | 3.7324000 | 0.2806266
8 | 1.6 | 3.9501281 | 4.2834838 | 0.3333557
O | 1.8 | 4.4281538 | 4.8151763 | 0.3870225
10 | 2.0 | 4.8657845 | 5.3054720 | 0.4396874
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Ap dung phuong trinh y/(x) = f(x, y(x)) tai niit (xi41, yas1) va st dung
sai phan Iui cho dao ham, ta cé:

Y1) =y(a) g

Xk+15 Y ( Xk+1
o x, 1.y (%41))

Y (xk41) = (kt1, Y (Xk41)) =

= Yir1 = Yk + hf (Xks1, Yer1)
K&t hop véi cdng thitc v 1 = yk + hf(xk, yi) ta dugc cong thiic cai tién:
f (ko i) + F(Xit1, Y1)
2 )
Viéc tinh todn theo cdng thic trén rAt phic tap vi cd 2 vé déu chia Yk+1
Ia an can tim. D& don gian ta thay yx11 & vé phai bdi cdng thic Euler

Yk+1 = Yk + hf (X, yi)-
Lac nay ta cé codng thic

Y(Xk41) = Yky1 = yk+h k=0,1,2,...,n—1.

Euler cai tién (RK2)

F (ks yie) + F(Xi1, Yie + hf (X, yi
Y(Xk+1) R Y1 = yk + h Lo, ) & 7 +2 7
ng.com https.//fh com/tailieudientucntt
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CERTEUNCENE VAN Cong thic Euler cai tién

Vidu

Sir dung phuong phdp Euler c3i tién dé x3p xi nghiém ctia bai todn Cauchy

V(x) = y—x®>+1, 0<x<2,
y(0) = 05

véi n = 10. Tai nhiing diém ndt chia so sanh gia tri gan ding véi gid tri
chinh xdc, biét nghiém chinh xdc cta bai todn 13 y(x) = (x + 1)% — 0.5e.

Giai.
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Bai toédn Cauchy Céng thic Euler cai tién

k| X Yk y(xe) | y() — il
0 | 0.0 | 0.5000000 | 0.5000000 | 0.0000000
1 | 0.2 | 0.8260000 | 0.8292986 | 0.0032986
2 | 0.4 ] 1.2069200 | 1.2140877 | 0.0071677
3 |1 0.6 | 1.6372424 | 1.6489406 | 0.0116982
4 | 0.8 21102357 | 2.1272295 | 0.0169938
5 ] 1.0 | 2.6176876 | 2.6408591 | 0.0231715
6 | 1.2 | 3.1495789 | 3.1799415 | 0.0303627
7 | 1.4 | 3.6936862 | 3.7324000 | 0.0387138
8 | 1.6 | 4.2350972 | 4.2834838 | 0.0483866
O | 1.8 | 4.7556185 | 4.8151763 | 0.0595577
10 | 2.0 | 5.2330546 | 5.3054720 | 0.0724173
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Bai todn Cauchy Céng thdc Runge-Kutta

¢ n
Yier = y(u+h) =y + 3 AKS
j=1

K]{( - hf(Xkayk)

Ky = hf(xk + azh, yi + S K)

Kf = hf(xk+ ash,yx + B K{ + B3K5)

Kk = hf(xk + anh, vk + Bri KE + BroKE + ... 4 Ban—1KE_,)
trong dé cic hé sb A1, As, ..., Ao, 03, ..., Bot1, B3, - - - Bn,n—1 dudc

xac dinh theo phuong phap sau. D3t
e(h) = y(xi + h) ZA Kf.

Céc hé sb can tim thda man diéu kién ¢'(0) = ¢”(0) = ... = (™M (0) = 0.
Coéng thirc Runge-Kutta cé dd chinh xac cao hon cong thiic Euler, vi dung
ng.dehai trién Taylor nghiémpy//sgadiielaehdintoan (1) véi nhiéu sb hang hon.
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el
Coéng thic Runge-Kutta bac bon

Trong trudng hop n = m = 4 ta ¢ cong thiic Runge-Kutta bac bén
Yerr = Y0k +h) = vk + (KE+2KE + 2KE + K¥)
Klk = hf(xk,yk) )
K
KK = hf(x+ 3.y +5)

K h K3
Ky = hf(xk+ 3. v+ 3)
K‘{( = hf(Xk =+ h,yk =+ K?f)
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Vi du

Sir dung phuong phdp Runge-Kutta bac 4 dé x3p xi nghiém cia bai todn
Cauchy
y(x) = y—=x*2+1, 0<x<2,
{ y(0) = 05

véi n = 10. Tai nhiing diém nat chia so sénh gid tri gan ding vdi gid tri
chinh xdc, biét nghiém chinh xdc cia bai todn 13 y(x) = (x + 1)? — 0.5e*.

