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CHUONG 2: GIO1 HAN VA LIEN TUC
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2.1 Gi&i han va lién tuc — Nhac lai cac ham da hoc

Ham s6 mi: y = &

Néu a=1thi a* =1,Vvx , nén ta chi tinh khi a#17
Piéu kién : a>0, a#1

MXD: (-0,+0), MGT: (0,+)

Khi O<a<1:
\mxlﬁuf]:-
Seuyu « Ham nghich bién
0
lim a* =0, lim a* =+x
(aA)y=a", 0<<ag<1 X—>+00 X—>—00

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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2.1 Gi&i han va lién tuc — Nhac lai cac ham da hoc

(0, 1)

)

-

cyy=a', a=1

So sanh 3 ham y=2%,
y=eX, y=3

CuuDuongThanCong.com

Khi a>1.:
Ham dong bién

lim a* =+o0, lim a*=0
X—>+00 X—>—00

0 X

https://fb.com/tailieudientucntt
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2.1 Gi&i han va lién tuc — Nhac lai cac ham da hoc

Ham logarit: y=log x , a>0, a #1
MXD : (0,+), MGT: (- o,+)

a>1: VA
Ham dong bién

lim log, X = —o0

+ &
X_')O y=a',a=l /
lim log, X =+ y=a,a>1y
X—>+00 -

,-'fx_v: log,x, a=1

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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2.1 Gi&i han va lién tuc — Nhac lai cac ham da hoc

O<a<l: - 2 4

223 225+

Ham nghich bién

lim log, X =+

x—0"
lim log, X =—o
X—>+00
Tinh chat: PRI S S S A —
y:logax(_>x:aV Ioga(X-Y):IogaX+logay
log,, (3%) = X, VX Ioga ; =log, x—log, y
log, X _
4 X Vx>0 log, (x")=rlog, x,vreR

CuuDuongThanCong.com NTpS/7T0.conmvtai Tietdi entucii
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2.1 Gi&i han va lién tuc — Nhac lai cac ham da hoc

1 y=log,x So sanh mot sO ham
\ . 7 = A
y=log, x logarit voi a>1 cu thé
1_ -
0 = |

bac biét: khi a=e, ta ki hiéu don gian log x=Inx

va ta co cong thurc Inb

log.bh=——
Ja Ina

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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2.1 Gi&i han va lién tuc — Nhac lai cac ham da hoc

Ham liy thuea : y=x2
MXD, MGT : Tuy thubc vao a "

/0

;i—lf—ll

-y

a=2, 4, 6. MXD: (- ©,+), a=3, 5: MXD: (- «,+x),
MGT: [0,+<) MGT: (- ,+)

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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2.1 Gi&i han va lién tuc — Nhac lai cac ham da hoc

a = -1: MXD: R*=R\{0}, |
MGT: R*. Tacon goi day la ~ @=1/2: MXD [0, +=),
dwo’ng Hyperbol MGT [0,+)

uuuuuuuuuuuuuu https://fb.com/tailieudientucntt
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2.1 Gi¢i han va lién tuc — Ham hop va ham nguoc

Ham hop : Cho2ham g: X ->Y,f:Y »Z
Ta goiham hgpcua2hamtrénla h=1fog
Puwoc xac dinh nhw sau : h: X — Z,h(x) = f(g(x))

I‘ (input) —h\‘.

q

l ¥
gix) feg
|

I

!

flgix)) (output) .‘__/’“I
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2.1 Gi¢i han va lién tuc — Ham hop va ham nguoc

Vidu:Cho 2 ham f(x)=2x+1g(x)=vx%+1
Tim fog,gof vatinh gia tri cia ching tai x = 2

fog(x)=f(g(0) = f(V1C+1)=2Vx2 +1+1

— fog(2)=24/5+1

go f(X)=g2x+1) = (X +1)2 +1=ax2 +4x +2
= (o f(2):\/%

Lwu y : N6i chung 2 ham f og,gc f khéng bang nhau
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2.1 Gi¢i han va lién tuc — Ham hop va ham nguoc

Vidu:Cho2ham f(x)=+x,g(x)=3%x-1
Tim cac ham va MXD cta chung fog,gof,fof,gog

fog(x)=f(g(x)) = f(\B/X—l) =9%x-1 MXD la [1,+)
gof(x)=g(x)=Ix -1 MXD 12 [0, +<)

fof()=f(f(x)=fWx)=VVx =4x MXD a0, +)
gog(0)=g(g()=g@x-1)=J¥x-1-1 MXPlaR
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2.1 Gi¢i han va lién tuc — Ham hop va ham nguoc

Ham 1-1:Ham f : X Y, f(X) =y
dwoc goi lam ham 1-1 néu VX = X, : (%) = (X,)

4 ~> o 10 \ 4 >+ 10
3 = o ] 3 |: |
| | - e d
2 II'.I = o 4 2 —— |
1 I."'_ > )
“‘x = ! ] M 3
f — q W
X >Y |
A—————— >Y
Ham 1-1 Khong 1a ham 1-1

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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2.1 Gi¢i han va lién tuc — Ham hop va ham nguoc

4
V=X | V=
= =
-0 X
of X
Ham y=x31a ham 1-1 Ham y=x?khong la ham 1-1

Ham 1-1 ¢é do thi chi cat moi dwdng thang y = C,
v&i C thudc MGT clia ham tai duy nhat 1 diém.

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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2.1 Gi¢i han va lién tuc — Ham hop va ham nguoc

Ham ngwoc :Choham1-1 . X >Y,f(X)=y
ham ngwoc cua ham, dwoc ki hiéu la y = f 1(x),
f1:Yy 5X saocho fi(y)=x<y=f(x)

Nhw vay : f(f -1(y))=y va f 1(f(x))=x

X — f —> f(x) —= ! — X

Ta cd: MXP cua ham f-11a MGT cua ham f va MGT
cua ham f-1la MXD cua ham f
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2.1 Gi¢i han va lién tuc — Ham hop va ham nguoc

Vi du: Tim ham ngwoc cua hamy = x3 -1

Ta sé& tim ham y = f1(x) bang cach tinh x theo y

y = x> 1< X = \/y7+1
Thay x b&iy, y boi x, ta dwoc ham nguwoc
y=f70)=¥x+1
fof™(x)=f(f(x)= f(%Tl)=(%T1)3—1:x
MXD va MGT cua ca2hamfvaf-! deu Ia R

uuuuuuuuuuuuuu
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2.1 Gi¢i han va lién tuc — Ham hop va ham nguoc

Vi du: Ham y=x? khéng lam ham 1-1 trén (-«,+~)

Tuy vay, néu ta gioi han bot I
MXD ctia ham [a (0 ,+) thi [P H 0
ta dwgcham 1-1 [y -2 -
<
x=20
Khi d6, ta van c6 ham nguoc X
V4
y:Jixzo
ol x

CuuDuongThanCong.com https://f b.com/tT lieudientucntt
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Gi¢i han va lién tuc — Ham hop va ham nguoc
V&i moi a thubc MXD cua ham y = f(x), dat b = f(a)
thi a = f1(b) ttrc 1a diém (a,b) thudc dd thi ham f(x)
thi diém (b,a) thudc doé thi ham f1(x).

¥4 ib,a)

T M .
I_,.-lll \\ f I;'ﬂ-----.

VA

/

{] .II'I-F - il - | I|I {]

=¥

D6 thi clia ham y = f(x) va ham y=Ff1(x) doi xtrng
nhau qua dwo’ng thang y = x

uuuuuuuuuuuuuu https://fb.com/tailieudientucntt
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Gi¢i han va lién tuc — Ham hop va ham nguoc

Diéu kién dé ton tai ham nguoc

Ménh dé 1: Ham f:X =Y ¢d ham nguwoc khi va
chi khifla anh xa 1-1tv* X vao Y

Ménh dé 2: Ham f:X —Y  c6 ham nguoc trén
khoang (a,b) néu f la don diéu tang chat trén (a,b)

(WX, X € (@,b) 1 % <Xy, > F(X) < T (X))

hoac f la don diéu giam chat trén (a,b)
(WX, X €(@,b) 1 % <X, = (%) > (X))
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Gi¢l han & lién tuc — Ham lwvong giac nguwoc & ham hyperbol

Ham nguwoc cua ham y = sinx : ham y=arcsinx

- B y=sinx | .
, =3 7
™ - e : >
o Ao = s-lr“ () w X
. V(A . . N ‘
Trén doan[—?ﬂ Ham y = sinx la ham 1-1
Ton tai ham nguwoc 1a ham y=arcsinx I+
/fs"
/

Ham y=arcsinx co6 MXD la [-1.1]

=
ot

[e——
oy

_=]f//
MGT I3 J;_Z 1} [ ]