Giai.
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Bai toédn Cauchy Céng thdc Runge-Kutta

k| X Yk y(xe) | y() — il
0 | 0.0 | 0.5000000 | 0.5000000 | 0.0000000
1 | 0.2 ] 0.8292933 | 0.8292986 | 0.0000053
2 | 0.4 1.2114362 | 1.2140877 | 0.0000114
3 | 0.6 | 1.6404175 | 1.6489406 | 0.0026515
4 | 0.8 21088953 | 2.1272295 | 0.0183342
5 | 1.0 | 2.6079021 | 2.6408591 0.032957

6 | 1.2 | 3.1264849 | 3.1799415 | 0.0000474
7 | 1.4 | 3.6512660 | 3.7324000 | 0.0000599
8 | 1.6 | 4.1659056 | 4.2834838 | 0.0000743
0 | 1.8 | 4.6504464 | 4.8151763 | 0.0000906
10 | 2.0 | 5.0805126 | 5.3054720 | 0.0001089
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Bai todn Cauchy Bai tap

Bai tap
Cho bai todn Cauchy

y'(x) = 3x+xsin(x+2), x>1
y(l) = 24

St dung céng thitc Runge-Kutta cAp 4 hiy x4p xi y(1.2) véi buéc h = 0.2

Giai.

y(1.2) =3.1123
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Hé phucng trinh vi phan

Hé phuong trinh vi phén

yi(x) = fi(x y1(x), y2(x)), a<x< b,
Ya(x) = fa(x, y1(x), y2(x)), a<x<b,
Y1(3) = Y10 ) Y2(a) = Y20 _

Lan lugt ap dung phuong phép (Euler,Euler cai tién, Gunge-Kutta) cho
mdi phuong trinh,chii y tinh theo nghiém y = [y1(xx), y2(xk)]” theo thi
tu cdc nat xx tir thip dén cao.
Vi du néu 4p dung phuong phéap Euler, ta cé:

y1(xks1) = y1(xk) + hfi(x, y1(xk), ya(x«))

y2(Xier1) = ya(xic) + hfa(x, y1(x), y2(xk))

vi(a)=y10 , y2(a) =y20

ng.com https://fb.com/tailieudientucntt
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Phuong trinh vi phan bac cao

Phuong trinh vi phan bac cao

{ Y'(x) = A(x)y' + B(x)y + f(x), a<x<b,
y@@a=a , y'l(a)=7

Thuc hién d8i bién y' =z = y" =7, z(a) = y'(a) = 3
Phuong trinh vi phan dugc chuyén vé hé:
y'(x) = z(x), a<x< b,
Z(x) = A(x)z + h(x)y + B(x), a < x < b,
v@=a , z(a)=5

ng.com https://fb.com/tailieudientucntt
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Phuong trinh vi phan bac cao

Bai tap
Cho bai toan Cauchy

y'(x) = 4.6y +2x3y +26,, 1<x<18
Y1) =12, y(1)=1

Dua vé hé phuong trinh vi phan cip 1. St dung céng thirc Euler,giai gan
dang phuong trinh vi phan trén doan [1;1.8] véi buéc h = 0.2

Giai.

y(1.2) = 1.4000, y(1.8) = 6.6665
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Bai todn bién tuyén tinh cép 2 D3t van dé

ng.com

Céc phuong phép tim nghiém gan diing cta phuong trinh vi phan
thudng doi héi cac diéu kién dugc cho tai mot thsi diém ban dau nao
dé.

D&i véi phuong trinh vi phan bac hai, ta can 2 gi tri y(x) va y'(xo).
Tuy nhién, nhiéu bai toan trong thuc t& cho thiy diéu kién cda ham
can tim dugc cho tai nhiéu thsi diém khac nhau. Van dé nay dan téi
viéc tim nghiém gan ddng cta 1 dang bai todn thi hai dugc goi 1a bai
toan bién.

Trong phan ndy ching ta chi xét bai todn bién clia phuong trinh vi
phan thudng tuyén tinh cap hai véi diéu kién bién dugc cho & 2 diém
c6 dang

p(x)y"(x) + a(x)y'(x) + r(x)y(x) = f(x),

a<x<hb,

y(a) =a,y(b) = f.

véi phuong phap ?lttpspbb com/tallleugentucntt
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Rlsleiz Rl ey
Phuong phdp sai phan hitu han