CuuDuergThanCong.com
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2.1 Gi®i han & lién tuc — Ham lvong giac nguoc

y:arcsinx<:>x:siny,ye[—— —

arcsin(sin x) = X, X €
sin(arcsinX) = X, X €

7T

arcsin(-1) = ——,

2

arcsin(0) =0, arcsin(

CuubDuongThanCong.com

7T T
22
i 7T T
55
-L1]
arcsin(—i) =—

J2
5, _

4
3

|

YA

W
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2.1 Gi®i han & lién tuc — Ham lvong giac nguoc

Ham nguwoc cua ham y = cosx : ham y=arccosx

Y4
YA

0 \\ : X %\&‘
2\ euu d AN
PRI
Trén doan [0, 7], hérT] y=arccosx, MXD la
y=cosX la ham 1-1, ton tai [-1,1], MGT la [0, 1]
ham nguoc Yy =arcCos X << X =C0S 'y
T 1 T 277

arccos(0) = —,arccos(—=) = — arccos(— —) =

CuuDuongThanCong.com 2 https://fb.com/tailieudientu
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2.1 Gi®i han & lién tuc — Ham lvong giac nguoc

Ham nguwoc cua ham y = tanx : ham y=arctanx

W 4

|J|..|

Trén khoang (

Ham y=tanx la ham 1-1

arctan(—oo) = —% ,arctan(l) = %,arctan(\@) = %T ,arctan(— i) =

CuubDuongThanCong.com

y=tan X < X=arctany

Ham y=a
MGT la

rctanx, MXD la R,
55
2 2

T

J3 6

https://fb.com/tailieudientucntt
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2.1 Gi®i han & lién tuc — Ham lvong giac nguoc

Ham nguwoc cua ham y = cotx : ham y=arccotx

Trén khoang (0,T)
ham la ham 1-1

v = x 1

Ham y=arccotx > i iz
co MXD la R, -1

MGT la (0,1)

y:cotxax:arccoty

arccot(0) =0,arccot(—

NE

CuubDuongThanCong.com

)—— arccot(— \/_)—

https://fb.com/tailieudientucntt
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2.1 Gi¢i han & lién tuc — Ham hyperbolic

Dinh nghia (ham Hyperbolic)

e’ -

sin hyperbolic SINh(X) = > =shx
* +e

cos hyperbolic  cosh(x) = +2 =chx
sinh(X

tan hyperbolic tanh(x):cosh((x)) =thx
cosh(x)

=cthx

cotan hyperbolic coth(x) = —
sinh(X)
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2.1 Gi¢i han & lién tuc — Ham hyperbolic

Ham y = coshx (chx)

CuuDuongThanCong.com

VA

Ham y = sinhx (shx)

https://fb.com/tailieudientucntt
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2.1 Gi¢i han & lién tuc — Ham hyperbolic

VA

Ham y = tanhx (thx) Ham y=cothx (ctx)

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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2.1 Gi¢i han & lién tuc — Ham hyperbolic

Co cac cong thure sau (twong tw cong thuee lwong giac)

1/ ch?x —sh?x =1
2/ sh(2x)=2shx.chx, ch(2x) = ch?x + sh?x

3/ ch(x+y) = chx.chy + shx.shy
4/ ch(x-y) = chx.chy - shx.shy
5/ sh(x+y) = shx.chy + shy.chx

6/ sh(x-y) = shx.chy - shy.chx
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2.2 Gidi han & lién tuc — Gi¢i han ham s6

Diém tu: Cho D la tap s thuc. Biém x, dwoc goi la
diém tu cla tap D néu trong moi lan can (X, — &, %, + &)
cla X, déu chiva vo sb cac phan t&r cia D

Vidu. D = (0,1) moi diém thudc [0,1] déu la diém tu

| \
| /
0 Xo 1

v

CuuDuongThanCong.com 1 / 2 https://fb.com/tailieudientucntt
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2.2 Gidi han & lién tuc — Gi¢i han ham s6

Giéi han ham so6 (ngén ngir € — ) :

Cho ham f(x) va X, 1a 1 diém tu ctia MXD D; clia ham

Iim f(X)=a < Ve>036>0

X—>Xg

Vx e D;,[x—%| <5 =] f(x)—al e.

Chu y:

Ham f(x) co thé
knong xac
dinh tai x,

CuuDuongThanCong.com

ok

ate
N T —a+ !
NI S /
Jr \ \h‘x /fy:a'a
J a-€ ~—
« X0 X
o/ | ‘\ X

XO = 6 XI@)s: It béw/tai lieudientucntt
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2.2 Gidi han & lién tuc — Gi¢i han ham s6

Vi du: Tinh giéi han lim <=
x—1xc =1
VoA
| Ham khbéng xac
| dinh tai x,=1,
gi&i han da cho
codang 9
% ™ § ¥y — ;:.LJ__ ]] O
|| Ta vé dudong
0.5 + “f=——_ cong dé minh
I : . hoa cho két
0 — 1 — * qua dé thay
. x=1 1
lim =

x—>1x2 —]__E

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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2.2 Gidi han & lién tuc — Gidi han ham s6

Giéi han ham s6 (ngén nglr day):
Cho X, la diém tu cia MXD D; cla ham f(x)

N—o0

lim f(x)=a < V(X,)e D, X, #X,, X, > X
X—>Xg
= f(x,)—=—a

Chu y: Ta thwdng dung dinh nghia bang ngén ngly
d?y dé ch&ng minh gi¢i han ham khéng ton tai
bang cach chira 2 day (x.),(x,) = X,

sao cho 2 day twong trng f(X,), f (X,'n) cO 2
gioi han khac nhau
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2.2 Gidi han & lién tuc — Gi¢i han ham s6

Vi du: Chirng minh rang gi¢i han sau khdng ton tai

lim sin X
X—>00

Chon 2 day
(X} ={nz} = f(x,)=sinnz =0Vn

{xn'} _ {(4” +1)”} = f(x)=sin DT Gnonz+E) =1, wn
2 2 2

lim f(x,)=0,lim f (x,') =1
N—0o0 N—>00

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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2.2 Gidi han & lién tuc — Gi¢i han ham s6

Gio®i han o v6 cuec :

im f(X)=a &<&VvVe¢>03A>0, y=a |
X—>+00 —
VxeD: ,x>A=| f(X)—-alke o .

y:a ok )
™~ H\K
Iim f(X)=a < Ve>03IB<0 - \‘ ~
X—>—00 Yo
vxeD;,x<B=| f(x)—-ake. \

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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2.2 Gidi han & lién tuc — Gidi han ham s6

Gidi han ra vo cuc :

lim f(X)=+0 VM >0 35>0

X—>Xg

VXeDs,| X=X |<xd= f(X)>M.

Vi

M

lim f(X)=—0 <& VM <0 35>0

X—>Xg

VXeDs,|x=X%|<xd= f(X)<M.

0

__..-" .[j

CuuDuongThanCong.com
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2.2 Gidi han & lién tuc — Gi¢i han ham s6

Tinh chéat cua gi¢i han ham
Cho: Ilim f(x)=a, lim g(x)=b

) lim(af)=aa, acR 2) lim(f +g)=a+b

3) lim(f-g)=a-b 4) lim~ =2 b0
X—>Xg X—>Xq g b

5) (WVxeV. (%), f(x)<g(x))=a<b

6) <f“(mx)f f(l)i(:hhz()g :>|Lm g(x)=a (Dinhly kep)
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2.2 Gidi han & lién tuc — Gi¢i han ham s6

Sbe: X
lIm (1+ Ej =g

X—>+00 X

im(L+x)* =e

Xx—0

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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2.2 Gidi han & lién tuc — Gi¢i han ham s6

Gi¢i han dang u(x)'®™ :

Giasr: [limu(x)=a>0
4 X—>Xo

lim v(x) =b

X—>Xp
Ta co:

: - I |
im (u(x))" = fim (e _ N et
X=X X—>Xq
1u eblna hd ab.

lim v(x)

Vay: | lim u(x)"™ = lim u(x)*>*
X—>Xp X—>Xp

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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2.2 Gidi han & lién tuc — Gi¢i han ham s6

Gidi han co ban thuong gap khi x—0

. SIn X '
1) lim : _1 7) o aresinx._ o
Xx—0 X
. e -1
2) lim——=1 B) lim—X —1
3) limT—o5X_1 S
o0 X2 2 9) lim(1+ax)" =e”
In(l+x) 7
4) lim =1 shx
X 10) lim—==1
5) Iim(l-I-X)a—l_a ) Xx—0 X
*0 X . chx-1 1
11) lim =—
6) “marctanx:1 ) 50 X2 9

X

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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2.2 Gidi han & lién tuc — Gi¢i han ham s6

Gidi han co ban thuong gap khi x—

1) limx“ =40, a>0

X—>+00

2) lim(Inx)" =+, a>0

X—>—+00

3) lima*=+w, a>1

X
i 94
4) lim (1+—j =e"
X—>+00 X

5) limsinX khoéng ton tai

X—>+00

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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2.2 Gidi han & lién tuc — Gi¢i han ham s6