@ Chon sb tu nhién b4t ky n > 0. Chia déu doan [a, b] thanh n doan béi

cac diém chia Xo=a,xxk =xo+ kh,k=1,2,...,n—1, x, = b vGi
b—a
h= .
n
e Tai cdc nlt x,, k =1,2,...,n— 1 bén trong doan [a, b] st dung cbng

thiic sai phan hudéng tam, ta cé

vioy o YOka1) = y(k—1)  Yka1 — Ye1

weoy L YOkr1) =2y (0) +y(-1)  Yer1 — 2yk + Ykt

@ Thay vao phuong trinh da cho ta dugc

k+1 = 2Yk + Yk—1 k+1 = Yk—1
e y2 Yl gl Tl Ly — £,
h 2h
Vk=1,2,...,n—1V6i px = p(xk), gk = q(xk), rk = r(xx) va
ngcom Tk = f(xk)- https://fb.comtailieudientucntt
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Bai toan bién tuyén tinh cip 2 Phuong phap sai phan hitu han

o T cac didu kién bién yp = a, y, = /3 sau khi bién d8i ta thu dudc hé
phucng trinh
Yo =&, yp = B
(% — 2y g+ (e — 28)yie + (% + L )yrer = f
Vk=1,2,...,n—1.

e Day chinh I3 hé phuong trinh dai sb tuyén tinh cAp n—1: AY = B
véi A la ma tran

2
rn — % % + % 0 e 0
P2 _ 9 _2p P9
AL QOB E2THmal Teon 0
2pn—
0 0 0 e Ip—1 — pi:zl
ng.com https://fb.com/tailieudientucntt
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Bai toan bién tuyén tinh cip 2 Phuong phap sai phan hitu han

Y = [ylay27"' 7)/n—1]T

va
h— (3 — 3
f>
B = .
fn—2
fn—l _ (Pr;;l + q5;1 )B
ng.com https://fb.com/tailieudientucntt
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Ma trén 3 dudng chéo

Bai todn bién tuyén tinh cép 2

Ma tran A & trén |3 ma tran 3 dudng chéo. D& giai hé phuong trinh trén
thi ta dung phuong phap phan ra LU.

di1  d12 0 ce 0 0
az1 a2 a3 0 0
A= 0 d32 4dz3 ... 0 0
0 0 0o ... dpn—1,n—1 4dn—1,n
0 0 0 ... anna ann

ng.com https://fb.com/tailieudientucntt
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Bai toan bién tuyén tinh cip 2 [VERICUICRCI U R

Khi d6 phén r3 Doolit cho ta

1 0 0
v 1 0

L=| 0 ¢ 1
0 0 0

0 wxn w3

U= 0 0 wus3
0 0 0
ng.com https://fb.com/tailieudientucntt
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Bai toan bién tuyén tinh cip 2 RIS =T

Trudng hgp n=4

21 pL Q1 pL
n-——7g h2+22h 0 Y1 h— (5 — 35
B n-F B+g || 0= f
2 P3 a3
0" % s/ \n/) \a-@+g)
v
Vi du

Xét bai todn bién
y”—y’—2y:cosx,0<x<g
s
y(0) = -03,y(3) = 01

cé nghiém chinh xa’c y(x) = —0. 1(S|nx + 3cos x). St dung phuong phap
sai phan hitu han x3p xi nghiém gan diing va so sdnh vdi nghiém chinh xdc

trong trudng hop h = 5

ng.com https://fb.com/tailieudientucntt
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Bai toan bién tuyén tinh cip 2 Trudng hop n=4

Ta cé hé phuong trinh

yo = —0.3,)/4 = —01
(= 20 -1+ (=2 = &)y + (3 + 23 )k = cos(xk)
Vk=1,2,3.

Swin ,1,27))’1 +(5 — 727))/2 +0ys = cos(§) — (4 + 35)%0
9 (et +(2=2)y2 +(z — )y = cos(7)
On t oy HE2— %)y = cos(F) = (5 — )y

ng.com https://fb.com/tailieudientucntt
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Bai toan bién tuyén tinh clp 2 Trudng hop n=4

k| xx Yk y(a) |y () =yl

0| 0 | —0.30000 | —0.30000 0.00000

1| g [ —0.31569 | —0.31543 0.00025

2| 7 | —0.28291 | —0.28284 0.00007

3 %” —0.20700 | —0.20719 0.00019

4 | 5 | —0.10000 | —0.10000 0.00000
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Bai toan bién tuyén tinh cip 2 RIS =T

Bai tap

Cho bai toan bién tuyén tinh cip 2

xy" +12y' — 4.6y =2 +2(x +2)?, 04<x<12
y(0.4) =13, y(12) =46

St dung phuong phap sai phan hitu han,hdy x3p xi gia tri clia ham y(x)
trén doan [0.4;1.2] véi buéc h = 0.2

Giai.

(0.6) = 3.2924,  y(0.8) =3.3097, y(1.0) = 3.9643
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