Cac dang vo dinh:

0 00
1) 0 2) —
5) 1% 6) 0
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2.2 Gidi han & lién tuc — Gi¢i han ham s6

Vi du: Tinh cac gi¢i han sau bang cach ap dung cac
gi®¢i han co ban

In(cos x 0
Ly =lim (005 (Dang —)
x>0 In(1+ x2) 0
InL+(cosx—1) x* cosx—1 1. 1
Ly = lim 5 —=11.(-2)=—-=
x>0  CcosX—-1 In(1+x°) X 2 2
S'”(ex_l —1) sin(et —1)
L, =lim t = x—1lim
X—1 In X t—>0 In(1+1)
| sm(et —1) t  el_1
— I|m =1

t—0 e—1 In0l+t) t
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2.2 Gidi han & lién tuc — Gi¢i han ham s6

Gidi han 1 phia:

SO a goi la gi¢i han trai clia y = f(x) tai diém x,, néu

Ve>0d0>0

ky higu |im f(x)=a

X—>Xq

VXxeD;,0<Xy - X< o= f(X)—alke.

SO a goi la gioi han phai cta y = f(x) tai diém x,, néu

Ve>0d0>0

Vxe D, 0< X=Xy <0

ky hidu lim f(x)=a

X—> Xy

=| f(X)—al<e.

ooooooooooooooooo
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2.2 Gidi han & lién tuc — Gidi han ham s6

Gioi han 1 phia:

Dinh ly:
Ham sO y = f(x) co gi¢i han tai x, khi va chi‘ khi no co
gi¢i han trai, gi¢i han phai tai x, va chung bang nhau.

Chua y:

1. Ta ¢6 thé dung dinh ly trén dé chirng minh khéng
ton tai gici han ham (Ngoai cach dung dinh nghia
b&ng ngdén ngir day).

2.Giol han mdt phia thwong dwoc dung trong cac
trirong hop ham chira cdn béc chan, chira tri tuyét
doi, hodc ham ghép.

TR FOA L "
T U7 AT caurcr oot
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2.2 Gidi han & lién tuc — Gi¢i han ham s6

bang cach tim gi¢i han 1 phia

2X

Vi du: Chirng minh khéng ton tai gi¢i han lim —

Xx—>3X—3

.. 2 X
Taco: IIm —— = -0
x—3" X—3

vl khi x— 3" thi x-3<0

vi khi x—3* thi x-3>0
— . 2 X
Vav: 3 lim—
Y x—>3 X —3

o

vi gi&i han trai, phai ton tai nhwng khéng bang nhau

CuubDuongThanCong.com
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2.2 Gidi han & lién tuc — Gidi han ham s6

1
Vi du: Tinh gi&i han [im 2*

X—14+0

Gidi han phai: x—1" = x>1=x-1>0 Tutcla

1
X—1

> +00  Vay:

1

Iim 2*! =40

X—1+0

Gioi hantrai: x—1- = Xx<l=x-1<0 Tucla

1
X—1

> —co Vay:

CuuDuongThanCong.com

1
Iim 2x1 =0

X—1-0
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2.2 Gidi han & lién tuc — Gi¢i han ham s6

Vi du : Tim a dé ham f(x) cé gi¢i han khi x—0
(Sin2x ‘>0
f(x)=¢ x
oX+a,x<0
im f(x)= lim 3M2X _»
Xx—0" x—0" X

lim f(x)= lim (5x+a)=a

X—0" X—0"
Dé ham c6 gi¢i han khi x —0 ta phai c6 2 gi¢i han
trén bang nhau twrc la : a=2

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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2.2Gidi han & lién tuc — Gidi han ham sb

Ham lién tuc: Ham y=f(x)
dwoc goi la lién tuc tai |
diém x=a thudc MXD 71
clia ham néu

lim f (x) = f (a)

X—d

Y A
' y= fix)

0

Ham gian doan tai x=a néu
né khoéng lién tuc tai do e

s

,
x’f
e

o

A
e ————=
]

¥

Pb thi clia ham y=f(x) gian o1
doan tai x=

ongThantTong.com

https://fb.com/tailieudientucntt
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2.2 Gidi han & lién tuc — Gi¢i han ham s6

Céc ham so cép co ban la 5 1&¢p ham sau
1.Ham s6 mi : y=a*

2.Ham |y thwa: y=x2

3.Ham loga: y=log_x

4.Cac ham lwgng giac: 4 ham

5.Cac ham lwong giac nguoc: 4 ham

Ham so cép la cac ham tao tr cdc ham so cap co
ban v&i 4 phép toan s6 hoc (céng, trv, nhan, chia)
va phep hop ham

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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2.2 Gidi han & lién tuc — Gi¢i han ham s6

Binh ly (vé s lién tuc cla cac ham so cap):

Cac ham so cap lién tuc tai moi diém xac dinh cla nd

Vi du: Khao sat sw lién tuc cua ham y =

Dé thay, y la ham so cap
va khong xac dinh tai x=2 -
nén n6 khong lién tuc tai |
X=2. /
Piém x=2 goi & diém gian / o 1 ., =
doan cua ham

CuuDuongThanCong.com https://fb.com/tailieudientucntt



http://cuuduongthancong.com
https://fb.com/tailieudientucntt

2.2 Gi¢i han & lién tuc — Gi¢i han ham so 1

, 2 _x— y=9(X)
Ta co: |imy:|imx X—2 3 )}

X—2 Xx—2 X-—2

= lim (x-+1) =3 ///%

X—

(X% —x—2 //
X # 2 2

g(X)=1 x-2

Dit 3 X=2
at: ( _
X2 _xX—2 y=h(X)
X#2

h(x)=y x-2 /’l/ ?

1 , X=2 .
Th‘| hém g(x) la hém lien tuc v&i moi x, ham h(x) la,
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2.2 Gidi han & lién tuc — Gi¢i han ham s6

Lién tuc 1 phia: Thay gioi han trong dinh nghta ham
lién tuc béi 2 gidi han 1 phia, twong rng ta cé khai
niém lién tuc trai, lién tuc phai

Dinh ly: Ham lién tuc tai x=a khi va chi khi n6 lién tuc
trai va lién tuc phai tai x=a

Tinh chét ham lién tuc: Tong, tich, thwong va hop cac
ham lién tuc lai la cac ham lién tuc

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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2.2 Gidi han & lién tuc — Gi¢i han ham s6

, ‘ . x+1,x<1
Vidu: Timadé ham f(x)=-

\3—ax2,x>1

lien tuc v&'i moi X

Vé&i x#1, f(x) 1& ham so cap nén no lién tuc.

lim f(x)= lim (x+1) =2 = f(1) Hamlien tuc trai tai 1
X—>1" X—>1"

lim f(x)= lim (3—ax®)=3-a
Xx—1" Xx—1"

Ham lién tuc phai tai 1 khi: 3—a=1(1)=2 <a=1

Vay voi a= 1, ham f(x) lién tuc v&i moi x

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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2.3 Gi¢i han & lién tuc — VCL va VCB

VCB: Ham s6 a(x) dwoe goi la vé cung bé (VCB) khi

X—X, Neu )!I_)rz(l a(X)=0.
0

Vi du:
Ham a(x) = 2x3+x la:
+ VCB khi x—0vi lima(x)=0

X—0

+ khdng 12 VCB khi x—1 vi lima(x) =3

X—1
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2.3 Gi¢oi han & lién tuc — VCL va VCB
Tinh chéat cia cac VCB

1) Téng hiru han cla cac VCB |a mot VCB.

2) Tich cua hai VCB la mé6t VCB.
3) Tich cua mét VCB va mét ham bi chan la mét VCB.

4) Thwong cla hai VCB co thé khong l1a mot VCB.
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2.3 Gioi han & lién tuc — VCL va VCB
So sanh cac VCB:
Cho a(x) va B(x) la hal vo cung bé khi x—X,
Giastr lim —= (X) =k
X—>Xq IB()()
1) Néu k = 0, thi a(x) goi la VCB bac cao hon B(x),
Ki hiéu la a(x) = O(B(x))

2) Néu k hiru han, khac khong, thi a(x) va B(x) la
hal VCB cung cap.

3) Néu k = 1, thi a(x) va B(x) 1a hai VCB twong
dwong, ki hiéu la : a(X) ~ S(X)

4) Néu a(x) cung bac véi (B(x))™ thi ta ndi bac cla
a(x) la m so voi B(x)

ccccccccccccccc

com/tailieudientucntt
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Gi¢oi han & lién tuc — VCL va VCB
Vi du: So sanh cac VCB sau

1. Khi x—0: a(X) _gin? x+x2,,5(x) _ tan2x
2. Khix—1: a(X)=Inx,A(x)=¢"% -

Ta dung dinh nghia dé so sanh, tirc Ia ta sé tinh gidi
han cuta ti s6 2 VCB can so sanh

. 2 .2 2 2
o (X . SIN X+ X . SIN X+ X 2X
1.Im ()_Ilm = |lim =0

x—0 S(X) x>0 tan2x  x-»0  2x%2  tan2x
Vay a(x) = O(B(x))

a(X) _ i IN+ (x-1)) 1><—1 __1 a(x), B(x) 1a 2
x-1 (X)) x»1 x-1 X1 VCB cung béac

ooooooooooooooooo
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2.3 Gi¢i han & lién tuc — VCL va VCB
Cac VCB twong duwong thwong gap khi x—0

1) sinx ~ X 6) arcsinx ~ X

2) -1 ~ X 7) arctanx ~ X
X2

3) 1-cosx ~ - 8) tanx ~ X

4) Inl+x) ~ X 9) sinhx  ~ X

X2

5 1+x)*-1 ~ ax 10) coshx—1 ~ ~

uuuuuuuuuuuuuuuuu com/tailieudientucntt
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2.3 Gi¢i han & lién tuc — VCL va VCB

Qui tac thay VCB tuwong duong véi tich, thuong

Cho cac VCB twong dwong f;(x) ~ f,(X),9;(Xx) ~ g,(X)

T. :
TIE T 0.0,00 = £,(0.9,(0)

f(x)  f,(x)
0:(X)  g9,(x)
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2.3 Gi¢i han & lién tuc — VCL va VCB

Qui téc thay VCB tuong duong véi tdng nhiéu VCB
Gia st a0, b #0, a, B 1a cac hang so thuwc sao cho
f,(x) ~ax?, f,(x) ~ bx” v&i x—0, f,(x), f,(x) la VCB

1.ax?, khi a = B(a > B)
f,(xX)+ f,(x)~| 2.(a+b)x“ khia=p &a+b=0
3.khong thay duoc,khi « = f &a+b=0

Chu y: Trwdng hep duy nhat KHONG BUQC THAY
VCB twong dwong la HIEU 2 VCB CUNG TUONG

PUONG VOI VCB THU BA
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Gioi han & lién tuc — VCL va VCB

Vi du: So sanh cac VCB sau khi x—0:
La(X) = X, B(X) = Xsin %

3
2.(x) =25 —cosx, B(x) =sin X’2 — arcsin x2

lim —= A(x) = |lim xsm%( = I|msm—

Xx—0 & (X) X—0 X—0 X

Gi&i han khéng ton tai tre 1a 2 VCB nay khong so
sanh duoc
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Gioi han & lién tuc — VCL va VCB

2. Ta sé& so sanh bang cach tinh bac cta 2 VCB dé

a(x) =25 —cosx =(e"M2_1)—(cosx—1) ~ x? In2+%x2

:xz(ln2+%)

Nhw vay, bac cua a(x) la 2 so voi x

3 3
B(x) =sin 2 _arcsinx? - x'2 — X2

Bac cua B(x) l1a 3/2 so v&i x

Vay |a(X)=0(5(x))

CuuDuongThanCong .com https://fb.com/tailieudientucntt
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Gioi han & lién tuc — VCL va VCB

Vi du: Tim a, b dé a(x) twong dwong voi ax® khi x—0
1.a(x) =sin(v1- x —1) 2.a(X) = tan x% + 2x

Ta di tinh bac cua cac VCB

Lar(x) =sin(V1-x ~1) ~ 1—x—1):\/1_;i+1~_?1x1
:a:—%,bzl

2.0(X) ~ X2 +2x ~2x!
—a=2b=1

ooooooooooooooooo
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2.3 Gigi han & lién tuc — VCL va VCB

Vi du: Tinh giol han L, = lim 31 C(I)SEZX))
Xx—>03X" +In(1+ X

1. Ta thay VCB twong dwong nhuw sau, khi x—0
1—cos2X ~ %(2x)2 = 2x°

IN(1+ x) ~ X (VCB twong dwong co ban)

:>3x2+ln(1+x) ~3x% +X ~ X
(Téng céc VCB, khong cung bac tuong duong voi
VCB co bac thap nhat)

2x°

x—>O X
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2.3 Gi¢i han & lién tuc — VCL va VCB

Vi dy: Tinh giéi han |, = |im —>N2(X=1)

x—>1" X1 —cos/x -1

Ly y: Vi trong ham dudi dau lim cé cosv/x—1  tire 1a
x=1 nén ta chi tinh gi&i han phai
Khi x—1*thi (x-1) 13 VCB nén :

sin(2(x-1)) ~ (2(x-1))

e* 1 _cosvx—1=(e*1-1)+(@1—-cosvx—-1) ~ (x—1) +%(\/x—1)

-2 (x-1)

2

L = lim2X =) 4
x>13/ (x—1) 3
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2.3 Gi¢i han & lién tuc — VCL va VCB

er _esinx
Vidu: Tinh Ly =Ilim
x—0 tan3x
er _ esinx (62X ~1)— (esin X ~1)
Ly =1lim = lim
x—>0 tan3x x—0 tan3x

. 2X=sInx .. 2x—-x 1
Ly = lim = lim ==
x—>0  3X x—0 3X 3

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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2.3 Gigi han & lién tuc — VCL va VCB

ex_esinx
Vi du: Tinh L, = lim
x—0  3X
X ASINX X 1y (aSINX
L= lim& = i & DT
x—0  3X x—0 3X

Pén day, khong thé thay VCB twong dwong nhw trén
duwoc vi:

(X 1~ x Tir s& 13 HIEU CUA 2 VCB
CUNG TUONG DUONG
VOl VCB THU 3

SINX_ 1 ~sinx ~ x

€

Ta sé c6 cach lam khac: hodc dung quy tac
L Hospltal hoac dung CT Taylor - I\/Iaclaurlnt

uuuuuuuuuuuuuu m/tailieudientucntt
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2.3 Gi¢i han & lién tuc — VCL va VCB

VCL: Ham s6 A(x) dwoc goi la vo cing lén (VCL) khi
X—Xy neu lim A(X) = .

X—>Xg
Vi du:
1 1im (2x2 +sinx) = Nén A(x)=2x2+sinx la VCL
K> khi x—c0

.1 1 . .
2.llIm == = A(x)== la VCL khi x—0
Xx—0 X X
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Gi¢l han & lién tuc — VCL va VCB
So sanh cac VCL:

Cho A(x) va B(x) la hai v6 cung Ion khi X — X,.
A(X
Giastr lIm—= (X) = k.
X—>Xq B(X)
1) Néu k = « , thi A(x) goi Ia VCL bac cao hon B(x),

2) Néu k hiru han, khac khéng, thi A(x) va B(x) la
hai VCL cung cap.

3) Néu k=1, thi A(x) va B(x) la hai VCL twong duwong

4) Néu A(x) cung bac véi (B(x))™ thi bac clia A(x) 1a
m so vOi B(x)
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Gioi han & lién tuc — VCL va VCB

Qui tac ngat bo VCL

A ;
TOng

NUu

han cac VCL

lIm

A ;
=% TOng

Uy

han cac VCL

VCL bic cao nhit cia ti

=|im

=% YVCL bac cao nhat cua mau

CuuDuongThanCong.com

https://fb.com/tailieudientucntt



http://cuuduongthancong.com
https://fb.com/tailieudientucntt

Gioi han & lién tuc — VCL va VCB

3/ 10 5 3 4
. —2 2 —2X" +X
Vidu: Tinh  lim xt0-2x° + il
X*w\/x5+2x3—x+x2+3x3—2x4

Khi x —  thi ¢ trén t& s va dwdi mau so déu 1a
tong cua cac vo cung lén khéng cung bac

Bac I&n nhat & t&r s6 va ca mau sb déu 1a 4

A 5 o o3 XA 4 1
lim — lim - _ =
>0 Jx® L 23 X+ X2 433 —2x4  xowo—2x* 2

Vay:

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Gi¢i han & lién tuc — Phu luc
_ T
2 (1+3)‘2j 1
5 —_—
lelimm” 2 _lim-L -
Xx—0 X Xx—0 X
51 X%
_lim—532_ ~
Xx—0 X 80
. COS3X—CO0S /X ~1— —
L= lim : :"m(COS3X 1) 2((:os7x 1)
X—0 X X—0 X
_Loxz i Lagy?
= lim—2 2 =20

CtuBuor IgThaA TCONg-Cont
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Gi¢i han & lién tuc — Phu luc

= lim cot2x-cot(z /4 —X)

X—>7r/4
Im} tan(77 2X) pn = lim =2
X—>7ld X—>zld 7T/ _
tan( / X) 1= X
1/sin? (2x)
L, _Ilm(l tan x)
X—0 2
~ _ tan” x 1 lim — 1
' 1 tan? Utan® x |sin2 (2x) :_X%O(ZX) —
= I1m ( — an X) 4
X—0 € \/g
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